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Abstract: In this article we introduce a complete gradient estimate for symmetric quan-
tum Markov semigroups on von Neumann algebras equipped with a normal faithful
tracial state, which implies semi-convexity of the entropy with respect to the recently
introduced noncommutative 2-Wasserstein distance. We show that this complete gradi-
ent estimate is stable under tensor products and free products and establish its validity
for a number of examples. As an application we prove a complete modified logarithmic
Sobolev inequality with optimal constant for Poisson-type semigroups on free group
factors.

1. Introduction

In the last decades, the theory of optimal transport has made impressive inroads into
other disciplines of mathematics, probably most notably with the Lott—Sturm—Villani
theory [29,42,43] of synthetic Ricci curvature bounds for metric measure spaces. More
recently, optimal transport techniques have also been used to extend this theory to cover
also discrete [13,19,31,33] and noncommutative geometries [10,11,35].

The starting point of our investigation are the results from [10,11] and their par-
tial generalizations to the infinite-dimensional case in [22,48]. For a symmetric quan-
tum Markov semigroup (P;) the authors construct a noncommutative version of the
2-Wasserstein metric, which allows to obtain a quantum analog of the characterization
[23,37] of the heat flow as 2-Wasserstein gradient flow of the entropy. On this basis,
the geodesic semi-convexity of the entropy in noncommutative 2-Wasserstein space can
be understood as a lower Ricci curvature bound for the quantum Markov semigroup,
and it can be used to obtain a series of prominent functional inequalities such as a Tala-
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grand inequality, a modified logarithmic Sobolev inequality and the Poincaré inequality
[7,11,28,41].

One of the major challenges in the development of this program so far has been to
verify semi-convexity in concrete examples, and only few noncommutative examples
have been known to date, even less infinite-dimensional ones.

To prove geodesic semi-convexity, the gradient estimate

18 Piall’ < e=**"(|3all},,. (GE)

or, equivalently, its integrated form has proven central. They can be seen as noncommu-
tative analogs of the Bakry—Emery gradient estimate and the I criterion. Indeed, if the
underlying quantum Markov semigroup is the heat semigroup on a complete Riemannian
manifold, (GE) reduces to the classical Bakry—Emery estimate

C(Pf) <e TP r(f).

As often in noncommutative geometry, tensorization of inequalities is more difficult
than that in the commutative case. It is not known whether the gradient estimate in the
form (GE) has good tensorization properties. For this reason we introduce (CGE), a
complete version of (GE), and establish some of its stability properties. Using these in
combination with a variant of the intertwining technique from [11] and a fine analysis of
specific generators of Lindblad type, we are able to establish this tensor stable gradient
estimate (CGE) for a number of examples for which geodesic convexity was not known
before.

Let us briefly outline the content of the individual sections of this article. In Sect. 2
we recall some basics of quantum Markov semigroups, the construction of the noncom-
mutative transport distance )V and the connection between the gradient estimate (GE)
and the geodesic semi-convexity of the entropy.

In Sect. 3 we extend the intertwining technique from[11, 12] to the infinite-dimensional
setting. Working with arbitrary operator means, our result does not only cover the gradi-
ent estimate implying semi-convexity of the entropy in noncommutative 2-Wasserstein
space, but also the noncommutative Bakry—Emery estimate studied in [25]. As examples
we show that the Ornstein—Uhlenbeck semigroup on the mixed g-Gaussian algebras sat-
isfies (CGE) with constant K = 1, the heat semigroup on quantum tori satisfies (CGE)
with constant K = 0, and that a class of quantum Markov semigroups on discrete group
von Neumann algebras and quantum groups Oy}, , Sy, satisfy (CGE) with constant K = 0.
Moreover, this intertwining result is also central for the stability properties studied in
the next section.

In Sect. 4 we show that the complete gradient estimate is stable under tensor products
and free products of quantum Markov semigroups. Besides the applications investigated
later in the article, these results also open the door for applications of group transference
to get complete gradient estimates for Lindblad generators on matrix algebras.

In Sect. 5 we prove the complete gradient estimate (CGE) with constant K = 1 for
quantum Markov semigroups whose generators are of the form

Lx = ijx +Xxpj —2p;xpj,
J
where the operators p; are commuting projections. In a number of cases, this result is

better than the ones we could obtain by intertwining and yields the optimal constant in the
gradient estimate. As examples we show that this result applies to the quantum Markov
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semigroups associated with the word length function on finite cyclic groups and the non-
normalized Hamming length function on symmetric groups. Using ultraproducts and
the stability under free products, we finally extend this result to Poisson-type quantum
Markov semigroups on group von Neumann algebras of groups Z** Z;l with k, 1 > 0.
In particular, this implies the complete modified logarithmic Sobolev inequality with
optimal constant for these groups.

Note added. When preparing this preprint for submission, we were made aware that
several of the examples have been obtained independently by Brannan, Gao and Junge
(see [7,8]).

2. The Noncommutative Transport Metric YV and Geodesic Convexity of the
Entropy

In this section we briefly recall the definition and basic properties of the noncommutative
transport distance MV associated with a tracially symmetric quantum Markov semigroup.
For a more detailed description we refer readers to [48].

Let M be a separable von Neumann algebra equipped with a normal faithful tracial
state 7: M — C. Denote by M. the positive cone of M. Given 1 < p < 0o, we
define

1
lxllp, = [z(x|)]7, x e M,

where |x| = (x*x)% is the modulus of x. One can show that || - ||, is a norm on M.
The completion of (M, || - ||,) is denoted by L? (M, t), or simply L”(M). As usual,
we put L (M) = M with the operator norm. In this article, we are only interested in
p = 1and p = 2. In particular, L?>(M) is a Hilbert space with the inner product
(.X, y>2 = T(X*)’)‘
A family (P;);>0 of bounded linear operators on M is called a quantum Markov
semigroup (QMS) if

— P is a normal unital completely positive map for every ¢ > 0,
— PsP = Py foralls, 1 >0,
— P;x — x in the weak™ topology as # \ O for every x € M.

A QMS (P;) is called t-symmetric if
T((Px)y) = t(xPry)

forallx,y € Mandt > 0.
The generator of (P;) is the operator .Z given by

1
DY) = {x e M| 11\rf(1) ;(x — P;x) exists in the weak™ topology} ,
t
1
ZL((x)=1lim —(x — Pix), x € D(Z).
t—0t
Here and in what follows, D(T) always means the domain of 7. For all p € [1, o], the

T-symmetric QMS (P;) extends to a strongly continuous contraction semigroup (P,(p ))
on L? (M, t) with generator .Z),.
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LetC = D(.,?zl/ 2) N M, which is a o-weakly dense *-subalgebra of M [18, Propo-
sition 3.4]. According to [15, Section 8], there exists an (essentially unique) quintu-
ple (H,L, R, J,d) consisting of a Hilbert space , commuting non-degenerate *-
homomorphisms L: C — B(H), R: C° — B(H), an anti-unitary involution 7 : H —

‘H and a closed operator o : D(.Zzl/ 2) — 'H such that

— {R(x)dy | x, y € C}is dense in H,

— d(xy) = L(x)dy + R(y)dx forx, y € C,

- J(L(xX)R(y)3(z)) = L(y*)R(x*)d(z*) for x, y,z € C,

- % =12",
where C° is the opposite algebra of C. We will write a& and &b for L(a)&é and R(b)E,
respectively.

Forx,y e D(.,Sﬂzl/ 2), the carré du champ is defined as
I'(x,y):C— C, I'(x, y)(z) = (0x, (0¥)2)H-

We write I"(x) to denote I'(x, x).

A t-symmetric QMS is called I"-regular (see [28]) if the representations L and R are
normal. Under this assumption, H is a correspondence from M to itself in the sense of
Connes [16, Appendix B of Chapter 5] (sometimes also called M-bimodule or Hilbert
bimodule). By [48, Theorem 2.4], (Py) is a I"-regular semigroup if and only if I"(x, y)
extends to a normal linear functional on M for all x, y € D(.i”zl/ 2). By a slight abuse
of notation, we write I"(x, y) for the unique element 2 € Ll(/\/l, 7) such that

T(zh) = I'(x, y)(2)

forall z € C.
If (P;) is I'-regular, then we can extend L to a map on the operators affiliated with
M by defining

L(x):u/ Ad(Loe)()),
[0,00)

for any operator x affiliated with M, where u is the partial isometry in the polar decom-
position of x and e is the spectral measure of |x|. The same goes for R.

Let A be an operator mean in the sense of Kubo and Ando [27], that is, A is a map
from B(H)+ x B(H)+ to B(H), satisfying

(a) if A< Cand B < D, then A(A, B) < A(C, D),

(b) the transformer inequality: C A(A, B)YC < A(CAC,CBC) for all A,B,C €
B(H)+,

(c) if A, \\ A, B, \( B, then A(A,, B,) \{ A(A, B),

(d) A(idy,idy) = idy.

Here and in what follows, by A,, \( A we mean A > A, > --- and A, converges

strongly to A. From (b), any operator mean A is positively homogeneous:

AGA,AB) = AA(A, B), »>0,A, B e B(H),.

An operator mean A is symmetric if A(A, B) = A(B, A) forall A, B € B(H)4+.
For a positive self-adjoint operator p affiliated with M, we define

p = A(L(p), R(p)).
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Of particular interest for us are the cases when A is the logarithmic mean

1
Atog(L(p), R(p)) = fo L(p)*R(p)' ™ ds,

or the arithmetic mean

L(p) + R(p)

Aai(L(p), R(p)) = >

We write ||- ||% for the quadratic form associated with g, that is,

16'2&113, if& € D(p'/?),
otherwise.

2 _
s

Given an operator mean A, consider the set
Aa=la e D) NM|IC>0Vp e LLM, 1)1 9al? < Clplh},

equipped with the seminorm

2
loall?

2
lala = .
O;gpeLl(M’f) ”/0”1

If A is the arithmetic mean A, then this set coincides with
Ar ={x € DL N M| '(x), [(x*) € M},

In fact, when A = Ay, one has ||8a||lz, = %r ((I"(a) + I'(@*))p). If the operator mean
A is symmetric, then it is dominated by the arithmetic mean and therefore A C Ay
[27, Theorem 4.5], [48, Lemma 3.24]. The following definition states that this inclusion
is dense in a suitable sense.

Definition 1. The operator mean A is a regular mean for (P;) if for every x € A, there
exists a sequence (x,) in A that is bounded in .4 4 and converges to x o-weakly.

Of course the arithmetic mean is always regular. In general it seems not easy to check
this definition directly, but we will discuss a sufficient condition below.

Given an operator mean A, let 7, be the Hilbert space obtained from 9(.A,) after
separation and completion with respect to (-, -), defined by

& mp = ("%, p"*n)n.

If A is regular, then d(Ar) is dense in H,,.
Let D(M, 1) be the set of all density operators, that is,

DM, 1) ={p € Li(M.1) | (p) = 1}.
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Definition 2. Fix an operator mean A. A curve (o;);e[0,1] C D(M, 1) is admissible if

— the map 7 — t(ap;) is measurable for all a € A,
— there exists a curve (§;);¢[0,1] such that & € H,, for all + € [0, 1], the map ¢ —
(0a, &), is measurable for all @ € A and for every a € A one has

d
S Tlap) = (& da)y, (1

fora.e.t € [0, 1].

For an admissible curve (p;), the vector field (§;) is uniquely determined up to equality
a.e. and will be denoted by (Dpy). If A is a regular mean, the set A can be replaced by
A everywhere in Definition 2.

Remark 1. The equation (1) is a weak formulation of

pr=0"(hi&),
which can be understood as noncommutative version of the continuity equation. Indeed,

if (P;) is the heat semigroup on a compact Riemannian manifold, it reduces to the
classical continuity equation g, + div(p;&;) = 0.

Definition 3. The noncommutative transport distance ¥V on D(M, 1) is defined as

1
W(5o, p1) = inf / I Dol dt.
(pr) 0

where the infimum is taken over all admissible curves (p;) connecting oo and p.

Definition 4. Let K € R. A I"-regular QMS (P;) is said to satisfy the gradient estimate
GE(K, o0) if

2 —2Kt 2
laPal? < e X 9al},,

fort >0,a € D(,i”;/z) and p € D(M, 1).
It satisfies CGE(K, 00) if (P; ®id z) satisfies GE(K, co) for any finite von Neumann
algebra V.

Note that the gradient estimate GE(K, co) depends implicitly on the chosen operator
mean A. As observed in [48, Proposition 6.12], if (P;) satisfies GE(K, co) for the
arithmetic mean A, and for A, then A is regular for (P;). If A is the right trivial mean,
i.e., A(L(p), R(p)) = R(p), then GE(K, co) reduces to the Bakry—Emery criterion

r(Pa) <e X P,
which was considered in [25].

Remark 2. Recently, Li, Junge and LaRacuente [28] introduced a closely related notion
of lower Ricci curvature bound for quantum Markov semigroups, the geometric Ricci
curvature condition (see also [7, Definition 3.22]). Like CGE, this condition is tensor
stable, and it implies CGE for arbitrary operator means [28, Theorem 3.6] (the result
is only formulated for the logarithmic mean, but the proof only uses the transformer
inequality for operator means).

In the opposite direction, the picture is less clear. For GE, a direct computation on the
two-point graph shows that the optimal constant depends on the mean in general. It seems
reasonable to expect the same behavior for CGE, which would imply that the optimal
constant in CGE for a specific mean is in general bigger than the optimal constant in the
geometric Ricci curvature condition.
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This gradient estimate is closely related to convexity properties of the logarithmic
entropy

Ent: D(M, t) — [0, 0co], Ent(p) = t(plog p).
As usual let D(Ent) = {p € D(M, 7) | Ent(p) < o0}.

Theorem 1 ([48, Theorem 7.12]). Assume that (P;) is a I"-regular QMS. Suppose that
A = Ayog is the logarithmic mean and is regular for (Py). If (P;) satisfies GE(K, 00),
then

(a) for every p € D(Ent) the curve (P;p) satisfies the evolution variational inequality
(EVIg)

d1 K
mwz(ﬂp, o)+ EWZ(PZp, o) +Ent(p) < Ent(0)

fora.e.t > 0and o € D(M, t) with W(p, o) < 00,
(b) any po, p1 € D(Ent) with W(pg, p1) < 00 are connected by a VV-geodesic and Ent

< Ent(p,) > K in

is K-convex along any constant speed VV-geodesic (py), that is, yrel

the sense of distributions.

This gradient flow characterization implies a number of functional inequalities for the
QMS, seee.g.[11, Section 8], [48, Section 7], [12, Section 11]. Here we will focus on the
modified logarithmic Sobolev inequality and its complete version (see [21, Definition
2.8], [28, Definition 2.12] for the latter).

For p, 0 € D(M, 1) the relative entropy of p with respect to o is defined as

t(plogp) —t(plogo) if suppp C suppo,
00

Ent(pllo) = otherwise

If N C M is a von Neumann subalgebra with E: M — N being the conditional
expectation, then we define

Enty/(p) = Ent(p[|E(p)).

Recall that a conditional expectation E: M — N is a normal contractive positive
projection from M onto N which preserves the trace and satisfies

E(axb) = aE(x)b, a,be N,x € M.
For x € D(.,szl/ 2) N M the Fisher information is defined as

T(x) = li\né(.,le/zx, 2 log(x +€))2 € [0, o0].
€
This definition can be extended to x € L1 (M, 1) by setting

Ty < |l TG AR ifxAn e DLy N Mforalln €N,
(0, ]

otherwise.
Recall that the fixed-point algebra of (P;) is
M = {x € M : Pi(x) = x forall t > 0}.

It is a von Neumann subalgebra of M [18, Proposition 3.5].
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Definition 5. Let (P;) be a I'-regular QMS with the fixed-point subalgebra MFX_ For
A > 0, we say that (P;) satisfies the modified logarithmic Sobolev inequality with
constant A (MLSI())), if

AEnt y4ix (0) < Z(p)

for p € DM, 7) N D(Z/*) N M.

We say that (P;) satisfies the complete modified logarithmic Sobolev inequality with
constant A (CLSI(})) if (P; ®id ) satisfies the modified logarithmic Sobolev inequality
with constant A for any finite von Neumann algebra \V.

For ergodic QMS satisfying GE(K, c0), the inequality MLSI(2K) is essentially
contained in the proof of [48, Proposition 7.9]. Since (P; ® ids) is not ergodic (unless
N = C), this result cannot imply the complete modified logarithmic Sobolev inequality.
However, the modified logarithmic Sobolev inequality for non-ergodic QMS can also
still be derived from the gradient flow characterization, as we will see next.

Corollary 1. Assume that (P;) is a I'-regular QMS. Suppose that A = Ajog is the
logarithmic mean and is regular for (P;). If (P;) satisfies GE(K, 00), then it satisfies

T(Pp) < e K1T(p)

for p € D(le/z) NMyandt > 0.
Moreover, if K > 0, then (Py) satisfies MLSI(2K ). The same is true for the complete
gradient estimate and the complete modified logarithmic Sobolev inequality.

Proof. Let ED(M,t)ﬂD(.Zl/Z)ﬂM and p; = P;p. Since (p;) is an EVIg gradient
o ) P o P g

flow curve of Ent by Theorem 1 and %Ent(p,) = —7Z(py), it follows from [36, Theorem
3.5] that

T(Pip) < e K1T(p)

for + > 0 (using the continuity of both sides in ).
If K > 0, then MLSI(2K) follows from a standard argument; see for example [28,
Lemma 2.15]. The implication for the complete versions is clear. O

Remark 3. The inequality Z(P;p) < e 2K17(p) is called K -Fisher monotonicity in [7]
and plays a central role there in obtaining complete logarithmic Sobolev inequalities.

3. Gradient Estimates Through Intertwining

Following the ideas from [11,12], we will show in this section how one can obtain
gradient estimates for quantum Markov semigroups through intertwining. As examples
we discuss the Ornstein—Uhlenbeck semigroup on the mixed g-Gaussian algebras, the
heat semigroup on quantum tori, and a family of quantum Markov semigroups on discrete
group von Neumann algebras and the quantum groups Oj; and S},

Throughout this section we assume that M is a separable von Neumann algebra with
normal faithful tracial state t and (P;) is a I"-regular QMS. We fix the corresponding
first order differential calculus (H, L, R, J, d). We do not make any assumptions on A
beyond being an operator mean. In particular, all results from this section apply to the
logarithmic mean — thus yielding geodesic convexity by Theorem 1 — as well as the
right-trivial mean — thus giving Bakry—Emery estimates.
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Theorem 2. Let K € R. If there exists a family (P;) of bounded linear operators on 'H
such that

(i) 9P, = P,d fort > 0,
(ii) P{L(p)P; < e K" L(P,p) for p € M., 1 >0,

(iii) P] R(p)P; < e *X'R(P,p) for p € M., 1 =0,
then (Py) satisfies GE(K, 00).
Proof. Letp € M, anda € D(9). Since A is an operator mean, we have [27, Theorem
3.5]
PIA(L(p). R(p)P; < A(P{L(p)P:. P[R(p)P)).

Thus
(pOPia, dP,a)y = (Pl pPda, da)y < (A(PIL(p)P;, PIR(p)P,)da, da)y.
As A is monotone in both arguments and positively homogeneous, conditions (ii) and
(iii) imply
(A(P{L(p)P;, P{R(p)P)da, da)py < e 2K (A(L(P,p), R(P:p))da, da)y.
All combined this yields

2 —2Kt 2
l9Pall, < e """ loallp,,.

Remark 4. The proof shows that assumptions (i)—(iii) still imply
19 Pall? < e > "13all3, ,

if the differential calculus is not the one associated with ( P;). We will use this observation
in the proofs of Theorem 3 and Theorem 5.

Remark 5. A similar technique to obtain geodesic convexity of the entropy has been
employed in [11,12]. Our proof using the transformer inequality for operator means
is in some sense dual to the monotonicity argument used there (see [38]). Apart from
working in the infinite-dimensional setting, let us point out two main differences to the
results from these two articles:

In contrast to [11], we do not assume that P; is a direct sum of copies of P; (in fact,
we do not even assume that H is a direct sum of copies of the trivial bimodule). This
enhanced flexibility can lead to better bounds even for finite-dimensional examples (see
Example 1). In contrast to [12], our conditions (ii) and (iii) are more restrictive, but they
are also linear in p, which makes them potentially more feasible to check in concrete
examples.

Remark 6. We do not assume that the operators P, form a semigroup or that they are
completely positive (if  is realized as a subspace of L2(N') for some von Neumann
algebra \). However, this is the case for most of the concrete examples where we can
prove (i)—(iii).

Remark 7. In particular, the conclusion of the previous theorem holds for all symmetric
operator means, and in view of the discussions after Definition 4, it implies that any
symmetric operator mean is regular for (P;).
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Under a slightly stronger assumption, conditions (ii) and (iii) can be rewritten in a
way that resembles the classical Bakry—Emery criterion. For that purpose define

r (Z(axk>yk> = > %l G, x)y

k=1 k=1

Inparticular, I' (dx) = I (x). Since (Py) is I'-regular, I" extends to a continuous quadrat-
ic map from H to L'(M, 1) that is uniquely determined by the property t(xI'(&))
= (&, &x)yy forall x € M and & € H (see [48, Section 2]).

Lemma 1. If (P;) is a family of bounded linear operators on 'H that commute with
J, then conditions (ii) and (iii) from Theorem 2 are equivalent. Moreover, they are
equivalent to

r(Pg) <e?Xpre) 2)
for& e H,t > 0.

Proof. To see the equivalence of (ii) and (iii), it suffices to notice that 7 is a bijection
and JL(p)J = R(p) for p € M. The equivalence of (iii) and (2) follows from the
identities: for all p € M,

(P&, R(p) P i)y = t(pl (P§)),
(. R(Pip)§)n = t(Ppl(§)) = t(pP I (§)).

O

As indicated before, our theorem recovers the intertwining result in [11] (in the
tracially symmetric case):

Corollary 2. Assume that H = @j L*(M, 1), L and R act componentwise as left
and right multiplication and J acts componentwise as the usual involution. If 9; P, =

e K1P,d;, then (P,) satisfies CGE(K, 00).

Proof. Let P, = e K! @D P;. Condition (i) from Theorem 2 is satisfied by assumption.
Since P, commutes with [/, conditions (ii) and (iii) are equivalent. Condition (iii) follows
directly from the Kadison—Schwarz inequality:

(P& R(p)Pi&)y = Y e KT (P& (PEj)P)
J

<e KN T (ErE Pp)

J
= e K e, R(Pp)E)N.

This settles GE(K, co). Applying the same argument to (P; ® idas) then yields the
complete gradient estimate. O

Example I (Conditional expectations). Let E: M — A be the conditional expectation
onto a von Neumann subalgebra N and let (P;) be the QMS with generator ¥ = [ — E,
where I = id z4 is the identity operator on M. Then (P;) satisfies CGE(1/2, 00):

A direct computation shows that P, = e "1 + (1 — e ")E. Let P, = e 'idy.
Since ZE = 0, we have 9E = 0 and therefore P, = ¢~ 70 = P,d, which settles
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condition (i) from Theorem 2. Conditions (ii) and (iii) with K = 1/2 follow immediately
from P;p > e 'p for p € M. So (P;) satisfies CGE(1/2, 00). This result has been
independently obtained in [7, Theorem 4.16].

In contrast, if for example p is a projection and E(x) = pxp + (1 — p)x(1 — p),
then .Z has the Lindblad form -Zx = [p, [p, x]]. Clearly, [p, -] commutes with .Z, so
that the intertwining criterion from [11] only implies CGE(0, co). In fact, in this case
we may obtain a better result; see Theorem 5.

Example 2 (Mixed g-Gaussian algebras). Let us recall the mixed g-Gaussian algebras.
Our references are [4-6,30]. Let H be a real Hilbert space with orthonormal basis
(ej)jes. Fork > 1, denote by Sy the set of permutations of {1, 2, ..., k}. For k > 2 and
1 < j <k —1, denote by o; the adjacent transposition between j and j + 1. For any
o € Sk, I (o) is the number of inversions of the permutations o':

Io)=8{G,j):1=i<j=<k, o@)>0o()}

For k > 1, a k-atom on H is an element of the form f; ® --- ® f; with each f; € H.
A k-basis atom is an element of the form e, ® --- ® ¢j,. Clearly all the k-basis atoms
form a basis of H®¥. For any k-basis atomu = ej, ® - - - ® e, , we use the notation that
o) =ej,;, ® - ®ej -

Let Q = (¢ij)i,jes € R?*/ besuchthatg;j = q;; foralli, j € Jandsup; ;s lgij| <
1. For convenience, in the following we actually assume that sup; ;¢ |gij| < 1. This
is to simplify the definition of Fock space; our main results still apply to the general
sup; jey Igijl = 1 case.

Put P© = idy. Forany k > 1, denote by P®) the linear operator on H®¥ such that

PO () = Z a(Q, o, u)o " (u),

oSy

where u =ej, ® --- ® e, is any k-basis atom and

(0 ) if o =1id,
ale,o,u) = -1 _
qjm[jm[+l l_[i:() qul.(’n]*i)j‘pi(mlfi*'l) ifo = Omy *** Omys
with ¢; = oy, - - - o, Notice that if o = oy, - - - o, the coefficient a(Q, o, u) is

well-defined, though such representation of o is not unique. When all the entries of Q
are the same, that is, g;; = ¢, the operator P® reduces to

POw =" q"ow.

o €Sy

Under the condition that sup; ;< |gij| < 1, the operator PP s strictly positive [6,
Theorem 2.3]. ‘
Let F g’“‘e be the subspace of finite sums of the spaces H®¥, k > 0, where H®" = R{2

and £2 is the vacuum vector. Then F g“ite is a dense subset of By>0H ®k and we define
an inner product (-, -) o on ]—'gnite as:

(€ o =8uig, POn), fors € H®* ne H®', and k,1 > 0,
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where (-, -)¢ is the usual inner product. The Fock space Fg(H) is the completion of
.7-"5““‘3 with respect to the inner product (-, -) 9. When ¢;; = ¢, the Fock space Fp (H)
is also denoted by 7, (H) for short. Notice that if we only have sup; ;; 1¢ij| < 1, then

each P%) is only positive. One should divide FfiMi® by the kernel of (-, -) o before taking
the completion. The definition of Fock space here is actually the same as the one in [6]
associated to the Yang—Baxter operator

T-H®H—> HQ®H, ¢ ®ej — gjiej Qe.

See [30, Part I] for a detailed proof for this when dim H < oo.
Now we recall the mixed g-Gaussian algebra I'p (H). Forany i € J, the left creation
operator [; is defined by

i) =ei ®§, § € Fo(H).
Its adjoint with respect to (-, -) g, the left annihilation operator [}, is given by

I[7(£2) =0,
k
ey @ ®ej) =Y (Sijnjmin1Limins* Limi
m=1
® @, ®ej, B Bej).
The left annihilation operators and left creation operators satisfy the deformed commu-
nication relations on Fo (H):

l;klj —qijljl;k = (Sijid, i,j eJ.
The mixed g-Gaussian algebra I'g(H) is defined as the von Neumann subalgebra of

B(Fo(H)) generated by self-adjoint operators s; = [; +1,i € J.Itis equipped with a
normal faithful tracial state 7o given by

T9(x) = (x2, 2)¢.

The map ¢p: I'p(H) — Fo(H),x — x(£2), extends to a unitary, which we still
denote by ¢y, from L2(FQ(H), 79) to Fo(H). Note that ¢y (s;) = e;.

Let T: H — H be a contraction. Then it induces a contraction Fo(T') on Fg(H)
such that [30, Lemma 1.1]

Fo(1)R2 = L,
FoM)(fi®---Rfi)=T(f1))®---T(fr),

for any k-atom f; ® - - - ® f and any k > 1. Moreover, there exists a unique unital and
completely positive map I'p(T) on I'g(H) such that [30, Lemma 3.1]

o(T) = ¢ ' Fo(T)bn.

Remark that I'p is a functor, that is, I'o(ST) = I'g(S)I'o(T) for two contractions
S,T on H.If gi;j = q € [-1, 1], then we write the functor I'g as I} for short. It
interpolates between the bosonic and the fermionic functors by taking ¢ = +1 and
q = —1 respectively. When g = 0, it becomes the free functor by Voiculescu [44]. For
more examples, see [30, Introduction].
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In particular, 7; = T,Q = Fo(e 'idy) is a semigroup of contractions on F (H). The
mixed g-Ornstein—Uhlenbeck semigroup is defined as P; = PtQ =TIy (e tidg),t > 0.
It extends to a semigroup of contractions on LZ(FQ (H), tp) and is Tg-symmetric. Note
that the generator of P, is L = ¢1_11N¢H, where N : ]-'gnite(H) — ]-'gnite(H), is the
number operator defined as kid on its eigenspace H®¥ k > 0.

Put
Q’=Q®<} })

1 0
() 7= (1)
Then H': = H @& H can be identified with H ® R2, as a direct sum of H ® Re and

H@®@R f. The number operator N admits the following form [30, Lemma 1.2]: N = viv,
where V: ]—'gmte(H ) — Fg‘}“e(H "y is the gradient operator such that V(£2) = 0, and

and

k
V) =) u®u,
i=1

for k > 1, u being any k-atomon Handv, = e® - - Q@ [ ® - - Qe € (R2)®k,
f occurring in the i-th factor. Remark that similar to the second quantization of any
contraction T : H — H, the natural embedding 1y : H — H’, x = x ® e also induces
aunique map hy : I'g(H) — FQ/(H’) such that [30, Lemma 3.1]

hy = To(tn) = ¢3 Fon)dn, 3)

where Fp(ty)isdefinedasiy ®--- @ty on H®k, k>0.Setd: = ¢I;,1V¢H. Then the
generator L of Py takes the form L = 979 and 9 is a derivation [30, Proposition 3.2]:

d(xy) = d()hy(y) +hp(x)d(y),

forall x, y € ¢y (Fie(H)).
Now we prove that P; = e 'L on I'o(H) satisfies CGE(1, oo). For this let us first

take a look of the semigroup 7, = e¢~'N on Fy(H). By definition, it equals e id on

its eigenspace H®*. For each t > 0, consider the map
T,=e¢"Fo(S): Fo(H) - Fo(H),
where S; is a contraction on H' given by
SSx®e)=e¢ 'x®e, SER® f)=x®f, xeH.
Then by definition, we have the intertwining condition

VT, =T,V. )
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In fact, it is obvious when acting on R£2. If u is a k-atom on H, k > 1, then

k
VT;(u) = e_k’V(u) =K Zu ® v;,
i=1

and

k k k
TV =) Tiu@u)=e"') Fo@nuev)=e") ugu.

i=1 i=1 i=1
Remark that if one chooses T'; = Fo (e 'id ), then we can only obtain CGE(0, 00).
Put P, = ¢If1,1 T ¢y . Then P, is Tp/-symmetric. Note that P, = ¢1_11 T;¢u, thus by
(4) we have the intertwining condition
0P = ¢ VTpn = ¢y TV = Pid, 1t = 0.

Note that S; oty = e 'ty oidy, t > 0. This, together with the definitions of hy (3)
and P, yields

Pihy = e 91 Fo(S)Fon)pn
=e "¢ Fom)Fole idn)on
= eithHPt. (5)

By Theorem 2, to show that P; satisfies GE(1, 00), it remains to check (ii) and (iii) with
P, as above and the left and right action of I'p(H) on I'o/(H') being

L(p)a =hu(p)a, R(p)a=ahu(p).
To prove (ii) we need to show that for any p € I'p(H), anda € I'p/(H'):

(Pi(a), L(p)Pr(a))2 < e *(a, L(Pi(p))(a))2,

where the inner product is induced by 7. To see this, note that P, is completely positive
and P,(1) = ¢7"1 [30, Lemma 3.1]. By the Kadison—Schwarz inequality and (5), we
have

(Pi(a), L(p)P(a))2 = 1o (P:i(a)Pi(a) hi(p))
<e 't (Pi(aa*)hpg(p))
=e 1y (aa*P,hH(,o))
= e72ttQ/ (aa*hH Pt(,o))
= ¢ (a, L(P/(p))(@))2,

which finishes the proof of (ii). The proof of (iii) is similar. So P; satisfies GE(1, 00).
Applying the same argument to P; ® idas, we obtain CGE(1, 00).

Remark 8. As mentioned in [28, Section 4.4], the previous example can also be deduced
from the complete gradient estimate for the classical Ornstein—Uhlenbeck semigroup
using the ultraproduct methods from [26]. However, in contrast to this approach we
do not need to use the Ricci curvature bound for the classical Ornstein—Uhlenbeck
semigroup, but get it as a special case (with minor modifications accounting for |g| = 1
in this case).
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Example 3 (Quantum Tori). For 6 € [0, 1) let Ag be the universal C*-algebra gener-
ated by unitaries ¥ = ug, v = vy subject to the relation vu = e>"?yv. Let T = 15
be the unique faithful tracial state on Ag given by t(u”v") = 8,,00,.0. The semi-
group (P;) = (P?) given by P,(u"v") = e~!m*m)ymyn exends to a T-symmetric
QMS on L*(Ay, t), which satisfies CGE(0, co). Here L°°(Ag, t) denotes the strong
closure of Ay in the GNS representation associated with t. In fact, according to [15,
Section 10.6], H = L%(Ag, 1) ® L?(Ag, 7) and d(u™v") = (31 (™ v"), d2(u™v")) =
i(mu™v", nuv"). Clearly, 9; commutes with P, for j = 1,2, so that CGE(0, oo)
follows from Corollary 2.

In the commutative case § = 0, Ag = C(T?) is the C*-algebra of all continuous
functions on flat 2 torus T2 and the semigroup (P;) is the heat semigroup generated by
the Laplace—Beltrami operator on the flat 2-torus, which has vanishing Ricci curvature.
Thus the constant 0 in the gradient estimate is optimal.

In fact, forany 6, 6’ € [0, 1), the semigroup Pf) on L*(Ag, 1p) satisfies CGE(K, 00)
if and only if the semigroup (Pte/) on L®(Ag, 1) satisfies CGE(K, 00). Thus the
gradient estimate CGE(0, co) is optimal for any 6 € [0, 1). To see this, note first that
by standard approximation arguments it suffices to show GE(K, oo) for p € (Ag)+ and
a € D(Di”z1 / 2) N Ag. By universal property of Ag.gs, there exists a *-homomorphism
T Agror — Ag ® Ay such that

T (Ugre) = g @ Ug/, T(Vg4e) = Vg ® Vg.
Clearly 7 is trace preserving and satisfies
(P! ®ida,)om =m0 P{*,

Soif Pﬁ satisfies CGE(K, 00), then so does P,9+9/. Since 0 and 0’ are arbitrary, we finish
the proof of the assertion. This idea of transference was used in [39] to give a simple
proof that the completely bounded Fourier multipliers on noncommutative L ,-spaces
associated with quantum tori Ay do not depend on the parameter 6. The transference
technique has been used in [21,28] to study complete logarithmic Sobolev inequality.

The same conclusion goes for d-dimensional quantum torus Ay with 6 being a d-by-d
real skew-symmetric matrix.

Example 4 (Quantum groups). A compact quantum group is a pair G = (A, A) con-
sisting of a unital C*-algebra A and a unital *-homomorphism A: A — A ® A such
that

1. (A®ida)A = (ida @ A)A;

2. {A(@)(1®b):a,be A}and {A(a)(b® 1) : a,b € A} are linearly dense in A Q@ A.
Here A® A is the minimal C*-algebra tensor product. The homomorphism A is called the

comultiplication on A. We denote A = C(G). Any compact quantum group G = (A, A)
admits a unique Haar state, i.e. a state h on A such that

(h®idas)A(a) = h(a)l = (ids ® h)A(a), a € A.

Consider an element 1 € A ® B(H) with dim H = n. By identifying A ® B(H)
with M,,(A) we can write u = [uij]fszl, where u;; € A. The matrix u is called an
n-dimensional representation of G if we have
n
Auij) = Zuik Quj, i,j=1,...,n.
k=1
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A representation u is called unitary if u is unitary as an element in M, (A), and irreducible
if the only matrices T € M, (C) such that u7 = Tu are multiples of identity matrix.
Two representations u, v € M, (A) are said to be equivalent if there exists an invertible
matrix T € M, (C) such that Tu = vT. Denote by Irr(G) the set of equivalence
classes of irreducible unitary representations of G. For each « € Irr(G), denote by
u* € A ® B(H) a representative of the class o, where H,, is the finite dimensional
Hilbert space on which u® acts. In the sequel we write n, = dim H,,.

Denote Pol(G) = span {uf; 1 <i,j<ngace Irr(G)}. This is a dense subalgebra
of A. On Pol(G) the Haar state / is faithful. It is well-known that (Pol(G), A) is equipped
with the Hopf*-algebra structure, that is, there exist a linear antihomormophism S on

Pol(G), called the antipode, and a unital *-homomorphism € : Pol(G) — C, called the
counit, such that

(e @ idpoi())Aa) = a = (idpoi(c) ® €)A(a), a € Pol(G),
and
m(S ® idpog)) A(a) = €(a)l = m(idpoic) @ S)A(a), a € Pol(G).

Here m denotes the multiplication map m : Pol(G) ®q1,Pol(G) — Pol(G), a®b > ab.
Indeed, the antipode and the counit are uniquely determined by

S(uiy) = Wi)*, 1<i,j <ng, a€lm(G),

E(u;?;) =38;j, 1<i,j<ng, aclrG).

Since the Haar state & is faithful on Pol(G), one may consider the corresponding
GNS construction (r,, Hp, &) such that h(x) = (&, mp(x)&y) g, for all x € Pol(G).
The reduced C*-algebra C,(G) is the norm completion of 7, (Pol(G)) in B(Hj,). Then
the restriction of comultiplication A to Pol(G), extends to a unital *-homomorphism
on C,(G), which we still denote by A. The pair (C,(G), A) forms a compact quantum
group, and in the following we always consider this reduced version (instead of the
universal one, since the Haar state 4 is always faithful on C, (G)). Denote by L*°(G) =
C,(G)” the von Neumann subalgebra of B(H},) generated by C,(G), and we can define
the noncommutative L?-spaces associated with (L°°(G), h). In particular, we identify
L%(G) with Hj,. We refer to [32] and [49] for more details about compact quantum
groups.

A compact quantum group G is of Kac type if the Haar state is tracial. In the following
G is always a compact quantum group of Kac type, which is the case for later examples
OX, and S;(,. Given a Lévy process (ji);>0 [14, Definition 2.4] on Pol(G) one can
associate it to a semigroup P, = (id ® ¢;)A on C,(G), where ¢, is the marginal
distribution of j;. This (P;) is a strongly continuous semigroup of unital completely
positive maps on C, (G) that are symmetric with respect to the Haar state 4 [14, Theorem
3.2]. Then (P;) extends to a h-symmetric QMS on L>°(G).

The corresponding first-order differential calculus can be described in terms of a
Schiirmann triple ((H, ), n, ¢) [14, Propositions 8.1, 8.2]. The tangent bimodule 7 is
then a submodule of L2(G) ® H with the left and right action givenby L = (A Q ) A
and I§ = Ag ®idy, respectively. Here A7 and A are the left and right action of L>*°(G)
on L= (G):

Ap(a)(b&p) = abéy, Ag(a)(bép) = ba&y.
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The derivation [14, Proposition 8.1] is given on Pol(G) by 9 = (1, ® n)A, where
th: L®(G) — L%(G) is the natural embedding:

tp(a) = aép.

Note that the QMS (P;) is always right translation invariant: id ® P;) A = APy for
all¢ > 0. In fact, any right translation invariant QMS must arise in this way [ 14, Theorem
3.4]. Here we are interested in semigroups ( P;) that are not only right translation invariant
but also left translation invariant, or translation bi-invariant: for all t > 0

(P, ®id)A = AP, =({d® P)A. (6)
In this case, let P; = P; ® idy, and we have
P = (P Qidp)th @ MA = (1 @ M(P ®ida)A =, ® AP = 0P,

It is not hard to check that P, is 7 -real. We will show that it also satisfies the condition
(iii) from Theorem 2 for K = 0.
Foré&;,...,&, € Hand xy,...,x, € A we have

<<Pt ®idn) Y 0 @&, R()(P, ®id) ) xi ® sk>

k k

=Y (& SV ((Px)* (P p),

k.l

and

<Zxk ®&. R(Pp) Y 5 ® sk> =Y (&, EDh(x{xi Pip).
k k

k.l

Clearly, the matrix [ (&x, &) ] 1 is positive semi-definite. By Kadison—Schwarz inequality,

[(Pxi)* (Pexp)ier < [P (xpx)i-

Thus also [A((Prxr)*(Pixp)p)lks < [h(x,fxl P;p)lk.;. Since the Hadamard product of
positive semi-definite matrices is positive semi-definite, it follows that

[Ex, EDR(Pxi)* (Pex) o) it < [(ks &)V h(xgxi Prp) ki

Hence

D (s EVR(Px)* (P p) < ) (&, &) (x{xi Pip),

k.l k.l

and we get the desired result. Thus (P;) satisfies GE(0, co). Applying the same argument
to (P, ® idxr), we get CGE(0, 00).
If each ¢; is central:

(¢l & id)A = (id ® ¢t)A- (7)

then the QMS P; = (id ® ¢;) A is translation-bi-invariant. Recall that the convolution of
two functionals 1, ¥» on C(G) (or C,(G), Pol(G)) is defined as ¥y = (Y| Qyn) A.

The convolution semigroup of states ¢; = € + an | %w*” is generated by ¥/, called the
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generating functional, where ¥ is hermitian, conditionally positive and vanishes on 1
(see [14, Section 2.5] for details). Then once the generating functional i is central, the
QMS P; = (id® ¢;) A = e'Tv is translation-bi-invariant, and thus satisfies CGE(0, c0),
where Ty = (id ® ¥) A.

For the geometric Ricci curvature condition this result was independently proven in
[7, Lemma 4.6].

In the next few examples we collect some specific instances of QMS on quantum
groups which are translation-bi-invariant. Firstly we give some commutative examples.

Example 5. (Compact Lie groups) For any compact group G, (C(G), A) forms a com-
pact quantum group, where C(G) is the C*-algebra of all continuous functions on
G and the comultiplication A: C(G) — C(G) ® C(G) = C(G x G) is given by
Af(s,t) = f(st). The Haar state & is nothing but f -du, with p being the Haar (prob-
ability) measure. Consider the QMS (P;) on C(G): P;(f)(s) = fG fr) K (r, s)du(r).
Then (P;) is translation bi-invariant if and only if the kernel K; is bi-invariant under
G: Ki(gr,gs) = Ki(r,s) = K:(rg,sg) for all g,r,s € G, or equivalently, (P;) is
a convolution semigroup with the kernel Ki(s) = K(e, ) being conjugate-invariant:
K(s) = K(gsg~ Y forall g, s € G.

Let G be a compact Lie group with a bi-invariant Riemann metric g. If (P;) is the heat
semigroup generated by the Laplace—Beltrami operator, then a direct computation shows
that the bi-invariance of the metric implies the translation-bi-invariance of (P;). Thus
we recover the well-known fact from Riemannian geometry that the Ricci curvature of a
compact Lie group with bi-invariant metric is always nonnegative (see e.g. [34, Section

.

Secondly, we give co-commutative examples. By saying co-commutative we mean
A =TI o A, where [T is the tensor flip, i.e., [T(a ® b) = b ® a.

Example 6. (Group von Neumann algebras) Let G be a countable discrete group with unit
e, C(G) the reduced C*-algebra generated by the left regular representation A of G on
£2(G) and L(G) the group von Neumann algebra L(G) = C/(G)" C B(¢*(G)). Then
G = (C}(G), A) is a quantum group with comultiplication given by A(Lg) = Ay ® Ag.
The Haar state on G is given by t(x) = (x&,, 8.), which is tracial and faithful. Here
and in what follows, §, always denotes the function on G that takes value 1 at g and
vanishes elsewhere.

A function ¥ : G — [0, o0) is a conditionally negative definite (cnd) length function

if yr(e) =0, ¥(g~") = ¥ (g) and
> F@ e <0

g,heG

forevery f € G — C with finite support such that eec f(8) =0.
By Schoenberg’s Theorem (see for example [9, Theorem D.11]), to every cnd function
one can associate a T-symmetric QMS on L(G) given by

Pihg=e "V ®),.

It is easy to check that (P;) satisfies the translation-bi-invariant condition (6). Thus it
satisfies CGE(0, 00).

Now we give some genuine quantum group examples.
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Example 7. (Free orthogonal quantum group O3, [46]) Let N > 2. The free orthogonal
quantum group 0 consists of a pair (CM(O ) A), where CM(O ) is the universal
C*-algebra generated by N2 self—ad]01nt operators u;j, 1 < i, j < N, suchthat U =
[uijl1<i,j<n € Mn(C) ® C,(O3},) is unitary, that is,

N N
Z”ikujk =4 = Zukiuk,’, 1<i,j<N,
k=1 k=1
and the comultiplication A is given by
N
Alwij) =Y upx ®ugj, 1<i,j<N.
k=1

The equivalent classes of irreducible unitary representations of O3, can be indexed by

N, with u® = 1 the trivial representation and ‘") = U the fundamental representation.
By [14, Corollary 10.3], the central generating functionals 1 on Pol(O},) are given
by

() Si Us(x) — Ug(N)
Y = —U(N)< bU(N)+,/N—N—x v(dx)>,

fors € Irr(O%) =N, 1 < i, j < n,, where Uy denotes the s-th Chebyshev polynomial
of second kmd b > 0 and v is a finite measure on [—N, N] with v({N}) = 0. Then

given (b, v), the central functional v defined as above induces a QMS P;/f = Ty
satisfying (6), where Ty, = (id ® ¥) A. Hence it satisfies CGE(0, 00).

Example 8. (Free permutation quantum group Sy, [47]) Let N > 2. The free permutation
quantum group SJr consists of a pair (C, (S N) A), where C,, (O ) is the universal C*-
algebra generated by N? self-adjoint operators p; ; j»1 <i,j <N, such that

P =pij = Y pk=1=) py. 1<ij<N,

and the comultiplication A is given by

N

Alpij) =) pik ® pij. 1 <i.j<N.
k=1

The equivalent classes of irreducible unitary representations of S}, can be indexed by N.
By [20, Theorem 10.10], the central generating functionals ¥ on Pol(S},) are given by

8 (_,UsM) / Uss (VX) — Uzs(x/_) )
Uss(V/'N) 2JN 0 N — ’

for s e Irr(SX,) =N, 1 <i,j < ng, where U denotes the s-th Chebyshev polynomial
of second kind, » > 0, and v is a finite measure on [0, N]. Similarly, given (b, v), the
central functional ¥ defined as above induces a QMS P,'// = ¢'Tv satisfying (6), where
Ty = (id ® ) A. Hence it satisfies CGE(0, 00).

Y u)) =
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Remark 9. Although many interesting functional inequalities like the Poincaré and the
modified logarithmic Sobolev inequality only follow directly from GE(K, oo) for K >
0, the gradient estimate with constant K < 0 can still be helpful in conjunction with
additional assumptions to prove such functional inequalities (see [7,17]).

4. Stability Under Tensor Products and Free Products

In this section we prove that the complete gradient estimate CGE (K, c0) is stable under
taking tensor products and free products of quantum Markov semigroups. We refer to
[45] and [2] for more information on free products of von Neumann algebras and to [3]
for free products of completely positive maps.

Theorem 3. Let (M, t;), j € {1,..., n}, be tracial von Neumann algebras and (P,j)
a tj-symmetric I'-regular QMS on M. If for every j € {1,...,n} the QMS (P/))
satisfies CGE(K, 00), then ®j P,] satisfies CGE(K, 00).

Proof. Let H; and 0; denote the tangent bimodule and derivation for (P,j ) and let

—1

~.

Hi=QL M) @ H; ® ® L (M, w),
k=1 k=j+1
j—1

8 = Ridp, ®8; ® ® id g,
k=1 k=j+1

The tangent module H for P, = ) i P,j is a submodule of H = P j H j with the natural

left and right action and derivation 9 = @1, ..., 0).
For j e {1,...,n}, put

P; _®P"®1dM ® ® rk

k=j+1

and

P; —®lde®P ® ® lde

k=j+1

on Q; My, so that P, = P/ B/ = B/ P/. Then

n
19 Pal’ =) 119; Pall;
n . .
= Znajp,fp,fan/%

< 26721(1”8 P/a”

j=1

by CGE(K, o0) for (P/).
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Let

o _®Pk®1dH ® @ Pt

k=j+1

on H;. Then 3; B/ = 0/3;, and conditions (ii), (iii) in Theorem 2 follow from the
Kadison—Schwarz inequality (compare with Example 4). Taking into account Remark
4, we get

5.pJ 12 312
10, P all, = 119;all; -

Together with the previous estimate, we obtain

—2Kt pJ —2Kt —2Kt 2
I8 Prally < Ze 19, Plally; = Ze 1;all%,, = e~ 19all%,,.
j=1

So (Py) satisfies GE(K, 00). The same argument can be applied to (P; ® ids), so that
we obtain CGE(K, c0). |
Theorem 4. For j € {1, ...,n} let (M, T;) be a tracial von Neumann algebras and
(P,j) a tracially symmetric I'-regular QMS on M ;. If for every j € {1, ..., n} the OMS
(P}) satisfies CGE(K, 00), then x; P} satisfies CGE(K, ).

Proof. Let M = *j M, 7 =%;7;and P, = %; P,j.Recall that L?(M, 7) is canonically
identified with

n
LMt =Cle @ QLiM,. 7).

nzl ji#-#jn =1

where L(2) denotes the orthogonal complement of C1 in L.
Then H can be identified with a submodule of

@ @ @(@L (MJI’T]1)®HJI<® ® L? (Mj[a T]/))

n>1 ji#-#jn k=1 \l=1 [=k+1

with the natural left and right action on each direct summand and 9 acts as 0 on C1 and
as

0a1®--®ay) =0j(@)®ar---Qay,...,a1 ®ar ® -+ ® j,(an))

on the direct summand &) ik L2(M ji» Tjp)- Since 0 and (P;) restrict nicely to the
direct summand of LZ(M, 7), the rest of the proof is similar to the one of Theorem 3.0

Remark 10. The same argument applies to free products with amalgamation if the com-
mon subalgebra over which one amalgates is contained in the fixed-point algebra of
(P/ ) forall j € {1, ..., n} (compare with the results from [25, Section 6.2] for the >
condition).
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5. Quantum Markov Semigroups Generated by Commuting Projections

In this section we move beyond applications of the intertwining result Theorem 2 and
obtain complete gradient estimate for quantum Markov semigroups whose generators
take special Lindblad forms.

Theorem 5. Let py, ..., p, € M be commuting projections. The QMS (P;) generated
by

n
L M—-> M, Lx = ijx+xpj —2pjxp;
=1

is I'-regular and satisfies CGE(1, 00).

Proof. For 1 < j < n consider the operator .%; : M — M defined by

Zjx =pjx+xpj —2pjxpj =x — pjxpj — (1 = pj)x(1 — pj).

In particular, .Z; is of the form .} = I — @; with I = id and the conditional
expectation @;(x) = pjxp; + (1 — p;)x(1 — p;). Thus the QMS (Pl]) generated by
2 is given by

Plx=x+( ' —DZLx=e"x+(1—e HP;(x).

A first-order differential calculus for (P;) is given by H = @7:1 LZ(M, 7) as bimod-
ules, L = (L;);, R = (R;); with L; and R; being the usual left and right multiplica-
tions of M on L?(M, 1) respectively, and 8 = (3;), where 8;x = [p;, x]. Thus (P;) is
I'-regular.

Moreover, 9; P,j x = e~ '9;x and consequently
19, P/ xI% = e 10x]. (8)

On the other hand, by the concavity of operator means [27, Theorem 3.5] we have

-

Plo=ep+(1—e )b (p). ©)
Since
Zi((0jx)*(9;x))
= pjx"xpj+ pjx"pjx — pjx*pjx — p;jx*p;xp;
+pjx"xpj+x"pjxpj — pjx"pjxpj —x"pjxp,
—2pjx*xpj — 2p;x"pjxpj +2p;x"pjvp; +2pix*pixp;
=0,
we have

@ (32" (0,2)) = (I — Z) ((07x)*(8;2)) = (%) (8x).
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Recall that L ; and R; are respectively the usual left and right multiplications of M on
L?*(M, t) and denote by E ; the projection onto ran d; in L2(M, 7). It follows that

(Rj(@j(p))(@jx),djx)2 = T(P;(p)(3;x)*(;x))
= 7(p®;((3;x)"(3;x)))
= 7(p(@;x)"(9j2))
= (Rj(p)0jx, 0;x)2.

Hence E;jR;j(®;(p))E; = EjRj(p)E ;. The analogous identity for the left multiplica-
tion follows similarly.
Note that both the left and right multiplication by @;(x) = pjxp;j+(1—p;)x(1—p;)
leave ran 9; invariant. In fact, for any x, y € M one has
Pj(x)3;(y) =pj(pjxpjy) — (Pjxp;y)p;
+pji((I=ppx(L—pjy) — (L —pjx(1—pj)y)p;
=0j(pjxpjy)+9;(L — pj)x(1 = pj)y),

and a similar equation holds for the right multiplication.
Therefore we have

E;Li(®;(p)E; <Lj(P;(p)),
E;R;(®;(0)Ej < R;(®;(p)).
This, together with the conditions (a) and (b) in the definition of operator means, implies
E;j®;(p)E; > E; AE;Lj(®;(p))E}. E;R;(®;(p))E))E;
= EjA(Eij(p)Ej, EjRj(p)Ej)Ej
> EjﬁEj .
In other words,
(@;(p)djx,djx)2 = (pdjx, d;x)2.
Together with (9) we conclude
19,215, 2 e~ 19,x15 + (= e™HN;15 = 19;x115-
In view of (8), we have proved

18, P xlI5 < e N19x11%; . (10)
i P

Now let us come back to our original semigroup (P;). Let
Qz] = 1_[ P, tk'
k#j

Since the p;’s commute, so do the generators Z;’s and the semigroups P’ s. This

means that the order in the definition of Q7 does not matter and P, = PJ Qt for all
j € {1, ..., n}. From the intertwining technique and Remark 4 we deduce

i 2 2
19,0/ xI17 < [13;x||
i 9 " olp
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Combined with the estimate (10) for (P,j ), we obtain

n n
2 7l 2 —2t o2 —2t 2
loPxly = 10;P) Qfxly < ™ 3 19, 01x13, < e 1dxllg, -
j=1 j=1 ’

So (P;) satisfies GE(1, 00). To prove CGE(1, c0), it suffices to note that the generator
of (P ® idps) is given by

(Z@idy)x =) (p; ® Dx+x(p; ® 1) —2(p; ® Dx(p; ® 1)
j=1

and the elements (p; ® 1) are again commuting projections. O

Remark 11. Since .,56.2 = %}, the spectrum of .Z; is contained in {0, 1} with equality

unless .Z; = 0. Thus the gradient estimate for the individual semigroups (P,j ) is optimal
(unless v; = 0). It should also be noted that it is better than the gradient estimate one
would get from Example 1.

Remark 12. Inspection of the proof shows that the same result holds if the generator of
(P;) is of the form ¥ = % ZI;=1 (x —u jxu ;) with commuting self-adjoint unitaries u .

Example 9. Let X = {0, 1}" and €;: X — X the map that swaps the j-th coordinate
and leaves the other coordinates fixed. Let v; = >y lej(x)) (x| € B(£*(X)). By the
previous remark, the QMS on B(£2(X)) with generator

Z: B(£*(X)) - B(*(X)), LA = 12(/4 — v Av;)
24

satisfies CGE(1, 00). The restriction of this semigroup to the diagonal algebra is (up to
rescaling of the time parameter, depending on the normalization) the Markov semigroup
associated with the simple random walk on the discrete hypercube (see [19, Example
5.7D).

To apply the theorem above to group von Neumann algebras, we will use the following
Lindblad form for QMS generated by cnd length functions. Recall that for a countable
discrete group G, a l-cocycle is a triple (H, w, b), where H is a real Hilbert space,
m: G — O(H) is an orthogonal representation, and b: G — H satisfies the cocycle
law: b(gh) = b(g) + n(g)b(h), g, h € G. To any cnd function iy on a countable
discrete group G, one can associate with a 1-cocycle (H, m, b) such that v(gh 1 =
lb(g) — b(h)|1>, g, h € G. See [9, Appendix D] for more information.

Lemma 2. Let G be a countable discrete group and : G — [0, 00) a cnd length func-
tion. Then £ Ly = Y (g)Ag generates a QMS on the group von Neumann algebra of
G. Assume that the associated 1-cocycle b: G — H takes values in a finite-dimensional
real Hilbert space H with an orthonormal basis (e1, .. ., ey). Then the generator £ is
of the form

n
_ 2 2 v
Lx = Zvjx +XV; —2vjxvj,
j=1

where v; is a linear operator on 02(G) given by Vjdg = (b(g), €))d.
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Proof. By definition we have

Vihg(8n) = V3 (8gn) = (b(gh), €;)v;(8gn) = (b(gh), €;)*Sgn,
2gv3 (1) = (b(h), ej)hgu(81) = (b(h), €})*Ag(8n) = (b(h), €;)*Sgn,
vihgvi () = (b(h), €, virg(8h) = (b(h), ¢j)v;(Bgn) = (b(h), ¢;)(b(gh), ¢})3ghn.

Thus
> (V3 + g0 = 205300, ) @G0)
J
= 2 ((bah), e} + (b(h), ) = 2(b(h), e;){blgh). e})) gn
J

= > (b(gh) — b(h), e})*5gn
J
= ||lb(gh) — b(h)|I*Sg.
This is nothing but £ (14)(8,) = ¥ (8)Ag(8n) = V¥ (8)den. O

Remark 13. The elements v; are not contained in the group von Neumann algebra L(G)
so that Theorem 5 is not directly applicable (even if the v; are projections). However, if
G is finite, then the operator

Z: B(t*(G)) — BU*(G)), Lx = Zv X +xv7 — 20xv;,
Jj=1

generates a tracially symmetric QMS on B(£2(G)) and we can apply Theorem 5 to that
semigroup instead. It is an interesting open question how to treat infinite groups for
which the generator has such a Lindblad form.

Example 10. The cyclic group Z,, = {0, 1, ..., n — 1}; see [25, Example 5.9]: Its group
(von Neumann) algebra is spanned by A, 0 < k < n — 1. One can embed Z,, to Z,, S0
let us assume that n is even. The word length of k € Z,, is given by ¢ (k) = min{k, n—k}.
Define b: Z,, — R via
0, k=
k
b(k) = § 2 =1 1

2 Looon
Zj=k7%+1 €js 2

. . n
where (¢)< j<yisan orthonormal basis of R2.

Then the linear operators v; : 02(Z,) — (2(Zy,) given by

vj(8) = (b(k), ej)d, 1<) =<

NS

are commuting projections. Thus the QMS associated with ¥ (g) = ||b(g)||* satisfies
CGE(1, ).
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Example 11. The symmetric group S,: Let ¥ be the length function induced by the
(non-normalized) Hamming metric, that is, ¥ (o) = #{j : 0 (j) # j}. Let A, € M,,(R)
be the permutation matrix associated with o, i.e., A;8; = J5(j). Then the associated
1-cocycle is given by H = L2(M,(R), 1tr), b(0) = Ay — 1, 7(0) = Ao

The matrices E j; = V2| j) (k| for j # k and Ej = —+/21j){j| form an orthonormal
basis of H. Define vj; € B(£%(Sy)) by vjkés = ﬁ(b(d), Eji)ds. Then vy is a
projection. Moreover,

1
ZLx = 3 Z vjzkx +xv§k — 20XV jk.
ik
Thus the associated QMS satisfies CGE(1/2, 00).

To extend the last example to the infinite symmetric group S, we need the following
approximation result.

Lemma 3. Let (M,,) be an ascending sequence of von Neumann subalgebras such that
U, My is o-weakly dense in M. Further let (P;) be a I'-regular QMS on M and
assume that P,(M,) C M. Let (P!") denote the restriction of (P;) to M. If (P]')
satisfies GE(K, 00) for all n € N, then (P;) also satisfies GE(K, 00). The same is true
for CGE.

Proof. Itisnothard to see that |_J, M,, is dense in L*(M, 7). Since P;(M,) C M, and
P, maps into the domain of its L? generator .%5, the space V = D(XQI/ 2) N (Un M n) is

also dense in L?(M, 7) and invariant under (P;). Using a standard result in semigroup
theory, this implies that V is a form core for .. Thus it suffices to prove

2 —2K 2
loPall < e 2K j3al},,

fora € V and p € M,. Moreover, by Kaplansky’s density theorem and the strong
continuity of functional calculus, checking it for p € (|, M»)+ is enough. But for
a e D(le/ 2) N M, and p € (M,),, this is simply the gradient estimate for (P/"),
which holds by assumption.

The argument for CGE is similar. O

Corollary 3. If G is the ascending union of subgroups G,, and \r is a cnd length function
on G such that for every n the QMS associated with /|, satisfies GE(K, 00), then the
OMS associated with  satisfies GE(K , 00). The same is true for CGE.

Example 12. (Infinite symmetric group) Let S be the group of permutations of N that
keep all but finitely many elements fixed. The QMS associated with length function
induced by the non-normalized Hamming metric on S, satisfies CGE(%, 00).

Recall that for a countable discrete group G, a Fglner sequence is a sequence { F}, },>1
of nonempty finite subsets of G such that

F,AF

lim M =0
n—00 |Fn|

forevery g € G,where gF = {gh:h € F}and AAB =[A\ (ANB)]JU[B\ (AN B)].

The group G is called amenable if it admits a Fglner sequence. We refer to [9, Chapter
2.6] for more equivalent definitions and basic properties of amenable groups.

’
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Proposition 1. Let G be an amenable group, ¥: G — [0, 00) a cnd function with
associated 1-cocycle (H, t, b). If there exists an orthonormal basis (e;) jey of H such
that (b(g),e;) € {0,1} forall g € G, j € J, then the QMS (P,) associated with
satisfies CGE(1, 00).

Proof. To ease notation, we will only deal with GE(1, co). The proof of complete
gradient estimate is similar, embedding L(G) ® N into a suitable ultraproduct.

Let (F,) be a Fglner sequence for G and w € BN \ N. Endow B(¢?(F,)) with the
normalized trace 7, and let p,, denote the projection from 22(G) onto ¢%(F,). Then we
have a trace-preserving embedding

L(G) — [ [ B (F), x > (paxpa)”.

For each j, let v; be the linear operator on 02(G) given by v;(8,) = (b(g), e;)dg,
and denote its restriction to £2(F,) by the same symbol. Note that for every fixed n € N,
there are only finitely many indices j € J such that v; is non-zero on 2(Fy).

Let

My = @ L* (B (F). )
jeJ
and
n: B (Fy) = Hu, a > ([v),a);.
For x = Zg Xghg with Zg 1//(g)|xg|2 < 00, we have

VjpnXpn(8g) = 15, (9 pnx ()
=D 15, (&)xhv; Pa(dhg)

heG

=Y 15 (@15, (hg)xnv; (8rg)
heG

=Y 15,15, (hg)xn(b(hg). €;)dhg.
heG

and
PnXpnVj(8g) = (b(8), €;)pnXpn(3g)
= 17,(8)(b(g), €j) pnx(8g)
=Y 15,(2)xn(b(2). €;) Pu(Sng)

heG

=D 15, @15, (hg)xi(b(2), €;)dng.
heG

Hence
[Uj’ anpn](ag) = (Ujpnxpn - anpnvj)(3g)

=Y 15,15, (hg)xn (b(hg) — b(g). €})dng.
heG
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and we get
e (pnxpn)n%

Z Z vj, anpn]5g, [v;, anl?n]5 )

gely jeJ

XX (xhxh/ (b(hg) —b(g). ej)(b(h'g) — b(g). e))

geF, jeJ h,h'eG

|n|

|n|

1, (hg)1F, (h'g)(8ng, 8h’g>)

2(b(hg) — b(g). ;)| 1F, (hg)
gan jeJ heG

=T — b(®)II*1F, (hg)
" ¢cF, heG
(hg)
geF,lheG
— Z w(mmfw
e [ Fy| '

which converges to

D vl = [l9xi3,

heG

as n — w by the Fglner property of (F},) after an application of the dominated conver-
gence theorem. Thus the tangent bimodule H for (P;) can be viewed as a submodule of
[1,, Hn» with the obvious left and right action and 8 = (9,)°.

Let (P;') be the QMS on B(£2(Fy,)) generated by 8,1 dy. Since (b(-), e;) takes values
in {0, 1}, the operators v;’s are projections. Clearly all the v;’s commute. Hence by
Theorem 5 and Remark 13, (P/") satisfies GE(1, 00). From the ultraproduct structure of
‘H and 0 we deduce

18 Py Gan)*I135,0 = Tim (18, P,
. -2 2
= nh_r}zoe t”anxn ”P,"pn
= e 210G 1, (p,)e
for (x,)® € L(G) and (p,)® € L(G),. In other words, (P;) satisfies GE(1, 00). O

Remark 14. The group von Neumann algebra embeds into an ultraproduct of matrix
algebras if and only if the underlying group is hyperlinear, so it might be possible to
extend the previous proposition beyond amenable groups.

Example 13. (Amenable groups acting on trees) Let 7 be a tree (viewed as unoriented
graph) and G an amenable subgroup of Aut(7). For fixed xo € 7 define the length
function ¢ on G by ¥ (g) = d(xo, gxo), where d is the combinatorial graph distance.
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As in the case of free groups, one sees that ¥ is conditionally negative definite and the
associated 1-cocycle can be described as follows (see [1, Example C.2.2]):

Let E = {(x,y) | x ~ y} be the set of oriented edges of 7, and fore = (x, y) € E
write ¢ = (y, x). Let H = {€ € (*(E) | £(€) = —&(e)} with inner product

1
(& n) = 5 Y_&@n(e).

ecE

The action of G on H is given by w(g)&(x, y) = £(gx, gy), and the 1-cocycle b is given
by

1 if e lies on [xq, gxo],
b(g)(e) = { —1 ifelies on [xq, gxol,
0  otherwise,

where [xg, gxo] denotes the unique geodesic joining x¢ and gxg.

Put F = {(x,y) € E | d(x9,x) < d(x0, y)}. Then (1, — 15).cF is an orthonormal
basis of H and (b(g), 1, — 1) € {0,1} forall g € G and e € F. Thus the QMS
associated with y satisfies CGE(1, 00).

For example this is the case for G = Z with 1 (k) = |k|. Here the tree is the Cayley
graph of Z and the action is given by the left-regular representation. This QMS on L(Z)
corresponds, under the Fourier transform, to the Poisson semigroup on L*°(S by,

More generally, the Cayley graph of a group is a tree if and only if it is of the form
Z¥ Z;l for k,/ > 0. This group is not amenable unless k +/ < 1, but the free product
structure allows us to obtain the same bound.

Theorem 6. If G is a group whose Cayley graph is a tree and the cnd function  is
given by ¥ (g) = d(g, e), where d is the combinatorial metric on the Cayley graph, then
the QMS associated with \ satisfies CGE(1, co) and CLSI(2) and the constants in both
inequalities are optimal.

Proof. As previously mentioned, G is of the form 74k Z;l with k&, > 0. It is not
hard to see that the QMS associated with i decomposes as free product of the QMS
associated with the word length functions on the factors. Thus it satisfies CGE(1, co)
by Theorem 4 and CLSI(2) by Corollary 1. Since both the gradient estimate and the
modified logarithmic Sobolev inequality imply that the generator has a spectral gap of
1, the constants are optimal. O

Example 14. If G is afree group and i the word length function, then the associated QMS
satisfies CGE(1, co) and CLSI(2). Note that the usual logarithmic Sobolev inequality,
which is equivalent to the optimal hypercontractivity, is still open. Some partial results
have been obtained in [24,40]. Our optimal modified LSI supports the validity of optimal
LSI from another perspective.
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