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Abstract

We consider large non-Hermitian real or complex random matrices X with inde-
pendent, identically distributed centred entries. We prove that their local eigenvalue
statistics near the spectral edge, the unit circle, coincide with those of the Gini-
bre ensemble, i.e. when the matrix elements of X are Gaussian. This result is the
non-Hermitian counterpart of the universality of the Tracy—Widom distribution at the
spectral edges of the Wigner ensemble.
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1 Introduction

Following Wigner’s motivation from physics, most universality results on the local
eigenvalue statistics for large random matrices concern the Hermitian case. In
particular, the celebrated Wigner—Dyson statistics in the bulk spectrum [44], the Tracy—
Widom statistics [56,57] at the spectral edge and the Pearcey statistics [47,58] at
the possible cusps of the eigenvalue density profile all describe eigenvalue statis-
tics of a large Hermitian random matrix. In the last decade there has been a
spectacular progress in verifying Wigner’s original vision, formalized as the Wigner—
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Dyson—-Mehta conjecture, for Hermitian ensembles with increasing generality, see
e.g. [2,15,23-26,35,37,40,42,45,48,52,52] for the bulk, [5,12,13,34,38,39,46,50,53]
for the edge and more recently [17,22,33] at the cusps.

Much less is known about the spectral universality for non-Hermitian models. In
the simplest case of the Ginibre ensemble, i.e. random matrices with i.i.d. standard
Gaussian entries without any symmetry condition, explicit formulas for all correlation
functions have been computed first for the complex case [31] and later for the more
complicated real case [10,36,49] (with special cases solved earlier [20,21,43]). Beyond
the explicitly computable Ginibre case only the method of four moment matching by
Tao and Vu has been available. Their main universality result in [54] states that the
local correlation functions of the eigenvalues of a random matrix X with i.i.d. matrix
elements coincide with those of the Ginibre ensemble as long as the first four moments
of the common distribution of the entries of X (almost) match the first four moments
of the standard Gaussian. This result holds for both real and complex cases as well as
throughout the spectrum, including the edge regime.

In the current paper we prove the edge universality for any n x n random matrix X
with centred i.i.d. entries in the edge regime, in particular we remove the four moment
matching condition from [54]. More precisely, under the normalization E |xab|2 = %,
the spectrum of X converges to the unit disc with a uniform spectral density according
to the circular law [6-8,30,32,51]. The typical distance between nearest eigenvalues is
of order n~1/2. We pick a reference point z on the boundary of the limiting spectrum,
|z| = 1, andrescale correlation functions by a factor of n™ 1/2 {0 detect the correlation of
individual eigenvalues. We show that these rescaled correlation functions converge to
those of the Ginibre ensemble as n — oo. This result is the non-Hermitian analogue of
the Tracy—Widom edge universality in the Hermitian case. A similar result is expected
to hold in the bulk regime, i.e. for any reference point |z| < 1, but our method is
currently restricted to the edge.

Investigating spectral statistics of non-Hermitian random matrices is considerably
more challenging than Hermitian ones. We give two fundamental reasons for this: the
first one is already present in the proof of the circular law on the global scale. The
second one is specific to the most powerful existing method to prove universality of
eigenvalue fluctuations.

The first issue a general one; it is well known that non-Hermitian, especially
non-normal spectral analysis is difficult because, unlike in the Hermitian case, the
resolvent (X — z) ! of a non-normal matrix is not effective to study eigenvalues near
z.Indeed, (X —z)~! can be very large even if z is away from the spectrum, a fact that is
closely related to the instability of the non-Hermitian eigenvalues under perturbations.
The only useful expression to grasp non-Hermitian eigenvalues is Girko’s celebrated
formula, see (14) later, expressing linear statistics of eigenvalues of X in terms of the
log-determinant of the symmetrized matrix

: 0 X-—z
()

Girko’s formula is much more subtle and harder to analyse than the analogous expres-
sion for the Hermitian case involving the boundary value of the resolvent on the real
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line. In particular, it requires a good lower bound on the smallest singular value of
X — z, a notorious difficulty behind the proof of the circular law. Furthermore, any
conceivable universality proof would rely on a local version of the circular law as an a
priori control. Local laws on optimal scale assert that the eigenvalue density on a scale
n~1/2+€ is deterministic with high probability, i.e. it is a law of large number type
result and is not sufficiently refined to detect correlations of individual eigenvalues.
The proof of the local circular law requires a careful analysis of H* that has an addi-
tional structural instability due to its block symmetry. A specific estimate, tailored
to Girko’s formula, on the trace of the resolvent of (H?)? was the main ingredient
behind the proof of the local circular law on optimal scale [14,16,59], see also [54]
under three moment matching condition. Very recently the optimal local circular law
was even proven for ensembles with inhomogeneous variance profiles in the bulk [3]
and at the edge [4], the latter result also gives an optimal control on the spectral radius.
An optimal local law for H* in the edge regime previously had not been available,
even in the i.i.d. case.

The second major obstacle to prove universality of fluctuations of non-Hermitian
eigenvalues is the lack of a good analogue of the Dyson Brownian motion. The essential
ingredient behind the strongest universality results in the Hermitian case is the Dyson
Brownian motion (DBM) [19], a system of coupled stochastic differential equations
(SDE) that the eigenvalues of a natural stochastic flow of random matrices satisfy,
see [27] for a pedagogical summary. The corresponding SDE in the non-Hermitian
case involves not only eigenvalues but overlaps of eigenvectors as well, see e.g. [11,
Appendix A]. Since overlaps themselves have strong correlation whose proofs are
highly nontrivial even in the Ginibre case [11,29], the analysis of this SDE is currently
beyond reach.

Our proof of the edge universality circumvents DBM and it has two key ingredients.
The first main input is an optimal local law for the resolvent of H? both in isotropic and
averaged sense, see (13) later, that allows for a concise and transparent comparison of
the joint distribution of several resolvents of H* with their Gaussian counterparts by
following their evolution under the natural Ornstein-Uhlenbeck (OU). We are able to
control this flow for a long time, similarly to an earlier proof of the Tracy—Widom law
at the spectral edge of a Hermitian ensemble [41]. Note that the density of eigenvalues
of H* develops a cusp as |z| passes through 1, the spectral radius of X. The optimal
local law for very general Hermitian ensembles in the cusp regime has recently been
proven [22], strengthening the non-optimal result in [2]. This optimality was essential
in the proof of the universality of the Pearcey statistics for both the complex Hermi-
tian [22] and real symmetric [17] matrices with a cusp in their density of states. The
matrix H?, however, does not satisfy the key flatness condition required [22] due its
large zero blocks. A very delicate analysis of the underlying matrix Dyson equation
was necessary to overcome the flatness condition and prove the optimal local law for
H* in [3,4].

Our second key input is a lower tail estimate on the lowest singular value of X — z
when |z| & 1. A very mild regularity assumption on the distribution of the matrix
elements of X, see (4) later, guarantees that there is no singular value below n—100
say. Cruder bounds guarantee that there cannot be more than n€ singular values below
n—3/%; note that this natural scaling reflects the cusp at zero in the density of states
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of HZ. Such information on the possible singular values in the regime [n~1%0 n=3/4]

is sufficient for the optimal local law since it is insensitive to n€-eigenvalues, but
for universality every eigenvalue must be accounted for. We therefore need a stronger
lower tail bound on the lowest eigenvalue A1 of (X —z)(X —z)*. With supersymmetric
methods we recently proved [18] a precise bound of the form

x\2
x x 4 /xe "G X ~ Gin(R)
P(k X —2)(X —2)F <—)< 2
(X -9 =27 = 55) 5 X, X ~Gin©,
modulo logarithmic corrections, for the Ginibre ensemble whenever |z| = 1 +

om=Y 2). Most importantly, (2) controls A; on the optimal n—3/2 scale and thus

excluding singular values in the intermediate regime [n =%, n=3/4=¢] that was inac-
cessible with other methods. We extend this control to X with i.i.d. entries from the
Ginibre ensemble with Green function comparison argument using again the optimal
local law for H*.

1.1 Notations and conventions

We introduce some notations we use throughout the paper. We write H for the upper
half-plane H := {z € C|Jz > 0}, and for any z € C we use the notation dz :=
2~ 1i(dz AdZ) for the two dimensional volume form on C. For any 2n X 2n matrix A we
use the notation (A) := (2n)~! Tr A to denote the normalized trace of A. For positive
quantities f, g we write f < gand f ~ gif f < Cgorcg < f < Cg, respectively,
for some constants ¢, C > 0 which depends only on the constants appearing in (3).
We denote vectors by bold-faced lower case Roman letters x, y € Ck, for some
k € N. Vector and matrix norms, ||x|| and || A||, indicate the usual Euclidean norm and
the corresponding induced matrix norm. Moreover, for a vector x € Ck, we use the
notation dx := dxj ...dx.

We will use the concept of “with very high probability” meaning that for any fixed
D > 0 the probability of the event is bigger than 1 — n~P if n > ny(D). Moreover,
we use the convention that £ > 0 denotes an arbitrary small constant.

We use the convention that quantities without tilde refer to a general matrix with
i.i.d. entries, whilst any quantity with tilde refers to the Ginibre ensemble, e.g. we use
X, {0i}}_, to denote a non-Hermitian matrix with i.i.d. entries and its eigenvalues,
respectively, and X, (5 }i_, to denote their Ginibre counterparts.

2 Model and main results

We consider real or complex i.i.d. matrices X, i.e. matrices whose entries are inde-
. . .. d _ .
pendent and identically distributed as x,, = n~'/?y for a random variable x. We

formulate two assumptions on the random variable x:

Assumption (A) In the real case we assume that E x = 0 and E x> = 1, while in the
complex case we assume Ex = E x> = 0and E | x |> = 1. In addition, we assume
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the existence of high moments, i.e. that there exist constants C,, > 0 for each p € N,
such that
E|x|? <C,. 3

Assumption (B) There exista, 8 > 0 such that the probability density g: F — [0, c0)
of the random variable x satisfies

ge L' M),  lglita <nP, 4

where ' = R, C in the real and complex case, respectively.

Remark 1 We remark that we use Assumption (B) only to control the probability of a
very small singular value of X — z. Alternatively, one may use the statement

P(Spec(HY) N[—n~',n 1= %) < Cn 112, Q)

for any [ > 1, uniformly in |z| < 2, that follows directly from [55, Theorem 3.2]
without Assumption (B). Using (5) makes Assumption (B) superfluous in the entire
paper, albeit at the expense of a quite sophisticated proof.

We denote the eigenvalues of X by o1, ..., 0, € C, and define the k-point corre-
lation function p\" of X implicitly such that

/k FGioeo z0p™ Grn e zi) dzy .. dzs
C

~1
- (’Z) E Z F(0i. ... 04), (6)

i1seennlf

for any smooth compactly supported test function F: CK — C, with i jefl,...,n}
for j € {1, ..., k} all distinct. For the important special case when yx follows a standard
real or complex Gaussian distribution, we denote the k-point function of the Ginibre
matrix X by p" "™ for F = R, C. The circular law implies that the 1-point
function converges

1 1
lim p%")(z) =—1zeD) =—1(z] < 1)
n— 00 T s

to the uniform distribution on the unit disk. On the scale n~!/? of individual eigen-

values the scaling limit of the k-point function has been explicitly computed in the
case of complex and real Ginibre matrices, X ~ Gin(R), Gin(C), i.e. for any fixed

21y ey 2k Wi, ..., wp € C there exist scaling limits pg‘fﬁ{&k = pgj’fﬁ’,?;‘;(“ for
F = R, C such that
. ,Gin(F wq Wk Gin(F
lim p o ))<Z1 gt W) = pl G (L wy). (7)

@ Springer



G. Cipolloni et al.

Remark2 The k-point correlation function pgﬁ’g?(m) of the Ginibre ensemble in

both the complex and real cases F = C, R is explicitly known; see [31] and [44] for
the complex case, and [10,20,28] for the real case, where the appearance of ~ nl/2

real eigenvalues causes a singularity in the density. In the complex case p§?f{ﬁ§§j<©) is

determinantal, i.e. for any wy, ..., wy € C it holds
(00,Gin(C)) _ (00,Gin(C)) . .
P (i, wi) = det (KZi,Zj (w,,wj))lfi’jik
(00,Gin(C)) .
where for any complex numbers z1, zp, wy, wy the kernel K;; 7, (wy, wy) is
defined by
(i) Forz1 # 22, Ko " (wy, wy) = 0.
(ii) Forz; = zp and |z1| > 1, K225 () ) = 0.
(iii) Forz; = zp and |71 < 1,
(00,Gin(C)) O TG 2 G
K> (wl,w2)=;€ 2 2 .

21,22

@iv) Forzy = zp and |z1] = 1,

21,22

i 1 |w |2 |w |2 J—
K& (o, wn) = . [1 + erf (—ﬁ(mw_ﬁ— w15))] e
P

where

erf(@) = = [ " d
7) = N e ,
Yz

for any z € C, with y, any contour from O to z.
(00,Gin(R))

For the corresponding much more involved formulas for p, we refer the
reader to [10].
Our main result is the universality of péfﬁﬂ%{l(R’C)) at the edge. In particular we

show, that the edge-scaling limit of p,E") agrees with the known scaling limit of the
corresponding real or complex Ginibre ensemble.

Theorem 1 (Edge universality) Let X be an i.i.d. n x n matrix, whose entries satisfy
Assumption (A) and (B). Then, for any fixed integer k > 1, and complex spectral

parameters 21, ..., Zk such that ’ijz =1 j = 1,...,k and for any compactly
supported smooth function F: CX — C, we have the bound

(m) W\ (c0.Gin(F)) _ —c
[C]{ F(w) [Pk <Z+ ﬁ) Pz (W)] dw = O(n™), (3)

where the constant in O(-) may depend on k and the C**' norm of F, and ¢ > 0 is
a small constant depending on k.
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2.1 Proof strategy

For the proof of Theorem 1 it is essential to study the linearized 2n x 2n matrix H*?

defined in (1) with eigenvalues 1] < --- < 15, and resolvent G(w) = G*(w) :=
(H?* — w)~!. We note that the block structure of H? induces a spectrum symmetric
around 0,i.e. A; = =43, _; 4 fori =1,..., n. The resolvent becomes approximately

deterministic as n — oo and its limit can be found by solving the simple scalar
equation

1 _ 2
- — =w+mt - |Z|A, m*(w) e H, w e H, 9)
m< w + m<

which is a special case of the matrix Dyson equation (MDE), see e.g. [1]. In the
following we may often omit the z-dependence of m?, G*(w), . . ., in the notation. We
note that on the imaginary axis we have m(in) = i3 (in), and in the edge regime
|1 — |z|2| < n~1/2 we have the scaling [4, Lemma 3.3]

1/2 1/3
. =P 40!, 1zl = 1, _
Jmi(in) ~ :| ; ’ 2> 1 <nVA 4 pl/3, (10)
[1=lz?[+n2/3°

For n > 0 we define

I 1 C)) ey . MG —zudin)
nEe = ey M M= <—2u<in> fiin) ) an

where M should be understood as a 2n x 2n whose four n x n blocks are all multiples
of the identity matrix, and we note that [4, Eq. (3.62)]

. . . 1
uim) S 1, IMGAnI S 1 (IM' Gl S —73 (12)
n

Throughout the proof we shall make use of the following optimal local law which
is a direct consequence of [4, Theorem 5.2] (extending [3, Theorem 5.2] to the edge
regime). Compared to [4] we require the local law simultaneously in all the spectral
parameters z,  and for 7 slightly below the fluctuation scale n~3/%. We defer the
proofs for both extensions to “Appendix A”.

Proposition 1 (Local law for H?) Let X be an i.i.d. n X n matrix, whose entries satisfy
Assumption (A) and (B), and let H* be as in (1). Then for any deterministic vectors
x, y and matrix R and any & > 0 the following holds true with very high probability:
Simultaneously for any z withfor |1 — |z|| < n='? and all n such tharn=" < n < n'%
we have the bounds

1 1
20N . AZ( 3 4
|(x, (G (in) — M*(in)y)| < n ”x””y”(nl/znm + m]),
&
[(R(GZ(im) — ME(in)))| < = n”:”. (13)
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For the application of Proposition 1 towards the proof of Theorem 1 the special case
of R being the identity matrix, and x, y being either the standard basis vectors, or the
vectors 14 of zeros and ones defined later in (58).

The linearized matrix H* can be related to the eigenvalues o; of X via Girko’s
Hermitization formula [32,54]

1 1
3 Falo = o [ Afy (@ tog et Ll az
n 4an Jo
1 o0
=——/ Afzo(z)/ STr G%(in) dn dz (14)
4mn C 0

for rescaled test functions f;,(z) :=nf (V/n(z—2z0)), where f: C — Cissmooth and
compactly supported. When using (14) the small n regime requires additional bounds
on the number of small eigenvalues A; of H?, or equivalently small singular values of
X —z. For very small 5, say < n~'%, the absence of eigenvalues below 1, can easily
be ensured by Assumption (B). For 7 just below the critical scale of n~3/%, however,
we need to prove an additional bound on the number of eigenvalues, as stated below.

Proposition 2 Foranyn™! <n < n=3/* and ||Z|2 — 1| < n~Y2 we have the bound

n3/2n2(1 + |10g(nr/4/3)|), X complex
n3/417, X real

né
+ O(m), (15)

E|{il|x] =n}| S

on the number of small eigenvalues, for any & > O.

We remark that the precise asymptotics of (15) are of no importance for the proof of
Theorem 1. Instead it would be sufficient to establish that for any € > 0 there exists
8 > 0 such that we have E ‘{i| ’Aﬂ < n_3/4_6}| <n8,

The paper is organized as follows: in Sect. 3 we will prove Proposition 2 by a Green
function comparison argument, using the analogous bound for the Gaussian case, as
recently obtained in [18]. In Sect. 4 we will then present the proof of our main result,
Theorem 1, which follows from combining the local law (13), Girko’s Hermitization
identity (14), the bound on small singular values (15) and another long-time Green
function comparison argument.

3 Estimate on the lower tail of the smallest singular value of X — z

The main result of this section is an estimate of the lower tail of the density of the
smallest |Af| in Proposition 2. For this purpose we introduce the following flow

ax, = _x dr + 4B (16)
t — 2 t \/ﬁy

@ Springer



Edge universality for non-Hermitian random matrices

with initial data Xo = X, where B; is the real or complex matrix valued standard
Brownian motion, i.e. B, € R"*" or B, € C"*", accordingly with X being real or
complex, where (b;),p in the real case, and ﬁﬂt[(bt)ab], 23[(bt)ap] in the complex
case, are independent standard real Brownian motions for a, b € [n]. The flow (16)
induces a flow dx; = —x; d¢/2 + db, on the entry distribution y with solution

1
xio=ex+ f e I24p ey Lo Py 41— g, (17)
0

where g~N/(0, 1) is a standard real or complex Gaussian, independent of x, with
E g% = 0 in the complex case. By linearity of cumulants we find

(I—e ki j(g), i+j=2

18
0, else, (18)

ki j(Xe) = e_(i+j)t/2Ki,j(X) + !

where «; ;(x) denotes the joint cumulant of 7 copies of x and j copies of X, in particular
k2,0(x) = ko2(x) = k1,1(x) = 1for x = x, g in the real case, and ko 2(x) =
k2,0(x) =0 # k1,1(x) = 1 for x = x, g in the complex case.

Thus (17) implies that, in distribution,

X, Lo 2% +/1—e'X, (19)

where X is a real or complex Ginibre matrix independent of Xy = X. Then, we
define the 2n x 2n matrix H, = H} as in (1) replacing X by X;, and its resolvent
G:(w) = G¥(w) := (H; — w)~L, for any w € H. We remark that we defined the
flow in (16) with initial data X and not H* in order to preserve the shape of the self
consistent density of states of the matrix H; along the flow. In particular, by (16) it
follows that H, is the solution of the flow

Hy = H = H* (20)

1 ds;
dH;, = —=(H, Z)dt s
t 2( , + Z)dt + NG

(0 zI (0 B
Z'_<Zl O)’ %t'_<Bf O)’

where I denotes the n x n identity matrix.

with

Proposition 3 Let R, := (G,;(in)) = i(IG,(in)), then for any n™" < n < n=3/* i

holds that
(e731/2 _ ¢=30/2)

n?/ 2y ’

|E[R;, — R, 1| S (21)

for any arbitrary small ¢ > 0 and any 0 < t; < tp < +00, with the convention that
e > =0.
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Proof Denote W; := H; + Z. By (20) and Ito’s Lemma it follows that

dR 1 1
Ed—t’=E —E;waa)aﬂR,+§§K,(a,,3)aaaﬁR, , (22)

where «, B € [2n]? are double indices, wy (1) are the entries of W, and

ke(a, By, ...) ==k (we(t), ws(t),...) (23)

denotes the joint cumulant of wy, wg, ..., and dy := 9y, . By (18) and the indepen-
dence of x and g it follows that «; (o, ) = xo(, B) for all , B and

Kl‘((xvﬂla--~7ﬂj)
_pil . ) ) NI e[

_ e TG e g P UIn+ 1L 2nl, i€ e, @} Vi€ [T oy
0 otherwise,

for j > 1, where for a double index a = (a, b), we use the notation «’ := (b, a), and
[, k with/+k = j+1 denote the number of double indices among o, 81, ..., B; which
correspond to the upper-right, or respectively lower-left corner of the matrix H. In
the sequel the value of «x ;()) is of no importance, but we note that Assumption (A)
ensures the bound |Kk,l(X)| < Z,i§k+l C; < oo for any k, [, with C; being the
constants from Assumption (A).

We will use the cumulant expansion that holds for any smooth function f:

K
Ewefw)=Y Y wl«:aﬁ1 0, f(w)

|
m=0 gy, ....Bnel2n]? m!
+2(K, f), 25)

where the error term £2 (K, f) goes to zero as the expansion order K goes to infinity.
In our application the error is negligible for, say, K = 100 since with each derivative
we gain an additional factor of n~!/? and due to the independence (24) the sums of
any order have effectively only n? terms. Applying (25) to (22) with f = 84 R;, the
first order term is zero due to the assumption E x, = 0, and the second order term
cancels. The third order term is given by

&
_ n
> e Bi. B2) Eldadp, dp, Ri1| S e 3’/2’17/2"4. (26)
afi1B2

Proof of Eq. (26) 1t follows from the resolvent identity that 9,G = —G A“G, where
A% is the matrix of all zeros except for a 1 in the ae-th entry.! Thus, neglecting minuses

! The matrix A% is not to be confused with the Laplacian Af in Girko’s formula (14).
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and irrelevant constant factors, for any fixed «, the sum (26) is given by a sum of terms

of the form
<GIAV1 GtAyzGlAy3G1>7 V17 J/Za V3 € {aﬂ O/}'

Hence, considering all possible choices of yj, y», y3 and using independence to con-
clude that «;(«, B1, B2) can only be non-zero if B, B2 € {«, @’} we arrive at

Z Kkt (o, B1, B2) E[aaaﬂl aﬂzRf]
aB1p2

+ Y SEGeuGraGrpGac

abc

> . 27

where the sums are taken over (a, b) € [2n]> \ ([n]2 Uln+1, 2n]2) and ¢ € [2n], and
we dropped the time dependence of G = G, for notational convenience.
We estimate the three sums in (27) using that, by (10), (12), it follows

Z SE Gca Gba GbaGhC

abc

< e‘3’/2n‘5/2<

+[2_SEGeGpGaaGie

abc

3 §
(Gabl S 7. 1Gaal <3 +1(G = Mgal S0~ 49!+ 2 < 2
nn = nn
from Proposition 1, and Cauchy-Schwarz estimates by
Z|GcaGbaGbaGbc| <Z|Gba Z'G“’l Z|Gbc|2
abc
= Z 1Gbal® V(G*G)aar/ (GG*)pp
ab
=- Z 1Gbal® V(3G)aav/ 3G < (GG*
b
nt < %
=— G
3 PGS
b
and similarly
né
Y 1GeaGraGrpGacl S — Y 1Gbal (3G)aa
nn
abc
56/2

&

n n

= m Z(mgG)uaV (3G)aa 5 "”74
a
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and
2 1GeaGrGaaGrel S~ 7 Z NEOWNVEIONSS < —
abc
This concludes the proof of (26) by choosing & in Proposition 1 accordingly. O

Finally, in the cumulant expansion of (22) we are able to bound the terms of order
at least four trivially. Indeed, for the fourth order, the trivial bound is e~ since the
n3 from the summation is compensated by the n =2 from the cumulants and the n~!
from the normalization of the trace. Morever, we can always perform at least two
Ward-estimates on the first and last G with respect to the trace index. Thus we can
estimate any fourth-order term by e~ (nn)_2 < 7312~/ 277_4, and we note that
the power-counting for higher order terms is even better than that. Whence we have
shown that E |dR;/ dt| < e3/2n=7/2p=* and the proof of Proposition 3 is complete
after 1ntegrat1ng (22) in t from ¢; to to. |

Let X be a real or complex n x n Ginibre matrix and let H? be the linearized
matrix defined as in (1) replacing X by X. Let A, = AZ with i € {1,. 2n}, be
the eigenvalues of H?. We define the non negative Herm1t1an matrix Y Y? =
(X — 2)(X — 2)*, then, by [18],[Eq. (13¢)-(14)] it follows that for any < n=3/* we
have

21+ Gin(C
ETe[7 + 2] _EZAZ n3/2(1 + |log(nn in(C),

28
~ R34yt Gin(R), (28)

for X distributed according to the complex, or respective, real Ginibre ensemble.
Combining (28) and Proposition 3 we now present the proof of Proposition 2.

Proof of Proposition 2 Let A;(t), with i € {1, ..., 2n}, be the eigenvalues of H; for
any t > 0. Note that A; (0) = A;, since Hy = H*. By (21), choosing t; = 0, t, = 400
it follows that

2n
1 né
— 2. E - -
=1n EHOO <-_ )\2+n2)+0<n5/2n3), (29)

for any & > 0. Since the distribution of Hy, is the same as H? it follows that

2n
1 ~ —
b (Z 2—2> =2Eg e[V + 7]

o it

and combining (28) with (29), we immediately conclude the bound in (15). O
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4 Edge universality for non-Hermitian random matrices

In this section we prove our main edge universality result, as stated in Theorem 1. In
the following of this section without loss of generality we can assume that the test
function F is of the form

Fwi,...,wo) = fQw) - Oy, (30)

with fD .. f®.C — C being smooth and compactly supported functions.
Indeed, any smooth function F can be effectively approximated by its truncated Fourier
series (multiplied by smooth cutoff function of product form); see also [54, Remark
3]. Using the effective decay of the Fourier coefficients of F controlled by its C?A+1
norm, a standard approximation argument shows that if (8) holds for F in the product
form (30) with an error O(n=¢®), then it also holds for a general smooth function
with an error O(n~°), where the implicit constant in O(-) depends on k and on the
C?**1_norm of F, and the constant ¢ > 0 depends on k.

To resolve eigenvalues on their natural scale we consider the rescaling f,(z) :=
nf (/n(z—zo)) and compare the linear statistics ! > i fz(oi) and n1 > f20 (),
with o7, ; being the eigenvalues of X and of the comparison Ginibre ensemble X,
respectively. For convenience we may normalize both linear statistics by their deter-
ministic approximation from the local law (13) which, according to (14) is given by

1 1
=Y fulon ~ —f fo(@)dz, (31)
n ; T Jn
where D denotes the unit disk of the complex plane.
Proposition4 Let k € N and z1,...,zx € C be such that |z/~|2 = 1forall j €
k], and let £V, ..., f® be smooth compactly supported test functions. Denote the

eigenvalues of an i.i.d. matrix X satisfying Assumptions (A)-(B) and a corresponding
real or complex Ginibre matrix X by {o; }?:1, {o; };’:1. Then we have the bound

{11 (-1 ] f(”@“)
j=1
_1—[< Z D& / (/)(Z)dz)}zo(n—c(k)), (32)

for some small constant c(k) > 0, where the implicit multiplicative constant in O()
depends on the norms | AfD|1, j =1,2,... k.

Proof of Theorem 1 Theorem 1 follows directly from Proposition 4 by the definition
of the k-point correlation function in (6), the exclusion-inclusion principle and the

bound
1
’_/fzo(Z)dZ 51
T Jp

O
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The remainder of this section is devoted to the proof of Proposition 4. We now fix

some k € N and some z1, ..., 2%, f(l), R f(k) as in Proposition 4. All subsequent
estimates in this section, also if not explicitly stated, hold true uniformly for any z
in an order n_l/z-neighborhood of z1, ..., zk. In order to prove (32), we use Girko’s

formula (14) to write

where
= b A (2) log |det(H® —iT)|d
U 4an K & <
C
) 1 () (N NP
L =—— | Af/'(2) [(;sG (in)) — Jm (117)] dndz
2 !
C 0

. 1 T
W= / A [ (G ) - i n] ana:

) ._ () sy 1
Iy /Afz, ()/ <9m (in) +1>dndz,

with 9 := n~3/47% for some small fixed § > 0, and for some very large T > 0, say
T := n'%. We define T ),~ T, 11 analogously for the Ginibre ensemble by
replacing H* by H? and G* by G*.

Proof of Proposition 4 The first step in the proof of Proposition 4 is the reduction to
a corresponding statement about the I3-part in (33), as summarized in the following
lemma.

Lemmal Let k > 1, let I(l) 3(k) be the integrals defined in (33), with ng =

n=3/4=3 for some small ﬁxed 8 > 0, and let ;;(]), ceey T;(k) be defined as in (33)
replacing m* with m*. Then,

E[]ﬁ( Zfz”(fn f fz(’)(z)dz>
ﬁ( > -1 f(’)(z)dzﬂ

j=1 i=1

k

-E l—[l(j) l—[ ( fcz(k,5)>, (34)
j=1 j=1

for some small constant c>(k, §) > 0.

@ Springer



Edge universality for non-Hermitian random matrices

In order to conclude the proof of Proposition 4, due to Lemma 1, it only remains to
prove that
k

k
Jj=1

j=1

for any fixed k with some small constant c(k) > 0, where we recall the definition of
I3 and the corresponding I~3 for Ginibre from (33). The proof of (35) is similar to the
Green function comparison proof in Proposition 3 but more involved due to the fact
that we compare products of resolvents and that we have an additional n-integration.
Here we define the observable

=[] 68"0:=1T] ( E/ f?”(z)/n (G?ﬁn)—-ﬂlzﬁn)>dndz),
jelk]

Jelk]
(36)
where we recall that G (w) := (Hf — w)~! with H? = H, as in (20). O

Lemma2 Foranyn™' <no <n=3*and T = n'% and any small & > 0 it holds that
—319/2 _ —311/2 nt )
[Biz, = Z)| 5 (7 = %) s TlHar%n 67
J

uniformly in 0 < t] < tp < 400 with the convention that e~ = 0.

Since Zo =[] il 3(j) and Zoo =[] 1 j ~(j ) , the proof of Proposition 4 follows directly
from (35), modulo the proofs of Lemmata 1-2 that will be given in the next two
subsections. O

4.1 Proof of Lemma 1

In order to estimate the probability that there exists an eigenvalue of H* very close to
zero, we use the following proposition that has been proven in [3, Prop. 5.7] adapting
the proof of [9, Lemma 4.12].

Proposition 5 Under Assumption (B) there exists a constant C > 0, depending only
on o, such that

2a
P(mln |AZ| < ) < CuTrapPt!, (38)
i€[2n] n

forallu > 0and z € C.
In the following lemma we prove a very high probability bound for / 1(j ), Iz(j ), 13(j ),

1, /) The same bounds hold true for f(’ ) 7(] ) f(’ ) 7” ) as well. These bounds in the
bulk regime were already proven in [3, Proof of Theorem 2.5] the current edge regime
is analogous, so we only provide a sketch of the proof for completeness.
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Lemma 3 Forany j € [k] the bounds

n ) Af O,
T2 ’

. . . ) . n|lA f(j) I
I |17+ 5| < nfuar®n. |1) < ==
(39
hold with very high probability for any & > 0. The bounds analogous to (39) also hold

70U
Sfor 1.

Proof For notational convenience we do not carry the j-dependence of / l(j ) and fo,
and the dependence of A;, H, G, M, m on z within this proof. Using that

A2
log |det(H —iT)| = 2nlogT + Y _ log (1 + T—fz) ,
Jjelnl

we easily estimate | /1| as follows

[11]

/ Afz;(z)log |det(H —iT)|dz
dmn i

ﬂm 1ﬁMNI
/!@@| S—r

2/\

for any £ > 0 with very high probability owing to the high moment bound (3). By (9)

it follows that |~smz(m) n+ D! ] ~ =2 for large 7, proving also the bound on

14 in (39). The bound for /3 follows immediately from the averaged local law in (13).
For the I, estimate we split the n-integral of Im<(in) — Im*(in) in I, as follows

no
/0 J(G*(in) — M*(in)) dn

1 n(z) 1 r}(z) /’70 P

= — 1 1+ — — I 1+—=]— Im* dn,

DD %<+ﬁ-m Yo tog(1453) = [ aAamdy
[Ai|<n~! ! |Aj|=n~! !

(40)

where [ € N is a large fixed integer. Using (10) we find that the third term in (40) is
bounded by n =174, Choosing [ large enough, it follows, as in [3, Eq. (5.35)] using the

bound (38) that
1 2
- E log(1+ ) nITE, (41)
n
l

[Ail<n~!

with very high probability for any & > 0. Alternatively, this bound also follows
from (5) without Assumption (B), circumventing Proposition 5, see Remark 1. For the
second term in (40) we define 1 := n~3/4+ with some very small & > 0 and using
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log(1 4+ x) < x we write

2
Mo
E log <1 + p)

[Aj|=n~! !

Y owe(1+8)ed ¥ &
Og )\‘2 770 2
n=l<|nil<nd/2ng ! 2i|=n82ng "

. 1
(i3] < 0¥ no) | logn + 03 Y
1

|2 1=n%/2n0

A

ngn®+ m

2 2
e [%i1=n%/210 A

< (logn)n®/3 +
< (logm)n™ 3 4+ n1 =01 (SGH (i) < n® + 0752 (42)

by the averaged local law in (13), and (IM=(in1)) < n;/> from (10). Here from the
second to third line in (42) we used that

(i1l < n*no)| = 3 =i (3G ) <n*P, @3)
i

2
_

7, .2
A7+

again by the local law. By redefining &, this concludes the high probability bound on
I in (39), and thereby the proof of the lemma. O

In the following lemma we prove an improved bound for Iz(j ), compared with (39),
which holds true only in expectation. The main input of the following lemma is the
stronger lower tail estimate on A;, in the regime |A;| > n~!, from (15) instead of (43).

Lemma4 Let I\ be defined in (33), then
E[1"| s n=Plar?i, (44)

forany j e {1,... k).

Proof We split the n-integral of Im?(in) — Jm*(in) as in (40). The third term in the
r.h.s. of (40) is of order n~1=%/3_ Then, we estimate the first term in the r.h.s. of (40)
in terms of the smallest (in absolute value) eigenvalue A, as

1 2 2
E| - Z log 1—}—”—2 <E|log l—i—z—o 141 gnfl)
n B A Ay
|Ail<n! ! n+

S E[llog a1 1(ug1 <270
+00 20 2al
B / POy < e ') dt SnPHHen T,

llogn

(45)
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where in the last inequality we use (38) with u = e~ "n. Note that by (15) it follows
that
E (i £ 1] < 020} S 002, (46)

Hence, by (46), using similar computations to (42), we conclude that

1 n logn

E - Z log <1+p SnH‘S/Z' 47)
|Ai|=n! !

Note that the only difference to prove (47) respect to (42) is that the first term in the

first line of the r.h.s. of (42) is estimated using (46) instead of (43). Finally, choosing
I >a '3+ B)(1 +a) + 2, and combining (45), (47) we conclude (44). m|

Equipped with Lemmata 3—4, we now present the proof of Lemma 1.

Proof of Lemma 1 Using the definitions for Il(j), Iz(j), I;j), I;j) in (33), and similar

N(j) 7(1) T(J) ;(1)

definitions for we conclude that

[]’[( Zfé,”( ) — /f(”(z)dz)
j=1
k

_]1:[1< Z D& /fm(z)dz)}

k k
—E 1_[ (11(1) T 12(1) i 13(1) + Ii])) _ l_[ <I~1(J) + 7;1) 4 j;z) i ;}1))
=1 j=1

& k Ji
_ ) 7 (i1) y(@i2) y(i3) y(ia)
=E|[][5"-T]5" |+ E [ 2P
/=1

Jj=1 Jitjatj3+ja=k ij=1,
Jji=0, ja<k =1,2,3,4

Ji
T Tl2) TG3) Tl4)
- > E [[ 0057 5Y LY.
Jitjatj3+ja=k, i=1
Ji=0, j3<k [=1,2,3,4

Then, if j» > 1, by Lemmas 3 and 4, using that T = 119 in the definition of

19, ..., 11 in (33), it follows that

Jitia g k—ja—=DE TTK )
nittin [Ti=i 1Af I J—
nd/3T2j1+ja - ’

Ji
E l_[ 11(11)12(12) 13(13) 1114) S
i=1,
[=1,2,3,4

for any ji, j3, ja > 0, and a small constant c(2k, §) > 0 which only depends on k, 8.
If, instead, jo» = 0, then at least one among jj and jy is not zero, since 0 < jz < k—1
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and ji + jo + j3 + js = k. Assume j; > 1, the case js > 1 is completely analogous,
then

/i kI8 T afD),

—co(k,8)
—— < n—2kd),
T2j1+]4 -

Ji
E l_[ 11(11)12(12) 13(1’3) 1114) 5
ii=l1,
1=1,234
Since similar bounds hold true for 71(” ), 7§i2), 7;13) , Tf“ as well, the above inequalities
conclude the proof of (34). O

4.2 Proof of Lemma 2

We begin with a lemma generalizing the bound in (39) to derivatives of 13(j ),
Lemma5 Assume n~! < no < n=3/4 and fix1 > 0, j € [k] and a double index
a = (a, b) such that a # b. Then, for any choice of y; € {a,a’} and any & > 0 we
have the bounds

‘3}1,130)0)‘ < ||Af(j)||1n§< + l(a =b+n (mod 2n))), (48)

(nno)min{l,Z}

where 831, =0y, ... 0y, with very high probability uniformly in t > 0.

Proof We omit the - and z-dependence of G7, im® within this proof since all bounds
hold uniformly in# > 0 and \z —zj | < n~ /2. We also omit the n-argument from these
functions, but the n-dependence of all estimates will explicitly be indicated. Note that
the [ = 0 case was already proven in (39). We now separately consider the remaining
cases / = 1 and / > 2. For notational simplicity we neglect the n® multiplicative error
factors (with arbitrarily small exponents § > 0) applications of the local law (13)
within the proof. In particular we will repeatedly use (13) in the form

Gpal < I, a=b+n (mod2n),
bl Ny a#£b+n (mod2n),

7| < minfl, n'/3 4 014, (49)

Gpp =m + OW),

where we defined the parameter

1 1
V= % + nl/2pl/3°

Casel =1

This follows directly from

’ 1T GGT)ap — G
7 U

0 0 n
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1 1
5 —i——l(azb—l—n (mod 2n)),
170

<
~n

N

where in the last step we used |GGT)|| < T~' =n~'% and (49). Since this bound is
uniform in z we may bound the remaining integral by n||Af /)| ;, proving (48).

Casel > 2

For the case / > 2 there are many assignments of y;’s to consider, e.g.
(GAabGAabG Z GeaGpaGhpe, (GAahGAbaG Z GeaGppGac,
(GAabGAbaGAabG) = ; Z GeaGrbGaaGoe,

(&

1
(GAPGAMGAMG) = ) | GeaGryGaGac
c

but all are of the form that there are two G-factors carrying the independent summation
index c. Inthe case thata = b+n (mod 2n) we simply bound all remaining G-factors
by 1 using (49) and use a simple Cauchy-Schwarz inequality to obtain

o] < [ |ard ol / > (1GeP +1Geal?) dndz. (50)
c
Now it follows from the Ward-identity
GG*=G*G = — (51)

and the very crude bound |G| < 1 from (49) and |m| < 1, that

T |(x T
|3Gaal + 3G !
[ (160 + 16t an = [ 18D ang [ Lansiogn
L 10 n no M

By estimating the remaining z-integral in (50) by n||Af /)| the claimed bound in (48)
fora = b +n (mod 2n) follows.

In the case @ # b + n (mod 2n) we can use (49) to gain a factor of i for some
Gap or Gpp — m in all assignments except for the one in which all but two G-factors
are diagonal, and those G, Gpp-factors are replaced by m. For example, we would
expand
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GeaGppGaaGpe = n”;2Gca Gpe + n?Gca Gch(W) +Gea Gbco(w2)7

where in all but the first term we gained at least a factor of 1. Using Cauchy-Schwarz
as before we thus have the bound

)
. AP @)| 1
\8513(”\5[0—; (fn U (16l +1Geal?) dn
c

0

T
+ (n?)’*(GZ)aban dz, (52)

710

T
/ (P dn’ 4
no

where strictly speaking, the second and third terms are only present for even, or
respectively odd, /. For the first term in (52) we again proceed by applying the Ward
identity (51), and (49) to obtain the bound

' T 1(3G)aal +1(3G
/ wZ(IGcb|2+|Gca|2>dn:f wl(s ) | |(§ )bb|d7’]
7 7

0 c 0 n
T 1/3

[Ty oen

10 n (n10)?

For the second and third terms in (52) we use iG? = G’, where prime denotes 9, and
integration by parts, |7’| < 7n7%/3 from (12), and (49) to obtain the bounds

T
/ (P dn‘ <
n

0

T
/ ' () "G aq dn'
no

+ |0~ G i10)aa

+ | GT) ™ G (T )

A

T T
/ n?’(n’i)l_ldn‘ +f || v dn +
0 0

logn
~ nl/*(nno)

1
n!/4(nno)

and

T
/ 'GP ap dn‘ <
no

T
/ nﬁ/(ﬁ)’—zcabdn‘
ul

0

+ |G G ino)an

+ | @GTH G GT )

logn
n/4(nno) ~ n'/*(nno)’

T
< [ avans
10
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In the explicit deterministic term we performed an integration and estimated

T
/ m’ ()~ dn‘ S mdno)l' + 1mAn)| S n 7 407100 < 712,
yl

0

The claim (48) for/ > 2 anda # b + n (mod 2n) now follows from estimating the
remaining z-integral in (52) by n[|Af W ||;. O

Proof of Lemma 2 By (20) and Ito’s Lemma it follows that

1 1
g2 _ _E;ha(t)aaZ,Jrzgfcz(a,ﬂ)%aﬂzz : (53)

where we recall the definition of k; in 23. In fact, the point-wise estimate from Lemma 5
gives a sufficiently strong bound for most terms in the cumulant expansion, the few
remaining terms will be computed more carefully.

In the cumulant expansion (25) of (53) the second order terms cancel exactly and
we now separately estimate the third-, fourth- and higher order terms.

Order three terms

For the third order, when computing 9d,0g,0p,Z; through the Leibniz rule we
have to consider all possible assignments of derivatives 0y, dg,, dg, to the factors

I, (1) A ® Since the particular functions f/) and complex parameters z ; j play no
role in the argument there is no loss in generality in considering only the assignments

O\ T ;) 1) @\ TT ;0
(aﬂlﬂzl )l_[lj (ot gi 13 )(8ﬂ213 )1_[131’
Jj>2
(815") (2%, 13@)) (9187 [T 17 (54)

Jj>3

for the second and third term of which we obtain a bound of

n§3/263t/2< Z H”Af(j)”l + Z H”Af(])”l

a=b+n | a#b+n j

)

nfef

S =53 | [1ar9 1
~ 3
g

using Lemma 5 and the cumulant scaling (24). Note that the condition a # b in the
lemma is ensured by the fact that for a = b the cumulants «; («, f1, . . .) vanish.

The first term in (54) requires an additional argument. We write out all possible
index allocations and claim that ultimately we obtain the same bound, as for the other
two terms in (54), i.e.
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e—31/2 ‘Afz(]l)‘
/ J3dz
C

1
E Ky (et /31,/32)3013/313/5213() S 13/2 n
ap1p2
£,-31)2
n-e
- )
ST 1Af M (55)

where
T T
J3 = / Z(Gz)ubGabGabdn + / Z(Gz)uabeGabdn
o ap - ap
T
+ / Y (GHapGaaGrp dr|. (56)
n  gp

Proof of Eq. (55) Compared to the previous bound in Lemma 5 we now exploit the a, b
summation via the isotropic structure of the bound in the local law (59). We have the

simple bounds
x,3Gx -
% <l 4+ nty < nny?,

1
|, G%y)]| = V5 3Gy, 3Gy) S xllylny? (57)

as a consequence of the Ward identity (51) and using (13) and (10). For the first term
in (56) we can thus use (57) and (51) to obtain

T T
/ > (GHapGapGap dn| < 1 / ny? Y 1Gapl* dn
7 Ul

0 a4b 0 ab

T ~
5 ng/ nwz Z (3G)aa dn
n n

0 a

T &

n
<o [ stz 2
no nn,

For the second term in (56) we split G, = i + O(¥) and bound it by

T
| 3 (6DuGusGus
10

ab

5 nE /T lﬁ Z ‘(Gz)aaGab
)

0 ab

T
dn + / n?Z(Gz)aa (ea, Gly)) dn
no a
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SnE/Tng/zwz(wZ\/wG)bb+\/<1+,SGI+>+<1_,SGI—>)M
10 b n

n

T né
<nf f (v 49 dn £
no nngy

where ¢, denotes the a-th standard basis vector,

1;,:=(,...,1,0,...,0), 1_:=(,...,0,1,...,1) (58)
are vectors of n ones and zeros, respectively, of norm ||[1+| = /7 and s(a) = —
for a < n, and s(a) := + for a > n. Here in the second step we used a Cauchy-

Schwarz inequality for the a-summation in both integrals after estimating the G2-terms
using (57). Finally, for the third term in (56) we split both G4, = m + O(¥) and
Gpp = m + O(Y) to estimate

T
| 3 6DGusGon
n

0 ab
€a,G lv(a) W’d’ﬁ‘/

§n5/ ny dn—}-Z/
0 0

§ T 2.2 £
Sn—3+”§/ n5/2¢3dn+n§/ nwzdngn—g,
nng 70 o L+0 nnp

T
m* (1., G*1_)|dn

using (57). In the last integral we used that |72] < (14 1)~ to ensure the integrability
in the large n-regime. Inserting these estimates on (56) into (55) and estimating the
remaining integral by n||Af(V||; completes the proof of (55). O

Order four terms

For the fourth-order Leibniz rule we have to consider the assignments

&) () (1) (2 ()
(aa,ﬁlaﬁZsﬁ313 ) 1_[ I3j ) ( o, B, ﬂzl )(8/3113 ) 1_[ [3j B

Jj>2
1 2 ) 1 2 3 )
(aohﬁl 13( ))(aﬂz 31( )) 1_[ 13] ’ (aohﬁl 13( ))(3,5213( ))(85313( )) 1_[ 13] ’
j> J>
() (2) (3) 4 )
(aa»ﬂl I3 )(8/3213 )(8/3213 )(8/3313 )l_[13j ’
j>4
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for all of which we obtain a bound of

n5672l

[T1ar%m.
J

I’l27](2)
again using Lemma 5 and (24).

Higher order terms

For terms order at least 5, there is no need to additionally gain from any of the factors
of I3 and we simply bound all those, and their derivatives, by n® using Lemma 5. This
results in a bound of n§~(—9/2¢—11/2 ]_[j | Af@) | for the terms of order /.

By combining the estimates on the terms of order three, four and higher order
derivatives, and integrating in # we obtain the bound (37). This completes the proof of
Lemma 2. O

A. Extension of the local law

Proof of Proposition 1 The statement for fixed z, n follows directly from [4, Theorem
5.2],iftn > no := n=3/4+€ For smaller N1, using 9,G(in) = iGz(in), we write

(x,[G@n1) — M(@iny)]y) = {x, [G(ino) — M(ino)]y)

m
+i / (6. [G2n) — MGmly)dy  (59)
no

and estimate the first term using the local law by n~ /4. For the second term we
bound

|, G%y)| = Vix, G7Gx) (. G"Gy) = L /i 3Gx)(y, 3Gy)
El = ’ ] 7’] 9 5 O )
1
/
e M| S Bl

from || M'|| < (J72)~% and (10), and use monotonicity of 5 — n(x, 3G (in)x) in the
form

" WER T pde3
Stx, Gnx) = 2, 3G o)) < I 2( T 4+ 0 ) S e
n n nn

After integration we thus obtain a bound of || x|| ||y ln*/3 /(nn1) which proves the first
bound in (13). The second, averaged, bound in (13) follows directly from the first one
since below the scale 7 < n~3/* there is no additional gain from the averaging, as
compared to the isotropic bound.
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In order to conclude the local law simultaneously in all z, n we use a standard grid
argument. To do so, we choose a regular grid of z’s and 1’s at a distance of, say, n~3
and use Lipschitz continuity (with Lipschitz constant n?) of (n,z) — G*(in) and a
union bound over the exceptional events at each grid point. O
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