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In this document, we show two derivations that were omitted in
the main article. In Section 1, we derive the moment equilibrium
equation of an elastic rod under gravity from the variational form.
In Section 2, we derive the adjoint of the equality-constrained Jacobi
equations used to determine stability of kinematic elastic rods.

Notation. To keep this document self-contained, we repeat some
definitions and notation from the main article. Let y : [0, 1] — R? an
arc-length parametrized plane curve in C2. Denote by « : [0,1] — R
a turning angle function in C!, such that y’ = (cos a, sin @), and by
k : [0,1] — R the curvature of y, such that k = «’. Furthermore, let
K :[0,1] = Rxp, the spatially-varying stiffness of an elastic curve.

Variations. We use the §-operator to describe variations of the
primary variable o, and also variations induced in other variables
and functionals. To preserve Dirichlet boundary conditions, da
satisfies 6a(0) = 0 = da(l). Induced variations of a quantity G[a]
are given by 6G[a;Sa] = (d/de) Gla + € dat]|c=0, where we will
usually omit the dependence on « and da. For example, we have

, cosa ,
oy’ =6 (sina) = Ry’'da,
with R = (9 _01 ). Variations da are chosen from the same space
as «, but we will formally allow distributional da to simplify com-
putations. This can be made more precise with an approximation
argument.

1 MOMENT EQUILIBRIUM UNDER GRAVITY

In Section 5.1 of the main article, we give an expression for the
energy potential of an elastic curve with constant thickness and
spatially-varying width under gravity,

1
wie = [ k(3 +0e0).

where e € R? is a constant dependent on gravity, thickness, and
material properties. We are looking for extremals subject to the
constraint y(I) = yy, i.e., the endpoint of the curve is fixed to lie at y;.
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According to the method of Lagrange multipliers, these extremals
are characterized by a and A € R? for which the variation of
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vanishes, and such that y(I) = y;. The variations of A, B, and C are
given by
1 1
SA = / Kxéa' = —/ (Kx) 8a,
0 0

1 s
5B =/0 K(s) (‘/0 (Ry’, e)&x) ds,

1
x:/mwwm
0

To derive the moment equilibrium equation at a point ¢ € (0, ),
we formally set da = J;, the delta distribution centered at ¢. Then,
the variations of A and C evaluate to

8A=—(KKx)'(¢) and &C = (4 Ry’(c)).

The variation of B is given by
1
8= [ KO @ 0n100(6)8

! 1
= (RY'(0).e) /o K(5)2j0.51(6) ds = (RY'(c). €) / K,
S

where y|o 5] denotes the characteristic function on [0, s]. Setting the
variation of L to zero, we arrive at the Euler-Lagrange equation

)
0= ~(Kx)'(6) + (b.y" (&) + (Rle.y'(c)) / K,
S

where we have substituted A = Rb.

The last step in deriving the moment equilibrium equation is
to find an antiderivative of the function above. For the first two
summands, an antiderivative is given by —K«k + (b, y). For the last
summand, we use the identity

%(f<s>/slg—[lfg)=f/<s>/slg

to conclude that an antiderivative is given by

1 1
(Rle. y(c)) / K- / (Rle.y)K.
S S

In its integrated form, the moment equilibrium equation is given by

1 1
CK(K(E) + (b (@) + (Rle, y(e)) / K- / (Rle.y)K +a=0
S S

with the integration constant a.
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2 ADJOINT STABILITY EQUATIONS

In Section 6.2 of the main article, we summarize the isoperimetric
Jacobi criterion [Manning et al. 1998], which can be used to deter-
mine whether an extremal of a variational problem with multiple
equality constraints is a minimum. In this section, we derive the cor-
responding adjoint equations, which are also listed in Appendix B
of the main article.

2.1 The Primal Equations

For easier reference, we repeat all primal equations that need to be
taken into account when deriving the adjoint.

—(Ka’) + (L, Ry"y = 0, a(0) = ay, a(l) = qy,
subject to  y(I) =y,
—(K¢"Y = (Ay") =0, {0)y=0, '(0)=1,
—(Kn))" = A y")mi = (Ry', i), ni(0) =0, 7;(0)=1,
M; = (Ry’,ei){, M;(0) =0,
N{; =Ry ei)njs N;j(0) = 0,
{ m n
Z =|M;j N1 Niz|,
Mz N21 Nap
Z =detZ,

F=/(pZ.

The first two lines define an extremal of the bending energy
with kinematic boundary conditions. Lines 3-8 define the “stability
indicator” Z, which can be checked for zero crossings on the interval
(0,1). The existence of ¢ € (0,]) with Z(c) = 0 indicates that
the extremal is a saddle point and not a minimum. The stability
recovery algorithm, which is detailed in the main article, depends
on computing the variational derivative of F with respect to K. Here,
¢ can be thought of as either the delta distribution §, centered at
o, or an approximation of §5 through a function with unit mass.

2.2 Céa’s Method

To derive the adjoint equations, we apply Céa’s method [Sharp
2019]. We will first illustrate the method on a short example, and
then apply it to the full set of equations.

Assume we are given the boundary-value problem u’’ = g with
u(0) = 0 and u’(1) = 1, and are interested in how the quantity
F = foluz changes with g. That is, we want to identify §F[g; dg].
The goal of the adjoint method is to avoid computing intermediate
quantities such as du in the process.

Céa’s method achieves this by rewriting F as

1 1
F= / u? +/ a(u"” - g),
0 0

in which we can choose the function # arbitrarily without changing
F, because u”’ = g. If we apply the §-operator to F, this will result
in the appearance of terms involving du at first. But, as we will
see shortly, @ can be chosen to cancel out §u, which simplifies the
computation of §F.
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The variation of F is given by
1
SF = / (2u bu + a(su’” - 59))
0
. 1
= (adu’ - 12'5u)|0 + / ((2u+a")Su—adg)
0

= —a'(1) Su(1) — @(0) 5u’(0) + / 1 ((2u+a")6u-adg),
0

where he have first used integration by parts twice, and then the
boundary conditions éu(0) = 0 and §u’(1) = 0. We can see that
choosing # as the solution to the adjoint equation

-1
i’ =-2u, s.t.

a(0)=0, @'(1)=0,

simplifies §F = — fol % 8g, and du no longer appears. This means that
we can compute §F by first solving the adjoint equation for @, and
then integrating it against §g. Equivalently, — is the L?-gradient of
F, because 0F = (-1, §g) ;.

The general recipe of Céa’s method is to append to the objective
function F a sum of inner products between quantities known to be
zero (expressions involving differential operators, constraints, etc.)
and adjoint variables, which we denote by overbars. For differen-
tial equations, such as u”’ = g, adjoint variables take the form of
functions, and the L2-inner product is used. For integral constraints,
adjoint variables are scalars, and we use the standard Euclidean in-
ner product. Then, we manipulate §F in order to isolate the adjoint
equations, which we can solve in order to simplify §F.

2.3 The Adjoint Equations

In the following, indices always run from 1 to 2, and integrals from
0 to L. We introduce the adjoint variables &, A, 7, 7;, M;, and Nij,
corresponding to lines 1-6 of the primal equations. Furthermore,
denote by C(.) the cofactors of Z, e.g., Cg is the cofactor associated
with the top-left entry ¢ in the matrix.

The variation of F, before appending additional terms, reads

SF = /gp (CoO¢ + 5 CoySmi + 54 Cat, M + 57 Crv, N )

Next, let us account for the adjoint terms resulting from expressions
of the form —(Ku’)’, where u € {a, {,n;}. This results in

8 [~a(Kw') = (~au'SK + Ka'Su - Kadu')|}
+ [(@'u'6K — (Ka') Su) .
After considering the boundary conditions on «, {, and 1;, we get
5 [~a(Ka') = (-aa’SK - Kasd')|,
+ [(@a'6K - (Ka') Sa),
v n/ Zor 1 zr -
§ [-LKLY = ~{¢'6K], + (K{'6¢ - KT 8L')),
+ [ (§78K — (KL'Y'80).
_ _ l _ _
8§ [-Ai(Kn})' = —nin{K|, + (Kn;on: — Kni on})],
+ [ (oK = () omi)



The remaining term in line 1 and the equality constraint in line 2
yield

5 [ @ Ry"y = [ @ (51, Ry"y - (A y'6a))
= (0N [Ry'a) - [ a()y")da,
5()"!/)// - YI> = /(Z’ RY/>50{
The remaining term in line 3 yields
§ [=Cy" = @A [ L8y = [ LEA Ry Yoo = [ LA "),

and the ones in line 4,

8 [ =i (L y")ni + (Ry’. e:))
= —(8A, [finiy’y + [ i(Rei — Ani, Ry Yo — [ 7i{A. y")on;.

Similarly, for lines 5 and 6,

6 [ 8 (M] - (Ry".e0)3)
= M; M|, — [ MISM; + [ Mil(y’. ei)da — [ Mi(Ry’,e:)S¢,

S [ Nij (Ni'j - (Ry’, ei>’7j)
= Nij 5Nij|l_/Ni/j5Nij+fNij’7j<Y/7 ei>50(—/Nij<R)//, ei)517j.
Next, we gather the expressions multiplying variations that we
do not want to evaluate, i.e., §a, 64, 8¢, 6n;, 6M;, and SN;;. We will
do this process in reverse order, because this corresponds to the

natural order in which the adjoint equations need to be solved. For
6M; and 6Njj, we have

M; = ¢Cp;. Mi(D) = o,
N/; = ¢Cnyy» Ni;(h) = o.
For 8¢ and 61;, we have
—(K{') = (A y"){ = Mi(Ry’, e;) — ¢Cy,
—(K77) = (A y")ii = Nij(Ry', e;) — Cy,,  1:(1) = 0,
Collecting terms multiplying da yields
(Ka") = —a(dy’) + (LRy')
+ (L0 + Xifini)(RAy")
+ (i + Mid + X Nijnj)y’sei),  @(0) =0, a(l) =0,
and for §2, the two-component equation
[Ry'a= [(C{+ X qiniy’.
Putting the equations for o and §A together, we see that they cor-
respond to the constrained Euler-Lagrange equations of a quadratic

variational problem with linear integral constraints in &, where 1 is
used as a Lagrange multiplier:

/01% (Ko‘/2 - (A,y’)o‘cz)
+ [0+ X mimi)(RAy")
+ X + Ml + X Nijnj)(y's ei) | a
(0) = 0,

! . -
s.t. al) = o, and /oRya=/0(§§+Ziﬂiﬂi)Y-

M=o, (Y=o,
() = 0.
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Finally, the variational derivative of F can be assembled from all
terms involving §K. This gives

1
SF[K; K] = (Z +Y; 7i) 6K |0 +‘/0‘ (O_C’a’ + Z'g/ + > ’7:’7:) JK.

REFERENCES

Robert S. Manning, Kathleen A. Rogers, and John H. Maddocks. 1998. Isoperimetric
Conjugate Points with Application to the Stability of DNA Minicircles. Proceedings:
Mathematical, Physical and Engineering Sciences 454, 1980 (1998), 3047-3074. http:
/[www.jstor.org/stable/53424

Nicholas Sharp. 2019. Céa’s Method for PDE-constrained shape optimization. (2019).
https://nmwsharp.com/media/cea_tutorial.pdf.

ACM Trans. Graph., Vol. 40, No. 4, Article 126. Publication date: August 2021.


http://www.jstor.org/stable/53424
http://www.jstor.org/stable/53424

	1 Moment Equilibrium Under Gravity
	2 Adjoint Stability Equations
	2.1 The Primal Equations
	2.2 Céa's Method
	2.3 The Adjoint Equations

	References

