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Microscopic Derivation of the Frohlich
Hamiltonian for the Bose Polaron in the
Mean-Field Limit

Krzysztof Mysliwy and Robert Seiringer

Abstract. We consider the quantum mechanical many-body problem of a
single impurity particle immersed in a weakly interacting Bose gas. The
impurity interacts with the bosons via a two-body potential. We study
the Hamiltonian of this system in the mean-field limit and rigorously
show that, at low energies, the problem is well described by the Frohlich
polaron model.

1. Introduction and Main Results
1.1. The Polaron

The behavior of impurity particles interacting with a large background consti-
tutes an important class of problems within condensed matter physics [1,2].
Among these, one of the most prominent is the polaron problem, where one
considers a quantum particle of mass M linearly coupled to a scalar boson field.
For a translation invariant system, this corresponds to the formal Hamiltonian

P2
H=_— + Zekakak + Z (gkake‘kR + gZaTe_lkR) , (1.1)

where R denotes the position of the impurity particle, and k labels the mo-
mentum modes of the field. Moreover, P = —iV g is the particle’s momentum
operator in the canonical representation, and a,TC, ay, are the usual field mode
creation and annihilation operators. They satisfy the canonical commutation
relations [ag, al,} = Ok k', [ak, ar’] = 0. The g are coefficients quantifying the
coupling of the particle to the field, with * denoting the complex conjugate,
and ey, is the free field dispersion relation. The natural domain of this Hamil-
tonian lies in the Hilbert space H ® F(K), where H is the Hilbert space of the
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particle and K is the Hilbert space of a single field mode, with F(K) denoting
the symmetric Fock space over K. K and H are appropriate L? spaces, whose
exact specification depends on the underlying physical situation; our choice
thereof is discussed below.

The Hamiltonian (1.1) is commonly referred to as the Frohlich Hamil-
tonian, as it was introduced by Frohlich [3] in order to describe electronic
motion in polar crystals. The polaron in this context refers to the picture of an
electron dressed with the emerging optical phonons dragged along as it moves.
Later, this concept was extended to include other phenomena related to mobile
impurities coupled to excitations of the background, giving rise to interesting
effects in many materials [2,4,5] which are still the subject of ongoing research
[6,7].

In this work, we are interested in a rigorous justification of the use of
Hamiltonians of the type (1.1) as an effective description of a full quantum
mechanical many-body problem. In the case of the original Frohlich model
this task seems too ambitious due to a complicated microscopic structure of
the background (see, however, Lewin and Rougerie [8], where the classical
approximation to the original polaron problem, the Pekar functional, is rigor-
ously derived from a specific model of an electron moving through a quantum
crystal). The applicability of the polaron picture is not limited to electrons in
crystal lattices, however. In fact, recent progress in experiments with ultracold
atoms opened the possibility of studying impurity atoms immersed in an en-
vironment consisting of many bosonic atoms at low temperatures, displaying
Bose-Einstein condensation. As discussed below, at sufficiently low energies
the excitations of the bosonic bath correspond to quantized acoustic phonons,
and hence the Bose polaron corresponds to the impurity atom dressed with
these phonons. We refer to Grusdt and Demler [9] for a review of recent the-
oretical progress concerning the application of Frohlich Hamiltonians to these
systems. As the mathematical description of cold Bose systems, and in particu-
lar the structure of their excitation spectra at low energies, have recently been
studied rigorously in numerous works [10-15], we find it natural to provide a
rigorous microscopic derivation of (1.1) based on these results.

1.2. The N + 1 Bose Gas

We consider a system of N bosons of mass 1/2 and one additional particle (of
an unspecified type of statistics) of mass M, all confined to move on the unit
torus in d dimensions, T¢.

Assumption 1. (Assumptions on the potentials) We assume that

1. the bosons interact among themselves via a two-body potential v : T4 —
R which is bounded, Borel measurable, even and of positive type, i.e., all
its Fourier coeflicients v, are nonnegative,

2. the additional impurity particle interacts with the bosons via a real-
valued two-body potential w : T? — R, which is bounded, Borel measur-
able and even.
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Note that no assumption is made on the Fourier coefficients w, of w.
Nevertheless w being even implies w, = w—, € R. Without loss of generality,
we may in addition assume that v and w are nonnegative, since they can be
shifted by a constant otherwise.

The positions of the bosons are labeled by {z;}Y,,z; € T? and the
position of the impurity by R € T¢. The Hamiltonian of this system reads

N
— ZAMH S vt ) n Y vl —B) (12

1<i<j<N

where we introduced some coupling (A, ) and scaling (7, v) parameters to be
chosen. It acts on L?(T9) ® Hy with Hy being the Hilbert space of square-
integrable symmetric functions on T4 . Here, A, denotes the d-dimensional
Laplacian in the coordinate y acting on functions on the unit torus. The cou-
pling parameters A\ and p determine the strength of the potentials v and w
(for the functional forms of v and w being fixed), whereas n and v determine
the respective ranges (relative to the system size). They can be adjusted to
consider various scaling regimes. The usual thermodynamic limit corresponds
to the choice  ~ v ~ N4 and A ~ u ~ N2/ In contrast, we consider
here the mean-field limit, where the interactions are weak and extend over
the entire system. In particular, we choose A = (N —1)~%, p = N-1/2 and
n = v = 1. For systems without impurity, this was the scaling for which the
first rigorous results on the excitation spectrum were obtained Seiringer [10],
Lewin et al. [12], Grech and Seiringer [15] and Nam and Seiringer [16], and our
analysis is based on them. The choice ;1 = N~/2 for the impurity-boson cou-
pling turns out to be a natural in the analysis, compatible with the methods
from Seiringer [10] and Lewin et al. [12] we use, as explained below (see, in
particular, Remark 1.1). Therefore, from now on we consider the Hamiltonian

A N 1 1 X
= — R_ AT 1 y T y —_— ppp—
Hy = — Dot > o x])+m;w(xz R) (1.3)

i=1 1<i<j<N

on L*(T?) ® Hy, with v and w nonnegative 1-periodic functions satisfying
Assumption 1.

1.2.1. Motivation of the Frohlich Hamiltonian. With v, and w, denoting the
Fourier coefficients of v and w, respectively, the second-quantized version of
Hy in (1.3) reads

—Or 2 1 Pt
Wi )+ Zp aTap N1 Z Ayt g pQqQk
p#0 p,q,ke(2nz)?
p#0
1 i
+ TN Z wpe lpRa;r)+kak. (1.4)
p,k€(2ﬂ'Z)d

p#0



K. Myéliwy, R. Seiringer Ann. Henri Poincaré

We defined the Hartree ground state energy
N
Eu(N) = Svo + vV Nuwy, (1.5)

which captures the effect of interactions between particles in the p = 0 mode.
The sums run over (27Z)? with p = 0 excluded. Here, a, denotes the usual
annihilation operator Hy — Hy_1 acting as

(apU)(x1,22,...,N_1) = VN U(xy,...,an_1,7)e” P*dz. (1.6)
Td

The second-quantized Hamiltonian (1.4) acts on L?(T?) ® F, with F the
bosonic Fock space F over L?(T%), i.e., F := @, H; (with Ho = C). Ac-
tually, it preserves L?(T?) ® Hy. For the system without impurity, it was
predicted by Bogoliubov [17] that for sufficiently low energies, the excitation
spectrum of Hy should be composed of elementary excitations, which are
physically interpreted as quantized (acoustic) free phonons. This serves as the
basis for the microscopic explanation of the onset of superfluid behavior in
low-temperature bosonic systems. From the formal perspective, it provides a
specific example of the emergence of an effective quantum field theoretical de-
scription of a many-body system. The low-energy effective theory is predicted
to be that of the Hamiltonian

H® = e b, . (1.7)
p#0

Here, bl = ayal, + B,a_, where ay,, 3, are appropriate constants chosen such
2
that [b,,bl] = 0,4. Explicitly, a, = (1 — 7,)7"/2 with 7, = 14+ 2= and

v
Bp = Ypap. These algebraic relations are realized via a suitable unitai‘y (Bo-
goliubov) transformation. From (1.7) we deduce that, for low energies, the
excitation spectrum is expected to be composed of free bosonic quasi-particles
with dispersion relation e,. In the mean-field scaling A = (N —1)~! considered
here, one can prove [10] that e, = /p* + 2v,p?. Additionally, it can be shown
that in this scaling the ground state energy equals %N vo + EB +0(1) with the

constant E® equal to

1
EB:_QZ(P2+vp—\/p4+2p2vp)- (1.8)

p#0

The method employed by Bogoliubov leading to HP consists of the fol-
lowing steps:
1. the operators ay, a(TJ are replaced by the number vV,
2. all the terms of higher order than quadratic in creation and annihilation
operators that remain in the Hamiltonian are dropped.

This procedure is physically motivated by the expectation that for sufficiently
small energies there is Bose-Einstein condensation in the system, that is, the
p = 0 mode is occupied by an overwhelming fraction of particles. Whereas this
has not been proven for a generic bosonic system with general interactions, the
validity of the Bogoliubov approximation has been rigorously verified (in the
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case w = 0) for a variety of assumptions on v [10,12,14,15,18]. The first such
result [10] refers precisely to our conditions on v and, as already mentioned,
the mean-field scaling A = (N — 1)1, which corresponds to a very weak and
long-ranged potential.

If one applies the Bogoliubov approximation to the Hamiltonian (1.4)
with impurity, one expects that the system is, for small energies, effectively
described by the Frohlich Hamiltonian

—Apr 1 i
HY = i +Z(p2+vp)a;ap+§ va(a;r,atp—i—apa,p)—l—z wpe pR(a;—i—a,p).
p#0 p#0 p#0
(1.9)
By expressing the a,’s in terms of the operators by, bT_p, we see that it equals
—AR lplwp _;
HY = o +Zepbj)bp+z:—epe PRI +b_,) + EP (1.10)
p#0 p#0 VP

which belongs to the class of Hamiltonians defined in (1.1). The Hamiltonian
HY acts on L?(T¢) ® F,, where F, is the Fock space over the complement of
the normalized constant function in L2(T), describing solely the p # 0 modes
of the field. In order to obtain (1.10) via a Bogoliubov approximation, we
supplemented this procedure by additionally dropping, in the impurity—boson
interaction, all the terms that are of higher order than linear in the creation
and annihilation operators (after first replacing the ag and its adjoint by VN ),
whereas we kept the quadratic terms in the boson—boson interaction. One of
elements of our analysis below is the justification of this additional step while
checking that the other steps, known to be rigorously justifiable in the mean-
field case in the absence of an impurity, are still applicable. It is important,
however, to realize that in some instances, especially when the impurity—boson
interaction is strong, additional terms not present in the Frohlich Hamiltonian
(1.10) cannot be neglected [19-21].

1.3. Main Results

The interpretation of our main results, as stated below, is that the Frohlich
Hamiltonian (1.10) may indeed be seen as an effective low-energy, large N
theory for the original model described by Hy in (1.3). Our analysis consists
of a rigorous justification of the extended Bogoliubov approximation, based
on suitable operator inequalities. It leads to two main theorems, the first of
which concerns the excitation spectrum of H .

1.3.1. Theorem 1: Convergence of Eigenvalues. Let us denote by ¢;(A4) the -
th eigenvalue resp. the i-th min—max value of an operator A, starting at ¢ = 0.
Our first Theorem states that as long as one considers the energy levels of
Hy lying in a not too large window above the ground state, their values are
provided by the corresponding eigenvalues of the Frohlich Hamiltonian if N is
sufficiently large. In particular, we provide explicit bounds on the size of that
window as compared with N.
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Theorem 1. Let Hy and HY be defined by Egs. (1.3) and (1.10), respectively,
and let Eg(N) := %vo + vV Nuwy. Assume that v and w satisfy Assumption 1.
Then for all eigenvalues e;(Hy) such that e;(Hn) — eo(Hy) < & for some

&> 1 we have

1/2
lei(H) — Bu(N) — ()| < Cy (fv) (1.11)

for some constant C,, ,, > 0 independent of the parameters & and N.

Remark 1.1. In the special case of the ground state energy, we have
1
inf spec Hy = iNvo + V' Nwy + inf spec HY + O(N~1/2). (1.12)

The interaction with the impurity thus gives rise to a N'/2 contribution to
the ground state energy and, more importantly, leads to an O(1) contribution
to the excitation spectrum via the last term in (1.9). This can be understood
as follows. In the impurity-free case, the effect of the emergence of phonons
is reflected as a O(1) correction to the ground state and low-lying excitation
energies, in the mean-field limit considered here. There are only finitely many
(even for large N) phonons that emerge in the system. The Frohlich model
describes the impurity creating and annihilating excitations of the background.
The number of the latter being O(1), we expect that this phonon—impurity
interaction should as well give rise to an O(1) correction. The Bogoliubov
approximation suggests that this interaction should scale as uN'/2; hence, we
see that 1 ~ 1/v/N is consistent with these considerations.

Remark 1.2. The error bounds are of the form &(¢/N)'/2. Therefore, as long
as the total excitation energy satisfies £ < N, the error made by using the
Frohlich Hamiltonian instead of the original one when computing the energy
levels is small compared to the total excitation energy. The size of this energy
window is presumably optimal. In fact, if the condition £ < N is not fulfilled
one cannot expect the onset of BEC anymore, which is an essential assumption
in the Bogoliubov approximation. It is noteworthy that precisely the same
error scaling was obtained in [10] for the pure bosonic system. The effects of
the inclusion of the impurity thus manifest themselves only in the value of the
constant C 4.

Remark 1.3. By a direct inspection of the proof, one sees that the result can
easily be generalized to the case of multiple impurities (as long as their number
is fixed, i.e., independent of N). This holds irrespectively of the statistics
of the impurities, i.e., they could be fermions, bosons, or distinguishable (in
particular, different) particles.

Remark 1.4. Extending the results to the case of more realistic, short-ranged
potentials remains a challenge. In fact, the w = 0 cases with either A = N2/¢,
n = N4 (equivalent to the thermodynamic limit) or A = N2, n = N in
d = 3 (the Gross—Pitaevskii limit) were rigorously analyzed only very recently.
The results for the thermodynamic limit concern the ground state energy only
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[11,22-24], whereas in the Gross—Pitaevskii scaling regime the emergence of
the Bogoliubov spectrum for low energies was shown as well [18].

Remark 1.5. If a contact interaction is used to model both boson—boson and
boson—impurity interaction, one encounters the Bogoliubov—Fréhlich Hamil-
tonian [9,25]

B-F p? + (CP)Q A T ipR
H = m—l—; prpbp+\/nogIB§ (W) (bp-l-b,p)e ph (1.13)

where ng is the condensate density and ( = (2gBBno)_1/ 2 is the healing
length; the parameters gip and ggp are the coupling constants describing
the impurity—boson and boson—boson interactions, respectively. Additionally,
ep = V/2p?(1 + ((p)?) with ¢ = 1/¢ = /2ggBno denoting the speed of sound
in the bosonic bath. This Hamiltonian displays an evident ultraviolet diver-
gence, recently analyzed in [25]. By naively replacing v, and wy, in (1.10) with
the respective coupling constants ggg and ¢ig, one arrives at HPF with unit
condensate density. We conjecture that (1.13), resp. some renormalized version
of it, arises in place of HY in scaling regimes corresponding to more realistic
interactions of shorter range than the mean-field limit considered here.

Remark 1.6. Our proof makes use of methods from Seiringer [10] and Lewin et
al. [12]. In particular, in the case w = 0, we reproduce the results of Seiringer
[10], but by utilizing techniques from Lewin et al. [12] we are able to substan-
tially simplify the proof.

1.3.2. Theorem 2: Convergence of Eigenvectors. In order to compare the two
operators Hy and HF, which act on different Hilbert spaces, we utilize an
operator introduced by Lewin et al. [12], which maps Hy to (a subspace of)
F+. We give here a quick review of their construction, as it is important to
formulate our second result.

1.3.3. The LNSS Transform. If {v;};>¢ is an orthonormal basis of some Hilbert
space H, then the N-fold symmetric tensor product of H is spanned by N-fold
tensor products

Vi, ®s RPN ®s Vin ::N Z Uo’(il) R R Ua'(iN)
oceESN

for all choices of indices i; € NU {0} with A a normalization constant. Let
us fix an element vy in the basis of H. If one defines H{ to be the span of

®i Vo ®s Vi, s -+ vy for all choices of the N — [ indices i; # 0, it is clear
that

N
Hy =P H.
=0

For convenience, we further define H;\, by the relation HS,_, = {@N "™uvo} s
H}. Explicitly,

HE = ®m'H+, HT = {vo} .
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For every element W € Hy, define the linear operator
U:Hy = FN, U gp@- by

where the ¢; € H;", i € {0,...,N}, are uniquely determined by the above
considerations. The space ]-"fN is naturally seen to be a proper subset of the
Fock space over the orthogonal complement of vy € H. Moreover, U is unitary.
Performing this construction for H = L2(T¢) with, for instance, the plane
wave basis and with vy = 1 we arrive at a unitary transformation U : Hy —
ffN C F4 with F; being the Fock space over the orthogonal complement
of the unit function on T¢. This space has a clear physical interpretation of
being the space of excitations from the condensate, and the fully condensed
state plays the role of the vacuum. It is due to the algebraic properties of U,
however, that it becomes helpful in the analysis, as it can be seen to rigorously
realize the Bogoliubov substitution of ao,ag by v/N. More precisely, with Q
denoting the projection onto the orthogonal complement of the unit function
in L%(T%), one can check that (the annihilation operator is here understood to
be the standard operator in the purely bosonic Fock space)

T ®sj ay
U(v) = j@) Q ((N—;)'\P> (1.14)
for all ¥ € H and consequently that for k,1 # 0
UtalagU = af\/N = N, (1.15)
UTaLalagaoU = aLal(N - Ny) (1.16)
UTaLalTaoaoU = a,ia} V(N =N)(N - N —1). (1.17)

The last two identities follow from the first, in fact. We trivially extend this
transformation to an operator L?(T?) @ Hy — L*(TY) ® ]—'EN by tensor-
multiplying it by the unit operator on the impurity Hilbert space. This ex-
tended U is again unitary and satisfies (1.15) with ag defined by (1.6). One
should keep in mind that U depends on N. Equipped with the extended op-
erator U, we now state our second main result concerning the eigenvectors.

Theorem 2. Let P; denote the orthogonal projection onto the eigenspace of HY
corresponding to energy e;(HY). Under Assumption 1, the following statements
hold true.

1. The spectra of both Hy and HY are discrete.
2. For all i such that there exists an eigenstate V; of Hyn corresponding to
energy e;(Hy) with e;(Hy) — eo(Hy) < & where § > 0 is fized, we have
Jim (@5, U'P,UY;) p2(raygr, = 1. (1.18)
Remark 2.1. In contrast to the case without impurity, the eigenstates of HF

are not explicit. In particular, they display non-trivial correlations among the
phonons and are not quasi-free.
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Remark 2.2. We have not tried to find the rate of growth of the size of the
energy window in N so as provide the corresponding error for replacing eigen-
vectors. This rate is probably much worse than the one from Theorem 1.

Remark 2.3. Theorems 1 and 2 together imply, as N — oo, the norm resolvent
convergence of Hy — Eg(N) towards HY, that is, for any z € C\R,

Jim [|(Ux(Hy — Ba(N)UL —2) 7 = (B =2)Y[=0  (119)

in operator norm. Here, Uy has to be understood as a partial isometry, i.e.,
Ul is extended by 0 to all of L2(T%) @ F.

Remark 2.4. Another interesting problem concerns the dynamics of the impu-
rity and the use of the Fréhlich Hamiltonian as its generator. This question has
been recently studied from a physics perspective [20,26]. From a mathematical
point of view, there exist results concerning the dynamics of a tracer particle
immersed in a Bose gas [27,28], which concern a different scaling limit than
the one considered here and do not utilize the Frohlich description. The con-
vergence (1.19) can also be reformulated as convergence of the corresponding
group of time evolutions and hence can be used to determine also the dynam-
ics of small excitations of the condensate. In the absence of an impurity, more
general results are known where the condensate itself is excited and evolves
according to the time-dependent Hartree equation (see, e.g., [29,30]).

The remainder of this paper contains the proofs of Theorems 1 and 2.
Throughout the text, the symbol C denotes a positive constant whose value
may change at different appearances. Moreover, unless stated otherwise, all
states on the relevant Hilbert spaces are normalized. Finally, all operators
that are defined as acting on functions of the Bose gas coordinates or the field
modes only are actually everywhere understood as their tensor products with
the unit operator on L?(T4), the latter being the Hilbert space of the impurity
particle.

2. Auxiliary Considerations

In this section, we introduce four preparatory Lemmas that will be needed in
the proofs of Theorems 1 and 2. For their statement, we need to introduce
some notation. We shall often denote the terms on the right side of (1.3), from
left to right, by P?/2M,T,V and W. Let P denote the projection onto the
normalized constant wave function in L?(T9), and Q = 1 — P. We define the
excitation number operator

N
Ny=> Qi (2.1)
=1

as an operator on Hpy. The subindex in @); means here that we project onto
the orthogonal complement of the normalized constant wave function in the
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i-th variable. The second quantized form of the excitation number operator in
the plane wave basis equals

Ny = ZGLGP‘ (2.2)
p#0
The first Lemma explores the consequences of the mean-field structure of Hy .
In particular, the ground state energy of Hy is, to leading order in IV, equal
to Ey(N), and the excitation number operator is uniformly bounded in N for
states of fixed excitation energy.

Lemma 3. The ground state energy of Hy, eo(Hy), satisfies the bounds

N N
=52+ VNuwo = eo(Hy) = =% + VNwy — 6F (2.3)

with 6E = [(27%)"'w? + (v(0) — vy) > 0. Moreover, we have the operator
inequality
Ny <C(Hy —eo(Hn)) + C. (2.4)

Remark 3.1. Below, we will make use of a direct consequence of this Lemma,
namely

(U,N,O) < CE+C (2.5)
for any state ¥ such that (U, HyV) < eo(Hy) + £ with £ > 0.

Proof. The upper bound on the ground state energy is obtained by taking

the constant wave function in L?(T9) ® Hy as trial function. We write Hy =
2

I+ 3T+ V + (3T +W); by a standard argument using the positivity of the

Fourier coeflicients of v, we have

V:# Z U(xi_xj)_m

2N -1) ijell,...,N} 2N -1)
_ 1 al ipx; i NU(O)
_2(N—1)§p:”p ;e TN 1)
> Ny - %w(m — ) (2.6)

2
since Zp;éo Up ‘Zfil eip"“‘ > 0. Next, we use Temple’s inequality, see, e.g.,
[31]. Consider a Hamiltonian H = Hy + Z with nonnegative self-adjoint oper-
ators Z and Hy with ground state energy satisfying eg(Hp) = 0. Denoting by
€o, e1 the first two eigenvalues of H, we have clearly (H —eg)(H —e1) > 0. We
evaluate this at the ground state of Hy, ¥y. We get

(\Ilo, (H — 60)(H — 61)\11()) = (\IIQ, (Z — 60)(Z — 61)‘1’0) Z 0

and rewrite this, since e; > 0, as

Uy, 220
eo > —(0’670) + (1 + ZO) (o, Zy). (2.7)
1 1
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Using the positivity of Z and e; > e1(Hp), we finally get

(W0 Z°Wy)
61(H0)

Using this for H = —%= + N~Y2w(z — R) with Z = N~2w(z — R) and ¥,
the normalized constant function on T¢, we have,

A
o (—2 N2y — R)) > N Vg - N [ut (29)
This leads to

(W, Hy—En(N)¥) > (¥, 4 ¥)~ (Q(va_l)(v(o) ) + (27%) ! /wz) e
(2.10)

eo > (Vo, Z%g) —

Using that N, < (27) 72T, we see that the desired result holds.

The second Lemma concerns the fluctuations of the condensate in the
ground state, which are seen to be strongly suppressed due to the mean field
scaling.

Lemma 4. For all N > 2, we have the operator inequality
N2 <C(Hy —eo(Hn))? + C. (2.11)
Remark 4.1. Similarly as above, the Lemma immediately implies that if ¥

belongs to the spectral subspace of Hy corresponding to energy E < eg(N)+¢
with £ > 0, then we have

(T,N2¥) <C&+C (2.12)

where the constants depend only on v and w but not on N. This will be of
importance below.

Proof. Because N < ﬁ(%T) and Ny commutes with T', we find it convenient
to give a bound on the operator %NJFT, as the latter can be directly linked to
Hy. Writing

T
B} =(Hy —eo(HN))+S1+ S (2.13)
with
N
1 (—Al) w(xl — R)
Si=—-——> v(m — ;) - - (2.14)
N-14 2 VN
and
N N
1 1 —A,;, P2
S=ey(Hy)— —— U(xiij)f—Zw(xij)fZ I —
N1 2<i<j<N VN j=2 = 2 M
(2.15)

we estimate the relevant terms. By the Cauchy—Schwarz inequality,

(U, Ny (Hy — eo(Hn))V) < 1/ (U, N20)/ (T, (Hy — eo(Hn))20).  (2.16)
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Note that (S + S1)¥ is permutation symmetric in the Bose gas coordinates, so
that (¥, N;(S+51)¥) = N(¥, Q1(S+51)¥), where @y = 1—P;. Moreover, S
is independent of z1; hence, it commutes with Q;. Using the inequality (2.6)
(with N replaced with N — 1) as well as Temple’s inequality (2.9) and the
upper bound on eo(Hy) in (2.3), we see that

v+v(0)  we  N-1[w?

< =: .
&= 2 VN N 272 0B
Since S commutes with Q1, we thus have
N(VQ,80) <§E' (U, N, V). (2.17)

The part of N, S; not containing —A;/2 + N~'/2w(x; — R) is equal to
—N(¥, Qiv(x; —x2)¥). We introduce the short-hand v to denote v(zy —x9).
We write, following [10]
(U, Q1v12¥) = (¥, Q1 Qov12V) + (¥, Q1 Pov12P2¥) + (¥, Q1 Pav12Q2 V).
(2.18)
Observe that (\I/, lezvlgpg‘lf) = (\I/, legvlzszl\I/) + (\I’, Q17321)12P27)1\If),
where the last term vanishes and the remaining one is positive. For the first

term, we use (¥, Q1 Q2v120) > —||v||co/ (¥ Q1 Q2V). Furthermore,

1 1
*5(‘1” Qa012927) — 5(‘1’, Q1P2u12P2Q10)

[l

2

Y

(¥, Q1Prv12Q27)

v

(¥, QW) + (¥, Q1P2Q1V)) > —||v]lo (¥, Q1 V)
(2.19)

as Po < 1and (¥, Q%) = (¥, Q2¥) due to the permutation symmetry. The
remaining part of Sy is bounded as

(00 (%2 gpw-m) )2 2= (3 s 102)

since w > 0.
We thus have

(¥, Q1517) < [[v]loov/(¥, Q1 Q2F) + ([0lloc + 5llwllec) (T, Qu ) +

[wlloo
2N
(2.20)
With N2(¥, Q1 Q,V) < (¥, N7 W), this altogether implies

L0 N 79) < (ol + /O, (Hy — eolHNPP0)) /(8 N2 ) 4w, Ny ) 122,

(2.21)
where the N-independent constant a equals o = 3||w||oo + [[v]|oc + 6E'. As
N, < gT, with g = (2m)? being the energy gap of the Laplacian on the torus,
this implies

(Hy — eo(Hn))?
A

for any €, \, & > 0. By choosing e = A = k = §, we arrive at the desired result.

5 _ IvlZ a? 2
gN7i < . + + ; + |lwlloo + (k + €+ A)NF
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The third and fourth Lemmas concern HF. They will be of importance
when proving the upper bound on the difference of eigenvalues in Theorem 1.

Lemma 5. Let Hf = % + z:méo(p2 + vp)a;;ap denote the particle-conserving
part of the Frohlich Hamiltonian (1.9). Then, there exist positive constants
Co, C1, Cs such that the inequalities

Ny < CoHf < CiHF + Cy (2.22)
hold true on L?(T%) @ F.

Proof. Clearly, as v, > 0, one can take Cp = g~' = (27)72. The particle
non-conserving part of HY consists of the purely bosonic (v-dependent) part
VOPand a w-dependent part W. The latter can be bounded by

7 F_ -1 |U’p\
W > —eHf —e > ot 2 (2.23)
p#0
for any ¢ > 0. To see this, simply complete the square for a single mode
using the inequality (na;f, + 7~ tw,eR) (na, + n~tw,e”PE) > 0, then choose
n* = e(p® + vp) and sum over the modes. It is hence enough to show that the
bosonic particle non—conserving part, given by

va a,, _p +apa_p) (2.24)
pséO

can be bounded below by —cHE — ¢ for 0 < ¢ < 1 and ¢/ > 0. By Cauchy—
Schwarz,

t T t |vp|2 i |Up|2
( +a a_ ) > —eala, — a._ Q_, — (2.25)
2 pp PP 4e PP 4e

for any € > 0. Now take e = A\(p? + v,) for some A > 0 and define p :=
2
sup v . d 2
ST v§+in1€’§0 ;2(p2+2'up)’ then 0 < g < 1 (recall that p € (27Z)%) and v; <
l_i pZ(pZ + QUP)a or

2

Up 2
. 2.26
p2+vp_u(p + vp) (2.26)
Consequently,

2

v,
VOP > (a4 LomE -y 2.27
TV DS ES) (2.27)

P

By choosing A = @, we have A + Jx = /i < 1 and the desired result follows.

Remark 5.1. Note that the above Lemma implies that HY is bounded from
below.

The last Lemma relates N2 to (HY)?.

Lemma 6. On L?(T%) ® F, we have
N2 < C(HF)*+C. (2.28)
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Proof. We will show that N,HE < C(HY)2 4+ C, which implies the desired
result by the previous lemma. As [Ny, HE] = 0, we have

N, H = (N, Hf +HEN,) = (N, HF + HN,)

1 1
2 2

1 - -
— 5(N+VOD +VOPN, + WN, + N, W), (2.29)
with W and VOP defined as in the proof of Lemma 5. Using the canonical
commutation relations [a,, a];] = 0p,q, We compute

(Y
NoVOP =3 alVOPa, + 3" Lafal (2.30)
p#0 p#0

Since VOPN, = (N, VOP)T we have VOP N, = > p 0 aLVODaerZp#O Laya_p
and finally

1 1
5(MVOD +VOPNL) =) alvOPla, + 5VOD. (2.31)
p#0
Using (2.27) and the fact that }° a;Hgap =HE (N4 — 1), we have
1 oD | 1,0D P VH e
— §(N+V +VYPNy) < JulHg Ny + 7IHIO +C (2.32)

where p < 1. By Lemma 5 and the Cauchy—Schwarz inequality, the last two
terms of the above are bounded by C(HY)? + C.
For W, we perform a computation analogous to (2.31), which yields

1 ~ ~ - 1~
S(NeW + W) = > afWa, + S (2.33)
p7#0
By completing the square similarly as in Lemma 5, we have
~ 1
W= ANy — 5 > Jwpl? (2.34)
p#0
for any A > 0. We obtain
1 - - wy|? 1 |w,,|?
— (VAW + WNL) S ANG (N —1) + MM + 5N+ Lopzolvrl”
(2.35)
(H")?

for any A > 0. By Lemma 5 and HY < + %, we can bound

2
- %(MW +WNy) < XCoN, HE + (% +1)CH")? + C. (2.36)
Finally, using again the Cauchy—Schwarz inequality, we can bound

NiHY + HF Ny <eNZP + %(HF)Q (2.37)
for any € > 0. Invoking Lemma 5 again, we obtain for any ¢ > 0 and A > 0,

(1 — V- %Co(e + 2)\)) NyHE < (207 + A" HCoHE)? + 0. (2.38)

By choosing € and A\ small enough, we arrive at the desired result.
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3. Comparing Hy and HF

The estimates provided in the previous section concern the relation of the
number of excitations operator N, (or its square) to the Hamiltonians Hy and
HY independently. Now, making use of the LNSS transformation U introduced
in Sect. 1.3.3, we give an important estimate relating UHyUT and HF.

Proposition 7. There exist positive constants «, 3, independent of N, such that
for every € > 0 and every ® in L*(T?) ® ]—"fN we have the inequality

o, N2d
‘(‘I’: (U(HN ~ Ba(N)UT - HF) q>)| = a% (1 + %)4_5(@’]\@@) (E + \Q%))
3.1

The proof of the proposition is divided into two main steps. In step 1, we
take care of the higher-order terms in the creation and annihilation operators
that appear in the second quantization of Hy, but are absent in HF. Let

P2 1
pre—F ,_ 2o faoal 1 t t ot
HY = o + Z p-ajap + AN-T) Z vp(2a},apagao + ajaoacal , +apagaja—yp)
p#0 p#0
1 .
+ — Z wpe_sz(a;ao + a_paT)A (3.2)
N p#0

viewed as an operator on L?(T%) @ Hy.

Lemma 8. For any € > 0, one has the operator inequalities

— BE.<Hy—Eu(N)-HY " <F, (3.3)
where
Ny (Ny —1) (0) 2N — 1
o i e —1 — N 3.4
aN—1) \t )ty M (34)
and
o]l oo N -1 1\ No (N — 1)
Fo=ley N 1+ =) =t 0(0). 3.5
/*N ++€UON_1 ++ +€ 2(N—1) U() ( )

Proof. Using the Cauchy-Schwarz inequality and positivity of v viewed as a
two-particle multiplication operator, we have

L(P®O+QePN(Q® Q) +(Q% QuP® 0+ Qe P))
SdP®Q+Q®@MP®Q+Q®@+%@®QW@®Q) (3.6)

By translation invariance @ ® PvP ® P = 0. Moreover, the boundedness of v
enables us to bound

Q®I®A<v(0)2® Q. (3.7)
Therefore, we have the bounds
V>2PROPPRP+PRPrQ®A+Q® QPP

F(1-(P2Q+ QP (PEO+QaP) - bQng OO
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and
VS<PRPWPRIP+PRPORQA+Q® QPP
+ 1+ )PRQ+20P)v(PRQA+Q®P)+(1+e Hw(0)Q® Q.
(3.9)
Similarly, treating w(z—R) as a one-body multiplication operator parametrized
by R, we have

0 <w < PwP + QuP 4+ PwQ + |wl|s Q. (3.10)
Taking into account that
(N-1)! vaa;ﬂazr)aoap <wvoNy (3.11)
p#0

one easily arrives, after computing the relevant second quantization representa-
tions of the operators appearing in the bounds (3.8) and (3.10), at the desired
result. Since this is essentially the same computation as in [10, Sect. 5], we
omit the details.

The operator inequalities in Lemma 8 quantify the effect of dropping the
higher order terms in the creation and annihilation operators appearing in
the original Hamiltonian. As a second step, we now estimate the effect of the
Bogoliubov substitution of ao,ag by VN € R via the unitary transform U,
which replaces the ay, azr) by an operator /N — N, acting on ]:EN.

Lemma 9. We have the following inequality for all ® € L*(T%) ® ffN:
o/ (2, N22) + |||
(N —1) ’

where the positive constants o, 3" do not depend on N.

(@, UHYFUt —HY, ®)| <

(3.12)

Proof. By using the algebraic properties (1.15)—(1.17) of U, we see that the
expressions to estimate are the following. First, using (1.15),
¢)

(¢,

N—1/2 Z wpefipRU(aLao —+ apag)UT — Z wpefipR(aL +a_p)

p#0 p#0
; N — N. N - N ;
= Z D, wp aLe_”’R L=/ =——F)+|1- + a_pe’?? | @
= N N
o, N2
< e—l(Nizj) > Jwpl? + €(®, Ny @) (3.13)
P

which gives an expression of the type claimed Proposition 7 for e =1 = N2 /(N —
1). In the above, we used the Cauchy—Schwarz inequality

AB + BAT < eATA + ¢ 1 B? (3.14)
for A = ale™" and B = w,(1 — /(N — N4)/N), and used the bound
B*=w!N Y (VN ++/N - N;) 2N} <wlN?/N°.
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Similarly, from (1.17), we arrive at the second term to estimate:

> (@, <vpaT 1 <\/<N — Ny\z(ivl_ Ny —D 1) + h.c.> <1>>
p#0

(N4 +1)%®
I P+ dwalal o)

p#0 1) p#0
(©, (N +1)°@) (@, N4(N+ —1)®)
< 1
SO N-1 (3:.15)
for e71 = N — 1. We used (3.14) for A = a;,aip and
VN NN - N, —1)
B= 1
o < N-1 ’
whose square is bounded by v (Aj\frl) Additionally,
Zapafpa,pap < ZGJ;N+GP = N2 — N;. (3.16)

p#0 p#£0

Similarly,
<<I>, [(N —1)"t,U (a;r)apaz[)ao + h.c.) Ut — Qa;r)ap} @)‘

_ ’(q)’ (wala (H - 1) + h.c.)‘P)‘ < vo(@’MJerj; 1)(1)(;17)

By combining these inequalities, we obtain the desired bound.

The main result of this section, Proposition 7, is a direct consequence of
the last two Lemmas.

4. Proof of Theorem 1
For brevity, we denote Hy — Ey(N) by Hj,.

4.1. Lower Bound

Let £ > 0 and consider ¢ such that e;(Hy) — Eg(N) < & Let G be the span
of the i + 1 lowest eigenvectors of H}, (their existence is shown in Theorem 2;
its proof relies on compactness arguments and does not exploit Theorem 1).
For any normalized ¥ € G, (¥,Hy V) < ¢;(Hp). For U € G, let @ =UT €
L*(T%) ® ffN. With the choice € = /&/N in Proposition 7 it follows, by

additionally invoking Lemma 4, that (&, UH\UT®) > (2, H"®) — &2 for
some C' > 0. Thus clearly e;(H} ) +C&3/2N~12 > maxgeq(V, UTHY U W) and,
by the min—max principle,

ei(Hy) + CE2NTY2 > ¢ (HY). (4.1)
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4.2. Upper Bound

For the upper bound, we use Fock space localization. It is quantified by the
following result [12,32].

Proposition 10. Let A > 0 be an operator on F with domain D(A) such that
for the projections P; : F — H; we have P;D(A) C D(A) and P;jAP; = 0
for i — j| > o for some constant o > 0. Then, if f,g € C°(R,Rxq) with
P+9>=1and f(z) =1 for |z| <1/2 as well as f =0 for x > 1, then we
have the inequality

Cod N~ - Co® =~ -
— W ZPjAPj S A— fIMAfM — g]MAgM S W ZPjAPj (42)
7=0 j=0
for all M € N. Here, fy; denotes the operator
v = Zf (&) P; (4.3)
j=0

and analogously for gas.

For the proof, which is based on an IMS-type argument, see [12, Appendix
BJ. Proposition 10 can be used to quantify the error made by constraining the
states on Fock space to contain only up to M particles. From the Proposition,
we deduce

Lemma 11. We have
C
H" — fuHE far = guH gy > =5 (HT + C) (4.4)
for all M € N.

Proof. We apply Proposition 10 for A = H" —eq(HY). From Lemma 5 it follows
eo(HY) > —C5/Cy and further that > Pj(HY — eo(HY)P; = HE — eg(HF) <
C1Cy ' HF +(CyCy t —eo(HY)), which leads to the right hand side of the claimed
inequality, with o = 2. Using f3, + g3, = I, we have A — fyrAfy — g Agn =
HY — f3HY far — gaHY gar, which yields the left hand side of the desired result.

Lemma 12. Let Y C L*(T?%) @ F, be the spectral subspace of HF correspond-
ing to an energy window [eq(HY), eq(HY) + €] for € > 0. Then, dim fyY :=
dim{fy¥: ¥ €Y} =dimY for N large enough and % small enough.

Proof. Suppose dim fyY < dimY, in which case there exists ® € Y with
||®|| = 1 such that fy® = 0. In particular, ® = gy ®. From Lemma 5, we thus
conclude that

eo(HY) + & > (0, H @) = (0, gyH gn®) > C(@, gy Ny gn®) —C > CN - C,
(4.5)
which is a contradiction for large N and small £/N.
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Let us now take Y C L?(T¢) ® F, to be the spectral subspace of HY
corresponding to energies E < e;(HY), and let 1 < ¢ < N. The bound (4.1)
together with the upper bound of Lemma 3 implies that e;(HY) < C¢, and
hence also (@, (HF)*®) < C¢* for k = 1,2 for any ® € Y. By Lemma 11 and
Proposition 7 (with the choice € = y/{/N), we have

2
B 2 U oo )Gh g0 )T € gy,
(4.6)

By taking the expectation value in any normalized ® € Y, we obtain, by
Lemmas 5 and 6 and the simple inequalities N_’ﬁ > fNNf;fN for k = 1,2, the
bound

1/2
ce (é) e (HF) > (, fnUHAU fa®) + eo(HF)(@, 03 ®).  (4.7)

Since g?(z) < 2z, we have g3, < % < %N*C by Lemma 5. For Y € ®,

we thus have (®,¢3®) < . Hence, 1 > (¥, f30) > 1 — %59 > 0 for
large N and £/N small enough. By Lemma 12 and the min—max principle, the
maximum over Y of the right hand side (4.7) is at least as large as e;(HYy) +

O(€2N—1). This allows us to conclude that

ce (ﬁ) ) > ety (4.8)

for some C > 0, which is the desired bound.

5. Proof of Theorem 2

5.1. Existence of Eigenvectors

We shall now conclude the existence of eigenvectors of Hy and HY by showing
that these operators have compact resolvents. By the definition of compact-
ness and the spectral theorem, one easily sees that if A > B > 0, then the
compactness of B~! implies the compactness of A~!. Since the particles are
confined to the unit torus, for any ¢ > 0 the operators T+ ¢ and P? + ¢ are
strictly positive and have purely discrete spectra with eigenvalues accumulat-
ing at infinity; therefore, they have a compact inverse. The same observation
applies to the operator

P2
Ho = oor + > epblby (5.1)
p#0
since limy,|_o €, = 0o and inf,e, > 0. Since Hy > T + %, we conclude

that Hy has compact resolvent, which, by the spectral theorem, implies that
the spectrum of Hy is discrete and eigenvectors exist. On the other hand, by
completing the square, as in Lemma 5, it is easy to see that

HF > cHy —d (5.2)
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for appropriate constants ¢, d > 0. The existence of eigenvectors of HF, along
with the fact that its spectrum is discrete, follows now from precisely the same
reasoning as above. This proves the first part of Theorem 2.

5.2. Convergence of Eigenvectors

Fix £ > 0 and take any 7 such that e;(H}) < &, uniformly in N. Recall that
from the proof of the lower bound in Theorem 1, we have Z;‘:o e;(HY) <
S (U HEUW,) < 3% ej(H)y) + en with limy ey = 0 for i fixed. The
upper bound (4.8) implies further that e;(Hpy) < e;(HY) + ¢y where again ¢y
goes to zero as N — oo. Thus,
li LHEUWS) = S(HF). .
Jim Z(U\IIJ,H Uv;) Zej(H ) (5.3)
7=0 7=0

We first show the convergence for ground states. Recall that P; denotes the or-
thogonal projection onto the eigenspace of HF corresponding to energy e; (HF).
By writing U¥y = ay + by, ay € ranPy and by L apn, we have

(U, H U W) > [|[Wo||®eo(H") + (qleiﬁgpo(ﬁ/,HF\P) — eo(HF)> [bn 1>, (5.4)
By using (5.3) for i = 0 as well as the fact that infyecyerp, (¥, HF ¥) > eo(HY)
by the discreteness of the spectrum of HY, we have limy_., [|bx|| = 0, which
is the desired result for the ground states.

For higher eigenvectors, we apply a reasoning similar to the one in [33,
Sect. 5]. Let us take any k > 0 such that exi(HY) > e, (HY). Consider
the operator H := HFP;, + e (H")(1 — Pi) where P}, denotes the projection

onto the k + 1 lowest eigenvectors of the Frohlich Hamiltonian HY. H acts
on L*(T?%) ® Fy and has spectrum {eo(HF),..., e, (HY)}. Therefore, by the
min-max principle,

k

> (U, HUY;) > Zei(HF). (5.5)

k
=0 =0

Clearly, HF > HF P, + epr1 (HF) (1 — I@k) so that

k k k

S UV HIUY) > e (HY) + (epsr (HT) — e (HY)) > [I(1 = Pr)U T,

i=0 i=0 i=0
(5.6)

which can be rewritten as
k k F frF
5 >io (ei(HY) — (U, UTHFU',))

UV, P.UY,) >k+1—- =" 5.7
2 (VW BT st () — e (HF) 61)

Note that the last term converges to zero as N — oo by (5.3). Take now [
to be the largest integer such that e;(HY) < ex(HY). The dimension of the
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eigenspace corresponding to e (HF) therefore equals k —I. We have the simple
identity

k k l
S (U PUY) =Y UV, PU;) + ) (UY;, BUT;)
i=l+1 i=0 =0

1
- Z(U\I/i,}P’lU\I!i) - Z(U\Ifi,IP’kU\IJ,») (5.8)
i=0 i=0
(note the presence of both tilded and untilded operators). For the first two
terms, we can use (5.7) for a lower bound. Moreover, since the ¥; are or-
thonormal, we have ZfZO(U\I/,»,I@lU\Di) < TrP; = [+ 1. The last term in (5.8)
is trivially bounded from below by —(I + 1). We thus conclude that

k
k—1> Y (UV;,PUY;) > k—1—Cy — Dy, (5.9)
i=l+1

where the quantities Cy > 0, Dy > 0 can be read off from (5.7) and vanish
as N — oo, because of (5.3). Therefore, Zf:l+1(U\I/i,PkU\Ili) — k—1, but as
each individual term in the sum is < 1, we must have lim(U¥,;P,U¥;) = 1 for
every eigenstate of Hj, with energy ey (H} ). This is precisely the convergence
result stated in Theorem 1, whose proof is now complete.
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