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Abstract

We consider various modeling levels for spatially homogeneous chemical reaction systems,
namely the chemical master equation, the chemical Langevin dynamics, and the reaction-
rate equation. Throughout we restrict our study to the case where the microscopic system
satisfies the detailed-balance condition. The latter allows us to enrich the systems with a
gradient structure, i.e. the evolution is given by a gradient-flow equation. We present the
arising links between the associated gradient structures that are driven by the relative entropy
of the detailed-balance steady state. The limit of large volumes is studied in the sense of
evolutionary I'-convergence of gradient flows. Moreover, we use the gradient structures to
derive hybrid models for coupling different modeling levels.

Keywords Chemical master equation - Reaction-rate equation - Gradient flow - Detailed
balance - Hybrid models

1 Introduction

In this work we discuss different models for chemical reactions taking place in a container of
volume V. Throughout we assume that the spatial extent of the container and the position of
the chemical species are irrelevant, which means that we are looking at a well-stirred system.
We assume that the system is composed of / different species named X; to X;, which may
represent different molecules, e.g., X; = Ha, X2 = O, and X3 = H>0O. We assume that
these I species undergo R different reactions of mass-action type:
k{;W
af X1+ o X kr::ﬂ{xl +-- 4+ B1 X1, r=1,...,R, (1.1)
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where the vectors a”, 87 € Né contain the stoichiometric coefficients, and kg, , k, > O are

the forward and backward reaction rates, see Sect. 2. The reaction 2H, + O, = 2H;0 would
lead to the vectors « = (2, 1,0) and 8 = (0, 0, 2).

Denoting by ¢ = (cy,...,c;) € C := [0, oo[! the vector of nonnegative densities, the
simplest model is the macroscopic reaction-rate equation (RRE), which is a system of ODEs
on the state space C:

R
¢=—R(c) withR(c) =Y (kf,c® —kpyc?)(@ —B"). (RRE)
r=1
Here the monomials ¢* := H{zlc‘;’r indicate that the probability for the right number of

particles for the rth reaction to meet is given by a simple product of the corresponding
densities, i.e., we assume that the positions of the particles are independent.

A truly microscopic model can be obtained as a stochastic process. Here we count the
number of particles NiV (#) for each species X; and consider the random vector N Vi) =
(va @®,..., N,V 1) e N := N{). A forward or backward reaction of type r is modeled as an
instantaneous event where the particle numbers jump from NV Vi) +a to NV (t)+ B or vice
versa. The corresponding jump rates in a volume of size V > 0 are given by kg, IB%‘{‘,T(N Vi)

and kj, IB%'\’;r(N V(1)) respectively; see (3.1) for the definition of BY(n).
Here we study the vector of probabilities

u(t) € PN) = {v=nen [ a2 0. ) vy =1}

that describes the probability distribution of the random variable NV (r). The time evolution
of u(t) is given by the chemical master equation (CME), i.e., the Kolmogorov forward
equation associated with the continuous time Markov chain above. This is a countable linear
system of ODEs:

u(t) = Byu(t), u(0) = uop, (CME)

where By is an (unbounded) linear operator on 21 (N, see Sect. 3, where also existence and
uniqueness of solutions is discussed. We refer to [39] for a short introduction to the CME
and to [23] for a justification.

The basis of this work is the observation from [40] that (RRE) can be interpreted as a
gradient flow if the reaction system satisfies the detailed-balance condition, i.e., there exists
a positive equilibrium ¢, = (cf),-zl 7 €10, oo[! such that

r r
Ky = kfy,cd =k{)wcf forr=1,...,R.

Defining the Boltzmann entropy E and the Onsager operator K via
I o
E(c) = Z)LB(C‘*;)C? with Ag(2) = zlogz — z + 1 and
i=1 i

K v
K(e) =Y &/ A(ZT, ) (@ )@ —p) R
r=1 ¢

¥
where A(a, b) = fol a*b' % ds is the logarithmic mean, we see that (RRE) is generated by

the gradient system (C, E, K), namely ¢ = —R(¢) = —K(c)DE(c). In Sect. 2.5 we also
discuss further gradient structures, e.g. those used in [43,44,46,47].
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If (RRE) satisfies the detailed-balance condition, then (CME) does so with an equilibrium
distribution w¥ € Z2(N\) that is explicitly given as a product of one-dimensional Poisson
distributions with mean c;k V, namely (cf. Theorem 3.1),

I * Y7 \N;
wy (CTV )
w,‘l/ :He_CiV% forallm = (ny,...,n;) € N.
i=1 ’

ni

Consequently, we are also able to interpret (CME) as a gradient flow induced by a gradient
system (Z(N), Ey, Ky), see (3.7). Here Ey (u) is again the Boltzmann entropy with respect
to wY, but now divided by the volume V:

1 u 1 1 1
Ev(u) = V Zj\/)\.B(LUS/)w,Y = V ZNun log Up + Zj\[unv log FX (12)
ne. ne. ne.

1.1 Large-volume approximations using gradient structures

A major challenge in modeling chemical reactions is the question of understanding the
transition from small-volume effects to the macroscopic behavior in large volumes. The first
breakthrough was obtained in [30-33] by connecting the particle numbers N (z) € N to the
concentrations ¢ € C and showing that

1 1
—NV(0) > ¢o almost surely implies VN V() = ¢(t) almost surely for all ¢ > 0,

\4
(1.3)

where ¢ — ¢(¢) is the solution of (RRE) with ¢(0) = c¢q. This result may be interpreted
as a justification for the RRE in terms of the Markovian model. In [45,46] a dynamic large
deviation principle is applied to %N V'(-), which leads to a rate functional that generates a
gradient structure (C, £, W¢osh); see Sect. 2.5. Recent large deviation results for chemical
reaction networks can be found in [1,2].

In this paper we study the limit V — oo for the gradient system (Z(N), v, Ky),
and hence for (CME), in the sense of evolutionary I'-convergence for gradient systems, as
introduced in [54,58] and further developed in [13,41]. For this purpose we use a suitable
embedding ty : 2(N) — Z2(C) (Sect. 4) and obtain the coarse grained gradient system
(Z(0), E, K) with

E(o) :/CE(c)g(dc) and (K (0)¢)(c) = —dive(e(0)K(€)Vc£(0)).

In particular, the coarse grained gradient flow equation is the Liouville equation

o(r,¢) =dive(o(r, ©R(0)),  01=0 = 0o, (Lio)

associated with (RRE); here we used that § = D, E = E and R = —KD_E. Thus, in this
scaling a pure transport equation remains, while all diffusion disappears, as can be seen in the
factor 1/V before the middle sum in (1.2). In particular, our result is consistent with Kurtz’
result (1.3): by assuming 0(0) = &, € Z(C) we obtain o(t) = b¢(). While Kurtz works
directly on the Markovian random variables, we work at the level of their distributions:
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ue 2N) @) —o 0€ 2()
CME: &t = —Ky (u)DEy (v) here Liouville: 8,0 = —K (0)DE (o)

| |

NeN yNY — ¢ ceC
Markovian model Kurtz RRE: ¢ = —K(c¢)DE(c).

Our convergence result for the gradient systems (2 (N), £y, Ky ) to the limiting gradient
system (Z(C), E, K) can be seen as a concrete example of the EDP convergence of gradient
systems as discussed in [13,35]. Another example treating the convergence of “Markovian
discretizations” towards a Fokker—Planck equation is studied in [11]; see also [16,18,56] for
applications to interacting particle systems.

In addition to the extreme cases V finite and V — oo it is also important to study the
case of intermediate V, where %N V) already behaves continuously but still shows some
fluctuations of standard deviation 1/ V'V, see [61] for a numerical approach to treat the
hierarchy via a suitable hybrid method. In [34] it is shown that the random vector ¢ +—
XV (t) € C obtained by solving the stochastic differential equation

dxV (@) = —RXV @) dt + L(sz(XV(z))dstW(t) + EbW(XV(z))d%bW(t))
JV

with independent Brownian vectors B™ (1), B°¥(r) € R¥, and
rxe’ \1/2 rxB \1/2

Efw(X) — <(Kc.§r ) / (ar_ﬁr)>r’ Ebw(X) — ((chr ) / (ﬁr_ar)>r c RIXR,
1.4)

(see [34, Eq. (1.7)]) yields an improved approximation because %N V(t) =XV +

O((log V)/V), while -NV(#) = ¢(t) + O(1/+/V). This model is a so-called diffusion

approximation, which in the reaction context also is termed ‘chemical Langevin dynamics’.

In [24, Eq. (23)] and [61, Eq. (7)] the stochastic differential Eq. (1.4) is called chemical

Langevin equation (CLE).

The associated Kolmogorov forward equation takes the form

1
1 = = 1
p = 2 05 (0 Kere©yiy) + div(pR(©) with Rere = - (2™ (&™) T+ @™)7). (1.5)
i,j=1

Here the diffusion matrix Kcpg can be written in the explicit form

R r r

—~ 1/c% B
Kerg(e) =) «” 5(274-07) (" —B")®(a"—B") (1.6)

r=1 * o Cx

that is different from K(c), because in the former the arithmetic mean while in the latter the
logarithmic mean is taken.

One drawback of the chemical Langevin Eq. (1.5) is that it cannot be written as gradient
flow of the relative entropy, as the Einstein relation for the drift flux and the diffusion flux
is not satisfied. Therefore we propose other approximations that stay inside the theory of
gradient flows and seem to work sufficiently well if the concentrations are not too large or
small. Our simplest approximation is given by the gradient system (Z(C), Ey, K) with

~ 1
Ey(o) = /C (Vplog,o + pE) de, where o = pde,
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which leads to the linear Fokker—Planck equation
1
5= diV(VK(c)Vp + pR). (FPE)

In Sect. 5 we show that by systematically deriving higher-order corrections to Ey and K
we can recover the asymptotically correct diffusion matrix KCLE while keeping the gradient
structure, but have to accept several additional terms, or switch over to the notion of asymptotic
gradient flow structures in the sense of [6].

1.2 Hybrid modeling using gradient structures

A major advantage of the gradient flow description is that the different structures can be
combined to obtain hybrid models, in which the set of chemical species is divided into
subclasses which may be treated differently depending on the desired or needed accuracy.
Our approach is based on the idea of model reduction for gradient structures. The idea is
to approximate a complicated gradient structure (X, Ex, Kx) by a simpler one (Y, Ey, Ky)
via an embedding mapping x = &®(y). Staying within the class of gradient systems has
the advantage that the most important features of the original system can be preserved. In
particular, decay of the driving functional along the approximate flow holds automatically.
By contrast, such crucial features could get lost in a direct approach based on the evolution
equation itself.

In Sect. 6 we shall deal with three examples for hybrid models where it is essential to
keep V as a large but finite parameter. First, we shall consider a hybrid model in which
an RRE is coupled to a Fokker-Planck equation. Here the set of species is divided into
two classes: C = C¢xCp,. Some of them will be described stochastically (s), while others
are described macroscopically (m). This leads to a gradient flow structure on the hybrid
state space Y = Z(C;) xCp,. The resulting gradient flow equation turns out to be a mean-
field equation, in which the density of the component ¢ satisfies a linear equation which is
nonlinearly coupled to an ODE for the component ¢p,.

We also study the coupling of an RRE for macroscopic variables to a CME for n micro-
scopic variables. This leads to a hybrid system on Z?(Nj)xCy,. Finally we analyze a
mixed CME / Fokker—Planck model with state space 22 (1), in which the underlying space
IMN:=1{0,1,..., N=1}U[N/V, oo[ contains a mixture of discrete and continuous compo-
nents.

The present work concentrates solely on the analytical underpinnings of hybrid modeling
for CME; for numerical approaches to CME and to spatio-temporal CME we refer to [4,12,
15,27-29,48,61]. Geodesic convexity properties for the gradient structures appearing in this
paper are studied in [38].

Notational conventions Throughout the paper we will consistently use the following notation
to distinguish the different modeling levels.

Reaction-rate equation The RRE is denoted by (C, E, K):

state and state space ¢ € C := [0, oo[l , steady state ¢* = ¢, dual variable ¢
energy functional E(c), Onsager operator K(c)

conserved quantities Q¢ = g, stoichiometric subsets I(q) = {c € C | Qc = ¢q }.
Chemical master equation The CME is denoted by (Z(N), £y, Ky):

state and state space 4 = (uy)nen € P (N) C, steady state wY, dual variable n
energy functional £y (1), Onsager operator Ky (u)

invariant subsets Z(n) = {n € N' | Qn = Qn }.
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Liouville equation The LE is denoted by (Z(C), E, K):

state and state space ¢ = pdc € Z(C), steady state ., , dual variable &

energy functional E(p) = fC E(c)do(c), Onsager operator K (0) = —div(g(-)K(')VD)
Fokker-Planck equation The FPE is denoted by (Z(C), E v, K):

state and state space ¢ € P(C) := #(C), steady state Wy, dual variable &

energy functional EV (o) = fC (%p(c) log p(c)+,0(c)E(c)) de, Onsager operator K.
Hybrid systems are denoted by “mathfrak” letters:

(P (Cs)xCh, @}‘:/P'RR, ﬁl‘:,P'RR) for coupling FPE and RRE

(P(NJ)XCry, , EMRRGEMRR) for coupling CME and RRE

(ZMNv.N), €y N, Ry, n) for merging discrete and continuous modeling for one species.

The space of all signed Borel measures of bounded variation on C is denoted by . (C).

2 Reaction Rate Equations

We denote by ¢ = (¢, ...,c7) € C := [0, oo[! the concentrations of I different chemical
species X1, ..., X7 reacting according to the mass action law, i.e., the reactions
Koy
X1+ o X; = B X1+ + 81X 2.1
Kty
forr =1,..., R, where R is the number of possible reactions, &”, 8 € N(I) are the vectors

of the stoichiometric coefficients, and kfw’ k{)w > ( are the forward and backward reaction-

rates. In general these rates may depend on ¢, but for simplicity we keep them as constants
in this work. A typical example is the splitting of water into hydrogen and oxygen, namely
2H; + O, = 2H;0.

The corresponding reaction-rate equations (RRE) are given via the ODE system

R
é=—R(c) with R(c) =Y  (kf, e —kpyc?) (@ =), 2.2)

r=1

where ¢* = c}' -~ ¢}, see [17,19,26].

2.1 Stoichiometry, Conservation, and Decomposition of the State Space

The stoichiometric subspace S C R/ and its orthogonal complement S+ are defined via
S:=span{a” —B" |r=1,...,R}, St :={kecR'|gpn=0forallpeS}. (2.3)

For each £ € St the function Cg(c) = & - ¢ defines a first integral, which easily follows
from & - R(c) = 0. These conservation laws often go under the name conservation of atomic
species, see [17]. Suppose now that ST is a non-trivial subspace of R’. We shall argue that the
RRE induces a decomposition of the state space C = [0, oo[/ into affine invariant subsets.
(If St = {0}, the only invariant set is C itself.)

Choosing a basis {m; € R |k =1, ..., my} of ST we define the matrix Q € R"™W*/,
which has the rows m; € R’. By construction we have Q[S] = {0}, and we conclude that
the solutions ¢ of (2.2) conserve Qc as follows:

¢c=—R(c) = Qc()=Qc(0)fort > 0. 2.4)
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By construction every affine conserved quantity is of the form & - ¢ + ¢ for some & € St
and g € R. This allows us to decompose the full state space C = [0, oo[! into the invariant,
affine subsets (co+S) N C for ¢p € C. Using the notation

Q:={QceR" |ceC}
we define, for all g € £, the sets
I(q) :={ceC|Qc=q}. (2.5

Then, q; # g, implies I(g,) N I(q,) = ¥, and we have C = quﬂ I(gq). Let us note that
this decomposition does not depend on the choice of the orthonormal basis which determines
the matrix Q, although the set I(g) does depend on Q. Note also that we can always write
I(g) = (¢+S) N C for some arbitrary ¢ € C satisfying Qc = ¢.

2.2 Detailed Balance and the Wegscheider Matrix

We say that the above reaction system fulfills the condition of detailed balance if there exists
a positive equilibrium density vector ¢, €]0, oo[! such that all reactions are simultaneously
in equilibrium, i.e.,

K= ke = k{,wcf, for r=1,...,R. (2.6)

This condition implies that R(c,) = 0, but we emphasize that this condition is stronger in
general cases. The condition of detailed balance is also called the condition of microscopic
reversibility, see [17, p.45] or [10] for a general discussion of these concepts.

We are looking for a characterization of detailed balance. Let W € Z®*! be the matrix
which has the row vectors y” := a"—p" € Z' r=1,..., R. We call W the Wegscheider
matrix because of the pioneering work in [60]. We then have

S=RanW' and S+ = KerW,

which explains the abbreviation myy := dim ST = dim Ker W. Since ¢, is strictly positive,
we can take the logarithm of the polynomial conditions (2.6) and find the equivalent linear
system

Wlogc, = (log(k{,w/kg,v))r=1 """" g» Whereloge = (log Ci)i:l """" I 2.7)
By Fredholm’s alternative, (2.7) is solvable if and only if
y - (log(kly /kfy)),—, =0 forally € Ker W'. (2.8)

yuees

These conditions on the reaction coefficients kg, and k , are called Wegscheider conditions
(see, e.g., [25,57,59,60]). By choosing a basis of Ker WT and exponentiation they can be
rewritten as polynomial conditions without referring to the equilibrium state c,.

Let nyw := dim(Ker WT) € Ny denote the number of Wegscheider conditions. Then the
following assertions hold:

(i) If the stoichiometric vectors &” — B, r = 1,..., R, are linearly independent, then
Ker W' = {0}, hence there is no Wegscheider condition.

(i) Ifa” —B",r =1, ..., R, are linearly dependent, then dim(Ker W) > 0 and non-trivial
Wegscheider conditions appear.
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Since dim(Ran W) = dim(RanW') = dim'S by standard linear algebra, the number of
Wegscheider conditions can be expressed as

nw=R—dimS=R—1+dim(KerW) =R — I + my.

Hence, if the number R of reactions is smaller than the number / of species, the Wegscheider
conditions can usually be satisfied easily.

Remark 2.1 (Wellposedness of RRE) We conclude this subsection with a statement concerning
the well-posedness of the RRE given as in Theorem 2.2 below. For all ¢(0) € C = [0, oo’
there exists a unique global solution ¢ : [0, co[ — C. Local existence for solutions starting
in the interior of C is trivial, as R is a polynomial vector field. Since the relative entropy
E is a coercive Liapunov functional, the solutions cannot blow up and stay inside a region
Br(0) N C for some R > 0.

Moreover, solutions cannot leave this region via the boundary dC, since the vector field
is either tangential to dC or points inwards. Indeed, if ¢ (f9) = 0 for some j, then

R
j(10) = =R (€(t)) = — YKL (€ — ) () —5) = 0,

c
r=1 *

because each term in the sum is nonpositive: If oc; = ,3; or min{ot;, ﬂ]’.} > (0, then the term is
0. Thus, we are left with the cases (a;, ﬂ;) € {(n, 0), (0, n)} for some positive n. In the first

case c;(t9) = 0 implies e (t9p) = 0 and the result follows, and the second case is similar.

2.3 The Reaction-Rate Equations as a Gradient System

We show that a RRE satisfying the detailed-balance condition can be generated by a gradient
system (C, E, K). Here, the state space C := [0, oo[l contains all possible concentration
vectors ¢. The driving functional is the relative entropy £ : C — [0, co[ and the Onsager
matrix K is chosen suitably (recall that Ag(z) = zlogz —z + 1 > 0):

1 ) R o B’
E(c):=) 18 (%)ﬁ and K(c) = ZK;A(Z? CT) (@ —B") @ (' —B"), (2.9)
i=1 i r=1 * Cx

where the logarithmic-mean function A is given via

a—>b

_ 2.10
loga —loghb (2.10)

1
A(a,b) = / a’bh'Sds =
0

The following result shows that a RRE (2.2) satisfying the detailed-balance condition (2.6) is
indeed generated by the gradient system (C, E, K). This was first established in [62, Sect. VII]
to derive entropy bounds for hyperbolic conservation laws in reactive flows and was rederived
in [40] in the context of reaction diffusion systems including electric charge-interactions. It
is interesting to note that for continuous time Markov chains (CTMC), which form a special
subclass of RRE with linear reactions, there are several distinct gradient structures, see [37,
Prop.4.2] and [42, Thm.3.1] and Sect. 2.4. However, in the case of nonlinear reactions
according to the mass-action law, only the gradient structure with the Boltzmann entropy
remains. The key fact is the logarithm identity (e — B) - log ¢ = log(c®*~#).

Theorem 2.2 (Gradient structure for RRE) If the RRE (2.2) satisfies the detailed-balance
condition (2.6) for a positive steady state ¢, = (c})i=1,...,1, then it has the gradient structure
(C, E,K) defined in (2.9), namely ¢ = —R(c) = —K(¢)DE(c).
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1 by a’—B" € R! we obtain

=1,...,

1
(log(ci /¢ izt - (& =B7) = Y (& log(ei/c}) — B log(ei/c) )
i=1 (2.11)

~ log (551:) log <ﬂ>

which is the denominator of A (c"‘: . 5 > Hence, using A (a, b)(loga—logb) = a—b gives

* Cx

R R
K(¢)DE(c) = » . (j - z§r>(a’—ﬁ’) 25" (ke —keP') (" —B7) = R(©),

r=1 r=1

where we used the detailed-balance condition (2.6) in D=B. Thus, the assertion is
established. ]

Summarizing the above derivations, we have rewritten the RRE in thermodynamic form
¢=—R(c) = —-K(c)p with p =DE(c), (2.12)

which is also called the Onsager principle [51,52]. The latter states that the rate (flux) of a
macroscopic variable is given as the product of a symmetric positive definite matrix K and
the thermodynamic driving force —p, see e.g. [10, Ch.X, §4]. The symmetry K = KT is
related to microscopic reversibility, i.e., detailed balance, see also [44,45]. Subsequently, we
refer to K as the Onsager operator or matrix.

Here we clearly see the advantage of using the Onsager operator K to write the RRE as a
gradient system,as opposed to working with the Riemannian tensor: we do not have to take
care of the fact that K is not invertible except if S = R’ .

2.4 Continuous Time Markov Chains as a Gradient System
The forward equation for a reversible CTMC on a discrete space {1, 2, ..., I} is a special
case of the RRE considered above. In this case all reactions are of the form

K

X,_b,X for 1 <i<j<lI,
K

and the reaction rates k;{v (resp. k{)jw). are interp'reted as the transition rates from i to j (resp.
from j to i). The reaction-rate equation is the linear system of ODEs

¢=—R(c)=Ac with Ac = — ) (kil,c; — klycj) (ei—e;). (2.13)
i<j
and the detailed-balance condition for the equilibrium state ¢, takes the form
K =kl = ik, for 1<i < j <. (2.14)
Using this condition, the RRE can be written coordinate-wise as
Zk” (c] _a ) + Zk (— - —*), or equiv., ¢; = ZK}J(% - %‘)

c* K
J# joo
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Here we used the notational convention that «;’ := k' for j < i. The relative entropy E is
as above and the Onsager matrix takes the form

Kyi(c) = ZKL’A( L) ei—e)) @ (eie)). (2.15)
]

i<j

where e; € R! denotes the i-th unit vector. We then have the gradient structure (C, E, Kyp),
namely

¢ = Ac = —Km(c)DE(c).

This gradient flow structure has been found in the independent works [37] (which deals
with Markov chains exclusively) and [40] (in the setting of reaction-diffusion systems, in
which Markov chains are implicitly contained). The related work [ 7] deals with discretizations
of Fokker—Plank equations.

In fact, for the construction of gradient structures for Markov chains ¢ = .Ac we do not
need the summation rule for logarithms. Hence, following [37,42] there are more general
gradient structures. Choosing a strictly convex function ¢ : [0, co[— R that is smooth on
10, oo[ we set

n . n j—1 B y

E%(c) = Zc?‘(/)(;—;), Kf0) =3 il <1><;—;, —i) (ei—e,) ® (ei—ej),  (2.16)
i=1 i j=2i=1 i €

where ®(a,b) = (a — b)/(¢'(a)—¢' (b)) for 0 < a # b and ®(a,a) = 1/¢"(a). The

gradient flow structure (C, E, Ky) corresponds to the case where ¢ = A : z — zlogz —

z+ 1.

Proposition 2.3 (Gradient structure for CTMC) If the CTMC (2.13) satisfies the detailed-
balance condition (2.14) for a positive steady state ¢, = (c;")izl I, then it has the gradient

structures (C, E?, Kﬁ), namely ¢ = Ac = —Kfc[(c)DE"5 (c).

.....

Remark 2.4 The construction in Proposition 2.3 does not extend to general RRE. There one

. o BTN o B ,
would need to replace the quantity A (zu’ , 25, ) in (2.9) by (zggr — Zf’ )/((a’ —B")-¢ (é))’

but this quantity can be negative in general. As a consequence, the corresponding Onsager
matrix would not be positive definite. This cannot happen for Markov chains (i.e., when
a =e¢; and B = ¢;), by virtue of the convexity of ¢.

In the following we will mainly concentrate on the gradient structure (C, E, Ky;) with
the logarithmic entropy, as it is the only one that connects with the RRE.

2.5 Generalized Gradient Structures

For Markov chains and RRE there are several families of generalized gradient structures
(C, E, ¥*) where the quadratic function ¥*(c, {) = 5 (;‘ K(e)¢) is replaced by a general
dual dissipation potential V*(c, -) : R — [0, oo[ that is continuous and convex and
satisfies ¥*(c, 0) = 0.

In the case of RRE, the monomial terms ¢* can only be generated by the logarithmic
summation rule Z!:l log(b;) = log (l'[iI:]b,-). Hence, we stick to the relative entropy E
defined in (2.9), i.e., ¢(z) = Ap(z). However, we may replace the linear Onsager principle
¢ = —K(c)DE(c) by the more general nonlinear form ¢ = B;W*(c, —DE(c)).
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To define ¥* we choose an arbitrary family of smooth dissipation functionals v, : R —
[0, oo, i.e., ¥ (0) = ¥/.(0) = 0 and ¥/ > 0 and define the dissipation potential

ﬂr ul‘

R (A

BT ol
Ve, 8) =Y Ly(e) Y ((@ —B") - &) with L,(c) = ! .=
r=1 W(log% _log %)

(2.17)

Using (2.11) we easily obtain —R(c) = 3; ¥*(¢, —DE(c)), i.e., ¢ = —R(c) is generated by
the generalized gradient system (C, E, V™).

The case ¥, (¢) = %;2 leads to the quadratic dissipation potential in (2.9), i.e., the
functions L, are given in terms of the logarithmic mean. In [3] the choices v (£¢) =
e’ — 1 — ¢ is used. Based on a derivation via the large deviation principle (see [44—46]) a
special role is played by the choice of a “cosh-type” function ¥, :

B )1/2

1
Yr() = C'(§) = 4cosh (5¢) — 4 giving L,(c):;c;( (2.18)

' cf '
Here C* is normalized such that C*(¢) = %;2 + 0(¢*). Hence, the dual dissipation potential
takes the form

R

Wi, 8) =Y L (

r=1

c‘xr cﬂr 1/2 * r r

cTCT) C* (@ —B") - 2). (2.19)
*

It is shown in [43, Prop.4.1] that this generalized gradient structure is distinguished as the

only tilt-invariant gradient structure for CTMCs. The tilt-invariance even extends to nonlinear

RRE, see [47].

3 The Chemical Master Equation
3.1 Modeling Discrete Particle Numbers via CME

The chemical master equation (CME) is a CTMC that is defined on the set ' = N(l) where
n = (ny,...,n;) € N is the vector of particle numbers, see [39] for an introduction. This
means that n; € Np denotes the number of particles of species X; in a sufficiently big volume,
whose size is denoted by V' > 0. The modeling assumes that all particles move randomly in
this big volume (well-stirred tank reactor) so that they can meet independently. The dynamics
is formulated in terms of the probabilities

u, (t) = probability that at time ¢ there are n; particles of species X; fori =1,..., 1.
All the R reaction pairs may happen independently of each other according to the number

of the available atoms needed for the reactions and the reaction coefficients kg, > 0 and
ki, = 0, respectively. Moreover, the jump intensities

ki B (n) fromn + o’ ton + " and K, IB%'?,Y(n) fromn + B ton +a”
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also depend on the volume V, as n; denotes the absolute particle number, while for the
reaction the densities ¢; = n;/V matter. The specific form of BS(r) (cf. [32,39]) reads

V(in+ a)! f N I
BY(n) =1 vl TSN wheren! = [ n!. 3.1)
0 forn ¢ N, i=1

To avoid clumsy notation we defined Bf(n) for all n € 7!, but BY(n) =0ifn ¢ N. We
also see that Bf(n) =~ Ve“ for ¢ = %n, where the factor V indicates that the number of
reactions is proportional to the volume of the container, if the densities are kept constant.

The CME associated with the RRE (2.2) is the Kolmogorov forward equation for the
probability distributions # = (un)pen € Z(N), namely

R
= ZE’Vu with (Er\/u)n = ktfw(]B‘\x/r(n_ﬁr) Mn+a’—ﬂ' - B(‘!/r(n_ar)un)

r=1

(3.2)
+ kgw(Be (n—a")uy_qr g — B€ ("_ﬁr)un)'

The rth forward reaction from r+ea" to n+B" can only happen (i.e., IB%‘{‘/r(n) > 0)ifn > 0.
Hence any occurring u, with m ¢ N is multiplied by intensity 0, so in (3.2) we may set
um = 0 for all m ¢ N. The operators Elv are the adjoints of the Markov generators Qf,
given by

(Qy ) = ko BY 0—0") (157 — i) + Koo B (0—B") (tnrar g7 — 1tm)  (3.3)

for p = (Un)nen-
We emphasize that the RRE as well as the CME are uniquely specified if the reaction

network (2.1), the reaction rates ki, and k{, , and the volume V' > O are given. Hence, there are
obviously close relations between both models, in particular for V > 1, see [4,5,23,32,61].

So far, we have not used the detailed-balance condition, i.e., we can even allow for kgw =0
in the above considerations. In all cases, the Kolmogorov forward equation is an infinite-
dimensional linear ODE as in Sect. 2.4. The following result shows that the detailed-balance
condition is inherited from the RRE to the CME, and moreover a simple equilibrium w"
can be given explicitly as a product distribution of individual Poisson distributions, namely
mi> e Ve (Vi)™ /m!. This result can also be retrieved from [5] by combining Theorems
4.1 and 4.5 there, where it is shown that the weaker “complex-balance condition” is sufficient
to guarantee that the Poisson distribution w" is an equilibrium for CME.

For completeness we give a short and independent proof of the fundamental result that
for RRE with detailed balance the associated CME satisfies detailed balance again.

Theorem 3.1 (Detailed balance for CME) Let BY/(n) be given in the form (3.1). Assume that
(2.2) has the equilibrium ¢, €10, oo[! satisfying the detailed-balance condition (2.6). Then
the equilibrium w" := (w,Y),,eN € P(N) given by

wY I (Ve)"

n = * ]
Zy n!

with Z} = TI/_ eV
satisfies the detailed-balance condition for the CME (3.2), namely

Vi=1,...,RVneN: k,BYmwy o, = k{,WIBB"g,r(n) w,‘,/+ﬁ,~ =V, ="
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Proof For each reaction we obtain the relation

Vn+a")! (Ve,)" e
vie'ln!  Z3 (n+a’)!

r(Ve)"
(Z**)‘ = Vitw).
vn!

r o’ Vv _ _qr o
kfwBV (n) Wytgr = kfw - kfwvc*

1%
n+p"’
condition (2.6) is used in the definition of «,. ]

Analogously we obtain the same result for kpy ]B%ﬁr(n) w where the detailed-balance

Using the detailed-balance coefficients '17('/” we can rewrite the operator E:, from (3.2) in
a symmetrically balanced form as

— u r u r r r
B?,u _ Z/ﬁr‘;r( nv+a _ ri/iJrﬁ>(e(n+ﬁ )_pnta ))’ (3.4)
neN Wniar  Wpygr
where ™) is the unit vector, i.e., eﬁ,m) =6n-m-

It is important to realize that in general the steady state for the detailed-balance condition
is highly non-unique, because of the discrete versions

Im ={neN|Qu=Qn} c NV

of the invariant stoichiometric subspaces I(q) = {c¢ € C | Qc = q } € C. Indeed, choosing
7 arbitrary and defining w = (w,) € L2 WN) via w, = %w,‘,’ forn € Z(n) and w, = 0
elsewhere, we obtain another equilibrium for the CME (3.2). Defining convex combination
we obtain a rich family of steady states.

The following counterexamples show that the above result, which is central to our work,

cannot be expected for systems not satisfying the detailed-balance condition.
Example 3.2 (Equation without detailed balance) For a, b € N we consider the RRE

¢=2a—4bc+2(1-c?), (3.5)

2 1

which consists of two individual reaction pairs, namely X ‘:a, ¢ and 2X = ¢ with the
4b 1

individual steady states c¢(;y = a/(2b) and ¢y = 1. The joint steady state of (3.5) is

cx = (14+a+b*)1/2 — b, and we have detailed balance if and only if a = 2b.
Building the CME according to (3.2) based on the two reaction pairs we obtain
iy, =2aVuy—1 — QaV+4bn)u, +4b(n+Duy1 + Vuy—o

—(V+ n(n;l)+)un + (n+2)v(n+l)un+2.

For the case a = 2 and b = 1, where the detailed-balance condition holds with ¢, = 1 =
C(1) = €(2), We obtain

iy = Vitg—a +4Vity_1 — (5V +dn + "0 Vi, + 4+ Dty + SRy, 4,

and it is easy to check that w =@E" V" /nDpen, is a steady state.
However, for a = 7 and b = 1 the detailed-balance condition fails with ¢(;y = 7/2
¢y =2 > ¢y = 1. The CME reads

\

iy = Viy—o + 14Vu_y — (15V+4n + "0 0, 4 4+ Dy + B0y, o
An explicit calculation shows that the Poisson distribution %" based on ¢, = 2, i.e., W) =
e 2V (2V)" /n!, is not a steady state. Indeed, inserting %" into the right-hand side of the last
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equation we find (forn > 1)

-2V 2V n—2
i, g = %(—mﬁ +12nV2 = 3n(n—1)V) £ 0 for general n € N.

Example 3.3 (Microscopic versus macroscopic detailed balance) We may also consider a

RRE that looks macroscopically as being in detailed balance, but is generated by a micro-
2 1

scopic model that is not in detailed balance. The two reactions #— X and 2X —@ produce

the RRE ¢ = 2(1—c?) that has the equilibrium ¢, = 1. However the CME reads

nn—1) (n+2)(n+1)

Jun
Vv 14

iy, =2Vu,_1 — (ZV + Up42.

Again, the Poisson distribution %" with w,‘l/ = e~V V"/n!is not the equilibrium:

—Vyn—1
%
y=S <2Vn - Vz—n(n—l)) £ 0.

n!

1
Note that the reversible reaction pair 2X = ¢ yields the same RRE, and its associated CME
1

satisfies the detailed-balance condition.

3.2 Existence and Uniqueness of Solutions of CME

In this part we establish well-posedness for the CME. We do this by combining classical
results from the theory of Markov chains with abstract semigroup theory.

For fixed ny € N we construct a special Green’s function p; (rg, -). General Markov chain
theory (e.g., [36, Ch.2]) implies that there exist a unique minimal solution [0, co[xN >
(t,n) — p;(ng, n) to the backward equation

R
pr(no.m) = 3 (ki BY (mo—a) (p: (mo—a” +8”, m) = py (o, m))

r=1
+ ki, B€ (no—B") (p:(no+a” —B", n) — p;(no, n)))
associated with the CME with initial condition pg(ng, n) = 8y, (n). This minimal solution is
non-negative and satisfies p;(no, n) > 0 and ), - p:(no, n) < 1, but for general CTMC
it can happen that the latter inequality is strict, which means that the corresponding Markov
chain explodes in finite time. We will show that explosion does not happen for CME with

detailed balance.
For the functional analytic existence and uniqueness result we use the sequence spaces

W)= {u = nen | ) lunl” < 00

as well as the weighted spaces

Un
LYW, w") == {v = (n)nen | ZneN UTY‘F < oo}

with the corresponding norms and the usual modification for p = co. Now, we consider the
transition semigroup (P;);>¢ defined by

(Prv)n =Y pi(n,m)vm, v=(vm) € LW,
meN
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which we shall study by induction over the number R of reactions using the Trotter-Kato
formula, where the detailed-balance condition guarantees that each subsystem is a contraction
semigroup on L2\, w").

Theorem 3.4 Assume that the detailed balance condition (2.6) holds. Then, the semigroup
(P1)i>0 extends to a Co-semigroup of contractions on LP (N, w") forall 1 < p < oc.
Moreover, the semigroup is selfadjoint on L>(N', w"') and Markovian, i.e., P;1 = 1 for all
t>0.

A related existence result for the Markov semigroup of the CME was established in [22],
which however does not apply to the case of reversible RRE, because of the restrictions on
the growth of the transition rates.

Proof All of the above statements follow from the general theory of continuous time Markov
chains, except for the Markovianity. To show the latter, we first consider the case of a single
reaction, thus R = 1. Each of the irreducible components of the state space A is then one-
dimensional (see also [38]), and the Markov chain is a birth-death chain on a countable
(possibly finite) set.

If there exist two components of &« — B with opposite sign, then each of the irreducible
components of the state space A is finite. Therefore it is clear that the Markov chain does
not explode in finite time. Suppose now that all components of @ — B have equal sign, say

— Bi =0foralli =1,..., 1, and at least one component is strictly positive. Then each
of the infinite irreducible components of A is of the form

{(n® :=n® 4 k(e —B) |k e Ny}

for some n¥ € A, and the restricted Markov process is a birth-death process with birth rate
by and death rate d; given by

by := kbw ]B%e(n(k)—ﬂ) from n® to n*+1  and

di 1= kiw ]B%‘{‘/(n(k)—a) from n® to n*—D,

Reuter’s criterion [53, Thm. 11] gives a characterization of non-explosion for birth-death
chains; it asserts that the chain is non-explosive if and only if

de-ondip
Z rjk =00, wherer; = big
k=j=0 [ o}
! i *
In our setting we have df)—:l = (Ver)b— nn(:)!!, so that rox = 1 (Vc*)k(ﬁ @ n(m:’ and
therefore
V|ﬂ\*l (n(k)—ﬂ)!
Y kY 0k Z g D
- kpwnO! (Ve )k@—p)
k>=j=0 k>0 k=0

Since the summands tend to oo as k — 00, we infer that the latter sum is infinite; hence the
Markov chain is non-explosive, or equivalently P;1 = 1 (see [36, Thm. 2.33]).

The case of multiple reactions follows by induction on the number of reactions R. Indeed,
forR € {1,..., R}, let (73,73)20 denote the semigroup corresponding to the reactions r € R.
Then the Trotter product formula for contraction semigroups on L2, w) (see e.g., [9])
asserts that

731{1 ..... RH1} _ i <P{l ..... R} p{R+1) )

t/n
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strongly in L2(N, w"). Note that we can apply this formula, since the detailed-balance
conditions hold for all reactions simultaneously, hence all of the semigroups are contractive
on the same space L>(V, w""). We also observe that the class of finitely supported functions
is a core for each of the generators. The Markovianity of P{!:+®+1} thus follows from the
Trotter formula and the Markovianity of P{l:-&} and pPIE+1}, O

Remark 3.5 The mere existence of a probability distribution satisfying the detailed-balance
equations is not sufficient to guarantee non-explosion of a continuous time Markov chain. It
might happen that the chain jumps infinitely often in a finite time interval, see [50, Sec. 3.5]
for an example. The previous result shows that this phenomenon does not occur in CME
satisfying the detailed-balance condition.

It remains to transfer the results from LY (A, w") to £1 (NV). Denoting by Q the generator of
the Co-semigroup (P;);>0 on L' (V, w"), we define the operator B : Dom(B) € £!(NV) —
€' (N) by

Bu=w"Ow/w"), Dom(B)={uct' W) u/w” e Dom(Q)}.

This definition of B is consistent with the explicit formula for B given above. Since Q
generates a Co-semigroup of contractions on L' (A, w"), it follows that B generates a Co-
semigroup (P;);>o of contractions on 2Y(N). Furthermore, since P preserves positivity and
P,1 = 1, it follows that Z2(N) is invariant under the semigroup generated by B.

As an immediate consequence we obtain global well-posedness for the CME in Z(N).

Theorem 3.6 (Global well-posedness of the CME) Let the detailed-balance condition (2.6)
hold. Then, for all ug € P (N) there exists a unique mild solution u : [0, 00) — P(N) to
the CME (3.2) satisfying u(0) = uy.

3.3 Gradient Structures for CME

Since the CME is the forward equation associated with a reversible CTMC, we can formulate
it as a gradient flow in view of Proposition 2.3. Indeed, for a strictly convex function ¢ :
[0, co[— R that is smooth on ]0, oo[, let us write

Sﬁ(u) = Z w,‘,/q’)( n ),

neN w"’/
R
u r u r r r r r
K= 33 oG, ) (e e ) e (et ),
neN r=1 n+ao” n+p"

(3.6)

where @ is defined after (2.16), ﬁ";’r is given in Theorem 3.1, and e™) denotes the m-th unit
vector in £' (\V). The following result is then a special case of Proposition 2.3.

Proposition 3.7 (Quadratic gradient structures for CME) If the RRE (2.2) satisfies the
detailed-balance condition (2.6) for a positive steady state ¢, = (cl’.k)izl ,,,,, I, then the asso-

ciated CME has the gradient structure (Z(N), E{’i, IC?;) defined in (3.6), namely

it = Byu = —K% (w)DES ().
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In the following we will mainly be concerned with the case that 5(‘; is the logarithmic
entropy, where ¢ is the Boltzmann function Ag(z) = zlogz — z + 1. In that case we obtain

u 1
Ev(u) == Z wy ap( 7:{/ v Z (tn logun — un logw), ),
ne./\/ neN
rou r r r r r
Ky (@) =V Z Z (un—Hz 7 I;Jrﬂ ) (e(nJrot )_e(n+ﬂ ))®(e(n+ot )_e(n+/3 ))’
r=1 neN Wy Wyt pr

3.7

where the logarithmic mean A (a, b) is defined in (2.10). The above definitions do not only
restrict to the entropy function ¢ = Ap, but also introduce a normalization with respect to
the volume V. Hence, £y can be seen as an entropy per unit volume. The corresponding
scaling of Ky was chosen such that the evolution equation it = —Ky (u)DEy (u) is the same
as it = —KC3, (w)DEY (w).

For later purposes we also provide the cosh-type gradient structure for CME, whose
relevance and usefulness is discussed in [21,43,44,46]. Recall the definition of C* in (2.18)
and note the special scaling via the volume V in (3.8) below, which is needed because
‘Irckosh,V(u’ -) is not scaling invariant.

Proposition 3.8 (Cosh-type gradient structure for CME) If the RRE (2.2) satisfies the
detailed-balance condition (2.6) for a positive steady state ¢, = (c})i=1,....1, then the asso-
ciated CME has the gradient structure (2(N), Ey, ‘I’zosh,v) with Ey from (3.7) and

1 Upagr Upagr\1/2
Wy 0 ) 1= Z Yoo (S w’;*” ) (Vg —tnsar). 33)
r=1neN n+a” T p4+p"

Proof The desired formula Zle E@u =D,V v @, —DEy (u)) follows easily by recall-
ing By, from (3.4) and by using +/ab (C*Y(loga — logh) = a—b and DEy(u) =
%(log(u,,/w,‘,/))neN. O

4 Liouville and Fokker-Planck Equations

For general evolutionary equations one can define a measure-valued flow in the phase space
that is given by transporting the measures according to the semiflow of the original equation.
The evolution equation describing this measure-valued flow is the Liouville equation. For our
RRE¢ = —R(c)in C := [0, oo[! we assume that we have a global semiflow ¢(¢) = ®,;(c(0))
and consider probability measures o(¢, -) € Z(C) that are obtained by transporting oo with
®,, namely

o(t,-) = ®foo, e, Vy €Cy(C): /Cllf(C)Q(t, de) = fc ¥ (@ (c))oo(de).

In particular, if oo = Y joy a8y, then o(r, ) = Y A, ok (-
It is now easy to see that t — o, € &(C) satisfies the Liouville equation

dro(t,c) = diV(Q(t, c)R(c)), 4.1

in the sense of distributions. We will regard (4.1) as an evolution equation in the space Z2(C).
We will not always notationally distinguish between an absolutely continuous probability
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measure and its density, but if we want to distinguish them we will write o(dc) = p(c) dc
with p € L1 (C).

The goal of this section is to give a rigorous connection between the CME for V — oo
and the Liouville equation in terms of the associated gradient structures.

4.1 The Liouville Equation as a Gradient System

We show that the gradient structure ¢ = —R(¢) = —K(c)DE(c) for the RRE, which was
discussed in Sect. 2.3, induces a natural gradient structure for the Liouville equation. Consider
the “Otto-Wasserstein-type” Onsager operator K (o) that acts on functions &£ : C — R via

K(0)§ = —div(e K V§),

where div and V are taken with respect to ¢ € R!. We also consider the affine potential
energy functional E : Z(C) — [0, +o0] defined by

E(o) = /C E(¢)do(©). 4.2)

In the next result we identify the formal gradient structure for the Liouville equation.

Proposition 4.1 (Gradient structure for the Liouville equation) If the RRE (2.2) satisfies
the detailed-balance condition (2.6) for a positive steady state ¢, = (c})i=1,...1, then the
associated Liouville equation has the gradient structure (Z(C), E, K), namely

0 = —K(0)DE(¢) = div(¢KVE) = div(oR). 4.3)

Proof Let o € Z(C) and let 0 € .#(C) be a signed measure of finite total variation such
that 0 (C) = 0 and o + ho € Z(C) for |h| sufficiently small. Then we have

E(o + ho) — E(o) _
h

/ E(c)do(c),
C

hence DE(p) = E for all o. Therefore, —K (0)DE(0) = div(gKVE) = div(oR). The
gradient flow equation ¢ = — K (0)DE (o) is thus given by the Liouville equation (4.1). O

4.2 Passing to the Limit from CME to Liouville

In this section we shall demonstrate that the gradient flow structure for the CME converges
in a suitable sense to the gradient structure for the Liouville equation if V — oo.

More precisely, we will show that after a suitable V -dependent embedding of £2(N) into
Z(C) the proper scalings of the functionals £y and ¥, : (u, ) —> % I - Ky (u)p converge
in the sense of I'-convergence to the corresponding structures for the Liouville equation
given by the gradient system (Z(C), E, K), see Sect. 4.3 to 4.5. Following the approach in
[41,54,58], and in particular [35], we are then able to establish the convergence for V — oo
of solutions " : [0, co[ - Z(N) of the CME &2V = —Ky u")DEy (u") to the solution
0 : [0,00[ = Z(C) of the Liouville equation 0 = —K(0)DE (o), thereby recovering
Kurtz’ result (1.3), see Sect. 4.6.

The main tool for proving this evolutionary I'-convergence for gradient systems is the
so-called energy—dissipation principle, cf. [41, Sect.3.3], which states that " solves the
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CME if and only if for all T > O the following energy-dissipation estimate holds:

T
5V(uV(T))+/ (wv(uv,uv>+w$(uv,—st(uV)))drssv(qu)), (4.4)
0

where we use the quadratic dissipation potential Wy and its Legendre dual W{, defined via
\ll"‘,(u, n) = %(;L, Ky (u)p) with Ky from (3.7), namely

R
|4 rou -
‘I/;(uv n) = E Z Z’v\’&arl\( ur:/+‘¥ R 'ijﬂ )(Mn+0£r _/“Ln+ﬁr)2 (4.52)
neN r=1 wn+¢x’ wn+ﬁr
R
V r r
- 2 Z Z A(kfw BY () tn-rar, Ky B€ (n) un+l3") (:un—Hx’ Mg )2,
neN r=1

(4.5b)

where the second form uses Theorem 3.1 and is especially useful to perform the limit V. — oo,
see the proof of Proposition 4.6.

We refer to [8,41] for this equivalence and general methods for proving such results on
evolutionary I'-convergence. In [11] a similar approach was used to establish the conver-
gence of CTMC to a Fokker—Planck equation. However, there the convergence of a parabolic
equation is established, where upper and lower bounds of the density can be used. Here, the
importance is that our limit measures o(¢) may not have densities; indeed, because we want
to recover the Kurtz result (1.3) we are interested in the “deterministic case” o(t) = ().
So our analysis has to be more careful in dealing with general limit measures. For this, we
use the dualization approach introduced in [35] where ¢ — Wy @, itV) is estimated from
below by (@", p") — W} ", n") for suitably chosen recovery functions t > p" (t).

In order to compare probability measures on different spaces N and C, we consider a
suitable embedding 1y : Z(N) — 22(C). Here vy (u) is simply obtained by assigning the
mass of u at n € N uniformly to the cube

A= 3 2R x [ e

More explicitly, ty (u) is given by
ty : PN) - 2(C); ur> 1y(u) =0 = pdc with p(c) := v! Z u,,llA'\i/(c), 4.6)
neN

where 11 4 denotes the indicator function with 1l 4(b) = 1 for b € A and 0 otherwise. The
corresponding dual operation acting on functions & € Cy(C) is given by

G Ch(€) > L) () m) = V! f

ce

N &(c)dc. 4.7

The final convergence result will be formulated in Theorem 4.7, which will be a direct
consequence of the following three estimates

Section 4.3 @) 2o = E(0) < liminf &y (u");
V—oo
*
Section 4.4 w@’)—o = V(0. DE(@)) < lim inf U@, DEy mY));
— 00
Section 4.5 1y (u") g, & € C1(C) = (0, &) > limsup W (u, 4 €);
V—ooo
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where the dual dissipation potential W[, is defined via

1
Wi (0. 8) = 5 /c Vé(e) - K(e)VE(e)do(c).

We will see in Sect. 4.6 that the limsup estimate for the dual potential W3, in Sect. 4.5 provides
a weak form of a liminf estimate for the primal potential Wy .

A fundamental fact of the chosen gradient structures of the underlying Markov processes
is that all the three terms in the energy-dissipation principle define convex functionals, which
is of considerable help in proving the desired liminf estimates. Note that the convergence

Ly (uV)—*\,Q is rather weak. However, we can use that the coefficients of the transition rates
defining the CME are quite regular, so that the other parts in the integral converge in a much
better sense. Moreover, the functionals ¢ — E(g) and ¢ — Y[, (0, DE(p)) are in fact
linear in g.

4.3 I'-Limit of the Relative Entropies

We also define Xy := 1y (ZWN)) € P(C) and Wy = ty(wY) € Xy and consider the
functionals

~ ~ & ifoe Xy,
&y : 2(C) — 10,00, sv(.Q):{ vierte e v
where &y : 2(C) — [0, 0o] is defined via

% Jc 2B(p/Wy)Wy de for ¢ = pdc,

~ 1
Ev(o) = VEnt(Q|WVd") = = 00 otherwise.

These definitions are chosen such that &y (u) = Ey (ty(m)) = &y (ty (w)) forallu € Z2(N).
Finally we define a natural inverse of ¢y, namely

sy : PC) - PN); 0 (Q(A,‘,/))HEN, (4.8)

such that Py := 1ty o vy is a projection from &(C) onto Xy C Z(C).
To understand the limit of &y for V. — oo we will use the representation

~ 1 1
Ey (pde) = VfCAB(p/Wv>Wvdc=/c(;plongEv(c))dc

1 logV 1
Wv(c)) =1 — logwy forcea). 49)

1
ith Ey(c)= —1 (
wi v(c) v og v

In Lemma 4.2 below we will show that Ey converges pointwise to E as defined in (2.9).
To quantify the latter convergence, we use the classical lower and upper bounds of [49] for
Stirling’s formula:

!
VneNp: nl= \/Zﬂkn(ﬁ)” with ko = 2
(¢} JT

and £, —n—l—l—l—L
" 6 124/5472n

(4.10)
with y, € [0.9, 1] forn > 1.

Using this estimate and recalling E from (2.9) we obtain the following estimate.
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Lemma 4.2 (Pointwise bound for Ey) For all ¢* > 0 there exist K, > 0 and Vy, > 0 such
that for all V > V, the following bounds hold:

|Ev(c) — E(¢)| < %(logV—f—E(c)) forallc e C. (4.11)

Proof We decompose the error via

Ev(c)— E(c) = (ENc)—E(%n)) + (E(%n)—E(c)) (4.12)

with n defined by ¢ € A,‘,/ . For the second term we use the convexity of Ap and the estimate
logz < 1+ Ap(z). Hence, we have
n; Cj 1 Ci
i—— |1 — <7(1 A —)
(55 ) e () = 0ol

shap( ) —ap( X
i) 2 (75)]
max{/, 1/cf} /1 * ci
= \%4 (7_'— kB(c))'

1
Summing this inequality over i = 1, ..., I we obtain the upper bound

E(c) — E(wn) < %(H—E(c)) with Ky = max{/, 1/c}, ..., 1/c}}. (4.13)

For the opposite direction we use (a) that Ag decreases on [0, 1] and the convexity of Ap
which implies (b) Ap(z1) — AB(z2) < Ap(0) — Ap(z2—2z1) for 0 < z; < z5. This yields

1

I
* n; Cj (b) . Ci N
et~ pi0= Sefu(ie) ()] 2 S ()
= (4.14)

1

@ Z [AB(O)—AB< )} ! - 2 (1+log(ve)) ) < ar lof/v

i=1 l=l

if V> V' := max { max{l/c},ecf}|i = 1,..,1}, where Vc} > 1 and V > ec} are
needed in (a) and (c), respectively. Together with (4.13) this controls the second error term
in (4.12), viz.

|E(e) — E(+m)| < %(log V + E(c)) for V > Vj = max{e, V;'}, (4.15)

where K» = max{2/, K}.
For controlling the first error term in (4.12) we use (4.9) and obtain the identity

logV

Ey(c) — E(+n) = -1 >

I
1
+ v ;log@n’k,,i) forall c € A,‘,/, (4.16)

with k,, from (4.10). Because of 2wk, > 1 we obtain, for all V > 1, the lower bound

Ev(e) — E(4n) > —IIO%/V

I
> —V(log V + E(c)).

For the upper bound we use 2wkyg = 1 and 27k, < 8n for n > 1. Hence for n; > 1 we
obtain, using again the estimate logz < 1 + Ap(z),

5.

* Ci 1 % Ci
log(2ky,) < log(8n;) <log(8c}V) +log (=) <logV +log(8ec}) + 6 (=
Cc c¥

i l i
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Summation overi = 1, ..., I yields, forall ¢ € A,‘,/ and V > V5 1= 8emax{c], ..., cj},
the upper bound
Eve) — E() < B ko) wim & —max{i i}
v vV -V 3= 287 28 1

Together with the lower estimate we control the first error term in (4.12) via
ot Ky . _ *
|Ev(c) — E(yn)| < v (logV + E(c)) for V > V; = max{l, V5},

where K4 = max{/, K3}.
Adding the estimates for first and the second error term (4.12) we obtain the desired
estimate (4.11) with the choices Ky = K7 + K4 and V,, = max{V}, V/}. O

For consistency of notation we remark that 5‘/ (o) can be rewritten as
Ev(pde) = fc (% log p(¢) + Ey (¢))p(c)de
provided that this integral exists. The limit functional E is given by
E:2(C)—[0,00]; o0+ /CE(c)dQ(c), 4.17)

where we use that E is a continuous and non-negative function, so that E can be defined
everywhere but attains the value 400 if ¢ does not decay suitably at infinity. We will use the
following semi-continuity result.

Lemma 4.3 (Lower semi-continuity of E) For sequences (or)x C P(C) with Qk—*\Qoo, we
have E(0~) < liminfy_, o E(0k).

Proof For cut-off functions x € C.(C) with x(¢) € [0,1] we have E(xox) —
E(xo0s) by weak* convergence and continuity of E. Using x < 1 yields E(x0c0) <
liminfx_, ~ E(1gx). Choosing a non-decreasing sequence yx, with x,(c) — 1forallc € C
we have E (x,000) = E(loso) by Beppo Levi’s monotone convergence, and the assertion
follows. O

The following result gives the I'-convergence of &y to E with respect to the sequential
weak™* convergence as well as the equi-coercivity.

Theorem 4.4 (T"-convergence of £y to E) Let gv and E be defined on Z(C) as above. Then
we have the following properties:

(a) Compactness / equi-coercivity:
AV,,C,c>0VV >V,Voe 2(C): Ey(o)>—-C + cE(o). (4.18)
(b) Weak* liminf estimate:
ov—oin P(C) = liminf&y(ov)> E(0). (4.19)
V—o0
(c) Limsup estimate / recovery sequence:
-~ o~ = o~ o~ o~ * -~
Yoe 2(C)I(ovIv=1: ¢&vlev) — E(o) andoy—o, (4.20)

where we may take 9y = PyQ = ty (v (@)~
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Proof Obviously it is suNfﬁcient to show the lower bound (a) and the liminf estimate (b) for
the smaller functional £y, and for ¢ = p de with p € L1(C) (resp. oy = py dc with
py € L1(C)). We use the elementary convexity estimate

Vr>0, a,w>0: wig(r/w)=rlogr/w)—r+w >rlogla/w) —a-+ w.

We choose r(c) = o(c), w(c) = Wy(c), and a(c) = eleh = H{Zle_‘"’ > 0. Note
that a € L®(C) N Z(C) and Wy /a is bounded from above, for any fixed V. Hence,
¢ — log(a(c)/Wy(c)) = —|c|1 + V Ey(c) is bounded from below, and we can integrate the
above estimate to obtain the lower bound

el

~ 1
&z /C log (ae)/ Wy (¢)) de(e) = /C (Evio - SF)deco.

Since there exists a constant K; > 0 such that |¢|; < Kl(l—i—E(c)) and since Ey satisfies
the lower bound in (4.11), we obtain the lower bound

~ K.+K
G0 = [ E@dow - =T [ (1og V(@) dete)

K.+K,
= E(o) — *T(log V+ E(Q)).
This immediately implies (4.18) in part (a) with V,/log Vi, = 2(K4+K1). Moreover, if
ov—o then we have the lower bound &y (ov) > E(oy) — %(bg V + E(ov)) and the
liminf estimate (4.19) follows from Lemma 4.3.

To show part (c) we use the indicated recovery sequence and the upper bounds for Ey from
(4.11). For a given ¢ € Z(C) we define 9y = ty (5cy (0)). For an arbitrary continuous and
bounded test function ¢ we define the piecewise constant approximation ¥y via averaging
over A,‘,/ . We obtain

/ ¥ (©)dav(e) = / Vv (©)dBy (¢) = / Vv (©)da(e) — f () da(e),
C C C C

where the convergence follows via Lebesgue’s dominated convergence from the pointwise
convergence ¥y — ¥ and the uniform boundedness of ¥y . Thus, we conclude gy —*\/Q\.

To show convergence of Ey (0 ) it suffices to prove the upper bound lim supy,_, o Ev (Ov)
< E(9). For this we use the bound py (¢) < V! = 1/vol(A)) and the fact that py and Ey
are constant on the same cubes to obtain

~ log P IlogV
E@ = | (Og"#”c)wv(c)) avie = S5+ [ Evede)
C C

where now only the measure @ is left. The first term tends to 0 for V — 00, and the second
can be estimated from above using the upper estimate in (4.11), which yields

IlogV
Vv

K, .  I+K,
=(1+-2)E log V.
( + V) (o) + v log

_ K. ~
&) < + /C E(0)+ <+ (log V-+E(©)) da(e)

This implies the desired upper bound for V — 00, and the proof is complete. O
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4.4 A Liminf Estimate for the Dual Dissipation Functional

Here we provide the liminf estimate for the dual dissipation potential \I"*}(uv, DEy "))
based on the lower bound

1
i, (0. DE(0)) = 5 /; VE(c) - K(¢)VE(c)do(c). 421

We observe that the latter term is linear in ¢ while the former term is convex in u" . Indeed,
introducing the convex function G(a, b) = (a—b)(loga —log b) for a, b > 0 and noting the
relation A (a, b)(loga — log b)? = G(a, b) we have

MV r
Wi (u’, Dy ") ZZM <"+"", nh ) (4.22)

=1 neN Wy Wi pr

To establish the linear lower bound we use the elementary, affine lower bound
Va,b>0,weR: G(a,b) > g(w)a+ g(—w)b, where g(w) :=1—e™ + @4.23)

This estimate follows easily by convexity, G(a, b) > G(e®, 1) + DG (e®, 1) - (a—e®, b—1),
and 1-homogeneity giving G(e“, 1) = DG (e“, 1) - (e“, 1). Note that equality holds in (4.23)
if = log(a/b). Moreover, we have g(w) + g(—w) = 2 —e® —e™® < 0, so a careful choice
of w depending on n will be necessary to obtain a good lower bound with a positive leading
term.

Proposition 4.5 We have the liminf estimate

@) Soin 2(C) = W, (0.DE(0) < lim inf W (", DV ).

Proof The special forms of K(c), E(c), and W[, in (4.21) give the formula

* 1 R Car L‘ﬂr
V(0. DE() = 5 / > Kl G(7 )dg(c) (4.24)
C _ Cy c
r=1 *
Since W}, and W[ are defined as sums over r = 1, ..., R of nonnegative terms, it suffices

to show the result for each r separately, where we suppress the index r.
Inserting (4.23) into (4.22) yields, with w, € R to be fixed afterwards,

1 iy, ,
\IJ;‘,(uV’ DSv(uV)) > v Z vy (g(a)n) nte | g(—wp) +ﬂ>
neN "+°‘ Wntp
=% (s@nAS My g + g(—omAl 0y, )

2 neN

wy _ (n+9)!

v P
W, s (cxV)°n!

with A%, (n) :=

where we used the detailed-balance conditions from Theorem 3.1 for the last identity. Rear-
ranging the sum and recalling that A% (r) = 0 for n ¢ A" we find

U@, DEy@’)) > = Z hYuY withh) = g(wn—a)A (0 — @)
nEN

+g(—wn_p)AP (n — B).
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We now choose w, = log (A‘{‘, (n)/A’?, (n)) for n € N and w,, = 0 otherwise and find,
for all n with n > & or n > B, the relation
hY = G(A% (n—a), AP (n—p)) + £/ with
£V = A% (n—a) — AL (n—B) + AP (n—B) — AP (n—a)
n—p) 8 Af (n—a)
AY (n—a) log (Vi) + Af, (n—pB) log <7
v A€ (n—a) v AY (n—PB)

The idea is now that as %n — ¢ > 0 we have the convergences

A‘z,(n—a) — c‘s/ci and A‘g/(n—ﬂ) — c‘s/ci,

which yields fn — Oand h,, V. G(c*/ g, cP /Cx ) as desired. To be more precise we define,
for all ¢ € 10, 1[, the functlons

G.(a,b) = —¢ + min{(1—&)G(a, b), 1/¢},

which converge monotonely to G(a,b) for ¢ N\, 0. A lengthy calculation using the
explicit structure of A‘s (n) shows that for all & > O there exists V, > 1 such that
hV > G:(AT (n), AP vy (@) for all V. > V. and all r. Even more, if we deﬁne the func-
tions Hy : C - R; ¢ — Zne/\/h ]lAv(c) then, for all ¢ > O there exists Vg > 1 such
that

~ c® P
VV>T.VeeC: Hy(c) > H.(c) := Gg(—a, —ﬂ).

*  Cx
Hence, using the definition of ty we find the lower bound

Ky

W@, DEy (u")) 5

v

Bl = %/ Hy (&) duy " )(©)
P C

Ks v
= / He(@)diy (") ©).
C
Since §); is lower semi-continuous and bounded, this implies the liminf estimate

w)se = 1iminf\p§(uV,D£V(uV))z"—*/.ﬁg(c)dg(c).
V—oo 2 C

Because ¢ > 0 was arbitrary we can use the monotone convergence $.(c) G(i—z, %) to
* 0y
conclude the desired result for each of the R reactions
K “r r
liminf W,* ", DEy ")) > = | G(%, %) do(e
minf v @”. Dev@' = 7 | G5 ) deto)
_Ki Pl cﬂr . r_ pry)\2
=7 ) A F)(VE@-@ = B)) de(o).
Summation over r = 1, ..., R yields the full result for \llé. O
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4.5 A Liminf Estimate for the Dissipation Functional

In the evolutionary I'-convergence method of [41,54,58] it is standard to provide a liminf
estimate for the primal dissipation potential ¥y which in our case is defined via the Legendre
transform

Wy, v) =sup | T unby — WY@, 8) [ § = Ennen |.

neN

However, as our theory relies on the dualization Wy (u, v) > ZneN Upn&n — \IJE“, (u, &) it
will be sufficient to have the following limsup estimate for Wy, which crucially relies on the
concavity of the map (a, b) — Al(a, D).

Proposition 4.6 Consider any pair (0,&) € 2(C)xCL(C) and set gV = wE N - R
with 1§, defined in (4.7). Then, for every family ")y =1 we have the limsup estimate

whte = limsup Wi’ £) = V0.6 = 5 /c Ve - KVEdg(c).(4.25)

V—oo

Proof As in the proof of Proposition 4.5 we can exploit that W{; is a sum of non-negative
terms over r = 1, ..., R. Hence, it is sufficient to show the desired limsup estimate for each
reaction individually. For notational simplicity we drop the reaction index r.

Defining QV = pVde = 1y "), relation (4.5b) leads us to the integral representation

vy, &) = %/ CA(pV’“(cLpV”’(c>)M€(c>dc,
ce

where
PV @) = avi@p! (e+pa). PV @) =by(@p” e+ B).

and the functions ay, by, and M \E, are given

Be(”) 3 2(sV Vo2 %
., by(o) = VP My () = V*(Eyiq—Epyp) forcea,.

Cx

BS(n)
Vel

ay(c) =
Using & € Cé (C) there exists R > 0 such that sppt Mé C Cp := Br(0) N C, and we
have uniform convergence
lay —acollLe(cr) + 1BV —boollLe(cr) + IIM\E/ — (V& - p)?lloicg) = 0 as V — o0,

where aso(c) = ¢*/c%, boo(c) = cB/cP and y = a—B. Using A(r, 1) < $(r+t), the
uniform boundedness of ay and by on C, and that gy is a probability measure, we see that
in the limsup of lIJ‘*}(uV, ‘g‘v) we can replace M‘S/ by ((oz—ﬂ) . V$)2 without changing the
limsup in the left-hand side of (4.25).

Next we consider the functionals F : .#(Cg) x .#(Cgr) — [0, +00] given by

Floi.02) = /C Fo1(©), pa(e)(y - VE©) de with f(r. 1)
R

_ | r+t=AQ, 1), forr,t >0,
o 400, else.
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Note that f(r,t) > %(r+t). Moreover, f is convex and positively homogeneous of degree
1. Thus, F is weak* lower semi-continuous on .#Z (C g) x . (C ), cf. [20, Thm. 6.57]. Now
using the convergences

V,a* V.b ¥
o —\aoog|CR and o —\booQ|CR as V — oo,

we obtain the liminf estimate liminfy_.oc F(0"%, 0"'?) > F(dso0, bso0).
Thus, in the view of the identity

[ awr s veetae = [ oVeep iy ve@) de= F@ 0",

and observing that the first term on the right-hand side is weak™ continuous, the limsup for
V — oo gives

V—o0 V—o0

limsup W} (", £") = I;—*limsup/ AV, pV Py - VE(e)) de
Cr

Ky Ky
(aoo+boo)(y : Vg)z do — — F(ac00, bxo0)
2 Jeg 2

= /c Alasor boo) (7-VE©)>do(e) = Wi (0. £).

IA

This is the desired result for one reaction, and the full result follows by summation over
r =1,..., R and the definition of K, namely V¢ - KV& = Y ® | K;A(zz, , fﬁ, )y VE)>.
* Cx

m}

4.6 Convergence of Solutions

Here we provide the general convergence result as V. — oo for the appropriately embedded
solutions #"V : [0, co[ = Z(N) of the CME to the solutions o : [0,00[ = Z(C) of the
Liouville equation, which is a simple transport along the solutions of the RRE ¢ = —R(c) =
—K(e¢)DE(c). Our approach follows the strategy of evolutionary I"-convergence as initiated
in [54,58] with the new idea of dualization as introduced in [35].

Theorem 4.7 (Evolutionary I'-convergence of CME to Liouville) For all V > 1 consider
a solution uV : [0, co[ - PN of the CME (3.2). Assume that the initial conditions are
well-prepared in the sense that

o @ (0)=0% in 2(C) and Ey " (0)) — E°).

Then, for all t > 0, we have the convergence

@’ ()=o) in 2(C) and Ey@" (1)) — E(o(1)),

where o : [0, oo[ = Z(C) is the unique solution of the Liouville equation (4.3) starting at
0(0) = @Y, i.e., for all ¢ € CL([0, T1xC) with (T, -) = 0 we have

T
/ 0(0, ¢)0°(de) + / f (a,ga(r,c)—w(t,c)-K(c)VE(c))g(z,dc)dz=o. (4.26)
C 0 C

Moreover, forall r, s € [0, T] with r < s we have the energy identity

E(o(s)) +2/ Uiio(0(), =DE(o(1)))dt = E(o(r)). 4.27)
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For the proof we use the energy-dissipation principle for V > 1 and pass to the limit in
each of the terms. If " is a solution of the CME, then for all T > 0 we have

T
5V(uV(T))+/ Wy ", a") + ¥} (u’, —DEy ")) dt = Ev (¥ (0)). (4.28)
0

Following the ideas in [11] for the passage from a Markov chain to the Fokker—Planck
equation or the general methods in evolutionary I"-convergence, we want to pass to the limit
in each of the four terms. As a general fact, it will be sufficient to obtain liminf estimates on
the left-hand side, since by a chain-rule argument an estimate with “<” instead of equality
can be turned back into an equality. Moreover, by the assumptions of the theorem we see that
the right-hand side converges to the desired limit.

However, it is rather delicate to pass to the limit in the integral fOT Wy ", 4")dr, because
the potential Wy is only implicitly defined and we expect the limit to be given in terms of the
Benamou-Brenier formula for the Wasserstein distance induced by the metric on (C, K). A
major difficulty is even to obtain a suitable equi-continuity for the solutions z" to be able to
extract a subsequence converging at all times. In particular, it is unclear how to pass to the
limit in ¢y @Y (1)) by a direct argument.

Hence, following [35], we estimate the primal dissipation potential ¥y from below using
the definition in terms of the Legendre transform of W§;. Using additionally an integration
by parts we have

T
/ Wy @, aV)dt > Jy@V,n) forall n € CL([0, TT; €2 (N)) with
0

T
Jv @, ) == @(T), n(T)) — u(0), n(0)) —/0 (w®), 7(0) + ¥y @), () dr,

where (&, 1) := D, cp Untin. With this argument we can replace the energy-dissipation
principle (4.28) by the estimate

T
v (M) +3v@”, p+ / (", —DEy"))dr < Ev ¥ (0),  (4.29)
0

which holds for all differentiable 5. In this equation we are then able to pass to the limit
V — oo, when choosing n = 5V = 1y (&) for a smooth function &.

At the end we are then able to calculate the supremum over all £ by using the especially
simple quadratic structure in &, which mirrors the fact that the Liouville equation is a simple
transport equation.

Proof of Theorem 4.7 Step 1: Embedding and uniform a priori bounds We now consider
the family u” [0, T] > P2(N) and embed it into 2(C) via ¢y from (4.6). As in [11]
we show an equi-continuity in a 1-Wasserstein distance, but introduce an additional weight
accounting for our unbounded domain C. We define the maximal order p of all reactions via

pr=max{|a |, |B 1 |r=1,...,R}.

For u € .#(C) and for g9, 01 € Z(C) we set

llliw == Sup{ /Cf(c)dM(C)

feF } and diw(00, 01) = lleo — o1lliw,
where F := { f € C1(C) | supc (1+]cl?) |V f(e)| < 1}.
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Using the definition of the Markov generators Q, in terms of the coefficients IB%‘?;(n) , see
(3.3), it is easy to derive the uniform estimate ||LV(i1V(t))|| 1w < Crw independently of the
initial conditions and V > 1 (one simply needs Y u) = 1). Hence, we obtain the uniform
Lipschitz bound

diw (v @’ (1)), 1y (1 (5))) < Crwlt—s| foralls,z €[0,T]andall V > 1.

Moreover, as Ey (1" (1)) < Ey @ (0)) < E(©°) + 0(1)y— oo by well-preparedness, the
equi-coercivity of £y established in (4.18) yields the uniform bound

AV, >1,Cg <ooVt>0, V=V, : f (1+|c|)LV(uV(t))dc < Cg. (4.30)
C

Step 2: Extraction of a subsequence The subset of &?(C) defined by the boundedness
of the above first moment is a compact subset of the metric space (Z(C), diw). Indeed,
using Prokhorov’s theorem one finds that this set is weak™ sequentially compact. Since djw
is dominated by the bounded Lipschitz metric (which metrizes weak* convergence), the
compactness of (Z(C), diw) follows.

Hence, we can apply the abstract Arzela-Ascoli theorem in (Z(C), diw) to extract a
subsequence V; — oo and a limit function g : [0, T] — £(C) such that

Vtel0,T]: Lv(uV(t))—*\Q(t) in Z(C), (4.31a)
Vs,t€[0,T]: diw(e(®), o(s)) = Crwlt—sl, (4.31b)
Viel0,T]: E(o(t) < E@"), (431c)

the mapping ¢ — o(¢) is weak* continuous. (4.31d)

At first, in place of (4.31a) one obtains diw (Lv(uv(t)), Q(t)) — 0. To derive (4.31a), we
use the bound (4.30) together with the fact that any bounded continuous function can be
uniformly approximated on compact sets by (multiples of) functions in . Similarly, (4.31d)
follows from (4.31b). In particular, combining (4.31d) and the assumption Lv(uv(O))—*\QO
we conclude o(0) = QO. Finally, (4.31c) follows via (4.31a) from Theorem 4.4:

E(o(1)) < liminf &y ' (1) < lim inf £y (1" (0)) = E@@").

Step 3: Limit passage in (4.29) Combining (4.31a) for t = T and Theorem 4.4 (cf. (4.19)),
the first term satisfies the liminf estimate lim infy_, o, Ey (Y (T)) > E(o(T)). For the last
term we use the assumption &y (1" (0)) — E(QO) = E(0(0)).

For the third term we employ Proposition 4.5 for each ¢ € [0, T'] based on (4.31a). Using
Fatou’s lemma we conclude the liminf estimate

T T
lirninf/ Wl (u¥ (1), =D&y (" (1))) dt z/ 1ivminfxp;;(uV(t),—ng(uv(t)))dz
0 0 —> 00

V—o00
T
> /0 W (0(1), —DE(o(1))) dr.

Thus, it remains to pass to the limit in J v(@", ). For this we choose an arbitrary
£ e Cé([O, T]xC) and define gV(r) = 1},(§(1)), cf. (4.7). With this choice we can apply
Proposition 4.6 for all ¢t € [0, T'] based on (4.31a). Now, Fatou’s lemma yields

liminf 3y ", &) > Jrio(0, &) where
V—>oo
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JLio(0; §) IZ/CS(T,C)Q(T,dC)—/CE(O, ©)0(0, de)

T
[ [ (0.0 + Ve 0 K@VEw )t derar.
o Je 2

In summary, we conclude that the limit function ¢ : [0, T] — Z(C) satisfies

T
E(o(T)) + Jrio(e: ) +/0 Ulio(o(), —DE(o(1)))dt < E(0(0)) (4.32)

for all £ € CL([0, T]1xC).
Step 4: Energy balance By inserting £ = 0 in (4.32) we obtain the upper bound

T
D(0;0,T) := /0 /CVE(C)-K(C)VE(C)Q(Z, de)dr < 2(E(e(0)) — E(o(T))).

We want to show energy balance, i.e., equality when the factor 2 is omitted. For this purpose,
we observe that the measures o (¢, -) € Z?(C) decay at infinity such that (4.31c) holds. Hence,
we may also use (¢, ¢) = AE(c) as testfunctions in (4.32). Writing shortly e(¢) := E(o(?))
we find Jrio(0, 1E) = A(e(T) — (0)) — 5 D(g; 0, T) and obtain
22
—(e(0) — e(T)) — ?D(Q; 0,7) = JLio(, LE) = €(0) —e(T)

1
—E'D(Q; 0,T) forall A € R.

Maximizing with respect to X leads to (e(0) —e(T))?/D < 2(e(0)—e(T)) — D which implies
e(0)—e(T) = D, or more explicitly D(0; 0, T) = E(0(0)) — E(o(T)), which is the desired
energy balance (4.27) forr =0ands =T.

Moreover, we can repeat the calculation on [0, s] with 0 < s < T instead of [0, T]. The
full result (4.27) follows by subtracting the identity on [0, r] from that on [0, s].
Step 5: Weak form of gradient flow equation With Step 4 we rewrite (4.32) as

1 1
JLio(e. §) = E(e(0)) — Ee(T)) = 5D(0: 0. T) = -D(e: 0. T),

and know that the left-hand side is maximized by & : (¢,c¢) +— —E(c). Inserting the test
functions £ (¢, ¢) = d¢(t, c)—E(c) withsmall§ > Oand g € Cl([O, TIxC)withe(T,-) =0
we arrive, after some cancellations and after dividing by § > 0, at

T
—/ (0, ¢)0(0, dc)—/ / (8;(/)—V¢~KV(E—%<,0))Q(Z,dc)dt <o0.
C 0 C

Taking the limit § N\ 0 and replacing ¢ by —¢, we obtain the desired result (4.26).
With this, Theorem 4.7 is established. O

5 Approximation via Fokker-Planck Equations

In the above section we have seen that the Liouville equation is the proper limit of the CME
for V. — oo. However, for finite but large V it can still be advantageous to replace the discrete
CME by a continuous PDE with V as a large parameter. In this range the stochastic modeling
is done by the so-called Langevin dynamics, see [24,34,61], which is based on a stochas-
tic perturbation of the reaction-rate equation (RRE), see (1.4). At the level of probability
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distributions the corresponding model is the associated Fokker—Planck equation (FPE). We
will discuss two different gradient flow approximations: in the first we simply add a suitable
“entropic term” to the driving functional, but keep the dissipation fixed (cf. Sect. 5.2), while
in the second we expand £y and Ky such that all terms of order 1/V are correct (cf. Sect.
5.3).

5.1 Improved Approximation of the Relative Entropy

We interpret the sum in the definition of £y as a Riemann sum and replace it by a cor-
responding integral. The main point of the improvement is that we keep the entropy term
% > unloguy in the definition of Ey (u), which is in contrast to the limit E obtained in
Theorem 4.4. Working with absolutely continuous probability measures o(dc) = p(c) dc
with p € L'(C), we can define the V-dependent entropy by

1
Evo) =, [ petos (o) de. 51

where the equlllbnum density Wy € L!(C) has to be chosen suitably. A first simple
approximation is WV(c) = Zl “VE@© with E(c) = Zlq cfAB(ci/c}) as above and

Zy = fc ¢ VE(© dc. However, a better and more refined Wy is obtained using the next
order of expansion in Stirling’s formula (4.10) as well. For this we use the approximation
kn ~n+1/6,ie.,log(n!) = nlogn —n+ % log (27 (n+3%)) + O(1/n?) forn — occ. Hence,
taking the limits V, |r| — oo such that {; — ¢, we obtain

1 Vo 1
—Vlog w, ~ E(c)+ VG\/(C)

with the V-dependent correction Gy (¢) := 3 S log (27 (Vi + ¢)) for E.

We now take a probability measure ¢ = pdec € Z?(C) and a discrete approximation
u ~ ny(e) € PN), where sy : 2(C) — P(N) is the natural projection defined in
(4.8). Then the Riemann-sum approximation results in

Ey(u) = Z uylogu, — Z Up logw
neN ne/\/

logV 1
—/ p(c)logp(c)dc—l%—i—/ (E(c)—{—VGV(c))p(c)dc

_ I p(e)
= / p(o)l og W(V . C*))dc,

Ve—Vc*AB(c/c*)
where W(V, ¢, ¢x) = HW(V circh) withW(V, ¢, ¢*) = .
i J2rn(Ve+1/6)

22

The probability density Wy is then defined by normalizing W(V, - ¢). We thus set
Z(V,c*) = [;°W(V, ¢, c*)dc and

[ -~
* : * W(vs c, C*)
Wy (c) = l_[W(V,C,‘,C,') with W(V, ¢, ¢*) := W (5.2)
i=1 ’
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This yields the expansion

I
1 1 ~ 1
-V log Wy (¢) = E(c) + VEY(C) where Elv(c) =2(V,cy) + 3 glog (Vci+%)

withZ(V, ¢y) = Zilzl log («/271 Z(V, c;‘)/V). In summary, for Ey defined via (5.1) and
(5.2) we have

1
Ev(@)=E(Q)+V/C(p10gp+E1Vp)dc, (5.3)

and DEy (0)(¢) = v log p(¢) — 3 log Wy (¢).

5.2 Simple Fokker-Planck Approximation

Here we keep the V-independent Onsager operator K () : § > —div (QKVS) of the Liou-
ville equation and obtain the V-dependent continuous gradient system (Z(C), Ev, K). The
associated gradient-flow equation 0 = —K (¢)DE vy (o) is the FPE

1
p= div(VK(c)Vp 1 pR(e) + pAv(c)), (5.4)

where we used K(¢)DE (¢) = R(c) and set Ay (¢) := 3K (€)(yeitrg)is /-

We expect that this FPE is a good approximation to the CME for al] sufﬁ01ent]y large
V. In particular, (5.4) has the steady state p = Wy, which is close to the discrete steady
state w¥ € P (N) using the embedding as above. In contrast, the only steady states of the
Liouville equation (4.1) are concentrated on the equilibria of ¢ = — R(c). Of course, the FPE
still respects the invariant sets I(q), because the mobility K of the Onsager operator K is the
same as for the Liouville equation. In particular, p = Wy is the unique equilibrium density
if and only if K has full rank, i.e., I(q) = C forall g € 9.

The simpler choice Wv (c) = 1 V1G) e~ VE®© for the equilibrium yields the relative entropy
- 1 p(c) / 1 log(Z(V))
E = lo de = —1 E de + ——.
v = / p(e)log (% V(c)) c= | (loep@+E@)pede + =57

The flow equation 0 = —K (Q)DE v (0) induced by the gradient system (Z(C), E v, K) is
the simplified FPE

1
o= div(VK(c)Vp + pR(c)), (5.5)

which is the same as (5.4) but with Ay = 0. The simplified equation will be used below as
well, since VT/V has a simpler explicit form.

We believe that this approximation is suitable for many purposes. However, it does not
produce the correct diffusion as derived in [34, Eq. (1.7)]. This diffusion correction is used
to improve the RRE ¢ = —R(c) by replacing it by a stochastic differential equation called
the chemical Langevin equations (CLE) in [24,61], see (1.4). The associated Fokker—Planck
equation takes the form

1
Z (PRcLe(0)if) + div(oR(0)). (5.6)

@ Springer



Modeling of Chemical Reaction Systems with Detailed Balance... 2289

where KCLE (¢) € R™*! is given in (1.6) and differs from K as the logarithmic mean A (a, b)
betweena = ¢ /c¢¥ andb = cf'/ cf s replaced by the arithmetic mean %(a +b). Obviously,
(5.6) @es not have a gradieni structure Xvith respect to ]KCLE, because there is no function
¢ — E(c) such that R(¢) = KcLe(c)VE(c).

5.3 Fokker-Planck Equation with Higher-Order Terms

To derive a proper expansion for the term of order 1/V in the evolution equation, we work
with the V-dependent entropy Ey defined in Sect. 5.1. Up to an irrelevant V-dependent
constant, this functional approximates £y from (3.7) up to order 1/V?2.

Similarly, we need to derive a suitable expansion for the dissipation potential, which can
be done for each reaction independently. The discrete dual dissipation potential is given by
(4.5b), namely

Vv 2
\I";k/ (u, &) = 5 E A(kfw IBglit/(") Un+ta, Kow B/‘g/(n) un+ﬂ)(//~n+a_,un+ﬂ) .
neN

For a smooth function &£ : C — R we use the second-order accurate midpoint approximation

= ﬁ%, S S(%(n—i—&)) with § = $(1, ..., 1) to obtain the expansion

V(Mn+a _ Mn+ﬂ) — VE(C;‘:) . (a—ﬂ) + 0(1/‘/2)‘,_)00 with c:,/ = 3/( +#+8)

where we used symmetric difference quotients to obtain second order accuracy. Moreover,
for a smooth and sufficiently fast decaying 0 = pdec € Z(C) we define the associated
discrete u € 2 (N) viau = sy (0) = t},0, which yields V'u, = p(+ (n+8)) + 0(1/V?),
1
Vinsa = p(cy) + 55, V0(c;) - (@=B) + 0(1/V?),

and similarly for V! up1 - Hence, for the arguments of A we find the expansion

BV ttnra = () p()) + ~F,

v , +0(1/V?)
with F) = —(c})*p(c )Zz(ée‘) ¢)*Vp(c,) - (@—p).

For all smooth functions f, g : C — R with compact support in int(C), the trapezoidal rule
for Riemann integrals gives

X (reh+ Ty = [ (f@+s@)der 0a/v?.

Hence, for smooth p and £ we find the expansion
W5 (52v(0), By) = DF (0, &) + O(1/V?) for V — oo with
* 1 o B 1 2
V0.6 =5 | (Atwe kne)o(© + (e p(©). V0(0) ) (VE©) - (a= ) de
where the correction term Y takes the explicit form

Y(e, p, p) = Yo(e)p + Yi(c) p- (@—B) with
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K €% +kw € —2 A (ktwwe®, kP
2(kfwe® _kbwcﬂ) '

A(a,b) a—A(a,b)
a a—b

Ti(c) = Alkye®, kpweP)

Here we used the relation 9, A(a, b) = , giving

ao,A(a, b)+bopA(a, b) = A(a, b) and
a+b—2A(a, b)
—b :
Now we are in the position to calculate the first-order correction to the Liouville equation

from the approximate entropy Ey (cf. (5.3)) and the dual dissipation potential ¥, namely
0 = D@} (0. —DEy (0)), which yields

adgA(a,b)—bopA(a,b) = A(a, b)

. . ~ L.~ =~
p = div {(pa(c) + PP +B1@ Vo - @) + 0<1/v2))(a—ﬂ)} ,
where the coefficients are given by
a(e) = Alkrwc® koweP) (@—p) - VE(€) = ke —kowel

~ v 1 v

bo(c) = A(kwe®, koweP) (@—B) - C8 — g(kfwc“—kbwcﬂ)a - CB,

~ 1

bi(c) = Alktwe®, koweP) + Y1 (c)(@—B)-VE(c) = g(kfwc“+kbwcﬁ>.

It is interesting to see the cancellation in the term 31, where Y did not have a sign, but
after multiplication with («¢—p)-VE(¢) it becomes positive and increases the logarithmic
mean A (kg %, kbwcﬁ) to the arithmetic mean %(kfwc"‘ +kbwc’3). Moreover, the coefficient
by consists of two terms, the first of which corresponds (up to order 1/V?) to the correction
Ay in (5.4) arising from the improvement of E y, while the second term arises from improving
the dissipation potential ®%,, namely via Y.

Putting these derivations together, summing over r = 1, ..., R different reactions, and
dropping all terms of order 1/V?2, we find the following approximative Fokker—Planck equa-
tion:

1~ 1
pt.c) = divc(VKCLE(c)Vp(z, &)+ p(t. )R() + 70, OB@) (57

where R(c) = K(¢)DE(c), B(c) = Zle Eg(c)(a’—ﬂ’), and KCLE is given in (1.6).

The big disadvantage of equation (5.7) is that it is generally no longer a gradient system.
However, it may be considered as an equation with an asymptotic gradient flow structure in
the sense of [6]. To find the simplest true gradient system that is compatible with the Fokker—
Planck equation (5.7), we have to find a true dual dissipation potential 5’{, that is non-negative
and coincides with ®}, from above to lowest order. To keep the notation light, we again explain
the construction for the case of one reaction only and set Ag(c) = A (kfwc?, kpwe?). Our
simplest choice is

~ 1 1
v, &) =/ (Ao(C)p(C) + VTo(C)p(C) + VTI(C)VP(C)'(“_ﬁ)
C

Ta(c) Ys(e) (Vo(e)-(x—B)

+ ) ple) + ) 2

2
) ) (Vé(©)-@—p))’ de,
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where the higher-order corrections Y5 (c) and Y3(c) need to be chosen such that 6"“, (p, &)
is still coercive. Choosing 0y, 6, € 10, 1[ with 8; < 6,, we may require

To(c) + Ta(c)

v 1 = 02A0(0) and 461 Ag(e)T3(e) = Y1(e)®

Ao(e) +

forall V > 1, so that &% (p, £) > (62—61) [ Ao(€)p(c)(VE(c)-(a—B))” de. The bounds
for Y (c) and Y3(c) hold for the following choices (or any bigger ones)

Ya(e) = Ao(c)

, 1
= m(a.af)z and Y3(¢) = ——— Ti(0)%.

461 Ao(c)

Of course, we fix the energy functional to be the improved entropy functional Ey from
(5.3), and the gradient system (£?(C), Ey, ®7,) has the associated gradient-flow equation
0 = Dg®% (0, ~DEv (0)). With DEy (o) = & (1+1log p) + E + + E} we find

~V
. . ~ a (¢
p:dlv<|:a(§/(c),0+ IV( )Vyp-i-

ay (e) (Vyp)? @y (c) (Vyp)?
ZVZ };0 + 3‘/3 ;2 Y

with @) = AY VE+—1VEl al =A%+ VE—i——lVE1
0 T\ VY y rEv T L\ Vy y rEv (5.8)

Y =T+ VE+—1VE1 Vie)="1

a, =T1+13|V, yEy ), and a3 (c) =73,

To(e)  Ta(o)
Vv V2

whereA¥(c):Ao(c)+ , y=o—B, andV, f=Vf.yp.
Because V, E Y is of order 1/V, we see that this equation involves terms up to order 1/ V4,
namely through 27(‘)/ and through @ /V2.

Clearly, our gradient-flow equation (5.8) is much more complicated than those generated
by the asymptotic gradient-flow structures in the sense of [6], where higher order terms are
simply dropped.

There is also the question of well-posedness for equation (5.8). To have parabolicity of
the leading terms we need that the mapping p — %ZZ}/ P+ %Zig PP+ %Zl}v p> is monotone,
which amounts to asking that @} +2a) g +3ay g> > 0 for all g € R. This can be always be
achieved by making Y, very big while keeping Y3 constant, since Y only enters once via

~V
a .

5.4 Comparison of Models

To appreciate the positive and negative aspects of the different approximations of the CME,
we treat the simplest example, namely the linear RRE on C = [0, oo[:

1
¢ =1—c¢ corresponding to the reaction pair X = (. 5.9
1

Obviously, we have the explicit solution c(t) = 1 + (c(O)—l)e_’ .
The associated CME for u = Z2(Np) is given by

ity = Vup—1 — (V4n)u, + (n+Dupqq forn € No, (5.10)
where u_; = 0. Using the linearity in (5.9), which leads to the linearity in n of the coefficients

in (5.10), we obtain explicit closed form relations of the evolution of the rescaled expectation
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et) == % > nen, Mn (1) and variance () = % > nelo n’u, —e(t)%, namely

et)y=1-2@) and V(t) = —20(1) + L+e)

(5.11)

Moreover, it can be easily checked that for any solution ¢ — c¢(¢) of the RRE (5.9) the
following formula provides an explicit solution of the CME (5.10):

e—c(t)V

U (t) = (c()V)" forn € Ny. (5.12)

n!

Note that this is expression is compatible with the ODEs (5.11) for the moments, since for
these Poisson distributions we have e(¢) = ¢(¢) and v(¢) = c(¢)/V.
The Liouville equation and the simple Fokker—Planck equation read

dep
\%4

The Fokker—Planck equation for the chemical Langevin equation (cf. (5.6)) takes the form

(Lio) o= 86((c—1)g) and (FP) p = BC(A(L c) + (c—l)p).

1
(FPeie) p=2(5p) +c(=Dp).

To compare the solutions of (FP) and (FPcpg) with the true solutions of the CME (5.10), we
assume that the solutions can be approximated by Gaufians. In general, for multidimensional
Fokker—Planck equations of the form p = % > j 8i2j (,OM,' j (c)) + div (pRV) the ansatz

o(t, ) ~N(a(t), %A(r)) witha(t) € R?and A(t) € ]R’Sjpﬁd leads to the necessary conditions

a(t) = —R(a(r)) and A(r) = —DR(a(t))A(r) — A()DR(a(1))" + 2M(a (1)),
see [55] for rigorous results of this type. Applying these formulas to (FPcLg) we obtain
ag=1-a and A=-24+1+a, (5.13)

hence the ODEs for a and A/V coincide with those for e and 7'in (5.11).
A similar argument indicates that solutions to (FP) are well approximated by Gauf3ians
with mean ay and variance Ay satisfying

1 .
ay=1—ay + VBgA(l,aV) and Ay = —2Ay +2A(,ay). (5.14)

On the one hand, this clearly indicates that (FPcpg) provides a better approximation to the
CME fort € [0, T]. By formally passing to the limit V — oo in (5.14), we see that the ODE
for ay is asymptotically correct. This is not the case for the ODE for Ay, since the arithmetic
mean in (5.13) is replaced by the logarithmic mean in (5.14). However, the error of A(1, ¢)
compared to %(H—c) is less than 10 % for ¢ € [1/3, 3] and it converges to O for ¢ — 1, i.e.,
in the limit # — oo. Equations (5.13) are consistent with Kurtz’ central limit theorem, which
asserts that the normalized process %N V (¢) has fluctuations around ¢(¢) of order 1/+/V, and
the rescaled process JV (%N Vi) — c(t)) converges to a GauBian process ¢ — V(¢) with
covariance matrix A satisfying A(t) = —=DR(c(t))A(t) — A(H)DR(c(t))T + ZKCLE(c(t)),
see, e.g., [34, Eq. (1.9)].

On the other hand, (FP) makes a better prediction for the equilibrium distribution that is
attained for + — oo. For (FPcLg) we have the unique steady state

1 5 o ¢ ‘
P (o) = g e with Ee) = / B2 G = 202~ (4— ) log 1<,
v 1
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Thus, E grows only like ¢, such that peqc

eq,FP

decays exponentially only. In contrast, the

equilibrium py*"" = Z,,'e™VE(© of (FP) produces the correct super-exponential decay of
the stationary Poisson distribution equation for the CME (5.10).

5.5 Approximation via Cosh-Type Gradient Structure

The derivation of a gradient structure (4.3) for the Liouville equation (4.1) can be repeated
very similarly by starting from the cosh-type gradient structure introduced in [44], see Propo-
sition 3.8. We do not give the details here but provide the result only.

Starting from the cosh-type dual dissipation potential W7, |, defined in (3.8) instead of
the quadratic dual potential W}, defined in (4.5) we obtain the counterparts to Propositions
4.5 and 4.6 but now with

R
[4
‘I’:osh,Lio(Q’ E) = / Z Kr(
ceC

Without any need to justify the approximation procedure in the sense of Sect. 4.2 we easily
obtain the following result.

v

B\ 1/2
- ) CB—a) - Ve£©)date).
*  Cx

Proposition 5.1 (Cosh-type gradient structure for the Liouville equation) The Liouville equa-
tion (4.1) has the gradient structure (#(C), E, ‘I’:mh Lio) with E from (4.2) and ¥
from above.

Proof The result follows by using DE(0)(-) = E(:), V.E(c) = (10g(cz'/c;")),.=1 and
DE ‘I’cosh Ll()( Dg(@))[n]
12 s Ci
/ Z ca’ ﬁ’) (Sp) (_yr . (lOg E)i)[yr . Vﬂ]dQ(C),
where y” = o' —B". Using v/ab (C*)'(log(a/b)) = a—b and the definition of R gives

D: Wi 1io (0, =DE(@)) ] = — [ R(¢) - Vido(e) which is the desired right-hand side of
(4.1) when testing with 1 and integrating by parts. O

cosh,Lio

As in the case of quadratic gradient structure for the Liouville equation we may consider
the first-order correction to obtain a Fokker—Planck equation. For this we insert the improved
energy Ey defined in (5.3) into the dissipation potential ¥* cosh. V (cf. (3.8)) to obtain a

quasilinear Fokker—Planck type equation, namely ¢ = Dg \Ilmh v (Q, —DEy (Q)). Using the
abbreviations a, := 7 and b, := % we find (note VCEIV(c) =0(/V))
* Cx

1
Dg‘I’cosh V( ’_DEV(Q)) = DE‘I’cosh V( logp E— VE1V>

r.y
py’] + 0(1/V2)>.

by *\// by
:div< ZK ar ,[(C*)(loga—)yr-i—(C) (loga—)yvp

r=1 r

Using the identities v/ab (C*)'(log(b/a)) = b — a and v/ab (C*)"(log(b/a)) = (a+b)/2
the FP equation has the expansion

1~
plt,c) = divc(p(t, ¢)R(c) + VKCLE(C)VcP(f’ ¢+ 0(1/V2)V%oo>

where KCLE is exactly the same as obtained in (1.6) by a completely different approach.
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6 Hybrid Models

We show in this section how the different gradient structures for RRE, for CME, and for the
FPE can be combined to obtain hybrid models, which are combinations of several models
depending on the desired accuracy. The importance here is to use the proper rescalings in
terms of the volume V to make the different descriptions compatible. We do not consider a
full theory, but highlight first the general strategy of model reduction for gradient systems
in Sect. 6.1 and then illustrate this by a simple example in Sect. 6.2. A nontrivial case of a
rigorous coarse graining in this spirit is given in [43,47], where a linear RRE with a small
parameter ¢ is considered. The elimination of the fast relaxations in the time scale ¢ leads to
a coarse-grained gradient system.

In Sect. 6.3 we discuss the general coupling of the FPE to a RRE and the similar coupling
of the CME to a RRE, both leading to so-called mean-field equations, where a linear equation
for a probability density is nonlinearly coupled to an ODE. Finally, we discuss the mixed
discrete and continuous description, where the CME is used for small numbers of particles
and the FPE is used for larger numbers.

6.1 Coarse Graining for Gradient Systems

If a gradient system (X, Ex, Wx) is more complicated than what is needed, one is interested in
approximating the system by a simpler model that still contains the most important features.
We explain how this can be done while keeping the gradient structure.

We assume that the relevant states x € X can be described by states y € Y and that there is
areconstruction mapping x = P (y), i.e., ®(Y) is a subset (or submanifold) of X. We now pull
back the gradient structure (X, Ex, Wx) to an approximative gradient structure (Y, Ey, Wy).
The natural approach is to restrict the energy functional and the (primal) dissipation potential
as follows:

Ev(y) = Ex(@(y)) and Wy(y,y) := Wx(®(y), DO(y)y). (6.1)

The solutions y : [0, T] — Y of the coarse-grained gradient system (Y, Ey, Wy) will provide
good approximations X : t — ®(y(r)) € X of the true solutions of the full GS (X, Ex, ¥x),
if the set ®(Y) approximates a flow-invariant subset of X.

In reaction systems, the primal dissipation potential Wy is usually not known explicitly.
Hence, it is desirable to have a method for reducing the dual dissipation potential Wy directly
to WY, in the case where A = D®(y) : Y — Xis injective but its adjoint mapping A* : X* —
Y* has a large kernel. The following exact result will be the motivation for our modeling
approximations in the subsequent subsections.

Proposition 6.1 Consider reflexive Banach spaces X and Y and a real-valued dissipation
potential ¥ : X — [0, 0o[ (i.e. lower semicontinuous, convex, and ¥ (0) = 0) that is
superlinear, i.e. W (v)/||v|x — oo for ||v]|x — oo. Assume that the bounded linear operator
A : Y — X has closed range. Then the dissipation potential Uy [0, oof; y = W(Ay)
satisfies

U*() = inf { W* (&) | A*6 =0} forallne Y, (6.2)
where we use the convention inf ) = oo.

Proof For the proof we use the saddle-point theory in [14, Ch. VI.2].
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Fix n € Y* and assume first that ¢ Ran(A*). Since Ran(A) C X is closed, the Closed
Range Theorem yields that Ran(A*) C Y* is closed as well, and Ran(A*) = Ker(A)~L.
Consequently, there exists y € Ker(A) such that (5, y) # 0, and we obtain

U*(n) = sup ((n.y) — W(Ay)) = sup (A(n, §) — W(1AY)) = oc.
yeY reR
This yields (6.2), since the right-hand side is clearly infinite as well.

Fix now 7 € Ran(A*) and define the Lagrangian function L : XxX* — [—o0, oo via

0 for A*€ = n,
oo otherwise.

L(x,§) = —(§,x) + W(x) — x"(§) with x*(§) = {

For notational convenience we set

h(x) = sup L(x,&), g&)=inf L(x,&), P:=infh, D :=supg.
“::EX* xeX X X*
Classical duality theory yields the trivial inequality P > D. Clearly, L(-, £) is convex and
lower semicontinuous, whereas L (X, -) is concave and upper semicontinuous, since the bound-
edness of A* implies that {S eX*| A*E =1 } is closed.

Using n € Ran(A4*), we find &, € X* with A*§, = n, so that our assumptions guarantee
the coercivity of x = L(x, §;) € R. Hence, we can apply [14, Chap. VI, Prop. 2.3], which
shows that there is no duality gap:

P = inf h(x) = min ( sup L(x,&)) — sup (inf L(x,&)) —supg®)=D. (63)
xeX XE £eX* EeX* xeX £ex*

We relate P and D with the two sides in our desired formula (6.2). On the one hand,

h(x) = sup L(x, &) = W(x) + sup ((§, —x) — x*(&))
EeX* EeX*

= W(X) — (&, X) + pu(=x) with £(x) := sup ((¢,x) — 80(A*0)),
rex*

where in the last step we have substituted & = &,+¢ with A*£, = nand introduced §o(77) = 0
for 77 = 0 and oo otherwise. Thus, we conclude

h(x) = W(Ay) — (n,y) forx = Ay and h(x) = oo for x ¢ Ran(A).
Thus, taking the minimum over all of X is the same as taking it over Ran(A), namely

P =infh00 = inf (W(Ay) — 1.y) = ~F* ().

On the other hand, the definition of g(§) = infyex L(x, &) immediately gives g(§) =
—W* (&) — x*(§). Hence, we arrive at

D = sup g(§) = — inf (W*()+ x*(§)) = —inf {W&) | A" =1}
geX* EeX

As a result, formula (6.2) follows from P = D. O
In our applications below (as well as in most others) the explicit minimization in (6.2)
is too complicated to be executed. However, as the coarse-graining mapping through @ is

usually only an approximation, it may suffice to approximate the minimizers suitably. In
general, one has to find an approximation & = M(y, ) € X* and sets

Wiy, ) = (@), M(y, ) or %(n.Ky(y)n) = (Ly)n. Kx(@)ILyI),  (64)
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where L(y) : Y* — X* is the linear version of M. Of course, when constructing M or L
one should keep (6.2) in mind to preserve all interesting properties inherited by the coarse-
graining process.

Remark 6.2 (Coarse-graining for fast-slow reaction systems) Particular cases of rigorous
coarse graining are discussed in [43] and [47], where linear and nonlinear fast-slow RRE are
considered, respectively. However, the approach is somehow opposite: if ¢ > 0 is the time
scale of the fast reactions, then in the limit ¢ — 0 a linear constraint is imposed on DE(c)
defining a slow manifold ¢ = ®(y), and c¢ is constraint to lie on this linear or nonlinear
manifold. The reduced or coarse-grained gradient system is then given by Ey(y) = E(®(c))
and WS (y, n) = Wi, (DY), Q*n), which means Wy(y, v) = inf { Wyjow (P (y), v) | Qv =
v }, see [43, Thm.5.6] and [47, Prop.4.2].

6.2 A Simple Example: from CME to RRE

We apply the above idea with (X, Ex, W) being (P2(N), Ey, Ky) and with (Y, Ey, Wy) being
(C, E, K). The embedding mapping ®y : C — Z(N) is given by the Poisson distributions

I
_ Ve)"
dy(c) = (e Viel 7>nEN’ where |c|; = Zc,-.
1

n!

In the simple example ¢ = 1 —c treated in Sect. 5.4 the image of ®y defines an exactly invari-
ant submanifold, but this is no longer true for nonlinear equations or systems. Nevertheless
our construction provides the surprising identity

Ev(c) = Ev(Py(c)) = E(0),

with the old E defined in (2.9) which is independent of V.
To reduce the dual dissipation potential Wy defined via Ky we use the derivative

Doy ()w = ( e (Vc) (G- v)w ) '
neN

i=1

Thus, the adjoint operator DOy (¢)* maps . = (iun) to & = (&i)i=1

.....

Vv i
mi—> ¢ =Doy(c)'n = ( E eVl #(ﬂf - V)M;;) .
neN o i=1...1

.....

In general, one is not able to solve the minimization problem (6.2) that produces Wy from
WY, so instead we construct a linear mapping £ — f = My(c)¢ that approximates the
minimizer for V. — oo and satisfies { = D®y (¢)*My (¢)¢. Indeed, we search for j in the
linear form &% = a - n for n € N and obtain

DOy ()i =Dy (¢)* (@mpen = [ Y e VIN @( )Z"J”J
neN

i=1,..., I
Ve nia;n
- Z > el (7) (71 - Va/n/)
j=lneN i=1,.,1
I
2Gia;iCj 2
= Z(V +8,-jVai -V ajcj) = Va,
- Ci
Jj=1 i=1,...,1
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. - — Ve) - Ve
where we used the identities Y, eIl %ni =Veiand Y, e Vieh VO8 c) ninj =

Vicc j +8ijVci. Thus, we choose the simple operator My of the form

1
¢ =My©F = (58 -n),0p

For inserting u = My (¢)¢ and u = ®y (c¢) into the full dual dissipation potential Wy, we
use the form (4.5b) and the relations (My (¢)&)n+a — My (€))nip = %; - (¢—p) and

VB! _y, (Vo"tP eV VO g

B —
Bym (Pv@)nip = anr ¢ i nl

With this, we find an approximation of the reduced dual dissipation potential Wy, namely

(e, £) = \y;(apv(c) My (€)¢)

Yo\ 2
LSS v g g o) (B8

r=1 neN

[\.)

1
fZ (K™ ke )((ﬂ’—a’)-c)2=5;-K<c)c.

Thus, the gradient system (Y, Ey, Wy) obtained by the abstract reduction procedure is exactly
given by (C, E, K), which is the gradient system for the RRE (2.2) studied in Theorem 2.2.

6.3 Coupling a RRE to a Fokker-Planck Equation

In many applications one is interested in the microscopic description of some variables c;,
while other variables ¢; can be described more macroscopically. We first start from the
simplified FPE (5.5) as the gradient system (Z7(C), E v, K) and partition the components
of ¢ into stochastic and macroscopic parts, ¢s and ¢y, respectively, via

c:(Clv'~'7clvcl+la"'7cl):(cSacm) Wlth

=(c,...,cy) € Cs:=1[0,00[' and ey, := (cjy1,...,¢1) € Cry = [0, 00[' 77,

In the notation of Sect. 6.1 we let X = Z(CsxCp) and Y = P (Cs) xChy.
For the mapping @ : Y — X we choose the product ansatz

I
Dy (05, Em)(der, ..., dep) 1= os(des) [ Wiejs @), Videy,
j=J+1
where the probability densities W(-; @, V) are given as follows:

o0

W(a;a, V) = exp (—Va rg(a/a)) with Z(v) ::/ exp (—vAg(2))dz
0

1
az\va

According to Sect. 6.1 the functional E¥ = Ey o ®y onYis then given by

1
By (05, @) = /C s(vps(““(’g pu(e9) + po(e) Exley) ) des + % + Y W@

j=I+1

a log (@Z(V
where ey (@, a*) := A(Va)alog (%) —G4at— M
a
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with Eg(es) = Y7, cirp(ci/cf) and A(v) = [3° zexp (— vAp(2))dz/Z (v).
It can be shown that A(v) > 1 and ey (@, a*) > a*Ag(a/a*) for all V, and for V — oo
we obtain ey (@, a*) — a*Ag(@/a*). To simplify the model we are therefore allowed to

replace the last term in EX by the relative entropy Ep, (¢n) = Z§=J+1 c’;kB (’c\j/cjf) for the
RRE. Neglecting the irrelevant constant term Z (V)/V, we obtain the hybrid energy again as
a relative entropy, namely

1
ePRR (0, Cm) = / (Vps (¢s) log ps(cs) + ps (cs)Es(cs)) des + Em(Cm)-

s

For the Onsager operator we also use a cruder reduction than the minimization advocated
in Sect. 6.1. We simply postulate the Onsager operator Ky via the dual dissipation potential

~ 1 Vs S o~ VS N
W’&.FP.RR(Qs,cm;S,C)=§/ ps(cs)( i(c )>~K(cs,cm)< i(c )>dcs,

where & € C'(Cy) and ¢ € R/, Indeed, in the sense of the general reduction method
explained in Sect. 6.1 we see that R@P'RR is obtained from K by inserting 0 = 05(dcs)®6¢,,
and E = M(§, ¢) : (cs, em) > &(cs) + ¢ -em.

Thus, the hybrid model induced by the gradient system (& (Cs) X Cry, @EP'RR, ﬁf,P -RR) is
given by the coupled system for p € 2(Cs) and ¢, € Cry:

ples) = diVs(KSS(CSv?m)(%Vsp(cs)'i‘p(cs)VsEs(cs)) + p(CS)Ksm(Cs,?m)VmEm(?m)),
Cn = _L(Klm(cs:’Em)(%vsp(cs)+P(Cs)VsEs(cs))
+ p(CS)Kmm(Cs’?m)vam(Em))dC&

It is interesting to see that the last terms can be rewritten in terms of the RRE ¢ =
—K(¢)DE(¢) = —R(c) = —(Ry(cs, Cm), R (cs, Cm)), Viz.

pe9) = divy($RKos (65, Em)Vip(e9) + p(es) Ry(es. Tm) ).

A

o= — /c (FKT(ew B Ve () + (e Rm(es, Em) ) e,

This reveals that the system is a classical mean-field model, which is linear in the density p
for the component ¢s while it is nonlinearly coupled to the ODE for the component ¢yy,.

6.4 Coupling a RRE to a CME

In analogy to the coupling of an RRE for some macroscopic ¢, to a Fokker—Planck equa-
tion we can directly couple the CME to an RRE, which leads to hybrid system defined on
ﬁ(N({ )x [0, oo[/~7. Instead of given the general derivation as in Sect. 6.3, we just give an
explicit example.

For B € Ny we consider the simple reaction X; = fX» with stoichiometric vectors

a=(1,0), 8 =(0,8),and y = (1, —B). The associated system of RREs is given by
f=ch—cr. a=pei—d). (6.5)
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We have the conservation relation Q¢ = ¢ + ¢2 = ¢ and the detailed-balance steady state
¢« = (1, DT. The associated CME on ' = N% takes the form

. ny! (n2+p)!
Uy = (n1+l)u,,+(1,_ﬁ) — (l’l] + mc)un + m Un+(—1,B) for n € £6.6)

The detailed-balance steady state by w) = (w,Y]

(4.5b) the full Onsager operator Ky is defined via

w) Jnen with wY = e=VV"/nl. As in

1 ! 2
(m, Cy (wyp) = Z A("‘J Un+(1,0)s ('z,zﬁ;f,) Mn+(0,ﬁ)) (V(int(1,00—Hn+0,8)) "
neN

We partition ¢ = (cy, ¢2) = (cs, cm), i.€., we keep ¢1 € [0, oo[ in stochastic description
via the distribution v = (Vi) men, € Z(Nop), while ¢, € [0, oo[ will be treated macroscopi-
cally. Thus, we define the gradient system (&?(Np) x [0, oo[), QE‘C,M'RR, ﬁg,M'RR) with relative
entropy and Onsager operator defined via

1
EMRR (3 ¢)) = E(c2) + v > vmlog(um/wy). where Ez) = Ap(2),

meNy

(). MR, ) () =V > A vt vneh) (Ent 50 — Enrn)’,

mENo

for £ : Ng - R and ¢ € R. Again, ﬁgM'RR is obtained from Ky by inserting u,, ,, =
Unb|ve, (n2) and E = M(&,¢) : (m, n2) — &, + %nzg“ and performing an approximation
for large V. The associated evolution equation is the hybrid system

U = chvm,] —(m+ chﬂ)vm + (m+Dvy,e1 form e Ny (withv_; = 0),
. 1
) = ﬂ(V Z muy, —czﬂ).

meN

Clearly, this system is consistent with the conservation law Q¢ = B¢ + ¢ = const., in the
sense that ¢; := % Y men MUy, satisfies ¢; = cg —c1 = —é/B.

6.5 Combining CME and Fokker-Planck Descriptions

We consider the simplest nontrivial model, namely the scalar RRE ¢ = a — bc witha, b > 0,
b

which is induced by the reaction § = X. This corresponds to « = 0, 8 = 1, ks = a, and
a

kow = b. We have the following three derived gradient systems:

(1) The RRE ¢ = a — bc is generated by the gradient system (R, K, E) with steady state
¢cx = a/b, K(c) = A(a, bc), and E(c) = 4Ag(bc/a).

(2) The associated chemical master equation # = Byu is generated by the gradient system
(Z(Ny), £y, Ky) and reads

i, = Vau,_ — (Va+bn)u,, 4+ b(n+1)uyy1 forn e Ng (withu_; =0) (6.7)

and has the steady state wy = (e’V“/b(Va/b)”/n!)neNo. The entropy and Onsager
operator are

Ev(u) = é Z u, log (un/w,Y) and

neNy
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Ky@) =Viay VA(IZ"V,” ]>(en—en+1)®(en—en+1)

w”
neNy

(3) The associated Fokker—Planck equation (5.4) takes the form

5= o 292 o (be—a 4 D29 forz,c > 0and p(1,0) = 0(6.8)
= — c—a + ———=— ort,c > 0an ,0) = 04(6.
P=0\"Ty %P 2Ver1/3 )" P

This equation has the equilibrium solution Wy : ¢ +— W(c; a/b, V) (cf. (5.2)) and is
generated by the gradient system (£ (]0, oo[), Evy, K) with

[ p(c)

E = — c)lo (

v = [ peoe (1

To combine the description via the CME and the Fokker—Planck equation we consider the

mixed state space 9 := {0,1,..., N—1} U[N/V, oo[. Hence, n € {0, ..., N—1} counts

the number of atoms, while for n > N we use the concentration c = n/V > N/V as a

continuous variable to describe the state. A typical choice could be 1 <« V <« N to be sure

to capture all small discrete effects.
The hybrid gradient system (2 (M), €y y, Ry, n) is described by measures

))dc and K(p)E = —(pA(a, bo)g') .

N-1
U= Z upd, + U(c)de|nyv,oop € 2.
n=0
The idea is now to choose €y n and Ky y rather than to model the evolution equation.
We first choose the equilibrium state in the form

N-1 N-1

V.N _ |4 14 ,_ —Va/b (Va/b)" 1
o = E 8 w dc := E 8 14 dc,
=0 o (de o ‘ n! T Zy.N vie) e

where Zy n is uniquely determined by asking f‘ﬁ droV-N = 1. The entropy functional is
defined via the obvious relative entropy per volume, namely

1 du
Cyn(u) = — log dW)du

Un 1 o U(c)
— — AB %4 d
Z < ) * VI (WV( )) v(eyde,

where d” denotes the Radon—-Nikodym derivative.

The difficult part is the modeling of the Onsager operator Ky n(u) as it includes the
crucial transfer between the discrete and the continuous parts of the hybrid model. We define
R in terms of its associated quadratic form acting on smooth functions & : 91 — R, where
we write &, for £(n) and W (c) for Wy (c):

N-1
(&, Ry NWE) = VZa Y w1 A(gEh, ) (6, 1-8,)°
n=1
+ V2awy A DL (g1 —E(N/V))’

+/oo A(a, bo)€'(¢)*U(c)de.

N/V
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While the first and the third terms on the right-hand side give the purely discrete and the
continuous parts of the state space, respectively, we see that the second term is the new term
that couples the discrete and the continuous parts. The parameter @ is still to be chosen, the
natural parameter being a.

The evolution equation for u is again a linear equation of the form 1t = By yu, i.e., it
corresponds to a continuous-time Markov process. It consists of a discrete part, as in (6.7)
but only forn =0, ..., N —2, and a continuous part, as in (6.8) but only forc > N/V. The
new structure is the coupling between the two subsystems which gives rise to the following
conditions:

in_1 = Vauy_o— (Va+bN—1)uy_; + Vﬁ#}‘m UN/V),

~( WN-1 1 U/
0=Va <W/V) UN/V) — uN_1) + /YA, bN/V)<W> (N/V).

By our definition of """ we have W}U(;\/Iiyl‘/) ~ Nb/(aV?) and see that for @ = a these

conditions take the approximate form

iin—1 & Vauy—o — (Va+b(N=D)un—1 + by U(),
0~ FA(a, b)U'(§) +bJU(F) —aVun_i,

where the second relation clearly shows the corresponding Robin boundary condition con-
necting the parabolic Fokker—Planck equation to the discrete system on {0, ..., N—1}. Note
that u,, and U are scaled such that Vuy_ is comparable to U(N/V).
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