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Abstract

We consider the Frohlich polaron model in the strong coupling limit. It is well-
known that to leading order the ground state energy is given by the (classical)
Pekar energy. In this work, we establish the subleading correction, describing
quantum fluctuation about the classical limit. Our proof applies to a model of a
confined polaron, where both the electron and the polarization field are restricted
to a set of finite volume, with linear size determined by the natural length scale of
the Pekar problem. © 2020 the Authors. Communications on Pure and Applied
Mathematics is published by the Courant Institute of Mathematical Sciences and
Wiley Periodicals, Inc.
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1 Introduction

The polaron model was introduced by Frohlich [10] as a model of an electron
interacting with the quantized optical modes of a polar crystal. It represents a
simple and well-studied model of nonrelativistic quantum field theory, and we refer
to [[1,/8},11L)23L29] for properties, results, and further references.

In the strong coupling limit @ — oo, the model allows for an exact solution,
in the sense that the ground state energy asymptotically equals the one given by
the Pekar approximation [27]], which amounts to a classical approximation to the
quantum field theory. This was first shown by Donsker and Varadhan [5] using a
path integral formulation of the problem. (See also [[24}25] for recent work on the
construction of the Pekar process [29].) Later the result was improved by Lieb and
Thomas [20}21]], who provided a quantitative bound on the difference.

We are interested here in the subleading correction to the classical (Pekar) ap-
proximation. It was predicted in the physics literature (see [2}3}|15,30] and refer-
ences there) that this correction results from quantum fluctuations about the clas-
sical limit, and is O(~2) smaller than the main term. It can be calculated by
evaluating the ground state energy of a system of (infinitely many) harmonic os-
cillators with frequencies determined by the Hessian of the Pekar functional. This
result is verified rigorously in this paper, by giving upper and lower bounds on the
ground state energy of the Frohlich polaron model that establish this subleading
correction. Our analysis applies to a model of a confined polaron, where both the
electron and the polarization field are restricted to a finite volume (with linear size
of the natural length scale set by the Pekar problem).

The confinement breaks translation invariance, which removes zero modes oth-
erwise present in the Hessian of the Pekar functional, and avoids having to localize
the electron on the Pekar scale, which simplifies the problem. The singular ultravi-
olet behavior is unaffected by the confinement, however, and represents one of the
main technical challenges. A key ingredient in our analysis is a multiple use of the
commutator method of Lieb and Yamazaki [22]], combined with Nelson’s Gross
transformation [|14,[26].

2 Model and Main Results

2.1 The Model

For @ C IR? open, let Ag denote the Dirichlet Laplacian, and let vy be the
function vx(-) = (—Ag@) Y2(x,-). The model we consider is defined by the
Hamiltonian

2.1) H:=—-Ag —a(vy)—a'(vy) + N

in L2(Q) ® F, where F is the bosonic Fock space over L2(2). The creation and
annihilation operators satisfy the commutation relation

la(f),a" (@] = (flg) for fig € L*(Q)
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with a parameter & > 0. The field energy is given by the number operator N =
Zj aT(ga_,' )a(gp;) for some orthonormal basis {¢; } in L?(Q) with spectrum o(N) =
a~2{0,1,2,...}. We are interested in the ground state energy of I as a — oo.

We note that the expression (2.1)) is somewhat formal, since vy ¢ L2(Q) and
hence a (v ) is not densely defined. The operator H can be defined with the aid of
its corresponding quadratic form, however. It is in fact well-known that I defines
a self-adjoint operator on a suitable domain; see [13]] or Section [] below.

Remﬁrk 2.1. By rescaling all lengths by «, H is unitarily equivalent to the operator
o 2H with

H = —Agq — Ve(@@x) —a' (@) + N
where Ux(-) = (_AQ/Q)_I/Z(X, ), N = ZjZiT(goj)Ei((pj), and the @ and @'
operators satisfy [@(f).a'(g)] = (f|g) (and are thus independent of «). Large

o hence corresponds to the strong coupling limit of a polaron confined to a region
of linear size «~!. We find it more convenient to work in the variables defined in

(2.1, however.

Remark 2.2. Typically the polaron model is considered without confinement, i.e.,
for @ = IR3, in which case the electron-phonon coupling function is taken to be
(~Apa) 2 (. y) = Q)73 fpa Ik = @) [x — y 72 For
the proof of our main theorem the compactness of (—Agq)~! will be important;
hence we need to consider bounded sets €2 here.

2.2 Pekar Functional(s)

We introduce the classical energy functional corresponding to (2.1) as

Q2 E(g) = fQ VY ()2 dx + /Q o(0)? dx

- _ —-1/2 2
2//QXQ¢(’“)( A@) V2, )Y () dx dy

where ¥ € HO1 (), |¥ll2 =1, and ¢ € L]%(Q), the real-valued functions in
L?(Q). Formally, it can be obtained from by replacing the field operators
a(f)anda'(f) by [ ¢(x) f(x)dx, and taking an expectation value with the elec-
tron wave function . The Pekar energy is

(2.3) e = min &Y, ¢).
¥.0

For Q = R3 it was shown in [5,20,21] that infspec I — e as @ — oco. The
result can be shown to hold also for general 2. Our goal here is to compute the
subleading correction in this asymptotics.

We will work under the following:

ASSUMPTION 2.3. The functional € in (2.2) has a unique minimizer ¥, ¢ (up to
a trivial constant phase factor for y¥%).
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Our proof works under the more general assumption that the set of minimizers
of £ is discrete (up to the phase degeneracy). The case where minimizers form a
continuous manifold requires additional ideas, however.

Since £(|¥|, 9) < E(¥, ¢) we assume from now on that ¥ is nonnegative.
For given , the choice of the minimizing ¢ is clearly unique, and vice versa.
In particular, our Assumption [2.3] concerns uniqueness of the minimizer of the
corresponding Pekar functional

) = min (Y. ¢)

- / VY ()2 dx — ff W (OP(—Ag) " (e ) [ ()2 dx dy.
Q QxQ

Recall that, for @ = RR3, uniqueness of minimizers of £” (up to translations and
phase factor) is known [[18]] (see also [31]]). We expect Assumption @] to hold if
2 is convex, for instance. The proof in [18]] can be adapted to show uniqueness in
case 2 is a ball [6].

ASSUMPTION 2.4. There exists a k¥ > 0 such that
Q4) W) = WD) + i /Q V@ — gD VY e HAQ). ¥ 2 0. [ = 1.

The bound (2.4) follows from an a priori weaker spectral assumption on the
absence of nontrivial zero modes of the Hessian of ¥ at its minimizer ¥* by a
simple compactness argument. For completeness, we spell out the details of this
argument in Appendix [Al The analogue of this spectral assumption in the case
Q = R3 is known (up to zero modes resulting from the translation invariance)
(17,32]. Using the method in [I7], one can prove Assumption [2.4]in case € is a
ball [6]].

If one minimizes E(, @) over ¥ for given ¢, one obtains the functional

(2.5) Fro) = H}}ng(w, @) = llgl3 + infspec(—Ag + Vi (x))
where V,, = —2(=Agq)V/2¢. Let HP denote its Hessian at the unique minimizer
q)P, 1.€e.,
1
(2.6) lim —(F (¢" + ep) — ) = (p|H"|p) Vo € LE(Q).
e—>0 ¢

An explicit computation gives
QP
—Aq + Ve —

@7 HP=1-4(-Ag) /2" sV (—Ag) 712

where " acts as a multiplication operator, u* = infspec(—Agq + Vor) = ef —
||(pP||%, and QP is the projection orthogonal to v/, i.e., orthogonal to the kernel of
—Aq + Vyr — uP. It is not difficult to see that Assumptionimplies that HP is
nondegenerate, i.e., strictly positive (compare with Proposition [3.4]in Section [3.2]
below).
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Finally, we need a regularity assumption on the domain €2.

ASSUMPTION 2.5. The domain € is bounded and has a C 3¢ boundary for some
0<d§<1.

For a proper definition of the meaning of C 3.8 boundary, see Appendix Bl As-
sumption [2.5]allows us to estimate derivatives of the integral kernel of certain func-
tions of the Dirichlet Laplacian (see Appendix [C). The required estimates certainly
hold under less restrictive assumptions on €2, and we expect our main result to hold
also in case €2 is a cube, for instance. We shall not try to investigate the minimal
regularity assumptions, however, and shall henceforth work with Assumption [2.5]

2.3 Main Result

Recall the definition (2.3) for the Pekar energy e®, as well as (2.7)) for the Hes-
sian H® of 7P in (2.5) at the unique minimizer . Our main result is as follows.

THEOREM 2.6. Under Assumptions[2.3H2.5|one has, as o — oo,
1

(2.8) infspec H = e’ — %) Tr(1 — VHP) + o(a™?).
o

More precisely, the bounds

1
2.9 —Coz_l/7(lnoc)5/14 < a? infspec H — o2 + > Tr(]l — HP)
' < Cq~2/M

hold for some constant C > 0 and o large enough.

The trace in (2.8) and (2.9) is over L2($2). We shall see below that 1 — ~/H?P is
actually trace class. Note also that HY < 1; hence the coefficient of =2 in (2.8) is
strictly negative.

In the case = R3, the correctness of the leading term e was shown in [5,20,
21]]. The proof in [[20,21] gives an error bound of the order o~ V5 In the confined
case considered here, we improve this error bound to O (e ~2) and actually compute
the next order correction. We conjecture that the formula (2.8) also holds true in
case 2 = R3, as predicted in the physics literature [2,3}/15./30]. Our upper bound,
in fact, can easily be generalized to this case. While our methods are not strong
enough to prove the corresponding lower bound, parts of our proof are applicable
also to the Q@ = R3 case and yield an improved error bound compared to the one
given in [20,21].

The o2 correction to the ground state energy in (2.8) can be interpreted as
arising from quantum fluctuations around the classical limit described by the Pekar
functional. The trace originates from the ground state energy of a Hamiltonian
describing a system of (infinitely) many harmonic oscillators.

The remainder of the paper is devoted to the proof of Theorem [2.6] We start
with a brief outline to guide the reader.

P
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2.4 Outline of the Proof

In Section [3] we study the Pekar functional (2.5). We shall compute its Hessian
at the unique minimizer ¢ and use it to estimate the functional in a small neigh-
borhood of its minimizer. We shall also derive a useful quadratic lower bound that
is valid globally, i.e., not just close to the minimizer.

In Section[d we shall derive an upper bound on the ground state energy of H that
has the desired asymptotic form as @ — oo. We shall construct an appropriate trial
state and utilize the estimate of the Pekar functional close to its minimizer from the
previous section.

Sections [5and [6] contain auxiliary results that are essential for the lower bound,
in particular to allow for an ultraviolet regularization of the problem. In Section [3]
the commutator method of Lieb and Yamazaki [22] is applied three times in order
to estimate the effect of an ultraviolet cutoff in the coupling function v, in terms of
the number operator N and the electron kinetic energy —Ag. The relevant operator
that needs to be bounded is N1/2 (—AQ)3/ 2 which cannot be controlled in terms of
H?2, however. The necessary bound does hold after a unitary Gross transformation,
which shall be explained in Section[6] This will be sufficient for our purpose.

In Section [7] we shall give a lower bound on the ground state energy of H of the
desired asymptotic form. We shall use the results of Sections [5|and[6]to implement
an ultraviolet cutoff, which effectively reduces the problem to finitely many modes.
We shall then use an IMS localization in Fock space and the bounds in Section [3]
to conclude the desired lower bound.

In Appendix [A] we shall give an equivalent formulation of Assumption [2.4]in
terms of spectral properties of the Hessian of £F. In the appendices we shall derive
bounds on derivatives of the integral kernel of certain functions of the Dirichlet
Laplacian Ag that we need in our proof. These bounds are derived in Appendix [C]
utilizing a theorem in Appendix [B]on bounds on solutions of Poisson’s equation.

Throughout the proof, we shall use the symbol ¢ < b if a < Cb for some
constant C > 0.

3 The Pekar Functional

3.1 Hessian of the Pekar Functional
We consider the Pekar functional (2.5)) and write it as

F () = e(e) + ¢l
with
e(p) =infspec H, and Hy, = —Agq + Vy(x).
Recall that for ¢ € L]%{(]R3) we set V, = —2(—A@)Y/2¢p. In this section we
work under Assumption which states that ¥ (¢) has a unique minimizer ¢ .

We have e(¢p) + ||(p||% > e(p?) + ||(pP||%, and our goal in this section is to obtain
upper and lower bounds on the difference.
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Recall that ¥ denotes the unique nonnegative minimizer of £¥, which is the
ground state of H,r. We have

3.1) oF = (—Ag) 2yl
For later use, we record that ¥ is a bounded function.
LEMMA 3.1. P € L®(Q)

PROOF. The Euler-Lagrange equation for the Pekar minimizer ¥ reads

—Aqy’ = 2((-A) T W)Y = py®
for some . € R, which we rewrite as
v' = (A (1 + 2((-2) YT P)YE).
From (C.2) we deduce that (~Agq) " (x,y) < (—Ar3) " '(x,y) = @r|x—y|)~ L
By Sobolev’s inequality [*|> € L3(2), and hence (—Ag) ! |¢P|? € L>®(Q) by

Holder’s inequality. Thus, f = (i + 2((—A@) " y¥P|1*)¥F € L2(Q), and once
again by Holder’s inequality, ¥¥ = (—Agq)™! f € L*®(R), as claimed. g

Let P = |¢P)(yP| and Q = 1 — P. We introduce the following nonnegative
operators

0

P —A —-1/2
—H(pp_e((pp)w (—Ag)

(3.2) K = 4(=Ag)"V/2yP

and

L =4(-0g) 2P (=20) Y (-A0) 2,
where ¥ acts as a multiplication operator. We shall see that K = 1 — H? where
HP denotes the Hessian of F¥(¢) at ¢ = ¢, introduced in (2.6)) above.

It is easy to see that L is trace class, since (—Agq) ™2y (—Ag)~1/2 is Hilbert-
Schmidt for any multiplication operator ¥ € L2(£2). In fact, since (—Agq)~1/2 <
V2(—Ag+e1)"V/? (withe; = infspec(—Agq) > 0)and (—Ag+e1)/2(x, y) <
(—Ags + e1)"Y/2(x, y) forany x, y € R3 by (C.2), the Cauchy-Schwarz inequal-
ity implies that

Ti[(—Ag) ™2y (—Ag) V22

(3.3) 1 v 2
= (2m)3 /11{3(k2+e1) dk/QW(xH dx.

To show that also K is trace class, we shall first prove the following lemma, which
implies, in particular, that V,, is operator-bounded relative to —Agq if ¢ € L*(Q).

LEMMA 3.2, With V,(x) = —2(—=Ag@) " 2¢(x), we have

[Vo(=20)7|* 5 (0l(-A2)10).
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PROOF. Note that the right side is simply the square of the L?-norm of Vy. By
arguing as in (3.3), one readily checks that the desired bound even holds with the
Hilbert—Schmidt norm on the left side. g

A straightforward modification of the proof shows that V,, is actually infinites-
imally operator-bounded relative to Ag, i.e., limy—oo [|[Vp(—Ag + )71 = 0.
This readily implies that

(—Ag)'/?

(—AQ)I/ZH Q

P — € (§0P)

is bounded; hence the trace class property of K follows from the one of L.
Our main result in this section is the following.

PROPOSITION 3.3. Assume that ¢ € L%R(Q) is such that

(3.4) I(~A@) (@ — D)2 <&

for e > 0 small enough. Then
(35 |F() —F (") — (o — "1 — Kl — ¢")| S e{p —¢"|LIp — ¢").

This result implies, in particular, that 0 < K < 1. It identifies H P—_1_Kas
the Hessian of F¥(p) = e(¢) + [l¢||3 at the minimizer . Our assumption on the
strict positivity of the Hessian thus translates, in view of the compactness of K, to
the statement || K| < 1.

PROOF. By choosing ¢ > 0 small enough and arguing as in the proof of Lemma
we can ensure that the family of operators —Ag + V,,(x) has a unique eigen-
value close to e(¢"), and this eigenvalue is e(p). The rest of the spectrum of H,,
is uniformly bounded away from e(¢"). Hence we can write

< dz

(3.6) e(p) = Tr/
C

for a fixed (i.e., p-independent) contour C that encircles e(¢").

We claim that the operator Ag(z — H(pp)_1 is uniformly bounded for z € C.
This follows from the fact that the multiplication operator V,r is infinitesimally
operator-bounded relative to —Ag, as already argued after the proof of Lemma3.2]
above. Consequently,

(3.7) sup | Vip—r(z — Hpp) | < 1
zeC
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for small &, by Lemma[3.2]and our assumption (3.4). We can thus use the resolvent
identity in the form

1
Z_H(p

—1
_ (]1 - Lv(p_w},) _Q
— H(OP — H(pp

1-—V,_ —— 1 —Vy_pp—— .
+( Z_H(pP o—¢" Z,—e(<pP) ¢ (pPZ—H(pP

The first term on the right side is analytic in z for all z inside the contour C, and
hence gives 0 after integration when inserted in (3.6). The second term is rank 1,
and Fubini’s theorem implies that we can interchange the trace and the integral
after inserting this term in (3.6). We thus obtain

I S | SO S
e“")‘/cz—ew*’)(w (ﬂ V“"“""z—pr)

-1
Z— H(DP

For simplicity, let us introduce the notation
1 0
A=V, pp————, B=—T7-——V, ,r.
Because of (3.7) these operators are smaller than 1 in norm, uniformly in z € C.
We shall use the identity

1 1 B
(3.9) mm—ﬂ+A+A(A+B)+m
A3 A? B A B?
* 1-4 * 1-A4 * 1—A1-B’
We insert the various terms into (3.8)) and do the contour integration. The term 1
then yields e(¢?). The term A yields

(W Vomarlv) =2 [ 6" () = o)
using (3.1). A standard calculation shows that the term A(A + B) leads to

P 0
<W V¢_¢Pe((pp) _ H(pP V(ﬂ_(PP
Furthermore, since Q|yF) = 0, the term B(1 — B)™! yields 0. We conclude that

Fo) = F (") — (o — "1 = K| — ¢")

(3.10) z p| A3 A 1 B p\ dz
_/Cz—e(wp)<w 11—A+A(1—A+1—A]1—B)B“” >%

(3.8)

2

)

w"> =—(p—¢"|Klp — ¢").
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To bound the first term on the right side of (3.10)), note that

3.11) <w" A—3‘1/IP> - ;<wp Vot Ay wP>.
1—4 7 — e(¢P) O —Hp1—4 "
We claim that
(3.12) sup | (—ag)P— LA Cagy2| <.
zeC Z—Hpl—A

which implies that (3.11) is bounded, in absolute value, as
(3.13) |GEID] < (Y [Vopr(=A@) ™ Vogr [¥') = £ (9 — 9" |LIp —¢").

as desired. To prove (3:12) we use the fact that||(—Ag)"/2(z — Hye) "' (—Ag) /2|
is uniformly bounded in order to reduce the problem to showing

I(~A) 241 — A7 (~Ap) || S e

Since STYA(1—-A)"1S = ST1AS(1-S514S5)" ! with S = (—Ag)'/2, it suffices
to show that ||(—Ag) ™2 4(=Ag)/?|| < e, which follows from

[(=20)™ 2V (=A0) 2| < |[Vp(-80)7'|

and Lemma
For the last term in (3.10), we simply bound

A 1 B
A Bly?
(H—A+H—AH—B) ‘w>
A 1 B Pl g 4t 1 P\1/2 /Pl pt pl g Py1/2
H_AJrﬂ_A]l_BH(WIAAIW) (V'|BTBlyT) 7.

The same bounds as above easily lead to the conclusion that also this term is
bounded by the right side of (3.13). This concludes the proof of Proposition
B3l O

(3.14) ‘<¢P

3.2 A Uniform Quadratic Lower Bound

Inequality (3-3) gives a bound on F¥ for ¢ near the minimizer ¢*. We shall also
need the following rougher global bound.

PROPOSITION 3.4. There is a constant k' > 0 such that for all ¢ € L]ﬁ(Q),
(3.15) Frp)z e +{p— ¢l - (1 + K/ (=20) ") o — ¢").
We start with the following lemma.

LEMMA 3.5. For ¢ € H}(Q) with |y ]2 = 1,

— 8
(1 = PR =)™ 212 = 7)< 5 [ [9 (0w =),
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PROOF. Given that f(x) = [y (x)| + [ (x)] and g(x) = [¥ (x)| — [¥"(x)],
the Schwarz inequality and the symmetry and positivity of the integral kernel of
(—Aq)™Y/2 imply that

(v = WP 12[(~a) V23| lw 2 — 1yvP)?)
- / / FEg)(A) 2 (x, 1) f(Ng(y)dx dy
QJIQ

< /Q fQ £ (—A0)V2(x. y)g ()2 dx dy.

For fixed x, we can use the Hardy inequality and the fact that (—Ag)~Y/2(x, y) <
(—Ar3)"Y2(x,y) = 2727 |x — y|2 from (C2) to obtain the bound

2
f (—A0) V2(x. y)g ()P dy < = f Vel
Q T Q

Since [q f 2 < 4, the result follows. O

PROOF OF PROPOSITION 3.4l From our assumption (2.4) on the Hessian of the
Pekar functional £F and Lemma 3.5} it follows that

EP W) = R (v )
> PP + i (ly1? — WP P|(—a) 2|y P - [yP3)

for k' = k7% /8. In particular,

- 2
EW.9) = E°W) + o~ (A" 2y P[5
> + ([P = TP -a) Ty R — [P
- 2
+ o — a2y P
Minimizing with respect to ¥ and using (3.1) leads to the desired lower bound. [J

4 Proof of Theorem 2.6: Upper Bound

In this section we construct a trial state to derive an upper bound on the polaron
ground state energy. Our trial state W will depend only on finitely many phonon
variables. More precisely, for IT a finite rank projection on L%R(Q), we can write
the Fock space F(L?()) as a tensor product F(ITL?(R2)) ® F((1 — IT)L3(R)),
and our trial state corresponds to the vacuum vector in the second factor F((1 —
I1)L%()). The first factor F(I1L%(2)) can naturally be identified with LZ(RY)
corresponding to NV simple harmonic oscillators, where N = dimran I1.

We find it convenient to identify a point (A1,...,Axy) € RN with a function
¢ € ran I via the identification

N
(4.1) 9 =Tlp=> Augn

n=1
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for some orthonormal basis {¢,} of ran IT. With this identification, we can think
of a wave function ¥ € L2(Q) ® L%(R™) as a function ¥(x, ¢) withx € Q,¢ €
ran I1.

The function we choose is as follows:

W(x, g) = e~ (#=¢"|A-TIKTD)![p—¢")

4.2) —1y_ —1/2, P
X (g7 (=AQ) ™% (@ — ¢")ll2) ¥y (x)

where

e ¢ > ( is a small parameter that will be chosen to go to 0 as ¢ — oc.
e 0 < y < 1is asmooth cutoff function with y(¢t) = 1 fort < 1/2 and
x(@) =0forr > 1.
e II is a finite rank projection on L%R(Q) with range containing ¢ .
® V, is the unique nonnegative, normalized ground state of H, = —Agq +
V(p.
e K =1— HP, explicitly given in (3.2).
On states of the type described above (corresponding to the vacuum for all
modes outside the range of IT), the Hamiltonian (2.1) simply acts as H, + N,

with
N 1 1
2 : 2 2
N ( 4ot O, A 202 ) '
n=1

Using the eigenvalue equation HyY, = e(¢)Y, the energy of our trial state W is
thus given as

4.3) (WH[W) = (W]e(p) + N|W).
Since W is supported on the set {||(—Ag)/2(p — ¢F)||» < €}, we can use Propo-
sition [3.3|for an upper bound on e(¢). This leads to

(WH|W) < " (W|W)

+ (VN —[lgl3 + (¢ —¢"|1 — K + eCL|p — ¢")|¥)
for a suitable constant C > 0.
Utilizing the fact that the Gaussian factor in W satisfies
I« 2 P P
(‘m;% o —gPll—Klp— g >)
« e~ (o= |(1-TIKID/?[p—¢")

4.4)

= L Tr(1 — T1K I1)%/2 o~ {0 |A1-IIKID)!/2|p—¢")
202 ’

we can integrate by parts and rewrite the right side of (4.4)) as

(eP b Tr[l — (1 — HKH)l/Z])(\IfllIJ) + A+ B
202
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A= SC(\IIHQD — (pP|L|<p — (pp)“ll)
and

N N
1 / /' —202 (0—oP|(1— 1/2]y_ P
__E: dx Ild’\ o207 (o—¢"|(1-TIK D)/ |p—¢")
4o{4n=1 Q2 RNm=1 "

|05, (x(s7 1(=A0) "2 (0 — 0P) 2) Vo () >

We claim that L is bounded by (—Agq)~'. This follows immediately from
the boundedness of ¥ shown in Lemma Alternatively, one can use that
¥ (—Agq)~ ' is a bounded operator for ¥ € L3(Q) by Sobolev’s inequality.
Hence we can use the rough bound

A < 3 (w|w).
Moreover, by a simple Cauchy-Schwarz inequality, B < 2(B; + B») with

o207 (9p—¢"|(1-TIKID)!/2[p—¢
B 4a4/ U dhm | [o—o")

=

< 17 =872 (0 = 0 12)” D |08, o

and

N
1 o207 {0=¢"|A-IKI)'/?|p—¢
B> 4—/ U | lo—oF)

- — 2
x Z |05, (e I (=A0) (0 — D) 12)| "
n=1
To bound B, we use standard first-order perturbation theory for eigenvectors to
compute
Qo
M, ¥ne = —7— Vo, ¥
(2 H(p o e(w) [% (4
where Qy = 1 — [¥y)(¥y|. In particular,

al 2
Z H 8/xn W‘P H 2

4.5 =1

=4Tr n(—AQ)—Ww( Qv

2
| Ye(-Ae)”V?M
Hy—e ((0)) Y
where we again interpret v, as a multiplication operator on the right side. It is not

difficult to see that
Q¢

_ 1/2 _ 1/2
(—Ag@) I e((p)( Agq)
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is uniformly bounded on the support of y (compare with the proof of Proposi-
tion [3.3). Using this fact and (3.3), we see that (4.5) is uniformly bounded, inde-
pendently of N. Hence By < a4 (¥|W).

For B>, we have

N
1 —202{p—¢?|(1-TIKTI) /2| p—¢P
B fR T e (o0 jo=o")

A

1 _
= — 5 (ay/2/7) 7" det(1 — KT~/
a e

where we have used the fact that ¢F is in the range of IT. We have to compare this
with the norm of W, which is bounded from below by

N
(‘-IJN’) >/ 1_[ dAm e—a2<(p—(pp|(ﬂ_HKH)l/2|(p_(pp)
- RM\Se m=1
= (o 2/7T)_N det(1 — TIKTT)~ /4
N
—/ 1_[ dAm e_2°‘2(<0—<ﬂ"|(ll—HKn)l/2|(p_(pp)
Se =1

where .
Se = {2 e R : I(=A@) (¢ — ¢") 2 = 5/2}.

Since | K|| < 1 by assumption, (—Ag)~! < v(1 — IIKTT)!/2 for some constant
v > 0 independent of N. Hence we can bound the characteristic function of S,
from above by

1
exp(—Eazez) X exp((xz(go — (pP|(Il — HKH)1/2|<p — goP)).

Therefore,
1

(WW) > (ay/2/7) " det(l — TK ) "V4(1 — 2V 2e a2,
In particular, as long as ae > consts/N with a sufficiently large constant, we have
(W) > (ay2/7) " det(1 — TIKTT) /4,

and hence
By < a e (| W),
In summary, we have shown that
W|H|¥ 1
% <ef — %2 Tr[l — (1 — TTK ) Y/?] + const(e® + a~*672)

as long as ae > consty/N and ¢ is small enough. We shall choose II to be the
projection onto the span of g1,...,gnN—1, 9", where we denote by {g;}; an or-
thonormal basis of eigenfunctions of K, ordered in a way that the corresponding
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eigenvalues k; = (g;|Kg;) form a decreasing sequenceﬂ Then
N—-1
Tl — (1 -TIKMY2 = 3 (1 -1~k
j=1

and hence

Trfl — (1 - DKM = Trfl — (1 - K)Y2] = > " (1= (1= k).
j=N

Since K < [(—Aq)~Y2yP(=Ag)~1/2)? and ¥* is bounded by Lemma we
have k; < const ej_z, where e; denotes the (ordered) eigenvalues of —Ag. Since
2 is assumed to be a smooth and bounded domain, we have the Weyl asymptotics
ej ~ j2/3 for j > 1 (see, e.g., [28, sec. XIII.15]), which implies that

o0

D (1-—kp'?) s NTHE

Jj=N

In order to minimize the error term, we shall choose ¢ ~ a8/ and N ~
a2e? ~ o/ 11 which leads to the bound

(W[H]|W) P 1 1/2 —24/11
(46) W <e — 2a—2 TI'[]l — (]l — K) ] + const«
for large enough «. This concludes the proof of the upper bound in Theorem [2.6]

g

5 Multiple Lieb-Yamazaki Bound

In [22] Lieb and Yamazaki used the fact that the interaction between the particle
and the field can be written as a commutator, together with a Cauchy-Schwarz
inequality, to get a uniform lower bound on the ground state energy of H (for
Q = R3) for large . Their method shows that the introduction of an ultraviolet
cutoff A in the interaction affects the ground state energy at most by oA™Y 2,
We shall apply their method three times, which will allow us to conclude that the
effect of the cutoff is at most O(A_S/ 2) (up to logarithmic corrections). It will be
essential to use the Gross transformation explained in the next section, however,
since we need relative operator boundedness of the kinetic energy with respect to
the full Hamiltonian, which only holds for the transformed kinetic energy, as we
shall see.

Before stating the main result of this section, we shall prove the following use-
ful lemma. Its proof proceeds similarly to the one of lemma 10 in [9]. For its

'In case ¢ is in the span of 1gj }}V:_ll, we take IT to be the projection onto the span of {g; }j.vzl

instead.
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statement, we introduce the Coulomb norm,

_ 1/2
6.1 £l = (i [ L2 dxdy)

By the Hardy-Littlewood-Sobolev inequality (see, e.g., [19, theorem 4.3]), this
norm is dominated by the L8/5(R3)-norm.

Let us introduce the notation p = —iVy = (p1, pa2, p3) for the momentum
operator. We shall also use p? for the Dirichlet Laplacian —Aq on .

LEMMA 5.1. Consider a function hx(-) such that k(x) = supyer3 |hx+y(y)| has
finite Coulomb norm. Then

(5.2) a(hx)a(hy) < k|2 p?°N
holds on L*(Q) ® F.

Note that the bound holds trivially with the right side replaced by | /15 ||§N. The
point of Lemma|5.1]is that functions that are more singular (in the x — y variable)
can be handled, at the expense of the kinetic energy term p2.

PROOF. For convenience of notation, let ¥ be a one-phonon vector; the general
case works in the same way. We need to bound

2 2
(5.3) /Q ‘ /Q WCe, Wy dy| dx < /Q ‘ /Q W )k — )dy| dx.

With ®(p, ¢) denoting the Fourier transform of |W(x, y)| (regarded as a function
on R3 x R3), we have

[9 ‘ /Q W(x, )k — y)dy

:/ / O(p - 4.9)k(q)dq
R3|JR3
5/M(fRB|<I>(p—q,q)|2(p—q)2dq) (/R3 |l€(q)|2|p_q|—2dq)dp

fsup(/ |l€<q)|2|p—q|—2dq)// ®(p.q)Pp* dq dp.
» \JR3 R3JR3

The last factor is smaller than ||v/N /p2W||? (by the diamagnetic inequality). By
writing the integral in x-space, one easily checks that

(5.4) sup / R@)P1p — a2 dg < k]
r JR3

hence our claim (5.2) is proven. O

2
dx

2
dp
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The main result of this section is the following:

LEMMA 5.2. Assume that wy(-) is such that

(5.5) Ay == max sup || pj prprlp| Cwxll2 < o0,
j.k,1 xeQ

(5.6) Ay == max sup || p; pi| p|~*wxll2 < o0,
J: XEQ

and

(5.7 Az = max lujkllc < oo,

’

where uji (X) = sup, g3 | pj pic| p|~*wx+y (y)|. Then

a(wy) +a’(wx) < 1241(1pl* +3p*(N + 1/(207)))

1
+ 6(05_1142 + A3)(|p|4 + pZN + 5)

holds on L*(Q) ® F.

PROOF. For any w,, we have

(5.8) > [pi-a(pilplwy)] = —a(ws).
J
Applying this three times, we also get
(5.9) > i k- Lpi-a(pj picpil Pl ~Cwo)]] = —a(wy).
k.l

In particular, we conclude that

a(wy) + aT(wx)

G100 = N[ Ipe. [pr.at (pj pa pr Pl ws) — a(pj p il pICw)lI].

Ik,

We introduce the notation Bjx; = an(pJ-pkpl|p|_6wx) — a(pjpkpl|p|_6wx),
and we rewrite the triple commutator as

> 1) [pi oo Bialll = Y (py pelprs Bjwa) + [Blyy pi]p) pic)
Jikol okl

—2 Z(pjpkBjklPl + PlB_jklijk)
ik

5.11)

using the invariance of Bj;; under exchange of indices.
The Cauchy-Schwarz inequality implies that

(5.12) — Pj Pk Bjkipi — szJTklijk < lpfp;% + A_lplB}LlejklPl
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for any A > 0. Moreover,
(5.13) Bl Bjxr < (4N +207) | p; prpil pl w3 < ATAN +2072).
In particular, by choosing A = 24, and summing over J, k, [, we obtain the bound
—*.
—2> (pjpBjkipr + PiBjy,pjpi)
(5.14) Jok,l
< 124, (Ip|* + 3p*(N + 1/(22%))).
We also have

(5.15)  Cjk =D _Ipi-Bjxal = (pj pel oI *wx) + alpj pecl p|*wy)
)

and
(5.16) PiPkCik + Cikpj Pk < )‘P]zpl% + A_lcjzk

for any A > 0. Furthermore, we can bound

- — 2 -
(517 Cfy < 4a" (pj picl Pl wx)a(ps picl Pl wx) + = pj pelp e 3.

By Lemma the first term on the right side is bounded by 4||u ||(2: 2N, and
hence Cjzk < 4A§p2N + ZA%(X_Z. The choice A = 6(A43 + a1 A5) then leads to
the bound

_ 1
(5.18) > (pjpkCik + Cixpjpi) < 6(43 + 1A2)(|P|4 + p°N + 5)-
Jk
In combination with (5.10), (5.11), and (5.14), this concludes the proof of the

lemma. O

In the following, we shall apply this bound to the large momentum part of the
interaction in order to quantify the effect of an ultraviolet cutoff on the ground state
energy. Because the Coulomb norm in estimates the off-diagonal decay, we
cannot use a sharp cutoff, however, and need to work with a smooth one instead.
In fact, we shall apply Lemma[5.2) with

(5.19) we(y) = 2(—=Ag)(x,y) forz(t) = 17V2(1 —e71/A%)?

for some A > 0. The function z is nonnegative and behaves like 13/2A=* for
t < A2. Moreover, z(¢) — t~1/2 falls off like £ ~1/2e="/A% for t > AZ2.

We shall show in Appendix [C] that the various norms appearing in (5.3)—(3.7)
can be bounded, up to a multiplicative constant, by the equivalent expressions for
Q = R3, which can easily be estimated using Fourier transforms. We have

— _ _ 2\4
(5.20) Ipj prlpl ™ wxl3 =Y e (1= e/ A7) 7188k 0n (x)?
n



562 R. L. FRANK AND R. SEIRINGER

where e, and ¢, denote the eigenvalues and eigenfunctions of —Ag. In particular,
from (C.10) we deduce that

1/2
_ _ —k2/A2\4
sup max || p; px | p| 4w ||25(/ k|7 (1 — e~/ dk)
(521)  vetr 7k T * L )

= const A73/2,
In the same way, we obtain the bound

(5.22) sup max || pj i pil p| Cwxll2 S A2
xeQ j,k,l

Moreover, in Section [C.3] we shall show that

(5.23) max [l 5 A7/
Js

We collect these results in the following corollary.
COROLLARY 5.3. For A > 0 let wy(+) be the function defined in . Then
(5.24) a(wy) +a’(wy) < (P* + N+ DXAT2 +a7IAT)

fora z 1.

6 Gross Transformation

In this section we shall investigate the effect of a unitary Gross transformation
[14,26] on the Hamiltonian 2.1). Let { fx}xeq C L?(S2) be a family of functions,
parametrized by x € , such that Vy f,, € L?(Q) for all x € Q. We consider a
unitary transformation in L2(Q2) ® F of the form

6.1) U = 2@ f)—a’(@? fx)

(This operator acts by “multiplication” with respect to the x-variable.) For g €
L?(Q) we have

62)  Ua@)UT =a(g) + (g|fx) and Ua(9)UT =al(g) + (fxlg)

and hence

(6.3) UNUT = N +a'(fy) +a(fx) + Il £ 13-
Moreover, for p = —i Vy,
(6.4) UpU't = p +a?(@’ (pfi) + a(pfs) + Re{ fxl pfi)).

We shall choose f real-valued, hence the last term vanishes. Then

UpUT = p? +o*@"(pfr) + a(pf))® + 22%p - a(pfx)
+2a2at(pf) - p + @?a(p? fx) + @?a’ (p? f).
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For the Hamiltonian (2.1), we thus have
UHUT = p? + o* @ (pfo) + a(pfo))* + 207 p - a(pf)
(6.5) +20%a%(pfx) - P+ N +a(@p® fu + fr — vx)
+a’@p? fe + fx = vx) + L fxll3 — 2Re(vx| fx).
We shall choose fy such that a?p? fx 4+ fr — vx = gx, ie.,
(6.6) f(3) = (—*Ag +1) (g () +v.(») VyeQ

for some gy € L?(Q) with sup,.cq |gx]l2 < oo. The choice gx = 0 would be
possible, but it will be more convenient to choose

6.7) gx(y) = E(—A@)(x,y) for£(r) = —1"V20(K* —1)

for some K > 0, where

0 fort <0,
(6.8) (t) =<1/2 fort =0,
1 fort > 0.
Then
(6.9) lgxl3 = &2 (=A)(x. x)

and, since £(1)2 < t~1el™t/ KZ, the fact that the heat kernel of Ag is dominated
by the one of Ags implies as in (C.2)) that

1—-k2/K?

1 e e
6.10 ;< dk = K.
( ) Sl;p ||gX||2 — (27T)3 A} k2 477,'3/2
For the corresponding f+, we have
1,0t — K?)
611 fe(y) =n(=A@)(x.y) fory(t) = —"2———=
a’t + 1
Using the fact that
2 4,-3 2 4 2 >
6.12 ) <a "t —K°) <a” ,
612 102 = o000 - &%) <o)

one obtains in a similar way as above

sup | fx 112 = sup n*(—Aq)(x. x)
X X

(6.13) . 53 U
<— | (=) dk = —a™*K3.
= wom (e ) = 5

Moreover,

1 2 ’ !
14 < o gz) dk=5-a KT
(6.14) Slip {vx| )| < a2(2m)3 /Rs(k2 + K2) 27[0[
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and, using (6.12) and (C.10),
2

1
2 2
(6.15) Sl;P Ipfelz < o A@k (kz + K2

With the above choice of the function f; (depending on « and the parameter K)
we denote U by Uk o from now on. With the aid of the previous estimates, we can
now prove the following proposition. Its proof follows along similar lines as the
corresponding argument for = R3 in [13].

3
) dk = 6720 4K 1.

PROPOSITION 6.1. For any € > 0 there are K > 0 and C > 0 such that for all

o > 1and any ¥V € L*(Q) ® F in the domain of p> + N
6.16) A+ a)l(p* +N)¥| +C|v| > ||UK,aHU;£,O,‘I’||
> (1=a)ll(p* +N)¥| - C|¥|.

We remark that due to the singular nature of v, in the interaction term, it is
essential to apply the unitary transformation Uk 4. In its absence, the bound (6.16))
fails to hold. In other words, the domain of H does not coincide with the domain
of p2 -+ N, but the one of Uk o HU }; o does for a suitable choice of K.

PROOF. From (6.3) we see that the terms to estimate are the following:
(6.17) o*l(@*(pfe) +a(pfo) ¥ < o sup Ipfx 1IN +a™2) v
SKTUN +a7 )y
where we used (6.13),
618 [(ateo) +al(@0)¥] < sup x| (VN +a2)v|
SN + a2 W) + 57 K|
for any § > 0, using (6.10)),
619 @la'(pf) - p¥l = swplphlal VN + a2y 2 v

SKTV(P+ N +a )Y
and finally, the term

(6.20) o?p-a(pfy) = e*a(pfy) - p +a(@®p* fx).

The first term on the right side of (6.20) can be estimated as in (6.19) above. For
the second term, we write

(6.21) 2 (P2 f) () = KO () + P ()

where

6.22)  hP() = gx(0) — fx () + [(~A) V2 — (K2 = A@) V] (x, y)
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and
(6.23) P (y) = (K% — M) 2 (x, y).

The L2-norms of gy and f have already been bounded above, in (6.10) and (6.13)),
respectively. To bound the third function in hEJ’, we use

05t—1/2_(K2+t)—1/2 < Kl_l/z(K2+l)_l/2,

and find that the square of its L2?-norm is bounded by

1 / K? Ik — 1 K
(27)3 Jrs k2(k2 + K2) 4w
By using the Schwarz inequality we conclude that
(6.24) |a(hR) || < SINT| + 67 K(1 + (Ka)™)|| ¥

for any § > 0.
The last term to bound is a(hgcz))\lf. Since |h§c2) ()| < (K? — ARs)_l/z(x, V),
Lemma [5.T]implies that

1/2
6.25) |la(h®)¥| < (271)—3/2(/11{30{2 +g*) Vg2 dq) H«/N\/?xpu.

The prefactor on the right side is equal to a constant times K —1/2 Moreover,
we can bound ||vN/p2¥| < %H(p2 + N)V||. In combination with (6.13)) and
(6-14), we hence arrive at the desired result, with K ~ ¢72 and C ~ 73, O

From Proposition [6.1] we draw two important conclusions. First, the ground
state energy of I is uniformly bounded in « for large . Second, in any state of
bounded energy, in the sense that |HW| < const, both

|U o Uka®| and |Ug NUK Y|

are uniformly bounded (for suitable K independent of ¢). In particular, we con-
clude that in order to compute the ground state energy, it suffices to consider wave
functions W having this property.

We have, by a similar computation as in (6.4),

(6.26) Uf ,p*Uka = (p—Aka)® with Ag e = a*@'(pfx) + a(pfi)
and
(6.27) U o NUga =N —a(fe) —a'(fo) + | fell3.

Since || fx |2 is uniformly bounded, as shown in (6.13)) above, it easily follows that
uniform boundedness of ||U ;; «NUk o V|| is equivalent to the one of | NW|.
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7 Proof of Theorem Lower Bound
7.1 Ultraviolet Cutoff

The first step in the lower bound is to introduce an ultraviolet cutoff in the in-
teraction. Corollary [5.3]together with Proposition [6.1| will allow us to quantify its
effect on the ground state energy.

PROPOSITION 7.1. For A > 0, let

(7.1) HA = —Ag —a(vd) —at(v}) + N
where

Ay = IA% + Ag)
Then

inf spec H — inf spec HA
2 —AT2(InA)* —a T AT 2(In A —a2AT (In )2

fora z land A = 1.

(7.3)

In order for the error introduced in (7.3)) to be negligible compared to a2, it is
sufficient to choose A ~ a* with k¥ > 4/5.

PROOF.

Step 1. Recall that ve(y) = (—Ag) 2(x,y). We pick some 0 < A’ < A
and decompose vy as vx(y) = ufc\/(y) + wy(y) where wy is defined as in (5.19)
above, but with A replaced by A’, i.e.,

(7.4) we(y) = 2(=A@)(x.y) forz(t) =t~ V2(1 — 12?2,
Corollary [5.3]states that
(7.5 a(wy) +a"(wx) £ (P2 + N+ DA 2 a7 TN

for @ Z 1. We now apply the unitary Gross transformation (6.1]), with f given in
(6.T1)), and K chosen such that Proposition [p.1] holds for some fixed 0 < ¢ < 1,
say ¢ = 1/2. We have

(7.6) Uf @)Uk o = a(wy) + (wel f),
and
(7.7) sup [(wy] fx)] S @ 2N

xeQ

which can easily be seen by noting that (wy| fx) = (zn)(—Ag)(x,x) (with z
and 5 defined in ((7.4) and (6.11)), respectively) and using that

2] S a2 + A2,
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proceeding as in (C.2)) to bound the expression in terms of the one for Q@ = R3.
Proposition [6.1] thus implies that

(7.8)  a(wy) +aT(wy) < (H + C)2(A 52 4 o IN73/2 4 7277

for a suitable constant C > 0 (independent of « for o = 1).

For computing the ground state energy, it is clearly sufficient to consider wave
functions in the spectral subspace of H corresponding to |H| < C for a suitable
constant C. We thus conclude that

(7.9)  infspecll > infspec HA — const(A’_S/2 + o TN a 2N
where HA” is obtained from H by replacing v, with ujcv = Uy — Wy, i.€.,
(7.10) ud' (v) = (@) TV2(1 = (1 — A/ A5)2) (x, ).

Step 2. We shall now further truncate u;\/ and replace it by

_ O(A? + Ag) P
(7.11) Ay = W(l — (1 —eB2/A)2) (k).
With the aid of (C.3)), one checks that
(7.12) sup [l — T2 < AeA/AY,
xeQ

and hence, using the fact that +/N is uniformly bounded for states with bounded
energy, the error for introducing this additional cutoff is at most of the order
A1/2e—(A/A’)2/2.

Step 3. Finally, we want to further simplify 5;\ and replace it by v;\ in (7.2).
We claim that the ground state energy can only decrease under this replacement.
This is the content of the following lemma.

LEMMA 7.2. Let {¢pj }j.vzl be a set of orthonormal functions in L*(Q), and let

N
(7.13) ux(y) =Y Ajgj(0)gj(y) forkj =0,1<j<N.
j=1

Then
(7.14) e(A1,...,Ay) = infspec[—AQ —auy) —a'(uy) + N]
is decreasing in each ;.

PROOF. We shall use a Perron-Frobenius-type argument. Let ¥ € L?(Q) ®
F be given by {¥o(x), ¥1(x,y1). ¥2(x, y1.y2)....}. We extend {¢; }JN=1 to an
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orthonormal basis {¢;};jen of L?(R), and define a;.'l i (x) by the expansion
Yn (X Y15 n) = 205 i an i (0@ (1) -+ @i, (yn). Then

(V|- Aq + N|W)
= Z Z (/ |an11, ln (X)|2dx +n/ |a11, ,l)l (X)|2dx)
n>0iy,...,

and
(\Pla(ux) +a'(ux)| )
_2Z)L PIRZES R / al o altl, (e (x)dx.
n>0 [1seensin

By multiplying the functions a?l i
make sure that

(7.15) /Q al o altl, (0ej(x)dx =0

with an appropriate phase factor, we can

foralln > 0,1 <j < N,andalliy,...,7,, and this can clearly only decrease the
energy. When computing the ground state energy, it suffices to consider W’s with
such property, in which case the energy is clearly monotone decreasing in all the
Aj. g

As a consequence, the ground state energy with interaction v is bounded below
by the one with interaction v jc\ In particular, we have thus shown that

infspec I > inf spec HA — const(/\’_s/2 + o A2

7.16
( ) Lo 2A 4 A1/2e—(A/A’)2/2)

and this holds for all @ > 1 and A’ > 1. The choice A’ = A(61nA)~"/2 yields
(7.3). O

7.2 Final Lower Bound

The starting point of the proof of the lower bound is Proposition [/.1} which
quantifies the error in replacing H by HA in (7.I) for computing the ground state
energy. We are thus left with giving a lower bound on inf spec H”.

We choose, for simplicity, A in such a way that A2 is not an eigenvalue of —Agq.
Let IT denote the projection

(7.17) M =6(A%>+Ag) and N = dimranTI.
For later purposes we note that one has the Weyl asymptotics

(7.18) N ~ 2n) 3 IQ|A% as A -
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(see, e.g., [28l sec. XIII.15]). If e, and ¢, respectively, denote the eigenvalues and
(real-valued) eigenfunctions of —Ag, then

(7.19) v (y) = Z

<pn (X)on(y)

has finite rank. The Fock space F(L?(£2)) naturally factors into a tensor product
FIIL3(Q)) @ F((1—1I1)L2()), and HA is of the form A ® 1 + 1 ® N>, where
A acts on L2(Q) ® F(IL2(Q)) and N> = 3, v a'(¢n)a(pn) is the number
operator on F((1 — IT)L2(R)). In particular, inf spec H” = inf spec A.

As in Section {| (where a different basis was used, however), we identify the
spaces F(I1L2(R)) and L?(R¥) via the representation

N
(7.20) ¢ =Tg=> Antn.

n=1

thus identifying a function ¢ € ran IT with a point (A1,...,Ax) € RY. In this
representation, we have

N
L, o,

on L2(Q) ® L2(RY). For a lower bound, we can replace —Agq + V,(x) by the
infimum of its spectrum, for any fixed ¢ € ran I1. In particular, we have

(7.22) inf spec HA > inf spec K

where K is the operator on L2(R™)

N
(7.23) K = 4a4 Z s+ F(e)

with FF defined in (2.3). Here F¥(p) is a function of (A1, ..., Ax) via the identi-
fication ((7.20)).

We now introduce an IMS-type localization. Let y : Ry — [0, 1] be a smooth
function with y(¢) = 1 fort < 1/2, y(¢t) = Ofort > 1. Lete > 0, and let j; and
j2 denote the multiplication operators in LZ(R™)

(7.24) J1=xE =A™ 20 — D)),
j2 = V1= 21 (=A0) V20 — ¢P) )2

Then clearly j12 + j22 =1and

(7.25) K= jKji + p2Kjp—E
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where E is the IMS localization error

N
1
(7.26) E = P Z(laxnhl2 + 193, j21%).

It is easy to see that that E < a~*¢72, independently of N. In particular, the
localization error is negligible if & > ™!

On the support of j;, we can use the bound @D on F¥. This gives

J1Kj1 > ji mfspec(e - — Z A
(7.27)

+{p—¢"[1—K—eCLlp —wp))

for C a positive constant. Now ¢ will not necessarily be in the range of IT.
However, since 1 — K — e CL is positive for & small enough, we can replace ¢ by
its closest point (in the norm defined via 1 — K — ¢CL) in the range of II for a
lower bound. That is,

(728) (p—¢"I1—K —eCLlp—¢") = (¢ — y|II(L ~ K —eCL)|p — y)
where y = (IT(1 — K — eCL)IT)~'TI(1 — K — eCL)¢®. The shift by y can
be removed by a unitary transformation, without affecting the ground state energy.
Hence

1 N
IKj = J%infspec(ep T 1ot Z 93, — 22 T {(pIII(1 - K - SCL)H|90))

n=1

= jf[el’ — 2;—2Tr(11 — 1 - T(K + eCL)H):|.

This is of the correct form if N — oo and ¢ — O as o — 00.
On the support of j», we use the bound (3.13) instead. We have, for any 1 > 0,

N &2
> — E - 4+ =
J2Kja > j;5 1nfspec(e e - A" 702 + 4

+p— |1 — (14 (—2)?) ™ = p(—A) Mo — wP))

where we have used the fact that [|(—Ag)™"/2(¢ — )|l > &/2 on the support
of j». We choose 7 independent of « (and hence also independent of A and ¢) and
small enough such that the operator in the last line is positive. Proceeding as in the
case of j; above, we obtain

J2Kja > j? (eP + 282
(7.29)

o2

)
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From the Weyl asymptotics (7.18) one checks that the trace diverges like N 2/3
A? for large A. Hence if we choose Aa~! < conste with a sufficiently small
constant, the term in parenthesis in is actually larger than e®. Since we will
choose A ~ o with k¥ > 4/5, this is compatible with the condition ¢ < 1 as long
ask < 1.

We thus conclude that if A¢~! < conste and ¢ is small enough, we have the
bound

1
(7.30) infspecK > ef — Y% Tr(1 — /1 — (K + eCL)IT) — consta™*e~2,
o

For a lower bound, we can further drop the I1’s in the second term on the right
side, and replace them by 1. Note that | K + ¢CL| < v < 1 for small enough ¢,
and the function f(¢) = 1 — +/1 — ¢ is Lipschitz-continuous and convex on [0, v].
We utilize the following simple lemma.

LEMMA 7.3. Forv > 0, let f : [0,v] — R be a Lipschitz-continuous and convex

function with f(0) = 0, and let A, B be nonnegative trace class operators with
A+ B <v. Then

(7.31) Tr f(A+ B) <Tr f(A) + C¢ Tr B
where Cy denotes the Lipschitz constant of f .

PROOF. With {g;} a basis of eigenvectors of A + B, we have

Tr f(A+ B) =Y f({gjl4+ Blg)))
J
<Y fUgilAlg) + Cr > (gi1Blg))-
J J

The convexity of f implies that f({g;|A4|g;)) < (gj|f(A)|g;), which yields the

desired result. g
Lemmal(7.3|readily implies that

(1.32) Tr(l —v1—K —eCL) < Tr(1— vI — K) + conste Tr L.

We thus have

(7.33)  infspecK > ef — 20%2 Tr(1 — M) — const{a e + o %¢).

In combination with (7.3) and (7.22)), this is our final lower bound.
In order to minimize the error terms in (7.3) and (7.33]), we shall choose & ~
a~V7(Inw)> ' and A ~ 7 (Inw)>/'*. This yields

1
(7.34) infspec H > ef — 2a—2Tr(]l —1- K) — constoc_lsﬁ(lnoz)s/14

for & Z 1, and thus completes the proof of the lower bound in Theorem 2.6 U
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Appendix A Equivalent Formulation of Assumption 2.4

In this appendix we shall explain how Assumption [2.4] can be verified via a
spectral analysis of the Hessian of £F at its minimizer ¥* > 0, which is assumed
to be unique. We partly follow ideas in [7} sec. 2].

The Euler-Lagrange equation for the minimizer is

(A1) —Aoy” —2((—A) Y)Y’ =y
The relevant Hessian Z? is defined via
1 P
(¥|Z"|y) = lim —2(5P(—wp tey ) —eP)
e>0¢ I¥" +evl2
for real-valued € HO1 (2), and equals

ZP — —AQ _2(_AQ)—1|wP|2_4X — i
_4// [VE )P (=A0) ™ IV I dxdy [97) (¥
Q%
+ 4l ((—2) WP P)YT| + he.)

where X is the operator with integral kernel

X(x,y) = ¥ 0)(=20) " e YT ().

There is also another Hessian defined for purely imaginary perturbations of ¥, but
it is trivially given by the linear operator defined by the equation and plays
no role here.

Note that ZPy? = 0. We now show that if ¥ spans the kernel of ZP, then
Assumption [2.4] holds.

LEMMA A.1. Ifker Z® = span{y/*}, then there exists a k > 0 such that for all
0<vy e H(}(Q) with || |2 = 1 we have

(A2) EP W) = E WD) + kY = v 15 @)

PROOF.

Step 1. We first show that there are ¢ > 0 and ¥ > 0 such that (A.2) holds for
all0 <y € Hy(Q) with |2 = Land | =yl g1(q) < c. Weset§ =y —yP
and expand

EWr+8) =W+ 2#/9 PP (x)8(x)dx
+ / | V8(x)|? dx — 2/ Y () (—Ae) T (x, »)8(y)* dx dy
Q QxQ

— H81X18) + O (I8 131)-
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The assumption |[¥ |2 = 1 implies that

(A3) 2 [ yreoseodx = I3
and therefore, using this identity multiple times,
(A4 EP WP +8) = (WP + (81Z°18) + O(I81I3;1)-

The operator Z® has discrete spectrum, and hence our assumption on the simplicity
of the kernel implies that for some « > 0

(81Z%18) = 18 — (w"18)¥ 113

- K(usu%— (/Q wPS)z) — 813 (1 — 47 1813).

On the other hand, it is easy to see that for some C > 0

(A.5) ZP > —(1/2)Aq - C.

Taking a mean of the previous two inequalities we obtain for any 0 < 6 < 1,
(A6)  (51Z°18) = (8/2)IVS]Z + (1 — ) — CO)S]3 — 4~ k(1 — B)15113.
In particular, for 6 = «/(C + « 4+ 1/2) we have

2C +1

£ 1814
2C + 2+ 1" "%

e ol
Inserting this into the above inequality, we obtain

(A7) (812718) = 4

K
(A8)  E'WT+8) =W + m”gﬂél(g) + 0(||5||§{1(Q)),

which clearly implies the assertion in Step 1.

Step 2. We now prove the full statement of the lemma. We argue by contradic-
tion. If there were no such «, we could find a sequence 0 < y,, € HO1 (2) with
|¥%ll2 = 1 such that

(A9) EXWn) < E°WN) + 1 Y =¥ I31 )
Using (C.2), Hardy-Littlewood-Sobolev, Holder, and Sobolev we bound

/ P A) " (o)W ()2 dx dy
QxQ

¥ ()Y (y)?
_47T f/gzxg |x — ¥ dxdy

S I2lgs < v lsllvls S IV l2lv 3.

This implies E(Y) > (1/2)[|[Vy |53 — C ¢ ||S for all ¥ € H} (). Combining
this inequality with the upper bound (A.9) on EF(v,,) we easily infer that (1) is
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bounded in H} () and hence that ||, — ¥ | 1 () is bounded. Thus, (A.9) im-
plies that (1) is a minimizing sequence for 7. Therefore, by a simple compact-
ness argument, after passing to a subsequence, 1/, converges in H ! to a minimizer.
Since v, > 0, our assumed uniqueness of the minimizer implies that v, — ¥F.
Thus, for all sufficiently large n, ||V, — ¥F| Hi(Q) =< ¢, where ¢ is the constant
from Step 1. Therefore the inequality from Step 1 is applicable, but this bound
contradicts (A.9) for large n. This completes the proof. g

Appendix B Bounds on Solutions of Poisson’s Equation

We consider solutions u of the equation —Au = £ in an open set @ C R? with
boundary conditions ¥ = 0 on d€2. We are interested in bounds on derivatives
of u in terms of derivatives of f, uniformly on small balls, possibly intersecting
the boundary of 2. While we use these bounds only for d = 3, it requires no extra
effort to prove them in arbitrary dimension d > 2.

B.1 Statement of the Inequality

Letk € N and § € (0, 1). We say that an open set 2 C R? is a CK0 set if there
are constants rg > 0 and M < oo such that for any x € 902 there is a function
T:{y eR¥: |y <ro} — R satisfying T'(0) = 0, VI'(0) = 0, and

(B.1) Zro sup 97T ()] + rg '+ #rG) ~ TR
Iy'I<ro /LI’ l<ro |y =z

such that, after a translation and a rotation (which maps x to 0 and the exterior unit
normal at x to (0,...,0,—1), and is denoted by T),

(B2) Tx(2N Bry(x)) =

{0 ) € RITE xR 1|y < ro.ya > DY)} N By (0).
Here and below we use the notation |3% f(x)| = (Z|ﬂ|=k 188 £(x)|?)'/2 and
similarly [8% f(x) — 9 f(0)] = (X 512k 188 F(x) — 98 F()1H)1/2, with 9F =
8’31 ---83‘1 for B € N4, and |B| = Z;Izl B;. The above definition of a C¥*9 set is
standard (see, e.g., [12, sec. 6.2]), except possibly for the choice of the r¢ depen-

dence in (B.1). Our choice ensures scale invariance in the sense that if €2 is scaled
by a factor A, rg gets multiplied by A while M stays the same.

THEOREM B.1. Letk e N, O < § <1, Ry > 0, and Q C R4 be an open cks
set. Then we have, foralla € Q and all R < Ry, ifk = 1
1
|Ju(x) — du(y)|

Z R’ sup |37u| + R'FS sup 5
j=0 Bra)NQ x,yEBRr(a)NQ |x - y|

< sup |ul+R* sup  |f]
Bor(a)NQ2 Byr(a)NQ2
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|3%u(x) — 9 u(y)|

Bra)NQ x,yeEBRr(a)NQ |x _y|8

k—2
< sup |u|-|—ZR~"Jr2 sup |07 f]
BZR(a)ﬂQ J_O BZR(a)ﬂQ

k—2 _ ak—2
N (0 S s 10
x,y€B> ()N lx — ¥

The constants in these bounds depend only on d, k, §, M, and R/ ro.

Dropping the Holder seminorm on the left side and estimating it on the right
side in terms of one higher derivative, we obtain:

COROLLARY B.2. Letk e N,0 <8 <1, Ry > 0, and Q2 C R4 be an open cks
set. Then we have for all a € Q2 and all R < Ry,

k k—1

(B.3) ZRj sup  |7ul < sup  Jul+ Z R'*T2 sup ¥ f].
j=0 Bra)NQ Bor(a)NQ j=0 Brr(@)NQ

The constants in these bounds depend only on d, k, §, M, and Rq/ ro.

B.2 Local Estimates

The more difficult assertion in TheoremB.1]is for balls such that Bog(a)NIQ #
@. The strategy in this case will be to flatten the boundary, but this results in a
second-order elliptic equation with variable coefficients. In this subsection we state
and prove bounds on solutions of such equations for domains with a flat boundary
portion.

LetQ C Ri = R4~1%(0, 00) be an open set with an open boundary portion T
on BR‘_{. We emphasize explicitly that the case 7 = & is allowed. For x,y € Q
we write, following [12] sec. 4.4],

dy = dist(x,dQ\ T), dx,y = min{dy,dy},

and introduce the norms

k
Ul qur = Y sup &1 u(x)
j=0xeﬂ
and
k _— .
Ul ur = D sup di 1 u ()
(B.4) j=0%€

- Fu(x) — oku
b up a2 — U0
x,yEQ |x — y]
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(o1+02) |f|(01) (02)

One readily checks that these norms satisfy | fg| k.3, our8lk 5 aur

k,8,QUT
(o) (o-1) (o) ©) .
as well as |0f ], 5 o7 S |f k1 5.0ur @4 [fli50ur S 1 lkt1s.0ur With

implicit constants depending only on d, k, §, and 0.

The following two lemmas are the main technical ingredients in the proof of
Theorem B.11

LEMMA B.3. Let 0 < § < 1 and Q C R‘j'r be an open set with a boundary
portion T on BRi. Let

(B.5) Lu=f+V-ginQ and u=0 onT,
where
d
(B.6) L=—>" drarsd;
r.s=1
Then
0) 0) ) (1)
(B.7) |“|1,8,QUT < lulg qur + 1 flo.qur + 18lo.s.qur

with the implicit constant depending only on d, §, A, and A, where

B.8) 5 ol =

r,s=1

and A > 0 is a uniform lower bound on the lowest eigenvalue of the symmetric
matrix defined by ay 5.

For us the bound with g = 0 suffices, but g appears naturally in the proof.

PROOF. A similar, but less precise bound appears in [[12] cor. 8.36]. Since its
proof is sketched only very briefly, we provide some more details. The starting
point is [[12] (4.46)], which proves the lemma in the case L = —A and Q =
Br(xo)N Ri with xg € Rff_. By the same argument as in the proof of [|12, theorem
4.12] (which is not given, but which is similar to the proof of [[12, theorem 4.8]),
this bound leads to Lemma [B.3|for L = —A, but for general Q. Using a simple
change of variables as in the proof of [12, lemma 6.1], we obtain the lemma for
L = —V - AV with a constant matrix A again for a general 2. Finally, using the
perturbation argument as in the proof of [[12, lemma 6.4] (which again is not given,
but which is similar to the proof of [[12} theorem 6.2]), we obtain the lemma. ]

LEMMABA4. Letk >2,0<8 < 1,and Q C R‘fr be an open set with a boundary
portion T on BRi. Let

(B.9) Lu=f inQ and u=0onT,
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where

(B.10) Z ar.s0rds + Zb 3y

r,s=1

Then

0 0 2
(B.11) |u|](c()g QUT ~ |u|§) 22UT + |f|/(c—)2,8,S2UT

with the implicit constant depending only on d, k, §, A, and A, where

1
(B.12) Z |ars|k 2ggUT+Z|b |](c )289UT

r,s=1

and A > 0 is a uniform lower bound on the lowest eigenvalue of the symmetric
matrix defined by a,s.

PROOF. Lemma with £ = 2 coincides with [[12, lemma 6.4]. Estimates
similar to, but less precise than our statement for k > 3, are stated as [12, problem
6.2], but without any details.

We shall show that for any integer £ > 2 and any ¢ > 0,

+2
(B.13) ) qur < [l aur + AT qur

where the implicit constant depends only on d, k, §, o, A, and A. We will prove
this by induction on k.

First, let k = 2. For 0 = 0 the claimed inequality is [[12, lemma 6.4] (whose
proof is not given, but which is similar to the proof of [12| theorem 6.2]). The proof
for o > 0 follows by the same argument.

Now let k¥ > 3 and 6 > 0. We assume the inequality has already been shown
for all smaller values of k£ and for all values of 0. For 1 < j < d — 1 the function
v = J;u satisfies

(B.14) Lv=f inQ2 and v=0onT,
where
(B.15) f=0f+ Z (3ar.s)d, dsu — Z(a by)oru.

r,s=1
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Therefore, by the induction assumption with o replaced by o + 1,
(c+1)
vl—16,.0ur

o+1 7(c+3
< WlYar + 1A aur

+1 +3 +3
= |8J'“|(()(,IQU)T + |a.if|l(c(i3,(’>?,QuT + Z |(8jar,s)8rasu|,(f_3’5)’QUT

r,s

+ Z |(ajbr)aru|](f_§’35),QUT
-
< Bulggor + 10 F153 aur + 2o 10ianslis s aurldrdsulT 53 our
r,s
+ Z |ajbr|l(c2—)3,8,QUT|aru|l(cU——;,18),QUT
-
< |“|§(,Ts)2uT + |f|1(<U—J;,28),QuT + Z |a’"’~"|I(co—)2,8,$2UT|u|l(c0—)1,8,QUT
r,s

1) (o)
+ ) 1l s.0ur U s.9ur
r
(oc+2) (o)
S esas.our T M2 s qur

where we have used the properties of the norms discussed after equation (B.4).
Bounding the last term on the right side using the induction assumption with o, we
finally obtain

1 2 P
B.16) 197l qur < Wlaur + 153 0ur 7 =1 d — L.

On the other hand, we have

P2u = L(_ D arsdrdsu+ Y byrdyu— f)
(r,9)#(d.d) r

and therefore

2 1(0+2)
‘ad” k—2,8,QUT

—11((0) (0) (0+2)
< |agq k—2,8,QUT( Z larsli =2 5. Qur!9rdsitli 5 5 qur
(r,5)#(d,d)

) (oc+1) (c+2)
+ 21l 5 urlrul 5 our + IS qur)-
a

Our assumptions imply that |a;é|l(c0—)2,8,QUT is bounded in terms of A and A.

(o+1) (o)

Moreover, |aru|k_2,8,QUT k—1,6,QUT"

is bounded above for any 1 < r < d by |u|
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which by the induction hypothesis is bounded by |u |(()US)2UT +|f |,(;I_ng$) QUT"
We thus conclude that

2 ((0+2)
\3d” k—2,8,QUT
+2 +1 +2
S > 10l TER our + 210l aur TS qur
(r,s)#(d .,d) r

d—1
., 0+1) (0+2)
< Z 9l s.ur T 1/ k=25 ur-
j=1

Combining this with (B.I6) we obtain the claimed estimate on [ul; 5 o 7. This
completes the proof of Lemma[B.4]

B.3 Proof of Theorem [B.1]

We first assume that dist(a, 0€2) > 2R. In this case Bog(a) C 2, and we can
apply Lemmas and[B.4with L = —A, T = @, and Bg(a) playing the role
of Q2. Since

k
g <> sup RT3 u(x)]
j=0X€B2r(a)

Fu(x) — ok
n sup (2R)k+8+g| u(x) Su(y)|
x,yEByr(a) |X - y|

(and similarly with u replaced by f) and

k
o= D" sup RIFIRu())

j:OxGBR(a)
0K u(x) — Fu(y)l
+ sup Rk+é+o y ’
x,y€Bg(a) |x — y|5

we immediately obtain the bound in this case. (Of course, in order to prove the
bounds, much simpler versions of Lemmas and [B.4) would suffice.)
Now assume that dist(a, 02) < 2R. We set

oMy Vry itk =1,

B.17 —
®B.17) "TEVomytry  ifk > 2.

Without loss of generality we assume M > %; hence r; < ro. We will first assume
that R < ry/4, which implies that if p € 92 is chosen with | p —a| = dist(a, IQ2);
then

(B.18) Byr(a) N2 C By (p) NQ.
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(Indeed, if [y —a| < 2R, then |y — p| < |y —a| + |a — p| < 2R + dist(a, Q) <
4R < r1.) Therefore, we can work in the boundary coordinates from the definition
of a C*-% domain centered at the point p. After a translation and a rotation we may
assume that p = 0 and that there is a function I' : {y’ e R4~1: |y/| < ro} - R
with I'(0) = 0, VI'(0) = 0, and

(B.19) QN By (0) = {(y', ya) € R xR : |y/| < 1o, yg > DY)} N By (0),
We introduce the change of variables ® : 2 N B, (0) — Ri,
(B.20) Om(y) =ym ifl<m=<d—1 D4(y) =ys—TO.

The following lemma shows that decreasing rg to r; ensures that ® is bi-Lip-
schitz.

LEMMA B.5. Forx,y € Q N By, (0), we have
1 3
B.21) She—yl =10 — e = x|

PROOF. For x,y € 2 N By, (0) we have by the triangle inequality
(B.22) [®(x) = @) — |x = y|| < IT(x) =T ().
In order to further bound this, we write, using VI'(0) = 0,
1
B23) T()=T0) = [ (=) (VO + 10 =) = VIO
0

When k = 1, we obtain

1
B24) TG —T()| < Mr? /O W =yl + (o — )P di
< Mrg® max{|x'|, |y'[}*|x" — y'|.

For |x'|,|y'| <ri = @M)~Y3ry, this is < |x’ — y’|/2. The argument for k > 2
is similar. O

Let Q@ = ®(Byg(a) N Q). This is an open set in ]Ri with a boundary portion
= ®(Byr(a) N IR) on GR‘J"F. For a function g on Bag(a) N 2 we define a
function & on & by

(B.25) g(x) = g(@ ' (x)).
We claim that
k
(0) Rito j
Blsaur = LR 104l
(B.26) =
LR g 0% g(x) — g ()|

x,yEByr(a)N2 |x - y|8
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with an implicit constant depending only on d, k, §, and M . Indeed, by LemmalB.5]
for x € Bygr(a) N Q,

(B.27) dist(®(x),d%\T) < %dist(x, d(Barr(a) NQ)\ (Bag(a) N Q) < 3R.

Moreover, for j <d — 1, wehave d;g = 9,8 + 94801 and 058 = 9,48 Since
|0; | < M, we see that |0g| < |dg|. When computing a second derivative, also a
term like 047 g0; 0 I" appears. Bounding [0;0;I"| < Mro_1 and R < rp, we obtain
|022| < 0%g|+ R™!|dg|. The arguments for higher derivatives and for the Holder
term are similar.

After these preliminaries we now return to our differential equation. We have
—Au = fin Q N Bar(a) and u = 0 on 92 N By g(a). Therefore the functions

(B.28) i(x) = u(®™ (x)), fx) = f(@ 1 (x))
satisfy
(B.29) Li=finQ ad #=0onT
with the operator
d
(B.30) L=-" drarsds.
r.s=1

where

Sr.s ifr,s <d—1.

1+ (VD)2 ifr =s5s=d,
(B-31) drs = —8,? ) ifr <d =s,

—a,I" ifs <d =r.

A straightforward computation shows that the smallest eigenvalue of the matrix
defined by a, is given by 1 + %((VI‘)2 — /(VI)* + 4(VI')2). The function
t— 1+ %(t — /1% + 41) is positive for ¢ > 0 and strictly decreasing to 0 as
t — oc. Therefore, since |VI'| < M by our definition of C k.6 smoothness, we see
that the lowest eigenvalue is uniformly bounded below by some A > 0 depending
only on M.

Moreover, using the definition of a C k.8 _set and the fact that R < ro, we deduce

from (B.26) that
(B.32) Z|ars|k Ls.gur =

with A depending only on d, k, §, and M. Similarly, for

ifr<d-—1
B.33 dsasr = =47
(B.33) Z S ZOAr i =d.
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and k > 2, we have

(€9
(B.34) Dbl s sur =
p
From Lemmas [B.3]and [B.4] we conclude that
7112 .
(W ifk =1,
~1(0) < 151|© 4 lo,Qut
(B.35) 171L) 5 = 171,

el :
I s g0 T2
According to (B.26), the right side of (B.33)) can be further bounded by a constant
(depending only on d, k, 8, and M) times

R sup |f] ifk =1,
Brr(@)NQ2

sup  |u| + Z;:g R/T2 sup |0/ f]
Brr(a)NQ Brr(a)NQ

+ Rk+8 sup |3k72f(|x)_—3‘,;72f(Y)| ifk > 2.
x,y€Bor(a)NQ S

We claim that the left side of (B.33) is bounded from below by a constant (depend-
ing only on d, k, 6, and M) times

k k k
ZRJ sup |8ju|+Rk+8 sup [97u(x) = 9 u(y)|.
j=0 Br(a)NQ x,yeEBRr(a)NQ |x - y|8

The proof of the latter fact is similar to that of (B.26). Namely, for x € Bgr(a) N,
one has

dist(®(x), 33 \ T) > %dist(x, d(Brr(a) N Q) \ (Bar(a) N IQ)) > %R.

Moreover, factors of derivatives of I', which appear when computing derivatives
of u in terms of derivatives of #, are handled as in the proof of (B.26). This com-
pletes the proof of the theorem in case Ry < ry/4 with r; defined in (B.17).

The case of larger Ry is readily reduced to the previous case by covering the ball
Bgr(a) with finitely many smaller balls of size r; /4. Aslong as Ry/rg is bounded,
this only modifies the constants in the bounds. g

Appendix C Bounds on the Kernel of Functions
of the Dirichlet Laplacian

In this appendix we will use the bounds in Appendix specifically Corol-
lary [B.2] to obtain estimates on derivatives of the integral kernel of various func-
tions of the Dirichlet Laplacian Ag for Q C R?. We work in arbitrary dimension
d>1.
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C.1 Simple Bounds
We recall [4] eq. (1.9.1)] that for any x, y € €2, one has

(C.1)  0<eax y) <elBrd(x,y) = (drt) 4/2e~C=2)2/G40)

Therefore, by Bernstein’s theorem we infer that for any completely monotone func-
tion f on [0, 00), we have

y dk

(C2) 0= f(-A@)(x.y) < f(~Ap3)(x,y) = /R SR vt

This bound is used in the main text multiple times, for instance with f given by
F6) =t"'e K% and £(t) = (¢t + K?)73.

To motivate the following, we shall first derive a more general but slightly worse
bound on the diagonal x = y, assuming only that f is nonincreasing. Assuming
that €2 is bounded (or more generally that the spectrum of —Ag is discrete), we
shall denote the eigenvalues of —Ag (in increasing order and repeated according to
their multiplicities) by e;, and the corresponding eigenfunctions by ¢,. According
to we have for any K > 0

3 lon@)? < Kot (x, x) < oK (4nr)=d/2,
en<K?2
Optimizing in ¢ yields

dj/2
3 w0 < (ﬁ)mﬂ = (Zd_e) ra +d/2)f dk

e (ki<ky @m)4

Any nonincreasing function f with lim;_o f(¥) = 0 can be written as a super-
position of characteristic functions as f(¢) = — fooo Xir<s) f'(s)ds, and hence

> flen)lon(0)? = f(=Ag)(x.x)

(C3) dj2
2e
<(%) rasam [

(2m)d

for nonincreasing functions.

C.2 Bounds on the Diagonal

We now use the same method to derive bounds on ), f (en)|88 9n (x)|2. To do
so we shall use Corollary to prove the following.

LEMMA C.1. Assume that @ C R¥ is a bounded, open Ccks set for some k > 1
and 0 < § < 1, and let Ry > 0. For any bounded function g - Ry — R of
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compact support, any B € N(‘f with |B| < k, and any R € (0, Ryp),

RHPIN" g(en)?10P gu (x))?

C4H 8]

SY swp Y glen)?(RPen) o (X))
j=0x’€BR(x)ﬂQ n

forall x € Q.

PROOF. We proceed by induction in |8]. For |f] = 0, (C.4) obviously holds.
Assume now |B| > 1. Pick a ¢ € L?(RQ2), and let u = g(—Agq)¥. From Corol-
lary [B.2] we obtain for any x € Q

€5 RPPux) s sup JuGx)+ Y RFZ sup [0%Aqu(x).

BR(X)OQ a:|a|<|,3| BR(X)OQ

Now

()] = g(-A)¥ ()] =| 3 glenlonl¥ontx)
(C.6) 'y
< (X gtenlon()2) “Ivlo

and similarly
1/2
(e5) 9% Aqu(x)| = (3 glen)?e210%0a(x)2) 1V 2.
n

By combining (C.5))—(C.7) and using the induction hypotheses for & with || < | 8],
we obtain the bound

RPI3B g(—AQ)y (x)?
18] _
SIIBY. sup D glen)*(R%en)™ |gn(x')]?
J-:OBgR(x)ﬂQ n
valid for all ¥ € L?(R). Since

(C.8) sup 122107 g (—AQ)¥ (> = glen)*10P on (x)]?

the result follows. O

We apply (C.4) with g the characteristic function of {e < K2} for some K > 0,
R =K1, and Ry = ¢; /2. This yields

€9 > e <Kl sup Y e < K21+
en<K? BK?l(x)eranz
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where we have used (C.3) in the last step. More generally, we obtain for any
nonincreasing function f with limy_, o #4/2F181 (1) = 0 that

3 flemldPon(x)? = - /0 3 188 n ()P S (E)IE

epn<E

s— [ E
(C.10) 0

o0
= const/ Ed/2+|ﬂ|_1f(E)dE
0

dk
Q2m)d

The validity of is shown in [16, theorem 17.5.3] if Q has C°° boundary.
Following the proof there (which is based on regularity theory in L2-based Sobolev
spaces), one sees that a certain finite number of derivatives is actually sufficient,
but the result is not as precise as ours, which only requires C 81,6 regularity of the
boundary.

= const / K281 £ (k2
R4

C.3 Off-Diagonal Bounds

In this section we shall derive a bound on the derivatives of the kernel of certain
functions of the Dirichlet Laplacian, valid even away from the diagonal. These
bounds are much less general than the ones in the previous two subsections, how-
ever. For simplicity we only consider the particular class of functions needed in
the main text, but the method obviously extends to other functions as well.

For A > 0 and £ > 0, let

ze(t) = 17H 1 —e A,

LEMMA C.2. Assume that @ C R¥ is a bounded, open Ccks set for some k > 1
and 0 < § < 1. Forany 8 € Ng with |B| < k and |B| < 2 4+ d/2, and any
L e(Bl,2+d/2) and A > 0, we have

108 20(—Ag) (x. y)| <

(C.11) [ — y Pl fort <d/2,
In(1 + (Alx — y)™Hlx — y|[7Bl fore =d/2,
Ad=28x — y| 1Bl fort > d/2,

for Alx —y| <1, and
(C.12) 108 20(—AQ)(x, y)| S A™Hx — y|24-d- 1Al

for A|lx — y| > 1.
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PROOF. We use again Corollary above. A simple induction argument as in
the proof of Lemma[C.T|shows that

1B
€13)  RPIEZ,(-AQ)(x.»)| S Y RY swp |zi(—AQ)(x.y)|

i=0 x'€BR(x)

for any R > 0 (smaller than some arbitrary, fixed value). To estimate the right side
of (C.13), we write for j > 0

Zj(6) = 177 (1 —e7/2%)2

1 [ . - -
== f MW 2 = AT T 4 A 2472 Haa
(/) Jo

where the term [A — A_z]{;r_1 is understood as being 0 for A < A~2 even when
j < 1, and likewise for [A — 2A_2]i_1. In particular, from (C.I)), we thus have

(C.14) 12; (~AQ)(x, ¥)| < A7 fi(Alx — y))

with

(C.15) fi(t) =

1 % 24N -1 —1 i~y —d

R Ao — 1) A =212 HA~2 g,
F(j)(4n)d/2/0 ‘ | A=+ -2

We note that

(C.16) ] VIS | A v I) Ul PP P

for A > 3. Using this, one readily checks that as long as 0 < j <2+ d/2,
fi@®) P74 forr > 1,

1 for j > d/2,
fi@) < 4In2/t) forj =d/2, fort <1.
1274 forj <d/2,
We plug these bounds into (C.14) and choose R = |x — y|/2 in (C.13). (Note that

R < Ry, as required for (C.13), where Ry = diameter of 2.) For all x" € Bgr(x),

we then have [x" — y| > |x — y|/2, and hence (C.13), (C.14)), and (C.17)) imply the
desired bounds (C.11)) and (C.12)) for this choice of R. O

(C.17)

Recall the definition g (x) = sup,cg3 |pj Pr|p) ™ * w4y (y)] with

(C.18) wx(y) = z172(—Aq)(x, y).

Applying the bounds (C.11)) and (C.12)), with £ = 5/2,d = 3, and |B| = 2, we
readily obtain

(C.19) ujp(x) S min{A 72|x| 72, A4 x| 74
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The function min{|x|~2, |x|~*} is in L/5(R?) and hence has finite Coulomb norm.
By the Hardy-Littlewood-Sobolev inequality and scaling, it thus follows immedi-
ately that [lujx|lc < A~5/2_as claimed in (5.22).
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