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Abstract

We establish finite time extinction with probability one for weak solutions of the
Cauchy—Dirichlet problem for the 1D stochastic porous medium equation with
Stratonovich transport noise and compactly supported smooth initial datum. Heuris-
tical}y, this is expected to hold because Brownian motion has average spread rate
o(t 7? whereas the support of solutions to the deterministic PME grows only with rate
O (tm+T1). The rigorous proof relies on a contraction principle up to time-dependent
shift for Wong—Zakai type approximations, the transformation to a deterministic PME
with two copies of a Brownian path as the lateral boundary, and techniques from the
theory of viscosity solutions.
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1 Introduction

We study the stochastic porous medium equation with Stratonovich transport noise
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du = Au™ dt + vVu o dB; (1

in the space-time cylinder Q = D x (0, T') for some bounded convex domain D C R¢
with C2 boundary d D and time horizon T' € (0, oo]. Here u > 0 denotes the so-called
density variable, B is a d-dimensional standard Brownian motion and m > 1 as well
as v > 0 are parameters. Moreover, the Stratonovich differential vVu o dB; is an
abbreviation for the expression %v2Au dt +vVu - dB;.

We are in particular interested in studying the corresponding Cauchy-Dirichlet
problem, i.e., we supplement the stochastic PDE (1) with

u(x,0) = ug(x), x €D, )
u(x,t) =0, (x,t) € dD x (0, T]. 3)

The initial condition is given by a non-negative smooth function u#y € C, é’gt(D) with
compact support in D. In particular, (2) and (3) are compatible to any order.

The main result of the present work is that weak solutions (in the precise sense of
Definition 1 below) to the 1D Cauchy—Dirichlet problem of the SPME (1)—(3) become
extinct in finite time on a set of full probability. For a mathematically precise statement
we refer the reader to Theorem 3 below. To the best of the author’s knowledge, this is
the first result establishing finite time extinction in the slow diffusion regime m > 1
for the stochastic porous medium equation. In contrast, finite time extinction in the
fast diffusion regime 0 < m < 1 is well known in several cases. For instance, Barbu,
Da Prato and Rockner establish finite time extinction for porous medium type models
with multiplicative noise in the works [2—4]. Gess treats the case of stochastic sign fast
diffusion equations in [13]. In a very recent work of Turra [18], finite time extinction
in the fast diffusion regime is established for transport noise. The slow diffusion case
with transport noise, however, is left open.

The underlying idea of the present work is to exploit that the support of solutions
to the deterministic porous medium equation grows only Wlith rate O (z7+7) whereas
Brownian motion spreads on average with a faster rate O(¢2). Hence one may expect
that the effect of the random advection term in (1) eventually dominates the non-linear
diffusion term, thus leading to finite time extinction on a set of full probability. Let us
briefly mention the three main ingredients which provide a rigorous justification for
this heuristic (for a more detailed and mathematical account on the strategy, we refer
the reader to Sect. 3). Along the way we provide connections to the—for the purposes
of this work—relevant parts of the by now extensive literature for the stochastic porous
medium equation.

In a first step, we recover the unique weak solution (in the sense of Definition 1
below) to the Cauchy-Dirichlet problem of the SPME (1)—(3) by means of a suit-
able Wong—Zakai approximation. We then perform, on the level of the approximate
solutions, a simple stochastic flow transformation yielding smooth solutions to a deter-
ministic porous medium equation, but now with two copies of a mollified Brownian
path as the lateral boundary. In principle, we would then like to remove the mollifi-
cation parameter to formally obtain a subsolution to the deterministic PME with two
copies of a Brownian path as the lateral boundary. We may view this object—again

@ Springer



Stoch PDE: Anal Comp

at least on a formal level—as a subsolution to the full space porous medium equation
by trivially extending it outside of the domain. We finally put a Barenblatt profile
above the solution at the initial time. It follows by the comparison principle that finite
time extinction happens once the domain with two copies of a Brownian path as the
lateral boundary is pushed outside the support of such a Barenblatt solution. Since the

support of the Barenblatt solution has finite speed of propagation of order O(tﬁ ),
this actually occurs with probability one.

However, two technical issues being linked to each other arise in the above strategy.
The first is concerned with the proposed limit passage after the stochastic flow trans-
formation. The problem is that the domains on which the approximate and transformed
solutions are supported are not monotonically ordered as one sends the mollification
scale to zero. This fact together with the desire to make use of the comparison principle
motivated us to perform this limit passage in the framework of viscosity theory by
means of the technique of semi-relaxed limits. This allows us to rigorously construct
a maximal subsolution for the deterministic porous medium equation with two copies
of a Brownian path as the lateral boundary (to be understood in the precise sense of
Definition 14 below). To the best of the author’s knowledge, the present work seems
to be the first instance to make use of viscosity theory to study the Dirichlet problem
for the stochastic porous medium equation after stochastic flow transformation.

A notion of viscosity solution for the full space deterministic porous medium equa-
tion has been developed by Caffarelli and Vazquez [5] (see also the work of Vazquez
and Brindle [20]). However, as a consequence of the degeneracy of the porous medium
equation the usual notion of supersolutions from [6] had to be adapted. But since we
only need to talk about subsolutions for our purposes, this is actually of no concern
for us.

However, by taking a semi-relaxed limit it is by no means clear anymore how this
maximal subsolution and the transformed unique weak solution to (1)—(3) relate to
each other. In order to close the argument, we need to make sure that the unique weak
solution of the original problem (1)—(3) is dominated after stochastic flow transfor-
mation by the constructed maximal subsolution in a suitable sense. It turns out that
we can justify this once we provided convergence of the Wong—Zakai approximations
in a strong enough topology like L. Let us mention at this point the recent work of
Fehrman and Gess [11], who prove rough path well-posedness for nonlinear gradient
type noise using a kinetic formulation which in particular implies Wong-Zakai type
results, but with the equation being posed on the torus.

There has been recently a lot of focus on providing well-posedness for stochastic
porous medium equations in an L' framework. The corresponding notion of solution
is the one of entropy solutions first put forward in the work of Dareiotis, Gerencsér and
Gess [7], and the theory is based on a quantitative L' contraction principle for such
solutions. In the work [7], the authors consider the case of nonlinear multiplicative
noise with periodic boundary conditions. The subsequent work of Dareiotis and Gess
[9] treats the regime of nonlinear conservative gradient noise (again with periodic
boundary conditions), whereas the recent work [10] by Dareiotis, Gess and Tsatsoulis
provides the corresponding theory of [7] for the Dirichlet problem on smooth domains.
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Following ideas developed in [7], we roughly speaking aim to establish L' conver-
gence of the sequence of Wong—Zakai approximations. However, as we are concerned
in this work with the Cauchy-Dirichlet problem for the SPME with transport noise,
the actual implementation differs in some aspects to the above mentioned works.
Most importantly, since two different approximate solutions are advected with differ-
ent speeds (as a consequence of the two associated different mollification scales) it
is natural to introduce a time-dependent, random shift function and to compare the
Wong-Zakai approximations only after shifting. We then essentially establish quanti-
tative L! contraction for this sequence of shifted densities, see Proposition 5 below for
the mathematically precise formulation. This result may be of independent interest.

Notation

Throughout the paper, we fix a filtered probability space (€2, F, F, P) with filtration
F = (F1):€[0,00) Which is subject to the usual conditions, i.e., the filtration F is
right-continuous and Fy is P-complete. By B = (B;);¢[0,00) We denote a standard
d-dimensional F-Brownian motion. For a given time horizon 7' € (0, co] we let Pr
be the predictable o-field on Q7 := Q x [0, T].

For two maps f and g, we write f o g to denote the composition of f with g.
We slightly abuse notation here since we already use the symbol o for Stratonovich
integration. However, it will always be clear from the context in which sense it is to
be interpreted.

Let D C R be an open domain. (In the one-dimensional setting, we will instead
use the notation / C R for a bounded open interval.) The space of all smooth func-
tions with compact support in D is denoted by C, é’gt (D), whereas C%(D) represents the
space of all continuous functions on the closure D with bounded supremum norm. The
space HO1 (D) is the usual space of Sobolev functions with zero trace on the bound-
ary. Its topological dual space will be denoted by H~!. The space of H~! valued,
continuous and F-adapted stochastic processes intersected with L4 (27, Pr; L1(D))
is denoted by Hq_1 (D). The space of L?(D) valued, continuous and F-adapted
stochastic processes intersected with the space LZ(QT, Pr; HO1 (D))) (resp. the space
L%(Qr, Pr; HY(D)))is Lg(D) (resp. L2(D)). If we want to specify the target values
for a function space, we will include this in the notation. E.g., ngt(D; [0, 00)) is the
space of all non-negative smooth functions with compact support in D. The space of
functions of bounded variation is denoted by BV'.

The Lebesgue measure on R? is denoted by £, the s-dimensional Hausdorff mea-
sure by H*. We write x4 for the indicator function of a measurable set A (with respect
to any measure space). For two numbers a,b € R we abbreviate a Vv b for their
maximum respectively a A b for their minimum. Finally, we define a4 :=a Vv 0 and
sign, (a) := x(0,00)(a) fora € R.
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2 Main result

The main result of the present work establishes that weak solutions of the one-
dimensional stochastic porous medium equation with Stratonovich transport noise
(1)-(3) almost surely have the finite time extinction property. Before we provide the
precise statement, let us introduce the notion of weak solutions.

Definition 1 Let D C R be a bounded domain with C2 boundary, T* € (0, co] be
a time horizon as well as ug € Cé’;t(D; [0, 00)) be an initial density. A non-negative
stochastic process u € H;_IH (D) is called a weak solution to the Cauchy-Dirichlet
problem (1)—(3) of the stochastic porous medium equation (SPME) with initial density
uo on the space time cylinder Q = D x (0, T*) if forall ¢ € Cé};’t(D) with probability
one it holds

/u(x,T)¢(x)dx—/ ug(x)e(x) dx
D D
T T 4
1
:/ /(um(x,t)+—v2u(x,t))A¢(x)dxdt—/ /vu(x,t)Vd)(x)dde,
o Jp 2 o Jp

forall T € (0, T™*).

Remark 2 Existence and uniqueness of weak solutions in the sense of Definition 1
was established, for instance, in [8, Theorem 3.3]. In fact, the authors consider a
much more general class of degenerate quasilinear stochastic PDE, allowing for more
general initial conditions and, in particular, for signed solutions.

Being equipped with the notion of weak solutions we may now formulate the main
result of the present work, which is finite time extinction with probability one for weak
solutions of the 1D stochastic porous medium equation with Stratonovich transport
noise.

Theorem 3 Let I C R be a bounded open interval, and letu € H%Ll (I) be the unique
weak solution to the SPME (1)—(3) with initial density uy € Cg;t(l; [0, 00)) on the
space-time cylinder I x (0, 00) in the sense of Definition 1. Define a stopping time by
means of

Textinet := Inf{T > 0: u(-, T) = 0 almost everywhere in I}. )

Then there exists a constant M = M (ug) > 0 depending only on the initial density
such that

P(Textinet < T) > P(inf {t > 0: |B,| > L' ()+Mtis1} < T) ©)

forall T € (0, 00). Moreover; for Taxtinet := inf{T > 0: |By| > LY (I)+MT 7T} it
holds P(Textinet < 00) = P(Textinet < 00) = 1. Finally, for all T € (0, 00) we have
almost surely on {T > Textinet} that u(-, T) = 0 is satisfied almost everywhere in 1.
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3 Outline of the strategy

Let us comment on the strategy for the proof of the main result, Theorem 3. In a
nutshell the argument works as follows. By stochastic flow transformation, which in
our case of pure transport noise is of particularly easy form, we may consider first the
transformed densities

v(x, 1) = u(x—vB,, 1), (x,1)€ U (B,+1) x {t}.

te(0,00)

Formally, the transformed density v is then subject to the deterministic porous
medium equation

0;v = 0, v in U (vB,+I) x {t},

te(0,00)

with initial density v(-,0) = ug and Dirichlet boundary conditions on the lateral
boundary Uze[o,oo)(VBt+3I ) x {t}. Extending v trivially to the entire space-time
domain R x (0, 00), and denoting this extension by v, we obtain, at least formally,
a subsolution to the Cauchy problem of the deterministic porous medium equation
0;v = 9y, 0™ with initial density v(-, 0) = ug > 0.

Now, we may choose a Barenblatt profile B with free boundary 9/ at + = 0 and
which strictly dominates the initial density, i.e., {B(-,0) = 0} = dI and ug < B(-, 0)
on /. By comparisonit follows v < 5onRx (0, 0o). Since the support of the Barenblatt
solution has finite speed of propagation of order O (Tﬁ) (with the implicit constant
only depending on the initial density), we deduce the validity of (6). However, since
Brownian motion has average spread rate of order O (T %) and we assume thatm > 1,
this entails that finite time extinction happens with probability one: P(Texiinet < 00) =
1.

To make this argument rigorous, we rely on a suitable approximation procedure.
To this end, we first consider the d-dimensional setting and fix a finite time horizon
T* € (0, 00). Moreover, choose p € ngt((O, 1); [0, 00)) with fR,o(r)dr = 1 and
define p, := é p(3) for ¢ > 0. We then introduce the smooth approximations B¢ =
(B} )1e[0,00) to Brownian motion defined via

B/ :=f ps(t—8) By ds. @)
0

Since the mollifier p is supported on positive times, we note that B* is F-adapted.
We also have almost surely that

sup ||B£||CO([O,T*]) < X (8)

e>0
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as well as
B? — B uniformly on [0, T*] as ¢ — 0. 9)

Fix o € (%, %). For purely technical reasons, we make also use of the classical fact
that there is a square integrable random variable C, such that with probability one

|B, — Bg| < Cylt —s|* foralls,t € [0, T*]. (10)

In particular, for each integer M > 1 andeach§ > Owecanfindane’ = &/(M, §) > 0
such that for all ¢ < ¢’ it holds

sup |B; — B;| < § almost surely on {Cy < M}. (11)
1€[0,T*]

We then proceed by considering the inhomogeneous Cauchy—Dirichlet problem

dus = Au" dt +vVu, -dBf, (x,t) € D x (0, T%), (12)
ug(x,0) = up(x) +eé, x €D, (13)
e (x,1) = ¢, (x,1) € 3D x (0, T*]. (14)

Note that the regularization not only comes from the Wong—Zakai approxima-
tion Vu, - dBf = (% B? - V)u, dt, but also from choosing strictly positive initial and
boundary data. In this way we circumvent the degeneracy at u = 0 of the porous
medium operator at the level of the approximations, i.e., we can solve the problem
(12)—(14) in a classical and pathwise sense such that the maximum principle applies.
Proofs will be provided in the subsequent Sect. 4.

Lemma4 For each ¢ > 0, there exist u, € e—l—L%(D) such that the following holds
true on a set with probability one (e.g., so that (8) holds):

For all ¢ > 0 the map u, is the unique classical solution of the Cauchy—Dirichlet
problem (12)—(14) in the sense that u, € Cftl (Dx[0, T*])NC>®(Dx (0, T*)) and the
equations (12)—(14) are satisfied pointwise everywhere. From the maximum principle,
we have the bounds

€ <ue(x,1) <&+ lluollLe) 15)

forall e > 0 and all (x,t) € Dx[0, T*]. There is a constant C = C(T*, v, ug) > 0
and some B > 0 such that the a priori estimates

1 ™ 1
sup f§|us|2(T)dx+/ /mu;”—1|w8|2dxdt5/ §|us(0)|2dx,
Tel0,T*]J D 0 D D
(16)

T L
sup E/ —|vu;"|2(T)dx+Ef / —mu" N du. P dxdr < PC, (17)
ref0,7%] Jp 2 o Jp2
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T*
E/ / flAu" > dxdt < e PC (18)
0 D

hold true almost surely for all ¢ > 0.

A key ingredient for the rigorous justification of the comparison argument outlined
at the beginning of this section is that the Wong—Zakai type approximations u, from
Lemma 4 recover the unique weak solution u to the Cauchy-Dirichlet problem (1)-
(3) in a certain pointwise sense. We obtain this by establishing a sort of contraction
principle for the sequence of u, by means of Kruzkov’s device of variable doubling
[14]. To this end, the proof loosely follows the strategy of Dareiotis, Gerencsér and
Gess [7] or Dareiotis and Gess [9] who study entropy solutions for stochastic porous
medium type equations posed on the torus. The Cauchy-Dirichlet problem in the
framework of entropy solutions was recently studied in the work of Dareiotis, Gess
and Tsatsoulis [10]. However, they do not consider the case of gradient type noise.
Let us also mention the recent work of Fehrman and Gess [11], who prove rough path
well-posedness for nonlinear gradient type noise using a kinetic formulation which in
particular implies Wong-Zakai type results, but with the equation being posed on the
torus..

As we are concerned in this work with the Cauchy—Dirichlet problem for the SPME
with transport noise, and roughly speaking aim to establish L' convergence for the
Wong—Zakai type approximations u,, the actual implementation of the doubling of
variables technique differs in some aspects to the above mentioned works. First, since
two different solutions u, and u; are advected at different speeds, it seems to be
natural to introduce for our purpose a (time-dependent, random) shift function and to
compare the solutions only after shifting, i.e., we are led to study L' convergence for
the sequence

uy (x, 1) = ug(x+v(B;—B;), 1).

Second, since the introduction of this shift in turn changes the domain on which the
equation for u~ is posed it is necessary to create a boundary layer in order to apply
the doubling of variables method up to the boundary. This is done by means of an
additional truncation as follows.

Letx > Oand é§ € (O, %) be fixed. We then choose a smooth and convex map
C:R — [0,00)suchthat¢(r) =0forr <0,¢(r) =r—1forr >2and¢(r) <rvO0
for all » € R. Define {5(r) := 8¢ ( %). There is a constant C > 0 independent of § such
that

SUE 1(£s)' (M) + 1r1(gs)"(r) < C, (19)
re
(¢s)' (r) — sign_ (r) and ¢s(r) /' ry := max{r, 0} as § — 0, (20)

|¢s(r)—ry| < CSforallr € R, and ¢5(r) = r — § forall r > 24. 21

Let {,f (r) := k + {5(r—«). The idea then is to study basically L' contraction
for the sequence ¢f o u; for e < % Note that for each time slice ¢t € [0, T*] the
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function {f o u; (-, t) is C* in the open domain —v(B;—B;) + D, and for ¢ < % it
is actually constant in a neighborhood of —v(B;—B;) 4+ 0 D. Extending in each time
slice u, to ¢ outside of the domain D, and denoting this extension again by u., we
see that {£ ou (-, t) is C* even on the whole space R?. In summary, by introducing
a boundary layer as above there is no jump of the Neumann data for {? o u;~ across
the boundary —v(B;—B;) + 0 D. This turns out to be absolutely essential in order to
apply the doubling of variables technique up to the boundary.

Proposition 5 (Contraction principle up to time-dependent shift for truncated Wong—
Zakai type approximations) Foreach e > 0 let u, denote the unique classical solution
to (12)—(14) in the sense of Lemma 4. We extend u. to a function defined on R %[0, T*]
by setting it equal to & outside of D x [0, T*]. Denoting this extension again by u, we
then define for all € > 0 the shifted densities

u; (x,1) ;== u.(x+v(B;—B;), 1), (x,1)¢€ RY x [0, T*). (22)

There exists a constant C > 0 and an exponent © > 0 such that for all truncation
levels k € (0, T* A 1) and all compact sets K C D, there exists a small constant
g0 = eo(k, K) such that for all ¢, ¢ < g it holds

sup E/ lk Vug (x, T)—k Vuy (x,T)|dx
Telk.T*] JK 23)

<CeVvé)?+Ck+ E/ ke v (uo(x)+&)—k V (uo(x)+&)| dx.
D

We may lift this quantitative stability estimate for the truncated and shifted densities
Kk V u:" to qualitative L' convergence of the shifted densities u;~.

Corollary 6 Let the assumptions and notation of Proposition 5 be in place. Then the
sequence of shifted densities u;~ is Cauchy in C([t, T*]; LI(Q xD,P® Ed))for all
positive times T € (0, T*). The sequence of shifted densities is moreover Cauchy in
LY([0, T*1; LYQ2xD,P® L£4)). Letu € L' ([0, T*]; L"(Qx D, P ® L%)) denote the
corresponding limit in this space. Then, u is also the weak limit of the Wong—Zakai
type approximations ug from Lemma 4 in the space LT (Qr+, Pr«; L™ T1(D))

The final issue concerning the Wong—Zakai type approximations u, from Lemma 4
is the identification of the limit object u in Corollary 6 as the unique weak solution to
the Cauchy—Dirichlet problem (1)—(3) of the stochastic porous medium equation.

Proposition7 Let u € LMY (Qps, Pps; L™TY(D)) be the limit of the Wong—Zakai
approximations u in the sense of Corollary 6. Then it holds that u € Hn;lr] (D), and
u is the unique weak solution to the Cauchy—Dirichlet problem (1)-(3) with initial
density ug € Cé’;t(D; [0, 00)) in the sense of Definition 1. Moreover, u satisfies the
bounds 0 < u < |lugll L (D)-

From now on we will restrict ourselves to the one-dimensional setting d = 1. We
still have to make rigorous the outlined comparison argument. The key ingredient
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for this will be provided in Sect. 5.1. It consists of the construction of a maximal
subsolution pmax (in the sense of viscosity theory [6], precise definitions will follow
in Sect. 5.1) for the Cauchy—Dirichlet problem of the porous medium equation after
stochastic flow transformation

op=m—-Dpdp+I19:p° .0 |J WB+Dx{}, (24
te(0,T%)

plx, 0) = po(x), xel, (25)

plx, 1) =0, .ne |J B+ x (1) (26)
t€(0,T%]

The pressure variable p is obtained from the density variable u via the transformation
g(u) with g: [0,00) — [0, 00) given by g(r) := %rm_l. To the best of the
author’s knowledge, the present work seems to be the first instance to make use of the
pressure formulation to study the stochastic porous medium equation after stochastic
flow transformation in the setting of viscosity theory.

The main difficulty for solving (24)—(26) comes from the fact that the lateral bound-
ary consists of two translates of a Brownian trajectory. To overcome the lack of
regularity of the lateral boundary, we first consider the approximate initial-boundary

value problem (see Lemma 15)

0 Pe = (M=) pedere + 105 5:1>. oy | WBIAD x (1), @)

te(0,T*)
Pe(x,0) = poe(x), xel, (28)
Pelx.t) = e, e |J oB+an x (), (9
te(0,7T*]

and then pass to the limit ¢ — 0 by means of the technique of semi-relaxed limits,
see for instance [6, Section 6]. In this way we obtain a maximal subsolution to the
problem (24)—(26) in the sense of viscosity theory [6], see Proposition 16. The main
motivation for working in the framework of viscosity theory is the non-monotonicity
of the underlying space-time domains (U, 7+ (vB;+1) x {t} as & — 0 which
necessitates the usage of a relaxed limit. In this way, however, the interpretation of the
lateral boundary condition (26) in a strong sense is lost in the limit. It is well-known
that boundary regularity for solutions to stochastic PDEs with gradient type noise and
given Dirichlet data proves to be a delicate issue. This already shows up in the linear
case, see, for instance, the works by Krylov [15] and [16]. For a recent work in the
semilinear regime, we refer the reader to [12]. On the other side, “continuity up to the
lateral boundary” is inessential for our purposes and anyway not expected, if at all, to
be obtained by the methods in this work.

Note that the maximal subsolution pp.x of course depends on the realization of
Brownian motion, and is therefore random. However, since the construction of pmax
is ultimately a purely deterministic consequence of the probabilistic facts (8)—(11),
we obtain the maximal subsolution in a pathwise sense on a set of full probability.
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The proof of Theorem 3, which is the content of Sect. 5.5, then roughly speaking
proceeds as follows. Denoting by p the map which we obtain from the unique weak
solution u of (1)—(3) in the sense of Definition 1 by first applying a stochastic flow
transformation and then a density-to-pressure transformation, we have the estimate
P < Pmax, see Proposition 17. This bound is essentially a combination of the following
facts:

(i) The solution to (27)—(29) may in fact be obtained from the Wong—Zakai type
approximations u, of (12)—(14) by first applying a stochastic flow transformation
and then a density-to-pressure transformation.

(i) The Wong—Zakai approximations u. (or more precisely, their shifted counterparts
(22)) converge on each positive time slice in L' to the unique weak solution of the
Cauchy-Dirichlet problem (1)—(3), see Corollary 6.

(iii)) The maximal subsolution to (24)—(26) dominates the upper semi-relaxed limit
(with respect to parabolic space-time cylinders) of the transformed u,. However,
taking a semi-relaxed limit allows to compare with the transformed density u by
means of the previous two items.

Finally, we compare the maximal subsolution pp,x to a Barenblatt profile (written
in the pressure variable) as outlined in the heuristic argument. We make use of the
comparison principle in the framework of viscosity solutions for the deterministic
porous medium equation as developed by Caffarelli and Vazquez [5] resp. Vazquez
and Bréndle [20]. The remaining argument after comparing with the Barenblatt profile,
in particular the derivation of (6), then works as already sketched before.

4 Recovering weak solutions by Wong-Zakai type approximations
4.1 Proof of Lemma 4 (Wong—Zakai type approximation)

We make use of a usual trick of avoiding the degeneracy of the porous medium operator,
see for instance [19, Proof of Theorem 5.5]. Let ¢ > 0 be fixed and choose a bounded
smooth function a.: R — [m(%)m’l, 00) such that it holds a, (r) = mr™ ! for all
r € [&, e+lluollL>(pyl. By the choice of a, and since B} as defined in (7) is smooth
on [0, T™*] almost surely, we can make use of standard quasilinear theory [17] to solve
the PDE

d -
dutte = V - (4 (us) Vi) + v(an : V)us on D x [0, T*]
in a classical sense, i.e., we obtain with probability one a classical solution u, €
C%:tl (Dx[0, T*]) N C®(Dx (0, T*)). It is then immediate from the choice of a, and
the regularity of u, that the equations (12)—(14) are satisfied pointwise everywhere.
We can infer from the maximum principle that & < u.(x,t) < € + |[ug||L(p) holds
true for all (x,¢) € Dx[0, T*] as it is asserted in (15). The derivation of the energy
estimate (16) is standard: multiply the equation with u., integrate over D and use the
regularity of u. to integrate by parts in the spatial differential operators. Note in this
respect that as a consequence of (15) and (14) it holds nyp - Vu' < 0 on 0D, where
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n;p is the exterior unit normal vector field along the C? manifold d D. This is the only
reason for the inequality sign in (16) as we may compute for the second term

d d
/ EBZE ~ugVug dx =/ 5Bf cugV(ug—e) dx
D D

/ng( Y% /dB*f 1V| =0
= — — c(Ug—E Ug = — - s Vidg—E[T = U
pdr tF ¢ pdt ' 2 F

We proceed with the bound (17) for the time derivative. Multiplying the equa-
tion (12) with 0;u', integrating over D, performing an integration by parts in the term

with the porous medium operator and estimating the transport term by Holder’s and
Young’s inequality yields for all # € (0, 7*) the estimate

d [1
fmué”‘l(t)latuslz(t)dx+—/ —|Vu™ (1) dx
D dr D 2

1 2 d .2
< -/ muZ’_l(t)|8tu8|2(t)dx+v—/ ‘—Bf mu = (1) | Vuo 2 (t) dx.
2 Jp 2 Jplde

Multiplying this bound with ¢ and integrating the resulting estimate over (0, 7') we
may infer using also (16) and (15)

T
t T
/ /—mu;"_1|3tu8|2dxdt+—/ |Vu™*(T) dx
0o Jp2 2 Jp
1 T ZT*UZ T
< —/ / |Vu’€"|2dxdt+ sup / /muZ’_I|Vu8|2dxdt
2 0 D 0<t<T* 2 0 D

*1)2 2 1 )
) [ SlueP@ar
D

for all T € (0, T*). Moreover, it follows from (7) and Doob’s maximal inequality
that E supy—; <7« | %Bf |2 < Ce~PT*E|By+|* for some absolute constant C > 0. This
establishes the estimate (17). The bound (18) is now a consequence of plugging in
the equation (12), then using the triangle inequality, estimating the term with the time
derivative by means of (17) and bounding the transport term similarly as at the end of
the proof of (17). This concludes the proof of Lemma 4. m]

B;

d
dr

d
_Bts

m T
< (= o )n—1
< (5 (eluollze)"~"+ =

sup
2 0<t<T*

4.2 Proof of Proposition 5 (Contraction principle up to time-dependent shift for
truncated Wong—Zakai type approximations)

Fix ¥ > 0 and let ¢5 denote the smooth and convex approximation to the positive part
truncation r +— r4 := r vV 0 on scale § > 0 such that (19)—(21) hold true. Define
{,f (r) := k + ¢s(r—«) which is a smooth and convex approximation to the truncation

r + r Vv k. Finally, fix &, & < & and abbreviate for what follows v, := & o u~

resp. vz 1= {,fq ou ;_ , where ¢ > 1 will be a large exponent to be specified later on
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in the proof. See (22) for the definition of the shifted densities. Finally, fix a compact
set K C D.

We aim to derive an estimate for supy g 7+] Ellve—vzll 1 (k) of the same type as
the asserted bound (23). The proof of this proceeds in several steps. For the sake of
better readability, let us occasionally break the proof into intermediate results.

Lemma 8 Let the assumptions and notation of Sect. 4.2 be in place. We next choose a
smooth, even and convex map n: R — [0, 00) such that n(r) = |r| — 1 for |r| > 2
and n(r) < |r| for all r € R. Define ns(r) := 877(%). There is a constant C > 0
independent of § such that

Sul[; |(ns)' ()| + Irl(ns)"(r) < C, (30)
(ns)' (r) — sign(r) and ns(r) /' |r|as 8§ — 0, (31)

[ns(r)—|r|l < CS forallr € R, and ns(r) = |r| — 8 forall |r| > 26. 32)
Then the following “entropy estimate” holds true
T* A
—E/ / ns(ve (x, )—Z) ;& (x, 1) dx dt
0 R4
T*
—E/ /d |va1(x,t)|2(i75)”(v§"(x, t)—ﬁm)é(x,t) dx dr
0 R
T* .
+Ef f 05 (V" (e, D=2 ) A (x, 1) dx dr
0 R¢

T*
‘E/ f VRV, D) (vex, - 2)8 v, 1) dr

+
=

T*
/ / —v2 ns vg(x t)— Z)Aé(x t)dx dt
0 R4
el

T* R
Ef /Rd AV (x, )E(x, )] (1) (ve (x, 1)— Z) () (v (x, H—Z")} dx dt

m

/ Vs vg(x t)— Z)Vé(x t)dx dBy
R4

(=)

Z:

+
(=}

T*
Ef / m ()" Y (Ve (x, 1) - (ns) (ve (x, 1) — Z) VE(x, 1) dx dr
0
(33)

for all & € CCpt(Rd x (0, T*); [0, 00)) and all bounded random variables Z e
L*°(2). An analogous estimate holds true for vg, see (49) below for the precise
statement.

Proof Step I ( Equanon for ug and uz): The first step is to derive the equation for
the shifted densities u;~ and us, respectlvely. To this end, we aim to apply Itd’s
formula with respect to fRd ug(x t)n(x—v(B;—By}), t) dx, where 7 is an F-adapted
random test function n € Ccpt(Rd x (0, T*)). Note that d,u, = 0 on the lateral
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boundary 9D x (0, T*). Hence, it holds d;u, € C(R? x (0, T*)) and we thus obtain
from an application of Itd’s formula for each F-adapted random test function n €
Con (R? x (0, T*)) with probability one

T*
—/ / ug(x, )3n(x—v(B;—BY), 1) dx dt
0 R4
T*
:/ / due(x, HN(x—v(B;—B;), 1) dx dt
0o JRre
T* d
~|—/ / ug(x,1)v—B; - Vn(x—v(B,—By), t) dx dt
0 R4 dr
T* 1
+/ / we (x, 1) =v? An(x—v(B,—Bf), 1) dx dt
0 R4 2
T*
—/ /d ue(x, )vVn(x—v(B;—B;), 1) dx dB;. (34)
o JRr

Since u, solves the equation (12) classically in D x (0, T*), and is by definition
constant outside of it, we may compute

T*
/ / Orute (x, )n(x—v(B;—B;), t)dx dt
0 R4
T*
= / / Aul (x, ) n(x—v(B;—B;), t) dx dt (35)
0 JRANID
T* d
+/ / n(x—v(B;—B}), t)v—B; - Vug(x, t)dx dr.
0 R4 dr

(Despite d D having Lebesgue measure zero, the domain of integration in the first right
hand side term is R¢ \ D since Vu!" may jump across the domain boundary 9 D for
alli € {1,...,d}, and hence 9; Vu}' may not exist in the sense of weak derivatives
in R? x (0, T*) foralli € {1,...,d}.) Integrating by parts in the second term on
the right hand side of the latter identity as well as performing a change of variables
X = x +v(B;—By) yields

T*
/ / due(x, HN(x—v(B,—B;), 1) dx dt
0 R4

T* d
+/0 /Rd ug(x,t)van - Vn(x—v(B;—B;), t)dx dt (36)

T*
=/ / Au; )" (x, O)n(x, t) dx dr.
0 JRI\(—v(B,—B)+aD)

Note that there is no boundary integral appearing from the integration by parts in the
second term on the right hand side of (35) since u, € C (R x (0, T*)). We compute
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analogously
T* 1
/ / ue (x, 1) =v> An(x—v(B,—Bf), 1) dx dt
0 R4 2
T ] (37)
= —/ / —V2Vu"(x, 1) - V(x, 1) dx dr
0o Jre2
as well as
T*
—/ / ug(x, ) vVn(x—v(B;—By), t) dx dB;.

T*
=/ / vVu. (x,t)n(x, t)dx dB;.
0 R4

From (34), (36), (37) and (38) we infer that for each F-adapted random test function

n e ngt(Rd x (0, T*)) it holds with probability one

T*
—/ / uy (x, )3 (x, t)dx dt
0 R4

T*
:/ [ Au; )" (x, O)n(x, t)dx dr
0  JRI\(—v(B,—Bf)+dD)

- (39
1
—/ / —VZVuf(x,t)-Vn(x,t)dxdt
0 R4 2

T*
+/ / vVu (x, )n(x, r)dx dB,.
0 R4

Analogously one derives the equation for u} .

Step 2 (Convex approximation to r +— r V k as test function): In the next step we
aim to derive the equation for v, = ¢ o u~ based on the equation for the shifted
density derived in (39). The idea is to test the equation (39) with the test function 1 :=
((¢5"Y ous")&, where & € C?&(Rd x (0, T*); [0, 00)) is arbitrary. However, since the
shifted density u;~ is only Holder continuous in the time variable we have to regularize
first. To this end, we make use of the Steklov average ny,(x, t) := % ftt_ p (X, ) ds
which is an admissible test function for (39) for all sufficiently small 2 > 0 (depending
only on the support of £). Since 9,y (x, 1) = w we obtain by a simple
change of variables

T*
—/ / uy (x, 1)dnp(x, ) dx dz
0 R4

T | (40)
= —/0 /Rd E(uf(x, t+h)—u; (x, t))(;,fq)’(u;(x, )E(x, t)dx dr
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for each 4 > 0 and each & € Cé’;t(Rdx(O, T7*); [0, 00)) almost surely. We then

deduce from the smoothness and convexity of ;,fq as well as by reverting the change
of variables the bound

T*
—/ / uy (x, 1)dnp(x, 1) dx dz
0 R4

T*
> —/ / l({f‘l (M:(X, t+h)) — g’f" (u;(x, [)))g:(x’ t)dx dt
0 RN
T* 1 Y _
N _/ / —(ECe 1= =@, 0) & (u (x, 1)) dx dt
0 R P

foreachh > Oandeach & € Cé’;t(D x (0, T*); [0, 00)) almost surely. Hence, we may

infer from this, (39) and standard properties of the Steklov average after letting 7 — 0
the estimate

T*
_/ / 5 (e (e, D)€ (x, 1) dx di
0 R4
T*
< / / AGEY (e EEY (i (e )8, 1) da dr
0 JRO(v(B—BH+ID)
T*
—/ / vaVu;_(x,t)-V((C,fq)’(u;_(x,t))S(x,t)) dx dt
0 Rd 2

T*
+/ / vVu;(x,t)(g‘,fq)/(u?(x,t))é(x,t)dde,, 41)
0 R4

which is valid for each § € Cgj (RYx (0, T*); [0, 00)) on a set with probability one.
Note that on R? \ (—v(B;—B}) + 9 D) we may apply the chain rule to compute that
Vu (x, )Y (uF (x, 1)) = V(& ou")(x, t). Furthermore, note that (¢Z') (r) =
0 holds true for all < «. In particular, because of u;~ € C (Rd %[0, T*]) and the
choice ¢ < 5 we have forall # € [0, T*] that (;,fq)’ ouy (-,t) = 0in a neighborhood
of the interface (—v(B;—B;) + d D). This in turn means that we can integrate by parts
in the first term on the right hand side of (41) without producing an additional surface
integral. Taking all of these information together yields the bound

T*
_/ /d(;;" o u")8,€ dx dt
0 R

T*
= —/ /dm(u;_)m_l|Vu;_|2((§,fq)”ou;_)édxdt
0 R
T*
—/ / m(u;_)m_IV(;“,fq ou; ) VEdxdt
0 R
r 1 2 2 4\
—/ / —v7|Vu. | ((g“,f) ouf)fdxdt
0 R4 2
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T* 1
— / / V(" ou) - VEdx dr
0 Rd 2

T*
+ / f wW( ou)E dx dB, (42)
0 R4

foreach & € Cfgt(Rd x (0, T*); [0, 00)) almost surely. Exploiting the sign (g“,fq Y >0

and making use of the abbreviation v, = ¢&’ o u™ we arrive at the estimate

T*
—/ / Ve (x, 1)0:E(x, t) dx dr
0 R4

T*
< —f / Vol (x,t) - VE(x, 1) dx dr

0 R4
T* 1

—/ / — V2V, (x, 1) - VE(x, 1) dx dr
0 Rd 2
T*

+/ / vV (x, )é(x, t)dx dB;
0 R4
T*

—/ /dm((u;_)m_l—v;”_l)(x,t)va(x,t)~V§(x,t)dx dr (43)
0 R

which is valid for all &€ € CZ (Rdx(O, T%); [0, 00)) almost surely. An analogous

cpt
&1

estimate also holds true for the pair (u$ ", vz =¢f oul ), ie,
& &

T*
_/ f vé(y’s)até(yﬂs)dyds
0 R

T*
< —/ / Vol (v, 5) - VE(y, ) dyds
0 R4
T* 1 "
— / / —v2Vv§(y, s)-VE&(y,s)dyds
0 Rd 2
T* .
+/ f vVvz(y, $)§(y, s)dy dBs
0 R4

T*
_/O fRd m((ug_)m—l_vénfl)(y, $)Vuza(y, s) - VE(y, s)dyds (44)

forall £ € Cé’;’t(Dx(O, T*); [0, 00)) almost surely.

Step 3 (Convex approximation ng to r +— |r| as test function): We proceed by
testing the inequality (43) with (ns)’ (ve (x, 1)—2)&(x, ) where the test function & €
Cé’[‘,’t (R? x (0, T*); [0, 00)) and 2 € R are arbitrary. This again incorporates several
integration by parts which we do not want to produce any additional surface integrals.
We reiterate that this will indeed not be the case since neither the Dirichlet data nor the

Neumann data for v, jump across the interfaces —v(B;—Bf) + 9D forall ¢ € [0, T*].
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Hence, arguing similar to the previous step using in particular the Steklov average and
the convexity of s we obtain the estimate

T*
—/ [ ns (ve (x, 1)—2) 9, (x, 1) dx dt

0o Jre

T*
= _/ /d Vol (x, 1) - V((ns) (ve(x, )—2)&(x, 1)) dx dt

o Jr
T*

_/ / ll’zvve(xaf)'V((ﬂ(s)/(vg(x,t)—%)«f,%(x,t)) dx dr
0 R4 2
T*

—f f s (ve (x, 1)—2) VE(x, 1) dx d B,
0o Jre

T
—/ /dm((”;_)m_l—vgn_l)(xvf)|Vve(x,f)lz(na)”(vg(x,t)—%)é(x,t)dxdt
0 R

T*
—/ /m((uj)m*‘—v;"*‘)(x,t)Vug(x,t)-(n,g)’(ug(x,t)—z)vs(x,t)dxdt
0 R4
(45)

for all £ € Cé’gt(Rd x (0, T*); [0, 00)) and all Z € R. As a preparation for what

follows, we post-process the right hand side of the latter inequality. Integrating by
parts, adding zero and using the chain rule we may rewrite the non-linear diffusion
term as follows

T*
- / / Vol (x, 1) - V((ns) (ve (x, )—2)&(x, 1)) dx dt
0o Jrd
T*
= —/ / IVl (e, 12 (ns) (V2 (x, 1) —2™)& (x, 1) dx dt
0o Jre
T*
+/ /lna(v'g"(x,t)—ﬁm)Aé(x, 1) dx dr
0 d

T*
+f0 fRd AV (x, DE(x, D{(ns) (ve (x, )—2) — () (v (x, )—2™) } dx dt.

(46)
Analogously one obtains for the Stratonovich correction term
T* 1
[ [, 3590 V() et =20, ) e
0 R4 2
T* 1
== [ [ 39Hvue 0P (o -y e
0 R4 2
T* 1
+/ / —vzng(vg(x, 1)—2)AE(x, 1) dx dr. (47)
0 R4 2
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Since Xsupp Vv, Ve = XsuppVuv.Us Dy the definition of v {,f_q ou; and the

truncation ;,fq we observe that the penultimate term in (45) has a favorable sign.

Together with the two identities (46) and (47) the bound (45) thus yields for all Z € R

and all £ € Ccpt(Rd x (0, T*); [0, 00)) almost surely the estimate

T*
—/ / Tla(ve(x,t)—i)até(x,t)dx dr

0 R4
T*

—/ / IV (e, )2 (ns)” () (x, 1)—E")E (x, 1) dx dt
0 R4
T*

+f f ns (vl (x, )—2") A& (x, 1) dx dr
0 R4
T* 1

- / / V2|V (x, D12 (15) (ve (x, )—2)& (x, 1) dx dt
T*

+/ / V05 (ve(x, )—Z) A&(x, 1) dx dt
0 R4

T*
f f vns vs(x 1) — z)V&(x t)dx dB;
0 R

d

T*
+ fo y AV (x, DE(x, D){(ns) (ve(x, )—=2) — () (]! (x, )—2") } dx dr

T*
—/ fm((uj)’"*‘—u;””)(x,t)Vug(x,t)-(ng)’(ve(x,t)—z)vs(x,r)dxdt.
0 R4
(48)

Step 4 (Substituting 7 ~ Z and taking expectation): We define for every A > O a
smooth and compactly supported cut-off p, := %ﬁ(i) by rescaling a standard even
cut-off function p € C>5((—1, 1); [0, o)) such that fR p(r)dr = 1. We may then

multiply the inequality (48) with the non-negative random variable p;, (;—Z), take the
expected value of the resulting almost sure estimate, and finally integrate over z € R.
We claim that taking the limit A — O produces the desired estimate (33).

To this end, we focus on the parameter dependent stochastic integral term R >
2 X3 = fOT* Jra vns (ve(x, 1)—2)VE(x, 1) dx dB;. Note that because of the
maximum principle bound (15), the definition v, = {,f ou; , as well as the
Burkholder-Davis-Gundy inequality it holds E|X"(0)| + E|X” (O)| < o0. Hence,
E[X(@)._z| < IZ=EIX"(0)] < 00, E[X'(?)I;_2| < [ Z]1=E|X"(0)| < o0, and

i
This yields the claim for the noise term appearing in (48). We observe that all the

other terms can be dealt with based on the estimates (15)—(18) from Lemma 4, which
in turn concludes the proof of (33).

cpt (

— 0as A — 0.

- / 0.G—2)X () d?
R

< [ @EEx @l
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Finally, by taking (44) instead of (43) as a starting point for the previous two steps
we obtain along the same lines that

T* )
—E/ f ns(va(y, 5)—Z)9&(y, s)dyds
0o Jre

T* 5
< E / fR IV R (0, )= ZME , 5) dy ds

+E/0T*/d 05 (v (v, $)=Z") A& (y, 5) dy ds
E/OT*/ ’”2|va(y )P 5)" (va(y, 5)—Z)E(y, s) dy ds

+E/0T*A 50705 (v (v, )= 2) A (v, 5) dy ds
E/OT* /Rd s (v (v, $)—2) VE(y, 5) dy d By ~

+E/OT* /Rd AV (v, 9E(r, 9){ (1) (v (3 )= Z) — (1) (11 (v, 5)— Z™)} dy ds
E/OT* /Rf’m @ =)0 ) Ve () - ) (v (0, )= ) VEQy, 9) dy ds,

(49)

for all test funct1ons§ e C, (Rd x (0, T*); [0, 00)), as well as all bounded random
variables Z. This concludes the proof of Lemma 8. O

We continue with the proof of Proposition 5. The next step takes care of the proper
choice of test functions & (x, t) resp. é £ v, §) in the latter two estimates. After that, we
start merging them by i) substituting Z = v;(y, s) in (33) resp. Z = v (x, t) in (49),
ii) integrating over the respective independent variables (y, s) resp. (x,t), and iii)
summing the two resulting inequalities.

Consider the mollifier p € Ccpt((O, 1); [0, 00)) with fR p(r) dr already used in (7),
and define for T > 0 the scaled kernel p; := —,o( ).Letgp € Ccpt((O, T*); [0, 1]) and
fix another even mollifier y € Ccpt(Bl; [0, 00)) such that fBl (x)dx =1.For6 > 0
let yp := e_dy(ﬁ)‘ Now, since K C D is compact we can find a scale s, € (0, 1) such
that K is contained in Dy, := {x € D: dist(x, D) > s.}. Moreover, because D has
aC? boundary d D there exists (cf. [1, Lemma 5.4]) a sequence (éh)h and a constant
C = C(D) such that

(i) & € Hy(D: [0, 11), & = xp on {x € D: dist(x, 0D) > h},
(ii) it holds fD V¢ - V&, dx > 0forall ¢ € H(}(D; [0, 00)),
(iii) supp Véh C {x € D: dist(x, dD) < h}, and we have the bounds

-1 5/ VE | dx < C, / VE2dy < Ch. (50)
D D
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We then fix once and for all a scale & € (0, s.), and set £ := &,. Note that £ = 1 on K
by the choice of s, and h. For purely technical reasons, we actually consider in the
following a mollified version of &. Let & := y; % & for [ > 0.

Letnow y € R? and s € (0, T*) be fixed. We then define the test function

gty = pe=)0( 2 Ve —0E (). @0 e RIxO. 7. 6D

For this to be an admissible choice in (48) we need to restrict the range of the various
parameters. Assuming that

27 < min{inf supp ¢, T*— supsupp ¢} and 0 v [ < %C (52)

we observe £(-, -, y, ) € Ccpt(Rd x (0, T*); [0, 00)) and is thus admissible for (48).
Moreover, for every x € RY and t € (0, T*) the test function

é(y,s,x,t) =&(x,t,y,8), (y,5) eRdx(O, T (53)

then also represents an admissible choice for (33) under the same restrictions (52) on
the parameters. We have everything in place to merge (48) and (33).

Testing (33) with the admissible test functions &(-, -, y, s) from (51) for every
(v, s) € R4x(0, T*),integrating over (y, s) € R?x (0, T*), then repeating everything
with (49) based on the admissible test functions é (-, -, x, t) from (53) forevery (x, t) €
R?x (0, T*), and finally summing the two resulting inequalities (using in particular
that 7n; is even) yields an estimate of the form

ERg < ERporMed + ERcorr + ERnoise + ERerror (54)

for all (z, 6,1) subject to (52), all § > 0 and all ¢, & < 5. Here, we introduced for
convenience the abbreviations

T* T*
Rt 52—/ / / / ns(ve (x, D=z (v, $)) (0 +3)&(x, 1, y, s) dy ds dx dt,
o JraJo Jre
T* T*
RporMed 1= —/0 /Rd/o /Rd IV e, )2 (ns)” (V) (x, )=V (. )

x E(x,t,y,s)dxdrdyds

T* T*
+/ / / f 775 vl (x, 1)— vy (y,s))A E(x,t,y,s)dxdrdyds
0o Jr?Jo

T* T*
—/ / / / IV (v, )P (1) (v (x, =02 (3, )
0 R4 JO

x &E(x,t,y,s)dydsdxdt

T* T*
+/ / / / ﬂs vy (x, 1) — v; (y, s))A E(x,t,y,s)dydsdxdr,
0o JrYJo
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1
V2V (x, D2 (15) (ve (x, ) —v2(3, 5))
Rd 2

X &E(x,t,y,s)dxdrdyds

T* 1
/ Evzng(vg(x, ) —vs(y, s))AxS(x, t,y,s)dxdrdyds
R4
/1.1

1
, 5v2|wg(y, )2 (5)" (ve (x, ) —vz(y, )

x &E(x,t,y,s)dydsdxds

T* T* 1
—I—/ / / / fvzng(vg(x,t)—vg(y,s))Ayg(x,t,y,s) dydsdxdr,
o JriJo Jre2
T* T*
Ruoise 1= —/ / / / vns (ve(x, 1)—Z)Vié(x, 1, y,s) dx dB; dyds
0 R? JO R4 fzué(y,s)
T* T*
—/ / / / vna(z—vg(y,s))vyéj(x,t,y,s) dy dB; dx dr,
0 R4 JO R4 7=V (x,1)

as well as

T* T*
Remor = [ [ [ [ 108 (o 01=0500.0) =) (2 o 0= 0 90)
X (Axvi)(x, )E(x, 1, y,s)dx dr dyds

T* T*
i /0 ./Rd ./o /Rd {Ons) (ve (3, $)=ve (x, 1)) = (ns) (v (v, ) —vg" (x, 1)) }
X (AyvI")(y, )E(y, 5, x, 1) dy ds dx dt

T* T*
—/0 /Rdfo /Rdm((uf)mfl—vg"”)(x,t)vxg(x,r,y,s)

- Ve (x, ) (5) (ve (x, )—vs (v, 8)) dx dr dy ds

T* T*
«~—\m—1 -1 P
—/0 /Rd/() /Rdm((ug = ), ) VyE(y, s, x, 1)

- Vua(y, S)(US)/(Ug (y, §)—ve(x, t)) dydsdxdz.

Before we move on with removing the doubling in the time variable by studying the
limit T — O let us first perform some computations on the non-linear diffusion term
RporMed and the correction term Reorr. Exploiting that (ns)” > 0and & > 0, completing
the square [Vv}' |2~|—|va” > = V' —Vuy! 1>+ 2Vy" - Vo' and integrating by parts
entails that

- / f V07 e, P (1) (0 (e, =2y, )€ dx dy
R4 JRY

- / / IV (v, )1*(ns)" (v (x, )=V (v, 5))& dx dy
Rd Rd
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5/ / 26(Vy - Vo )ms (7 (x. )= (3. )) dx dy
Rd Rd

=/ / ns (v (x, )=v3' (9, 5))2(Vy - Vy)€ dx dy.
R4 JRY

Since (Ay+A) (o (x—ECEED)) = yp(x—y)FAGEE) +E ()24 (x—y)

and 2V, - V) (yp (x— y)sz(*”))—ye(x )% ASI(XH) a(‘?’)myg(x—y), we
thus obtain the estimate

T* T*
RporMed S/ / / / ns (U?(xv t)_U:gn(Yv S))
0 R JO R4

x pet=5)0( 5 o= a8 (12 ) dxardy ds

The idea eventually is—after letting 7 — 0, § — 0 and removing the doubling in
the spatial variables (the latter by fine-tuning the scales & > 0 and / > 0 as suitably
chosen powers of ¢ v £)—to integrate by parts and to use the sign in condition ii) for
the spatial test function £. We will make this precise together with all the required
error estimates in a later stage of the proof. For the moment, we only wish to mention
that because of the convexity of 15 and & > 0 it holds

T* T*
_f f f / 20 (e (v, =03 (7. ) (At AE(x. 1. y. ) dx de dy ds
R4 R4

—. gD

corr*

The task therefore reduces to post-process the bound

ERdt = ER(l) + ER(I) + ERnoise + ERerror (55)

porMed corr

with the remaining three terms left unchanged from the estimate (54). In a first step
we aim to remove the doubling in the time variable by letting t — 0.

Lemma9 Let the assumptions and notation of Sect. 4.2 until this point be in place.
Define the quantities

R " d
= [ [ [ st n=vio)me- () fow dyaxar,
R4 dr

(56)

Rr()%)iMed / / / ns (v (x, =V (v, D)@ () yo (x— y)Aéz( )dydxdt
R"'

(57)

T*
R = / [ [ 37 ms(wecen-vo n)ptomot—) a8 (5 ay axar,
R? JR4 2
(58)
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T*
Ripor = / / / [ (ve (x, D—ve (3, D)~ () (V0" (x, H—" (v, 1))}
0 R4 JRY

x () Cx 0ys =) (32 o) dy dr s

T*
+/ //{(na)’(vg(y,l)—vs(x,t))—(na)’(vfé"(y,t)—v'g"(x,t))}
0 R4 JRY

x (A (v Dy =) (o) dy du s

T*
<~ \ym—1 m—1 o (*Xty
o R e e O e )
Ve D) (ve v, =03y 1) dy dx di

T*
«~—\ym—1 m—1 P x+y
o R L e N e ) 28

Ve (y, () (v (v, ) —ve (x, 1)) dy dx dt.
(59

Then the estimate

ERY <ER g + ERZ) +ERL)

porMe corr error

(60)
holds true for all (0, 1) subject to (52), all § > 0 and all ¢, &€ < %

Proof 1t follows from (51) that (9;+9;)& = go’(%‘),ot (t—s)ve (x—y)él(’%). In par-
ticular, the singular terms as t — 0 cancel. Hence, it follows by Lebesgue’s dominated
convergence based on the regularity and the bounds for the Wong—Zakai approxima-
tion u, from Lemma 4 and definition (22) of the shifted densities u;~ that

ERy — ER{ as v — 0. 61)

Relying again on Lebesgue’s dominated convergence due to the regularity and the a
priori estimates for the Wong—Zakai approximation u, from Lemma 4 and the defi-
nition (22) of the shifted densities u;~, we may also easily pass to the limit 7 — 0
in all the terms on the right hand side of (55) except for the noise term Rpoise. More
precisely, we obtain

(¢)) 2
ERporMed - ERporMed as T — 0, (62)
ER{ — ERQ).. ast — 0, (63)
ERerror — ERégr)or ast — 0, (64)

with the shorthand
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T* 1
R= [ [ [ 5merwn-vo.0)ew
0o JreJRd 2

X (At (o e— y)a( 2)) dydxar.

We proceed with the discussion of the noise term Ryise, and claim thatas 7 — 0

T*
E Ruoise _)/ / / ~v? ns vs(x —vz(y, t))ﬁ"(ﬂ
R4 JR4

X 2(V, - V) (o= y)Ez( ))dydedr. (©9)

Recall that (A, +A ) (yp (x— )& (552) = yp(x— y) LAE )48 ) 2Ay (x—)

and 2(Vy - V) (rp(x—0&CF) = y(x—y)3 Am”h sz("“’)sze(x—y).
Hence, the combination of (63) and (65) yields

ERY + ERpice — ERP (66)

corr corr

as T — 0, which in view of (61), (62) and (64) entails the desired estimate (60).
Hence, it remains to verify (65).

To this end, we again define for A > 0 the cut-off p, = %ﬁ(i) by means of a
standard even cut-off function p € Ccpt((—l, 1); [0, 00)) such that fR p(r)dr=1.Fur-

thermore, let X (y,5;2) = — [*77 [aa vis(ve(x, 1)—2) Vi (x, 1, y,5) dx dB, and

Y(x,1;:7) = —ftt_r Jra vns(z—vz (v, $))Vyé(x, 2, y, s) dy dBy. Hence, using that
the mollifier p is supported on the positive real axis, we may rewrite for all T > 0
subject to (52)

T*—1 T*
Rnoise = /(‘) /l;d X(y,s; Z)|2=v§(y,S) dyds + /; /l;d Y(x,t; Z)|Z=Ug(x,t) dx dr.

Based on the argument given in Step 4 of the proof of Lemma 8, it holds

-7
BRue =i E [ [ [ 50000 9-8)x 0512 a2y as

T*
+ hm E/ / /p,\ vg(x t)— Z)Y(x,t,z)dzdxdt

= 11m ER(I) - + hm ER(Z) *

noise noise *

Observe that ERI(lgsg = 0 since the bounded random variable v;(y, s) is measurable

with respect to Fy. Similarly, due to the fact that v, (x, —7) is bounded and measurable
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with respect to F;_; we may actually write for all > € (0, 1]

T*
ERG =E / fRd/RY(x,t;z)[P_x(vs(x,t)—z)—ﬁx(vg(x,t—f)—z)}dzdxdt.
(67)

As a preparation for what follows, we present regularity estimates for Y. More pre-
cisely, we claim that for all m, n > 1 there exists a constant C > 0 such that

_3
(B2 VEY 1B oo ) = CT 7 (68)

uniformly over all 7 subject to (52). For a proof of (68), it suffices to show that

1

myon 8 _1
(BIOTVEY s 0 ryrs omy) < T 2

1

(69)

3)
)

[STI)

<E||8t8’"V”Y|| T

] _
L3([0,T];L8, (Rde))) = Caat 2, (70)

3)

uniformly over all T subject to (52). Indeed, by passing through a fractional Sobolev
space in the time variable we may interpolate between the previous two estimates
to obtain E||amv"1/||8 o 8(—5—

1 .
< Cs.anT 2), uniformly over all 7

([0.T1; L8 (R4 ><R)) -
subject to (52). In partlcular ﬁxmg s = 4 in combination with Sobolev embedding
allows to deduce (68). For a proof of (69), we may appeal to the Burkholder—Davis—
Gundy inequality and the maximum principle bound (15), which imply the desired
estimate in form of (with the scaling in t resulting from p;)

mxon
E”a V Y”LS (0,71; LS (RdXR))

T*
s [
R4 By (x)

< Cant™

v V Ve(x y)é'z( ))‘zdyds 4dxdt

Similarly, one derives the estimate (70) with the scaling in t stemming from 9; p;.
Letnow f: R¢ x (0, T*) — [0, co) be a smooth and compactly supported space-
time mollifier. It then follows from (39) that f % u "~ satisfies pointwise

d(f xus ) = {Ax(f* )™ + %vax(f *u;_)}dt—i—vvx(f*u;_).dBt.

Applying Itd’s formula to F, o (f xu;"), F; := (¢ () — z) € C®(R), thus yields
F((f % u)(x, 1) = Fo((f xul)(x, 1-1))
’ 1
- f FU(f * )@ 0) | Acf * @™ + SVRA(S w0 de
t—T
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t
1
+f SV % u) 0, O) Ve (f 5P (x, £) de
-t
t
+/ VFL((f ), 0) Valf *u)(x, £) dBy (71)
t—t
forallx € R?, allt € (¢, T*) and all z € R. The left hand side term of (71) represents
a proxy for p; (vs (x, t)—z)—ﬁx (vg (x, t—t)—z) in (67). Substituting this proxy into
the right hand side term of (67), then inserting the identity (71), integrating by parts

once in the terms with second-order spatial derivatives, and exploiting 1t6’s isometry
for the third right hand side term of (71), we deduce that it holds

T*
Ef f /Y(x,r;z>{Fz(<f*u§><x,r>)—E((f*uf)(x,t—r))]dzdxdt
T R4 JR
T* t
=—E/ / /VXY(x,t;z)~ F((f % u)x, 0)
T RY JR t—1

x (f * Vi)™ (x, £) de dz dx dr

T* t
—E/ //Y(x,t;z)/ FI((f %), 0)
T R? JR t—t

x (fxm@)" N VeuS|?) (x, €)dedz dx dr

T*
—E/ //VY(xtz)/ (f*u )(x, E))
R4

X —v (f*V uy )(x, €)dedzdxde

T* t
_Ef f / / / vzna(z_vé(y’s))vyg('x’t’ Y, S)
T R4 JR Ji—1 JRY

. VX(FZ o(f x ug_))(x, s)dyds dzdxdz.

Based on the regularity estimates for Y, the estimates for u, from Lemma 4, and the
support properties of the test function &, we may let the mollifier f run through a
space-time Dirac sequence and pass to the limit. This updates (67) to

ERD”

noise

T* t
= —E/ / fBZVxY(x,t;Z)~/ i (ve (o, O —=2) (5" (u (x, 0))
T R4 JR t—1

X Vy(u; )" (x,€)dedzdx dt

T*
_E/ fRd/ 0, Vi Y(x,t;2) - / O vg(x £)— z)(; )(ug_(x,Z))

zvzv u(x, £)dedzdx dr
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T*
—Ef f /3 Y(x,t; z)/ . (ve (e, =2) ()" (1 (x, 0))

xm@ui )" l(x,Z)|qu;_|2(x,f)d£dzdxdt

T* t
—E/ / f33Y<x,t;z> B (v 0, ©=2) [ (u (x, ©)]
T R4 JR t—1

x m@u)" N x, €)|Veu | (x, £) de dz dx dr

T* t
_E/ / / / / vzn(s(Z—vg(y,s))Vyg:(x’t’y’S)
T R JR Jt—17 JRY

Vi (P2 (ve (x, S)—z)) dy ds dz dx dr

n01se r101se n01se n01se n01se ’

where we also integrated by parts in the z-variable to avoid derivatives of p; (which
is required for A — 0).

The upshot of the argument is now the following. Based on the regularity estimates
for Y, the estimates for u, from Lemma 4, and the support properties of the test
function &, we claim that it holds

6
lim lim y "ERV* — 0. (73)

T—>01—04 noise
i=3

)., e
hoive> the other terms may be dealt with similarly.

By Holder’s inequality with respect to the exponents (g, "H) qg = 8, the bound
fTT* ft’_r lg(®)]dedr <t fOT* |g(¢)| dt, and the estimate (15), we obtain

We give details for the term R

E[RC)|

noise

atl g
q >q+1

uniformly over all t subject to (52) and all A € (0, 1]. By a change of variables to
switch from u;~ to u,, the energy estimate (16), as well as the the regularity esti-

< r(E||8 Y|

<«~\m—1 <~ 2
L, .(RYx[0,T1xR) (E Rdm(us Y Vu | dx de

mate (68) for Y, we may deduce from the previous display that E|RI(1252| <C T

uniformly over all T subject to (52) and all A € (0, 1]. Hence, we obtain as claimed

lim; 0 lim; o ERI(IOISC =0.

It remains to consider the term Rr(lo)me However, after performing an integration

by parts it directly follows (the limits T — 0 and A — 0 are unproblematic by the
support properties of &, and the regularity properties of u, due to Lemma 4)

lim lim ERI(IQSQ / / / —v2ns (ve(x, D—va(y, 1)) (1)
R4 JRY 2

T—>0A—0

(74)
X 2V V) (v e y>sl( 2)) dydxar.
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The combination of (72)—(74) finally entails (65), which in turn concludes the proof
of Lemma 9 as already argued above. O

We continue with the proof of Proposition 5 taking care in the next step of the error
terms. More precisely, we may derive the following bound.

Lemma 10 Let the assumptions and notation of Sect. 4.2 until this point be in place.

In particular, recall the definition of the error term RérlT)or from (59). We then have the
estimate

ER(D < Cuo)I™'07 (e v 8)7 + 050(1) (75)

for all (6, 1) subject to (52), all § > O and all ¢, & < 5.

Proof We start estimating by Holder’s inequality

T*
[ [ e ome—i(*3 o
0 JRIJRC 2

x {(5) (ve (x, =0z (v, 1)) —=(s) (v (x, =V (v, 1)) } dy dx dr

E

T* 5
< (E/ / / (1) (ve G, D)= (3, 1)) = (1) (V" (v, )= (v, )| dy dx dt)
0o JreJra

y lloll oo 0,7

T* 5

| r(m [0 e of axar) B sl
(inf supp ¢)2 0 JRA
However, by the bounds (18) and (30), the convergence (31) and the fact that
sign(a—b) = sign(a™—b"™) due to the monotonicity of r +— r” we infer by an
application of Lebesgue’s dominated convergence theorem based on the regularity of
the Wong—Zakai approximation u, from Lemma 4 that the term on the right hand side
of the latter bound vanishes as § — 0.

Recall that k. < v < u;~ on supp Vv,. Hence, we can estimate by means of (21)

—1 —1
Xsupva£|(M:)m (x’t)_v;n (-xvt)|

< Xswppvve  Sup_ (m=Dr" o, - (x, 1)
refve(x,t),us(x,1)]

= C(K)Xsupp vagq .

We may then estimate using also (19), the definition (22) of the shifted densities
us, IVE N pooway < IV¥ill L1 ray €l ooray < CI7' (which follows from Young’s
inequality and condition i) for the spatial cut-off £), ||¢|| 1=©,7%) < 1, a change of
variables x +— x—v(B;—By}), the fact that u.~ > « on supp Vv, and finally the a
priori estimate (16)
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T*
E‘/ / / (@)™ T, = (x, )
0 R4 JRA

x Voee,0) - Vi (o =0 (52) ) dy dr s

T*
=< Cl_lg_lE/ / Xsupp Vg
0 R4

T* 3
<C@) o7 1ed (E/ / mu™ " (x, )| Ve (x, 1)) dx dt)
0 D

< Clo)l o 1e4

W)™ o, )= G, )|V (e, 1) dx de

Since the other two terms of Rem)r can be treated along the same lines, we obtain
in total the asserted estimate (75). This concludes the proof of Lemma 10. O

We continue with the proof of Proposition 5. We have by now everything in place to
lets — 01in (60). A straightforward application of Lebesgue’s dominated convergence
theorem based on the convergence in (31) and the regularity and bounds for the Wong—
Zakai approximations u, from Lemma 4 shows that by letting § — 0 in (60) and using
(75) it holds

ER(Z) <ER(3)Med+ER('§)

corr

+Cu) o (e v ) (76)

for all (9, [) subject to (52), and all &, £ < 7. The updated terms in this inequality are
given by

d
RY = / [ et i 0B () Sy ayacar,

K= [ /Rd/Rd|” (0= 00Oy -y a8 (Y ) ay arar,

T*
RGi= [ [ [ v =00 le@m a8 () dyarar,
R4 Rd

respectively. We may proceed with the next step which consists of removing the
doubling in the spatial variables. More precisely, the following holds true.

Lemma 11 Let the assumptions and notation of Sect. 4.2 until this point be in place.
Define the quantities

RY = / [ et i e Sp avara,
R}()i)rMed /(; @(t) /Rd |v;"(x,t)—vg"(x,t)‘A§1(x) dx dt,
T*
R®). ::/O o(1) /Rd %v2|v8(x, 1) —vz (x, )| A& (x) dx dr.
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We then have the estimate
3 5 J R N _
ERY) < ERO)eq + ERG, + CGoI™'07 e v &Y + Ci %0 (77)

Sforall ¢ € C5((0, T*); [0, 1]) with |l@|lwi1 .7 < C, all (0, 1) subject to (52) and
cpt Wh(0,7%)
alle, & < 5.

Proof By a straightforward estimate, we may replace in all three terms & (%) by &(-)
and therefore update the estimate (76) to

ERY) < ER(\ 1o +ERG, + C)I7'07" (e v )T + CI30lgllyin o1+ (78)
for all (6, [) subject to (52) and all ¢, & < 5, where
4 r .

RporMed = / / / |U§"(xsf)—v'g"(y,t)}w(l)ye(x—y)Aél(x)dydx de,

0 R4 JRY
4 r 1 2 _
R = / f / 2 v (x, ) =02 (3, D]y (x—y) A& (x) dy dx dt,

0o JrdJrd 2

respectively. We estimate using ||A§1 ||LOO(Rd) < ||V2y1 ||L1(Rd) ||§_‘ ||LOO(Rd) < Cl?
(which follows from Young’s inequality and condition i) for the spatial cut-off £), a
change of variables y > y+x, u;~ > « on supp Vv,, and the bounds (19) resp. (16)

T* 1 _
‘ERgggr —E/O fd §v2|vg(x,t)—vg(x,t)|g0(t)A§1(x)dxdt

T*
=) ol
0 R4 JR4

T* 1
< CFZ@E/ / / yg(x—y)/ [Vvpg(rx+(1—r)y, t)|drdydx dt
0 JRYJRA 0

v (y, =0z (x, 1) |yo (x =) A& (x) @ () dy dx dr

1 T
SC(K)I_zeE// //yg(y)(ug_)Tl(x—ry,t)IVug_(x—ry,t)|dxdydtdr
0o Jo JrdJRd
1

T* bl
< C(K)l_29<E/ / mu 1 e, )| Vg (x, 1) dx dt)
0 D

<Cw)I 20

forall (9, I) subject to (52) and all ¢, &€ < 5. Arguing along the same lines we also get
the estimate

T*
‘Eng‘(?rMed —E/O /Rd |V (e, )=V (x, 1) (1) AE (x) dx dt | < C(k)l 720

for all (9, [) subject to (52) and all ¢, & < 5. Summarizing we then obtain the desired

inequality (77). This concludes the proof of Lemma 11. O
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We continue with the proof of Proposition 5. The next step takes care of estimating
the non-linear diffusion term and the correction term.

Lemma 12 Let the assumptions and notation of Sect. 4.2 until this point be in place.
In particular, recall from the statement of Lemma 11 the definition of the quantities

R]()i)rMed and Rég%r. Then there exists some l(§ ) > 0 small enough and some absolute

constant C > 0 such that we have the estimate
5 = —_ A
ER[Eo)rMed + ERS)L < Ck + C(r)l 2(8 v E)” (79)

for all (0,1) subject to (52) resp. | < 1(£), and all €, & < 5

Proof We first aim to replace v, resp. v; by {,fq o Ug TESP. {,fq o u; in the two terms
Ré?rMed and Régﬁ This can be done by an estimation similar to the proof of Lemma 11,

this time using in particular (7), (10) and EC& < 00, which yields the bound

orMed corr

ERG)\ieq + ERS)
T* . _
< —Efo (1) /R 128" 0 ue)™ (x, )— (&' o up)™(x, 1)| A (x) dx dr

T* 1 q R _
—E/ go(t)/ 21 0 ue) (e = (&E" 0 up)or, 1| A (x) dx dr
0 Rd 2
+ CU)l (e v &)™,

However, it follows from ¢, & < 5 that ({,fq o ug)’”—(gf.q oup)™ € H(} (D) as well as

(glfq o ug)—(;“,fq ou) € H(} (D). An integration by parts together with condition i)
of the spatial cut-off function & then entails

®) 5
ERnea + ER®)

corr

T* . .
=< —E/O (1) /Rd VI oue)™ (e, —(5" o u)™ (x, )] - VE(x) dx dr

T* 1 a g _
—E/ w(t)/ Y1 0wy e, (&8 o up)(x, 1) - VE(x) dx dr
0 Rd 2
+ CU) (e v &)
T* N B B
< —E/O o(1) /Rd VI o)™ (6, (&5 o up)" (x. 1)] - VE—F)(x) dx dr
T* 1 J g -
—E/ ¢(t)/ V1 o ue) (e (" o up)(x. 1)) - VE—F)(x) dx di
0 Rd 2
+ CU)l (e v &)™,

It remains to bound the two terms featuring the difference V& —VE. By continuity
of translations in L2, however, together with the a priori estimate (16) we find some
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small enough /(£) > 0 such that

m+l

I<1®) = &—Elmgs <k 2, (80)

holds true, and therefore in particular the desired estimate (79) for some absolute
constant C > 0. O

We continue with the proof of Proposition 5. It is straightforward to estimate

T* d _ -
‘—ER&?—E / AR / f |0 (x, )=z (x, )|y (x—y)E (x) dy dx de| < C
0 t R JRd

for all / subject to (80) and all ¢ € Cg5((0, T%); [0, 1) with [l@lly1.1 0,7+ =< C.In

summary, we thus obtain together with (79) the estimate

T* d _
—ERY :=—E | —o@) ve (x, 1) =0z (v, D)lye (x—y)E (x) dy dx dr
0 dr R4 JRA

<CwI o N eve) + C) (e VvEa +Ck) 0+ Ck (81)

forall ¢ € ng’t((O, T%); 10, 1]) with [l@[ly1.1¢0,7%) < C, all (8, I) subject to (52) resp.

(80), and all &, & < 7.

In the next step we take care of the term ERC(I?) . Employing the same argument
leading to [7, (4.20)] (instead of using [7, Lemma 3.2] to treat the initial condition we
can also rely on the continuity down to ¢ = 0 thanks to Lemma 4) we infer that the
estimate (81) entails the bound (recall that the initial condition is deterministic)

E/D /D e (x, T)—=v: (3, T)lyo (x—y)& (x) dy dx
< [ [ e 0-vs 0, 0l dy
pJp
+CW)ITOT N EeVvE +CUIPEeVE +Ck)T0+Chk (82)
for all T € [0, T*], all (6,1) subject to (52) resp. (80), and all &,& < 7. We then
estimate for all T € [k, T*] by means of (17), (19) and ||§||Loo(D) <1
‘E/D/DIUS(X, T)—ve (y, T)Iye(x—y)é(x)dydx—E/D lve (x, T)—vz(x, T)[E (x) dx

=< E/;)/D v (y+x, T)—vz(x, T)|V0(y)§(x)dx dy

1
scoe [ [ [ 19 aern Dipe) axdyar
0 R4 JRA
< C(K)eE/ W |Vug| dx < C)@Po.
D

@ Springer



Stoch PDE: Anal Comp

Since we may assume in this argument without loss of generality thate < & (otherwise,
switch the roles of v; and v, in the previous estimate) we obtain together with an
analogous estimate based on the regularity of the initial condition and the fact that
E=1onK aswellas & > 0on D,

E/ lve(x, T)—vs(x, T)|dx
K

< / [ve (x, 0)— vz (x, 0)] dx + C ()07 (e v &)1 + Ck) (e Vv &)*
D

+C)eVvEa)yPo+Cu)30+Ck (83)

for all T € [k, T*], all (,1) subject to (52) resp. (80), and all ¢, < 5. As a
consequence of (21) and the triangle inequality, we may finally switch from v.(:) =
,fq (u;_(-)) =K + Leq (u;_(-)—/c) tok vVul ()=«+ (u;_(-)—/c)+, which yields

E/ lk Vug (x, T)—k vV ul (x,T) dx
K
< E/ |ve(x, T)—vz(x, T)|dx + Cﬁd(D)(e v é)d
K

< / e Vg (x, 00—k vV ui (x,0)|dx + Cx)I™'07 (e v &)1
D

+CU)N e VE+Ch)eVva)yPo+Ccuw)30+ Ck (84)

forall T € [k, T*], all (9, ) subject to (52) resp. (80), and all &, & < 5. We eventually
arrived at the last step of the proof.

In light of the right hand side terms in (84) we first define 6 := (¢ Vv )AL then
fix 9 > 0and ¢ > Osuch that 20 < a, 39 < B+ laswellas B+ 140 < ¢, and
finally define [ := (¢ Vv 8)7. Choosing ¢y > 0 small enough, we can ensure that (6, )
satisfy (52) resp. (80). Hence, these choices guarantee that we may infer from (84)
a bound of the type (23) with right hand side terms C (k) (g V )% for some suitable
exponent ¥ > 0. Choosing &g even smaller, if needed, we can avoid the dependence of
the constant on the data by sacrificing a power ¢, which entails (23). This concludes
the proof of Proposition 5. O

4.3 Proof of Corollary 6 (L' convergence of shifted densities)

Let § > 0 be fixed but arbitrary. By the triangle inequality we may estimate

sup E/ lus (T)— u, T (T)|dx

Telk,T*]

< sup E/ lug (D) Xqup (y<ic) + 105 (T X (us () <c) dx
Tel,7*] JD
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+  sup E/ Ik Vugs (x, )=k Vus (x,T)|dx
Telk.T*] JD

for all k € (0,T* A1) and all ¢, & < %. Hence, it follows from splitting D =
K U (D \ K) together with the bounds (15) and (23) as well as the definition (22) of
the shifted densities that

S}

sup E/ lug (T)— u; (T)|dx
Telk,T*]

<2L4Dyk +2LD\ K)(k v (1+]luollL(p))) + Ce v 8)7 + Ck

+ E/ I vV (uo(x)+&)—K V (up(x)+&)| dx.
D
The term with the initial data is estimated similarly by
E [ e V (o () &)=k V (uo(x)+8)| dx < 2L (D)ic + L4 (D)]e—2]
D

for all k > 0 and all &,& < 5. Choosing first « < 7 sufficiently small such that

4L4(D)+C) < %, we may then fix a large enough compact set K C D and some
small enough & (k, K) such that the bound

sup E/ lus (T)— u, T(T)|dx <6
Telr,T*]

holds true for all €, & < go. This proves that the sequence of shifted densities u;~
is a Cauchy sequence in the space C([z, T*]; LY(QxD,P® Ed)) for all t > 0.
The corresponding assertion in the space L' ([0, T*]; L'(Q2x D, P ® £%)) is proved
similarly based on the additional estimate

T*
E/ / lug —u; |dxdt

< 2LYD)k (1+]|uoll L (p)) + (T*—k) sup E/ lug (T)—ug (T)|dx.
Telk,T*]

Let us denote the corresponding limit in LY([0, T*]; LY(2x D, P ® L£%)) by u.

On the other side, it follows immediately from the bound (15) that the sequence
of densities u, has a weak limit in the space LM (Qps, Ppe; L™ TL(D)), which we
denote by u. It remains to verify that u = u. To this end, let ¢ € Ccpt(D x [0, T*])
and A € Fr= be fixed. We then have

T* T*
EXA/ /(u—ﬁ)qbdxdt = lim EXA/ /(u;_—ug)(]ﬁdxdt.
0 D =0 0 D
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By a simple change of variables and the definition (22) we may write

T*
Ef /(u;_—ug)q&dxdt
0 D

T*
=E/ / us(X,f)(¢(x—V(Bt—Bf),T)—d)(x,l‘))dxdt.
0 R4
Exploiting (7), (10) and (15) we further estimate
T*
‘E/ [ e (e BB 0= 1) e
0 R4
< ClIVolireo(pxio, 7+ ECy < Ce*.

Hence, we may infer that

T*
EXA/ /(u—ﬁ)qbdxdt:O
0 D

holds true for all ¢ € CS&(D x [0, T*]) and A € Fr=. This shows that u = i and
thus concludes the proof of Corollary 6. O

4.4 Proof of Proposition 7 (Recovering the unique weak solution)

Let a test function ¢ € Cé’lft(D) be fixed, and define K := supp ¢. Fix also an integer
M > 1, and let C, be the square integrable random variable of (10). Let § € (0, 1)
be such that {x € R?: dist(x, K) < 8} C D.Lete' = ¢'(M, §) be the constant from
(11). By Itd’s formula, the definition (22) and the fact that the u, solve (12) classically
we have for all ¢ < ¢’ and all measurable A € Fpx (cf. the argument in the first step
of the proof of Proposition 5)

EX{CQSM}XA/DM;_(X,TW(X) dx _EX{CasM}XA/[)(MO(X)+5)¢(X)dx
T 1
—Brcemin [ [ (Aw oo s n)emdrdr 69
o Jp
T
+EX{CQ5M}XA/ / vVu? (x,t)¢(x)dx dB;

o Jp

forall T € (0, T*). Define the shifted test function

¢s (x,1) == p(x—v(B;—By)),
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so that we obtain by a simple change of variables

EX{cagM}XA/ M;_(X,T)¢(x)dx_EX{Can}XA/ (uo(x)+e)¢ (x) dx
D D
T 1 )
= EX{CasM}XA/ / (Au;” (x, t)+§v Aug(x, t))qﬁ;_(x, t)dx dr (86)
o Jp

T
+Exic, < x4 f / VVite (x, S (x. 1) dx dB;.
0 D

Note that as a consequence of (11) we have almost surely on {C, < M} forall ¢ < &’
and all ¢ € [0, T*] that supp ¢, (-, 1) CC D. Hence, integrating by parts on the right
hand side in (86) does not produce any boundary integrals so that after reversing the
change of variables we obtain the identity

Bxic,emta [ u (e T dx —Exg et [ (uGor+e)p s
r 1
~Brceman [ [ (@ enegieon)agmarar @7
0 D

T
—EX{CasM}XA/ / vuy (x, )V (x)dx dB;.
o Jp

We aim to pass to the limit ¢g > & — 0 in all four terms. This is possible
by the convergence of the shifted densities u;~ in C([z, T*]; LY(QxD,PRLY))
as well as in L]([O, T*]; LI(QXD, P®Ed)), see Corollary 6. Because of the uni-
form bound (15) the convergence in L' can actually be lifted to convergence in any
L4([0, T*]; L4(Qx D, PRLY)), g € (1, 00), which makes the limit passage possi-
ble in the non-linear diffusion term as well as the noise term (using for the latter,
e.g., the Burkholder—Davis—Gundy inequality). In summary, we obtain from letting
g0 > ¢ — 0 the identity

ExX(C,<m)XA /D u(x, T)$(x) dx — Exc,<m x4 /D o () (x) dx
r 1

:EX{CQSM}XA/ / (um(X,t)+—v2u(x,t)>A¢(x)dxdt
o Jp 2

T
—Exic,<mxa / f viuCr, Ve (x) dx dB,
0 D

forall T € (0, T*). Since M > 1 as well as A € Fr+ were arbitrary, and the random
variable C, is integrable, we thus recover (4). This concludes the proof of Proposition 7
since the asserted bounds for u# follow immediately from (15). m|
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5 Finite time extinction property
5.1 Viscosity theory: maximal subsolution in a rough domain

From now on we will restrict ourselves to the one-dimensional setting d = 1. To start
we recall some language from viscosity theory (cf. [6]). In particular, we aim to make
precise what we mean by a subsolution to the Cauchy—Dirichlet problem (24)—(26) of
the porous medium equation with two copies of a Brownian path as lateral boundary;
and analogously for the corresponding regularized problem (27)—(29).

In a first step, we introduce the relevant notions for the full space problem. The
porous medium operator in terms of the pressure variable is encoded by the functional

F:[0,00) x RxR—> R, (r,q,X)~ (m=1)rX + |q|°. (88)

Let T* € (0, oo] be a time horizon and p: R x (0, T*) — R be a function. The
parabolic semijet j2*+p(x, t)of pat(x,7) € Rx (0, T*)isthesetofall (g,a, X) €
R3 such that

1 2
p(y,s) Sp(x,t)+a(s—t)+q(y—X)+EX(y—X) (89)

+o(ls—t] + |y—x[>) as Rx (0,7] > (y,s) — (x,1).

Note that the condition in (89) is a slightly weaker test than the one of [6, (8.1)] since
we are only allowing for s < ¢. This minor technicality turns out to be convenient
proving that subsolutions to, say, (24)—(26) in the sense of Definition 14 below are
also subsolutions to (90) and (91). Moreover, (89) is in accordance with the definition
of subsolutions in [5, Definition 1].

Definition 13 Let T* € (0, oc] be a time horizon and pg € Cé’&(R; [0, 00)) be an
initial pressure. An upper-semicontinuous function p: R x [0, T*) — [0, c0) is
called a subsolution for the Cauchy problem of the porous medium equation with
initial pressure pg

dp = (m—1)pdwp+0:p*, (x,1) € Rx (0, T%), (90)
p(x,0) = po(x), x €R, 91)

if it holds
a—F(p(x,1),q4,X) <0 (92)

for all (x,#) € R x (0, T*) and all (¢, a, X) € j2*+p(x, t), as well as if it holds
p(x,0) < po(x) forall x € R.

In the language of [6], the functional a — F (r, p, X) encoding the porous medium
equation in terms of the pressure variable is not proper. But note that it is at least
degenerate elliptic. Since we will only deal with subsolutions (or for the regularized
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problem with classical solutions), this is of no concern for us (cf. [5] or [20] for a
viscosity theory of the Cauchy problem of the deterministic porous medium equation).

We continue with the notion of subsolutions to (24)—(26) (resp. (27)—(29)). Since
we have to incorporate Brownian paths as the lateral boundary, the following construc-
tions are of course random. However, all results of this section turn out to be purely
deterministic consequences of the probabilistic facts (8), (9), (10) and (11). In other
words, we proceed with constructions to be understood in a pathwise sense.

The functional for the lateral boundary condition of the limit problem is simply
defined by C: R — R, r +— r. The one for the regularized problem is given by
Cc:R—>R, r—>r— #sm_l. We then introduce a lower-semicontinuous func-
tional

G :R x (0, T*) x [0,00) x R® > R

a—F(r,q, X), (x, 1) € Useo. 70 (WBe+I) x {1},
@trg.a. X) > {@—Flroq, XD ACE), (6,0 € Ureqorn WBi+D) x (1),
C(r), else,
93)

encoding the equations (24) and (26). The corresponding functional for the regularized
problem, i.e., encoding (27) and (29), is given by

G, :Rx(0,T*) x[0,00) xR* > R

ot r g, a, X) > a—F(r,q,X), (x,1) €U corWBi+I) x {1},
T Ce(r), else.

(94)

Definition 14 Let 7* € (0, oo] be a time horizon, I C R be a bounded interval
and py € cggt(l ; [0, 00)) be an initial pressure. An upper-semicontinuous function
p: R x[0,T*) — [0, 00) is called a subsolution for the Cauchy-Dirichlet problem

(24)—(26) with initial pressure pg if
G (x,t,p(x,1),q,a,X) <0 95)

holds true for all (x,1) € R x (0, T*) and all (g, a, X) € T*tp(x, 1), as well as if
p(x,0) < po(x) is satisfied for all x € R.

Analogously, we call an upper-semicontinuous function p, : Rx [0, T*) — [0, 00)
a subsolution for the Cauchy—Dirichlet problem (27)—(29) if

G, (x,t,pe(x,1),q,a,X) <0 (96)

holds true for all (x,7) € R x (0, T*) and all (g, a, X) € jz’ﬂﬁg(x, 1), as well as if
Pe(x,0) < po.e(x) is satisfied for all x € R.
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The reasons for relaxing (24)—(26) (resp. (27)—(29)) to the full space setting are
twofold. On one hand, working in this framework turns out to be convenient when
studying (any sort of) convergence of the subsolutions p, for the regularized problem.
On the other hand, we also want to exploit the established results from the viscosity
theory [5] (see also [20]) for the Dirichlet problem of the deterministic porous medium
equation (90) and (91).

We proceed with a list of intermediate results needed to prove the main result of
this work, Theorem 3. The corresponding proofs will be provided afterwards. The first
result concerns the construction of a subsolution to the regularized Cauchy—Dirichlet
problem (27)—(29).

Lemma 15 Given ¢ > 0, let u. denote the unique weak solution to (12)—(14) with
initial density ug € Cgl‘;t(l; [0, 00)) in the sense of Lemma 4. Define an associated
pressure function as follows:

Pe: R x [0, T*) — [0, 00)

it rue(x—vBf, 0" (1) € Usego oy (VB 1) x {1},

(. 1) > {Lgm_] (97)

P , else.
On a set with probability one the following then holds true:

For each ¢ > 0, the associated pressure p, is continuous and a subsolution of
the problem (27) and (29) with initial pressure pg ¢(x) = m"il (uo(x)+&)" "V in the
sense of Definition 14. Moreover, we have the bounds

m m

e < pe(x,1) <

(e+lluollzoo(ry))™ ! (98)
m—1

m—1
for all (x,t) € R x [0, T*). Finally, p, is also a subsolution of the Cauchy prob-
lem (90)—(91) with initial pressure pg(x) = m”il (o (x)+&)" L in the sense of
Definition 13.

In a next step, we construct on a set of probability one the maximal subsolution (also
referred to as Perron’s solution) pmgax of the limit Cauchy—Dirichlet problem (24)—(26)
in the sense of Definition 14. Using standard arguments from viscosity theory, the main
issue is to establish the existence of a subsolution to (24)—(26). This will be done by
means of the technique of semi-relaxed limits.

Proposition 16 For each ¢ > 0 let p, denote the subsolution of (27)—(29) as con-
structed in Lemma 15. Define the upper semi-relaxed limit (with respect to backwards
parabolic cylinders)

Dsemi—rel (X, 1)

= lim sup {pz (v, 5): (v, s) € Rx[0, T*), (v,5) € (x—e&, x+&)x (t—¢, 1]}

e—>0220

99)

forall (x,t) € R x [0, T*). Then the following holds true almost surely:
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The upper-semicontinuous envelope of Psemi—rel IS a subsolution of (24)—(26) with
initial pressure po(x) = #uo()c)”“1 in the sense of Definition 14. Define

Pmax (X, 1) 1= sup{p(x, 1): p is a subsol. of (24)—(26), (x, 1) € Rx[0, T*)}.
(100)

Then pmax(x,t) < oo for all (x,t) € R x [0, T*), and pmax is a subsolution of
(24)—(26) with initial pressure po(x) := %uo()c)’”_1 in the sense of Definition 14.
Denoting by pyisc € C(R x [0, T™)) the viscosity solution of (90) and (91) with initial
pressure po(x) := %uo(x)m’1 in the sense of [5, Definition 4] we have

Pmax(X, 1) < pyisc(x, 1) (101)
forall (x,t) € R x [0, T*).

A crucial estimate for the proof of Theorem 3 is the content of the following result.
The asserted bound is important in the sense that it serves to close the loop between
the pathwise constructions performed in this section and the unique weak solution of
the SPME (1)-(3).

Proposition 17 Let u € H,;lrl(l) denote the unique weak solution of the Cauchy—

Dirichlet problem (1)-(3) with initial density uy € Cé’]‘j[(l; [0, 00)) in the sense of
Definition 1. Define an associated pressure function as follows:

p: R x (0, T*) — [0, 00)

%M(X_VB“ t)m_l, (x,1) € U;E[Q,T*)(VBH‘I) x {t},

102
0, else. (102)

(x,1) —

Let pmax be the associated maximal subsolution of the problem (24)—(26) as con-
structed in Proposition 16. Then, for all t € (0, T™*) the bound

PG 1) < Pmax(c5 1) (103)

holds true almost surely almost everywhere in R.

We have by now everything in place to proceed with the proofs.

5.2 Proof of Lemma 15 (Subsolution for the regularized problem)

The assertion that p, € C(R x [0, T*)) follows from the definition (97), the regularity
of the Wong—Zakai approximation u, € C (I x [0, T*)) and that u, satisfies the lateral
boundary condition (14) (cf. Lemma 4) pointwise. Moreover, p.(x,0) = ppg ¢(x)
holds true for all x € R because of (97), suppug C I and u,(x,0) = up(x) + €. The
upper and lower bound of (98) is a direct consequence of again the definition (97) and
the upper and lower bound of (15).
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We next have to show that (96) is satisfied for all (x,7) € R x (0, T*) and all
(g,a,X) € ._72’+135(x, t). The claim is trivial for (x, ) € Uze(o,T*)(VBf‘f‘[) x {t}.
Indeed, since u, solves (12)—(14) classically in I x (0, T*) and B® is smooth we infer
from (97), the chain rule and elementary computations that p. satisfies the porous
medium equation d; p; = Pg0yxyx Pe+|0x Pe |2 classically in the open space-time domain
UIE(O,T*)(va—i—I) x {t}.If (x,1) € U,G(O’T*)(va—i—(R\I)) x {t}, the claim is again
trivial by the definition (97) of p, and (94). This proves (96).

We finally have to show that (92) holds true for all (x,¢) € R x (0, T*) and all
(g,a,X)e J 2.+ pe(x, t). By the previous reasoning, it just remains to consider the
case of a space-time point on the lateral boundary (x, t) € Ute(O,T*) (vBF+01) x {t}.
Without loss of generality we may assume that (x, ¢) sits on the upper part of the
lateral boundary. Let (¢, a, X) € J 2.+ De(x, t) be fixed. Since p, satisfies the lateral
boundary condition (29) pointwise, it follows from the definition of the parabolic
semijet (89) that

- m -1_4 X 2
pe(x—1/k, 1) < p— 18’” % + 2 + o(1/k%)
as well as
M m=t gty < —m— et 1 L X
m—1 “m—1 k= 2k?

for all sufficiently large k > 1. Due to the lower bound in (98) we infer by adding
both inequalities that 0 < X /k? + o(1/k?) for all sufficiently large k > 1. From this
we deduce that X > 0. Using once more (89) as well as that p, satisfies the lateral
boundary condition (29) pointwise it also holds

Pelx,t—1/k) < ——em=1 — 2 4 51 /k)
m—1 k

for all sufficiently large k > 1. Hence, by another application of the lower bound in
(98) we infer that 0 < —a/k + o(1/k) for all sufficiently large k > 1. In other words,
it holds @ < 0. To summarize we have shown that

a— F(pe(x,1),q,. X) =a— (m—Dpe(x,0)X — g]* <0

is satisfied for all (x, t) € UIE(O,T*)(va—i—aI) x{t}andall (g, a, X) € j2’+136 (x,1).
This proves (92) and thus concludes the proof of Lemma 15. O

5.3 Proof of Proposition 16 (Perron’s solution for the limit problem)

First note that 0 < pgemi-rel (X, 1) < o0 is satisfied for all (x,#) € R x [0, T*) as a
consequence of (99) and (98). Since pg(x,0) = po(x) = %(uo(x)ﬂz)m_l for
all x € R we deduce that pgemirel(x) = %uo()c)’”’1 = po(x) holds true for all
x € R since ug is continuous and the semi-relaxed limit (99) is defined in terms of
backwards parabolic cylinders.
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We aim to show that pgemirel Satisfies (95) for all (x,7) € R x (0, T*) and all
(g,a,X) e j2’+ﬁ(x, t). For this, we will proceed in two steps as follows. Consider
the lower-semicontinuous functional

G, e Rx(0,T%) x [0,00) x RP > R

a—F(r,q,X), (x,1) € Uze(o,T*)(VBf+1) x {t},
x,t,r,qg,a,X)— y(a—F(r,q, X)) ACe(r), (x,t)€ Ute(O,T*)(VBzE‘*'aI) x {t},
Ce(r), else.
(104)

Since p; is a subsolution of (27)—(29) in the sense of Definition 14, it of course also
satisfies

Goigex, 1, pe(x,1),q,a, X) <0 (105)

forall (x,¢) € R x (0, T*) and all (¢, a, X) € J2’+ﬁg(x, t). Now, define the lower
semi-relaxed limit functional

Jt,r,q,a, X)

s_emi—rel(x
:= lim inf {G;lsc(y, 5,7, q,a, X): (y,s) € Rx(0, T*)x[0, 00)xR3, (106)

e—~>0¢8<e

(y.5) € (x—&, x+e)x(t—&”, 1], |(r=F, q—§.a—a. X—X)| < &}.
In a first step, we check that pgemi-rel Satisfies
G emiorel X5 1 Dsemi-rel (X, 1), g, a, X) <0 (107)

for all (x,¢) € R x (0, T*) and all (¢, a, X) € ._72’+ﬁsemi.rel(x, t). In a second step,
we identify the lower semi-relaxed limit G . ., with the functional G™ defined in
(93) as a consequence of the uniform convergence (9).

The validity of (107) is a consequence of standard viscosity theory. More precisely,
(107) follows as a combination of [6, Lemma 6.1], [6, Remark 6.3] (for the purpose
of subsolutions, the equations do not have to be proper) as well as the applicability of
[6, Proposition 4.3]. Hence, let us show that G . . = G™.

Due to the uniform convergence (8) and the definitions (93), (104) and (106) the
statement is clear for space-time points (x, t) ¢ U,G(O’T*) (vB;+01)x{t}. Hence, let
us fix a point (x, f) € Uze(o,T*)(VBt+81)X{t} and an ¢ > 0. Let

Ex(e) :=sup{0 <& <e: v|Bf—Bt| < ¢g/2}.
Note that £, > 0 because of the uniform convergence (8). We then have
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lim inf (a—F#, 4, X)) ACe(F) < G X0 1,7, ¢, @, X)

=0 4,a,%)

<lim inf (a—F (%, §, X)) A Cpe)(P),
s—)O(;’é’&’)‘()

and where both inner infima run over all points (7, g, a, X) € [0, ) x R3 such
that |(r—F, g—§,a—a, X—X)| < e. It follows that G, ,(x,1) = G~ (x,1) as
claimed.

We have shown so far that pgemi-re] satisfies all conditions of Definition 14 except
of being upper-semicontinuous on R x [0, T7*). Since pgemirel 1S subject to (95),
it is a classical fact of viscosity theory that also its upper-semicontinuous envelope
satisfies (95). (A rigorous argument consists of applying [6, Lemma 6.1] to a constant
sequence.) It remains to check whether the upper-semicontinuous envelope of psemi-rel
satisfies the initial condition with respect to py := %ug'_l. This follows from the
following reasoning.

Consider the classical solution (and therefore also viscosity solution in the sense of
[5, Definition 4]) p%. . of (90) and (91) with initial pressure po . := %(uo—i—e)m_l.
Because of (8), we can choose almost surely a space-time cylinder Q = Q(B?)
such that the parabolic closure of Uze(O,T*)(VBf +1)x{t} is contained in Q. By the
maximum principle, pZ; . is also subject to (98) on R x [0, T%). In particular, pg, .
dominates p, on the parabolic boundary of Q. Since p; is continuous and a subsolution
of (90)-(91) by Lemma 15, it follows from [20, Lemma 2.5] that

Pe(x, 1) < pli (x, 1) (108)

for all (x, t) in the parabolic closure of Q, hence for all (x,t) € R x [0, T*) by
expanding Q to R x [0, T*). Since pf;.. \( Pvisc With pyisc € C(R x [0, T*)) being
the viscosity solution of (90)—(91) with initial pressure pg(x) := %uo()c)’"_1 in
the sense of [5, Definition 4], cf. the proof of [5, Lemma 2.2], we obtain together
with (108) and an application of Dini’s theorem the bound

Dsemi-rel (X, ) < lim sup {pﬁisc(y, $): (v,5) € (x—e, x+e)x(t—e?, 11}

e=>0,-,
< lim sup { plic (7, 9): (v, 9) € (x—e, x+e)x (1%, 1]}
e—
<lim p& (x,1)
e—0
+ lim sup {|PEie 0 )= PEic (e, D] 2 (3,5) € (x—e, x+e)x (1—e?, 1]}
<Pvisc(x, 1) (109)
for all (x, 1) € R x [0, T*). However, since we already proved that pgemi-rel(x, 0) =
%uo(x)m’l = pvisc(x, 0) and pyisc is continuous, it follows that also the upper-

semicontinuous envelope of peemirel attains the initial condition. Hence, it is a
subsolution of (24)—(26) in the sense of Definition 14.
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We continue with the verification of the claims regarding pmax. To this end, consider
first an arbitrary subsolution p of (24)—(26) with initial pressure pgy := #u(’)”*l in

the sense of Definition 14. The argument showing (109) more generally proves that

ﬁ(x’t) SpViSC(-x’t) (110)

is satisfied for all (x,7) € R x [0, T*). Hence, since we already established the
existence of a subsolution to (24)—(26) the definition of ppyax is meaningful, and the
asserted bound (101) then follows at once from (110). In particular, pmax < 00 is
satisfied on R x [0, T*). That pmax is subject to (95) is once again a classical fact from
viscosity theory, see [6, Lemma 4.2]. Moreover, as we have already argued for the
semi-relaxed limit pgemi-rel, it then follows that the upper-semicontinuous envelope of
Pmax constitutes a subsolution of (24)—(26). However, by the definition of ppyax we
may then infer that pmax is actually equal to its upper-semicontinuous envelope; in
particular, a subsolution of (24)—(26) in the sense of Definition 14. This concludes the
proof of Proposition 16. O

5.4 Proof of Proposition 17 (Comparison of transformed weak solution with
viscosity solution)

It obviously suffices to prove that for all # € (0, T*)

pC, 1) < Psemirel (5 1) (111)

almost surely almost everywhere in R. By definition of p, see (102), and since we
have pgemi-rel > 0 it moreover suffices to show that (111) is almost surely satisfied for
allt € (0, T*) almost everywhere in vB; + 1.

We aim to exploit Corollary 6, i.e., that the unique weak solution u of (1)-(3) can
be recovered by means of the Wong—Zakai approximations u, from Lemma 4, at least
after employing an additional time-dependent shift (22). So fix an integer M > 1 as
well as some k > 0. Let C, be the square integrable random variable of the estimate
(10). Let finally & > 0 be fixed, and denote by ¢’ = ¢’(M, ¢) the constant from (11).

We then have by means of the estimate (11) that

g (x—v By, )"

m
m—1

- m’f ]ug((x—v(B,—Bf)) —vBE,1)"

< sup {p:(y,8): (v,5) € Rx[0, T), (y,s) € (x—e, x+&)x (1—&>, 1]}

£<e

=: Pp(x, 1) (112)

-1

almost surely on {C, < M} forallé < eAe’andall (x,1) € Uze(o,T*)(VBt‘H) x {t}.
Fixt € (0, T*), let ¢ € CS&(UB;—H; [0, 00)) be an arbitrary test function and let
A € Fr+. It follows from (112) that
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m

<« —1
—— (x, )" " dx

0< EXAﬁ{CagM}'/ ¢(X+VB,§)
R (113)

< Exanic,<m) f ¢ (x)Ps(x, 1) dx
R

forallé <sAg,allt € (0,T*),all¢ € Cé’;t(vBH—I; [0,00)) and all A € Fr+. Asa
consequence of the bound (113), the convergences in (9) resp. Corollary 6 as well as
the definition (99) of the semi-relaxed limit pgemi-re], We thus obtain the estimate

m

0 < Exanic,<u) /R B u(x—vB, 1" da

m —

(114)
=< EXAﬂ{CO,SM} / @ (X) Psemi-rel (X, 1) dx
R

forall t € (0, T%),all ¢ € Cé’;’t(vB,+I; [0,00)) and all A € Fr=. Since the test
function and A are arbitrary, we deduce that the following bound holds true for all

t € (0, T*) almost surely on {C, < M} almost everywhere in vB;+1:

u(-—vBy, t)mi1 < Psemi-rel (. 7).

1) =
Pt =-——
Since M > 1 is arbitrary, and the random variable C, is integrable, we may infer from
this the desired bound (103). This concludes the proof of Proposition 17. O

5.5 Proof of Theorem 3 (Finite time extinction with probability one)

Let pyisc € C(R x [0, 00)) be the unique viscosity solution of (90)—(91) with initial
pressure po(x) = m”i ] uo(x)" 1 in the sense of [5, Definition 4]. Since the time hori-
zon T* < oo was arbitrary in Proposition 16 and Proposition 17, we have constructed
almost surely a (maximal) subsolution pp,x of (24)—(26) on R x [0, 00) in the sense

of Definition 14 such that it holds almost surely

DPmax (X, 1) < Pyisc(x, 1) (115)

for all (x, 1) € R x [0, 00), as well as for all r € (0, c0)

p(x.1) < pmax(x, 1) (116)

almost surely almost everywhere in R, where p is defined on R x (0, co) via (102) based
on the unique weak solution of the Cauchy—Dirichlet problem (1)—(3) on R x (0, co)
with initial density ug.

Next, we choose a delayed Barenblatt solution B (written in terms of the pressure
variable) with free boundary 9/ at + = 0 and which strictly dominates the initial
density, i.e., {B(-,0) = 0} = 91 and ug < B(-, 0) on I. The free boundary associated

— 1
to the Barenblatt solution B can then be written as ([, o0y (Mt 7T +31) x{t} for a
constant M = M (ug) > 0 depending only on the initial density.
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We remark that the Barenblatt solution B is a viscosity solution of (90) and (91)
in the sense of [5, Definition 4] strictly dominating pyisc at ¢ = 0 in the sense of [5,
Definition 5]. Hence, it follows from the comparison principle [S5, Theorem 4.1] that
almost surely

Pyisc(x, 1) < B(x, 1) arn

forall (x,7) € R x [0, 00). .

Let M > M be fixed but otherwise arbitrary, and define the stopping time Textinct :=
inf{r >0: |B,| > L'(1 )+Mt AT } as in the statement of Theorem 3. Furthermore, fix
T € (0, o0) and consider .AT = {Tmmct < T}. Note that Textmct > (. By almost sure
continuity of B; and since M > M there is almost surely on .AT somet, € QN (0, T']

such that |Bt | > chn + Mt’"*1 As a consequence of (115) and the choice of M,

we deduce that almost surely on AT it holds pmax (-, z;) = 0. Moreover, (116) entails
that almost surely we have p < pmax for allt € Q N (0, co) almost everywhere in R.
Hence, we may deduce that flT C {Textinet < T} up to some P null set. This proves
the desired bound (6).

Finite time extinction with probability one now follows from standard properties
of Brownian motion. Indeed, assume that we have P(fextinct < 00) < 1. There would
then exist a constant C < oo such that on a set with non-vanishing probability it holds

0 < t_%|Bt| < C for all t € (1, 00); a contradiction. Hence, P(f‘extinct < ) =
which also by (6) entails that P(Texinet < 00) = 1.

It remains to prove that u(-, T') vanishes almost surely almost everywhere in /
from the stopping time f“exﬁnct onwards. So let T € (0, o) be fixed. We infer from
(115) together with (117) that almost surely pmax (-, f‘extinct) = 0. In addition, we note
that pmax is almost surely a subsolution of (90) and (91) on R x [0, co) with initial
pressure po(x) := %uo(x)’"_l in the sense of Definition 13. For a proof, the only
non-trivial case is that of a lateral boundary point (x, ) € U,G(O’OO)(vB,+I )x{t}
such that C(pmax (¥, 1)) = Pmax(x, 1) < 0. Since pmax(x, ) > 0 by construction, it
follows that pmax (x, ) = 0. From this point onwards one may argue as for p, in the
proof of Lemma 15.

However, once a subsolution became trivial it stays trivial (by comparison with the
trivial viscosity solution). We deduce that ppax(-, 7) = 0 is satisfied almost surely
on {T > fextincl}. The claim thus follows from another application of (116). This
concludes the proof of Theorem 3. O
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