Journal of Statistical Physics (2020) 180:23-33
https://doi.org/10.1007/s10955-019-02322-3

®

Check for
updates

Divergence of the Effective Mass of a Polaron in the Strong
Coupling Limit

Elliott H. Lieb" - Robert Seiringer?

Received: 17 February 2019 / Accepted: 20 May 2019 / Published online: 27 May 2019
© The Author(s) 2019

Abstract
We consider the Frohlich model of a polaron, and show that its effective mass diverges in the
strong coupling limit.
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1 Introduction and Main Result

The polaron model introduced by Frohlich [5] represents a simple and well-studied model
of an electron interacting with the quantized optical modes of a polar crystal. We refer
to [1,4,6,14,18] for properties, results and further references. To this date, the asymptotic
behavior of its effective mass for strong coupling represents an outstanding open problem.
According to Landau and Pekar [8], it is expected to diverge as o* for large coupling constant
o, with a prefactor determined by the minimizer of the Pekar functional, see Eqgs. (1.4)
and (1.8) below. While we are not able to verify this conjecture, we shall prove in this paper
that the effective mass indeed diverges to infinity as « — o0.

For fixed total momentum P € R3, the Hamiltonian of the Fréhlich model is given by
[9,14]

Hp = (P — P> +V+N (1.1)
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where

N

vl R (ak +af), (1.2)

N = ng dk a}:ak denotes the number operator, Py = fR3 dk k agak the field momentum, and
a > 0 is a coupling constant. The Hamiltonians Hp act on the Hilbert space F, the bosonic
Fock space over L%(R?). The creation and annihilation operators satisfy the usual canonical
commutation relations [a, a;] =6k —1).
We denote Ep = infspec Hp. It is well-known that minp Ep = Ej [6], and that
lim o 2E) = ¢, (1.3)
a— 00

Pek

with ¢"** the Pekar energy

2
epek:min{/ dx |V ()2 // Wx)' WOy / |1//|2=1}.
% R3xR3 |x — yl R3

(1.4)

This was proved in [3] using the path-integral formulation of the problem (see also [15,16]
for recent work on the construction of the Pekar process [18]), and quantitative bounds were
later given in [13] using operator methods, which will play an important role also in this
work.

The effective mass m of the polaron is defined via

2

P 2
Ep=Ey+ — +0o(P°) (1.5)
2m
as P — 0. In other words,
1 Ep—Ep\ !
-1 _ . 1.6
S PEO( P2 ) (10)

It satisfies m > 1/2, which is the bare mass of the electron in our units. In fact, m > 1/2 for
a > 0. Our goal is to prove

Theorem 1 The effective mass of the polaron satisfies

lim m = oo. (1.7)
o— 00

According to [8] (see also [1] and [18]) the polaron mass is expected to satisfy

lim o *m = 7/ dx [P () (1.8)
o—> 00
where 17K denotes the minimizer of the Pekar functional in (1.4). The latter is unique up to
translations and multiplication by a complex phase [10]. While our result is far from showing
(1.8), it gives for the first time a lower bound on m that diverges as « — oo.

To prove Theorem 1, we shall compute an upper bound on Ep — Ep. The choice of
trial state is motivated by the following observation. In the strong coupling limit, we expect
[12,17] the ground states ¢ p of Hp to be approximately of the form

bp o YER(P = Ppet “Q (19)

where Q € F denotes the Fock space vacuum, {2k (p) = a=3/2yPek(¢~! p) is the Fourier
transform of a minimizer of the Pekar functional in (1.4) with coupling constant « inserted
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in front of the second term, and F* i

space, given by

is the corresponding Pekar field function in momentum

Pek(p) \/& / dx h[,(sek('x)lzefip'x. (1]0)
27r|p| R3
Moreover, aT((pgek) is short for
ahh = [ kel (111

hence e =) Q2 is proportional to the coherent state whose expectation of ay gives ¢, Pek (k).

In particular, we expect that pp =~ ek (P —Pp)/¥, ek( Pr)¢o, which to leading order
in P reads

V‘/fo[fek( Pf)¢
l/f};ek( Py)

bp~ o+ P- (1.12)

Our actual choice of trial state will be slightly modified, since we do not know whether the

function p — VyPek(p)/yPek(p) is bounded, and hence we will use a regularized version
of it.

Our method of proof is in principle quantitative, i.e., gives a lower bound on the effec-
tive mass m, except for the regularization just mentioned. If one can show that p +—

VyrPek(p) /yPek(p) is a bounded function (or get a control on its possible divergence at
infinity), one obtains an explicit lower bound on the rate of divergence of m as « — o0.
Due to the rather crude energy estimates involved, the lower bound is at best of order a!/19,
however. This is far from the expected o*in (1.8).

We note that the effective mass plays an important role also in various other models
of quantum field theory, and our method may prove useful in other problems as well. For
previous rigorous work on the effective mass, we refer to [2,11,12] and references there.

In the remainder of this paper we shall give the proof of Theorem 1.

2 Proof of Theorem 1
Let ¢o € F denote the normalized ground state of Hy. Existence and uniqueness of ¢g are
shown in [14]." Let 1 : R?> — R3 be smooth and compactly supported, and of the form

t(p) = ph(p) with h a radial function. We take as trial function for Ep = infspec Hp a
function of the form

dp =do—a P t(P/a)o. 2.1)

Using rotation invariance of ¢g, we see that the norm of ¢p equals

P2
lppl? =1+ 3 (@0 1Py /) *| o). 2.2)

1 Strictly speaking, the results in [14] apply only to the model with an ultraviolet cutoff. The latter can be
removed by a suitable limit, as explained in detail in [7].
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Moreover, since Hy¢o = Eo¢pg, we also have

(¢p |Hp|dp) = Eo + P> +a 2 (P -1t(Py/a)po | Hol P - t(Pf/a)¢o)
+4a~ g [P - Py| P-1(Py/a)go) + o(P?) 2.3)

for small |P|. In particular, in combination with the norm (2.2) above, we obtain for the
inverse effective mass

s 1 ((¢>P|HP|¢>P)_E)

1m —
2m = p=0 P2\ ligrlP

<1+ ﬁ (t(Pg/a)do |Hy — Eolt(Py/a)gpo) + % (o |Pr-t(Pp/a)| o) (2.4)
where we used again the rotation invariance of ¢y.

Our goal is to find a function ¢ such that the right side of the above inequality goes to zero
as @ — oo. To be precise, we shall find, for any § > 0, a function ¢ such that the limit of
the right side of (2.4) is smaller than §, which is sufficient for our purpose. The following
lemma, characterizing properties of the ground state of Hy in the strong coupling limit, will
turn out to be essential.

Let ¥°% be a minimizer of the Pekar functional in (1.4). As shown in [10], it is unique up
to translations and multiplication by a complex phase factor. We choose the phase factor such
that 1" is non-negative, and translate the function to be rotation-invariant about the origin.
Under these conditions, ¥°* is indeed uniqu/ei,et @K be the associated polarization field,

given by (1.10) for @ = 1. Note that both 1Fek and ¢P ek are real-valued since ¥P¥ is an
even function. Then the following holds.

Lemmal Let g : R — R be a smooth function with bounded second derivative. With ¢y
the ground state of Hy, we have

Jim ol (Py/elen) = [ WP @5)

3

Moreover, if in addition g is bounded,
tim o 2ol g Py /i) = [ "2 [ 1P 2.6)
a—>00 R3 R3

and, for any & € L*(R3),

lim o~ polg(Ps/@)a’ (6x)g(Pr/a)|¢o)

o—>00

- //w oo Rap PEHRERIPE(p +)2(p + DYPE()g(p) 2.7)

where &, (p) = a3/2&(p/a) and we used the notation (1.11) for a¥ (&,).

In particular, Lemma I states that the relevant expectation values can, in the strong coupling
limit, be computed using the ansatz (1.9) for ¢yo.

We shall postpone the proof of Lemma 1 to the end of this section, and continue by
exploring its consequences. From (2.5), we obtain

o—>00

i o oo Py 1Py 0| o) = [ dp bR pRp o) 28)
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We shall choose?

Pek
t(p) = P (o)) 2.9)

)

for some & > 0, with x aradial function in Cgo (R3) satisfying x (0) = 1.In [10] it was shown
that y7°K is a smooth function that decays exponentially at infinity. In particular, this implies

that ¥Pek and all its derivatives are bounded functions going to zero at infinity. Moreover,
—_—

from the variational principle (1.4) it is not difficult to see that yrFek is strictly positive. Hence
the function 7 in (2.9) is bounded and smooth for any ¢ > 0. In particular, the assumptions
in Lemma 1 are satisfied, and by combining (2.8) and (2.9), we have

— — 3
lim lim o~ {go | Py - 1(Py/e)] o) = / dpyPK(p)p - VP (p) = =3 (2.10)
£—00a—>00 R3 2
where we used dominated convergence for the ¢ — 0 limit, and integrated by parts in the
last step.
Theorem 1 is thus proved if we can show that

lim lim o 2(t(Py /)0 | Ho — Eol t(Py/a)go) = 3. 2.11)

e—>0«

For the terms P%, N and E( we can use again Lemma 1, with the result that

lim lim o~ (t(Pf/a)qbo ‘P} +N- Eo’ t(Pf/a)cbo)

e—>00—
= / dp VP (p)? <p2+ / <¢P6k>2—e"ek> 2.12)
R3 ]R3

where we also used (1.3). In order to calculate the expectation of V, we cannot directly apply
(2.7) since the function k +— |k|~! is not in L?(IR?). We shall introduce an ultraviolet cutoff
A > 0 and write
_ O(k| — Aa)
1
v(k/a) + (2.13)
Ik~ |k]

where 6 denotes the Heaviside step function. Thus v(k) = |k|7'60(A — |k|), which is a
function in L>(R3). After inserting the second term in (2.13) into (1.2), we can proceed as
in the derivation of [13, Eq. (4) in Erratum] to obtain

f § 8k, 1 3
dk — <—P}+—(N+Z 2.14
fﬂ kizAa K] (ak+ak> ea s T\t 2.14)

for any k > 0. Applying Lemma 1 and sending A — oo followed by k — o0, we conclude
that

lim lim o~ 2(t(Pyja)o |V 1(Py /) o)

e—~>0«

Pek —
——// dk dp G )vaek(p+k)v1/fPek(p). (2.15)
7 JJIR3xR? Lq]

2 When comparing with (1.12), note that Vi Pek (p) = 7V1//P°k(fp) since ¥ PeK is even.
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The Euler-Lagrange equation satisfied by the minimizer of the Pekar functional (1.4) reads
in momentum space

Pek( )

T T yPk(p+ k) =0 (2.16)

— 2
(p* + WP (p) — ¥2 /
T R3

with u = fR3 (P2 — Pk Taking a derivative with respect to p, this becomes

Pek( )

i VPR (p 4 k) = —2pyPR(p).  (2.17)

5 + VR () — Y2 / a e
T JR3

In particular, multiplying this equation by VJPe\k( p) and integrating, we conclude that

Pek( ) o

—_— 2
f dPIVWP"k(p)IZ(szru)—[f/ dpdk 2B G TRE (4 VIR ()
R3 s R3xR3 |k|
=-2 /R3 dp @(1’)1’ : V@(ﬁ) =3. (2.18)

In combination with (2.12) and (2.15), the identity (2.11) follows, and consequently also the
statement of Theorem 1.
We are left with the

ProofofLemma 1 The key idea in the proof of Lemma 1 is to reintroduce the electron coor-
dinate, and to redo the proof of the strong coupling limit in [13] with suitable perturbation
terms. In fact, for A = (A1, A2, A3) € R3, we shall derive a lower bound on

Eo(%) = infspec Ho (%) (2.19)
where Hy (X) denotes the perturbed Hamiltonian

Ho(A) = Ho + Ma’g1(Py/a) + Aaga(Py/a)N
+ hsag3(Pr/a) (a(g) + a'(6)) g3(Py /) (2.20)

for smooth, real-valued functions g;, 1 < i < 3. We assume that the g; have bounded
second derivative, and in addition that g, and g3 are bounded. Under these assumptions, the
perturbation terms are relatively form-bounded with respect to Hyp, and hence Eg (X) is finite
for |X| small enough. Moreover, since Ej is a simple eigenvalue of Hy that is isolated from
the rest of the spectrum [14], Ey (X) is differentiable for small |X|.

We shall prove that as long as [Az][|g2]lc0 < 1,

liminfa 2Eo(L) > EP(X) (2.21)
o—>00
where EFek (X) is the infimum of the perturbed Pekar functional

5"ek<w,<p)+x1/ gmﬂzﬂzf |<p|2/ QlvP?
R3 R3 R3

+ 2230 //R3 - dkdp p(K)ER) Y™ (p + ) g3(p + k)P (p)g3(p) (2.22)
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(subject to the normalization condition ng [¥|> = 1), with £PX denoting the Pekar func-
tional

PRy, ) = f ax v @P = o [ ak P [ ax peopers
R3 T Jre okl Jrs

+ / dp lp(p)|*. (2.23)
R3

We note that also EPek (X) is finite for |X| small enough. Moreover, the uniqueness of minimiz-
ers of £PX (up to translations and multiplication by a complex phase) implies that EF (X)
is differentiable at A = 0.

The derivative of Ey (X) ath =0 equals

X-VE(0) = ra®(golg1 (Pr/a)ldo) + A2 (dolNga(Pr/a)¢o)
+ 203aR(olg3(Pr/a)a’ (Ea)g3(Py /) |o). (2.24)

Moreover, from the concavity of Eg (X) we have
*-VE(©0) = Eo() — Eo (2.25)
and hence (2.21) implies that
lim inf [11 (dolg1(Ps/a) o) + Aae (0| Nga(Py/at) o)

+2h3a " 'N{polgs(Pr/a)a’ (E)g3(Pr/a) o) ]
> EPk(L) — EPK(0), (2.26)

where we have used (1.3) and the fact that EPek (O) = Pk Both sides of (2. 26) are concave
functions of A that vanish at A = 0. Since the right side is differentiable at A = 0, the same
holds for the left side, and the two derivatives agree. We conclude that the limits ¢« — oo of
the various terms actually exist, and satisfy

Ay lim (¢olg1(Pr/a)ldo) + 22 ali)ngoa_z(qﬁolNgz(Pf/a)lqﬁo)
+243 lim o™ (olgs(Pr/@)a’ (Ga)gs(Pr/e)lo)
= A - VEPK(0). (2.27)
In particular,

Jim (lr(Py/elen) = Vi, EM5@) = [ g1 PP 2.28)

Jim o (do|N g2(Py /o)) = Vi, EP* (D) / (")’ / 2lVPR? (229)
and

im0 (ol g3 (P /@)a’ (5a) g3 (Pr/a)lpo)

1 N — —
= SUEM@ =0 ([ drap e wE I (o + g0 + VR,
R>xR
(2.30)
By linearity in &, the corresponding identity for the imaginary part follows by replacing & by
i&. Hence the desired statements (2.5)—(2.7) are proved.
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30 E. H. Lieb, R. Seiringer

It remains to derive the claimed lower bound (2.21) on EO(X). We note that HO(X) is the
restriction to total momentum equal to zero of the translation-invariant operator

ﬁ/‘ 1 [ ikr
== - - dk—(e’xak—}—e’xa)—}—N
* Vo Jrs o Ik ¢

+ ra?gi(—ia V) + 1N go(—ie™'V)
+ A3ag3(—ioc_1V)/ dk (e"kX.g;;(k)ak n e—ikX.ga(k)az) a(—ia”'V) (231
R3
acting on L2(R3) ® F. In particular, Eg(1) > infspec b;.

To derive a lower bound on infspec b5, we proceed as in [13]. The first step is to introduce
an ultraviolet cutoff in the interaction V. Similarly to (2.14) above, we have

1 . o 8 1 - 3
ﬂ dk*(elkxak—i-eﬂkxakr) <_7KA+7</ dkallak-i-*)
V21 Jig=ae 1K 3mA € \Jk|> A 2

(2.32)

for k > 0. This was proved in [13, Eq. (4) in Erratum] (where x = 1 was chosen). Hence
we can introduce an ultraviolet cutoff A« on the phonon modes, with small error as long as
A > 1. For the last term in h; multiplying A3, we simply use

+ f dk (e”‘)‘g; (K)ay + e~ g, (k)aZ)
k> Aa

1/2 1\1/2
<2 (/ dk |§(k)|2> (f dk aay + 7>
k> A kI > A 2

I
< 3/ dk )2 + (/ dk ajai + 7) 2.33)
€ Jiklza & \Jk|=Aa 2

for any ¢ > 0. Again this term only introduces a small error if A is large.
In particular, if we choose « and ¢ such that

1
;-i-Ikzlllgzlloo+e9|?»3|||g3llgo <1 (2.34)
we have
3
infspec h; > infspec bt — = — [23]0? )| g3l|%e ! / dk |E(k))? (2.35)
o2 Ikl A
where
D 8 Vo L ke —ikx
hg :—(l— )A—— dk—(e ar +e a)+N
X 3T A V21 Ji<ae 1K g

+ hiegi(—ia”'V) + AN g (—ia”'V)
+isags(—ia ') | ak (g Wa + e g 00a]) ga(—ia V).
k< Aa
(2.36)

Here N stands now for the number of phonons with momenta |k| < Aw«. Equivalently, N could
be taken to be the total particle number, without effecting the ground state energy of b%l),
since |A2][lg2]lo0 < 1 by assumption, and hence occupying phonon modes with |k| > A«
raises the energy.
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Next we shall localize the electron. With ¢ € H'(R?) a real-valued function of compact
support, normalized such that fR3 ¢2 =1,let¢py(x) = ¢(x —y). Forany ¥ € L*RHQF
of finite energy, we compute

/R} ay (9,9 [p"| 6, 0)

= (o o)+ (1= o v [ oo

+ e’ //R P da 1(pfe) = g1(q /@) l6(p — )P I¥ ()%

+ A2 //R3 . dpdq (g2(p/e) — g2(q/a)) 1$(p — PP IN>U(g)||%

vt [[ - dpdgdo-of [ aksn (@@l [4o)
R3xR3 k|<Aa F

x (g3(p/a)g3((p + k) /o) — g3(q/a)g3((q + k) /a)) . (2.37)

Here l’IJ\(q) € F denotes the Fock space vector obtained by fixing the electron momentum of
W to be ¢g. By assumption the functions g; have bounded second derivatives. Therefore,

|gi(p/a) — gi(q/a) —a™'Vgi(q/a) - (p — @)| < Cia™%|p — g (2.38)

for suitable constants C; > 0. Moreover, since g3 is in addition assumed to be bounded, we
also have

lg3(p/a)gs((p +k)/a) — g3(q/a)g3((qg + k) /o)
—a~ ' [Vgs(q/a)gs(q + k) /o) + g3(q/)Vg3((q + k) /)] - (p — @)
< Cza%|p —q)? (2.39)

for some constant C3>0 indeRendent of k. We plug these bounds into (2.37), and use that
Je2dp pld(P)I> =0, fpdg W (g)||% = 1 as well as

[Laa ] arel[@old o), |< i o |y 1

This way we obtain the bound

xp> . (2.40)

M P ‘(w‘ _ 8 2 2
/R3dy(¢yﬂm |6,0) < (w |of W)+(1 o O I | 19l

+ Calhalo 2 IN2W P [ (9P

+ 2C3|)»3|04_1||$|I2<‘If ‘\/N +1

\p>f Vo> (2.41)
R3

Since
2
[ sl = nwie (2.42)
holds for any W € LZ(RS) ® F, we can find, for any given ¥, ay € R3 such that

9] 7 {60 [0 0y 9) < 112 (w o] @) (2.43)
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where

8k
(2) (1) 2 -2 2
o - —
b/\ h)\ (1 3 + C]|A1|> /R3 V| Cr | M| N/R3 V|

—2C3|A3le g 2N + 4 fR Vol (2.44)

In particular, to obtain a lower bound on the ground state energy of bg), we can minimize

the expectation value of f) %2) over functions W with electron coordinate supported in a ball of
radius R. By translation invariance, we may assume without loss of generality that this ball
is centered at the origin. The relative error in the energy coming from the additional terms in
(2.44) is of the order fR3 |V¢|2 ~ R~2, which is much less than o2 if we choose R > o~ !.

The remainder of the proof is now identical to [13], and we will skip the details. With
both an ultraviolet cutoff (for the phonon momenta) and a space cutoff (for the electron) in
place, one can approximate the interaction terms with finitely many modes, and use coherent
states to compare the Hamiltonian to the corresponding classical problem, yielding the Pekar
energy. This yields (2.21), and hence completes the proof of Lemma 1. O
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