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Mean-Field Dynamics for the Nelson Model
with Fermions

Nikolai Leopold® and Séren Petrat

Abstract. We consider the Nelson model with ultraviolet cutoff, which
describes the interaction between non-relativistic particles and a positive
or zero mass quantized scalar field. We take the non-relativistic particles
to obey Fermi statistics and discuss the time evolution in a mean-field
limit of many fermions. In this case, the limit is known to be also a semi-
classical limit. We prove convergence in terms of reduced density matrices
of the many-body state to a tensor product of a Slater determinant with
semiclassical structure and a coherent state, which evolve according to a
fermionic version of the Schrédinger—Klein—Gordon equations.

Mathematics Subject Classification. 35Q55, 81Q05, 81T10, 82C10.

1. Introduction

Interacting many-body systems are very difficult to analyze, and analytic or
numerical solutions are usually not feasible. Therefore, simpler effective equa-
tions are used to analyze these systems throughout the sciences. These approx-
imations work very well in many settings and can be derived with heuristic
arguments and good intuition. In mathematical physics, the question of a rig-
orous justification of such effective equations is an active field of research,
starting in the 1970s with works such as [12,24,25,27,29,46] (see [45] for an
excellent overview). Sparked by the 2001 Nobel Prize for the experimental
realization of a Bose-Einstein condensate, there has been great interest in
the derivation of effective equations for bosonic systems. (We refer to [10,33]
for references and an overview of the topic.) More recently, there has been
an increasing interest in the evolution of many fermion systems. This started
already in the 1980s with the works [34,46], which introduce the mean-field
limit for fermions and prove convergence to the classical Vlasov equation. Con-
vergence to the Hartree-Fock equations was proved in 2004 in [17], where the
authors consider short times and analytic interaction potentials, and in partic-
ular highlight the importance of the semiclassical structure in the derivation.
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The generalization to arbitrary times and a larger class of bounded interac-
tion potentials was achieved in [8,9]; see also [37] for a slightly different proof.
The more recent work [40] extended the results to Coulomb interaction (see
also [43] for weaker singularities), assuming a property of the Hartree-Fock
dynamics that the authors only prove for the special situation of translation
invariant initial data. The article [6] covers mixed initial states. Several other
results for different timescales (without semiclassical structure) were obtained
in [3-5] for a coupling constant N1, in [22] for a coupling constant N ! and
Coulomb interaction, and in [2,37,38] for a coupling constant N —2/3 and sin-
gular interactions potentials. In particular, in [38] convergence to the fermionic
Hartree equations is proved for Coulomb interaction with a convergence rate
that distinguishes the mean-field equation from the free equation. Let us also
mention the article [11], where the authors discuss the Bogoliubov—de Gennes
equations for fermions, which is an approximation more precise than Hartree—
Fock theory. In particular, they derive these equations assuming that the states
are quasifree for all times. These works show that many aspects of the mean-
field regime of weakly correlated bosons and fermions that interact via a pair
potential are well understood by now. However, less attention has been paid to
systems in which the interaction between the particles is mediated by a second
quantized radiation field. Also here effective equations are of great importance
because quantized radiation fields are described on Fock space, i.e., a Hilbert
space for an arbitrary number of particles. The complexity of such systems
is reduced tremendously when the quantized field is approximated by a pair
potential or a classical radiation field. The articles [16,28,49] show that the
quantized radiation field can sometimes be replaced by a two-particle inter-
action if the particles are much slower than the bosons of the radiation field.
Moreover, it is possible to derive classical field equations from second quan-
tized models [1,14,15,19-21,23,26,31,32]. While these works focus on bosonic
systems or systems with a small number of fermions, the present paper seems
to be the first that considers a many-particle limit of fermions which interact
by means of a quantized radiation field. The scaling, which will be explained in
the following, can been seen as a fermionic mean-field limit because it is chosen
such that the source term of the radiation field can effectively be replaced by
its mean value. Moreover, it can be viewed as a second quantized analogue of
the fermionic mean-field model of [9].

We consider NV identical fermions that interact by means of a quantized
scalar field. The state of the radiation field is represented by elements of the
bosonic Fock space Fy := @D,,~, L*(R*)®", where the subscript s indicates
symmetry under interchange of variables. The Hilbert space of the whole sys-
tem is

HWN = 2 (R¥) @ F.. (1)

Here the subscript “as” indicates antisymmetry under exchange of variables.
An element ¥ € H™) is a vector (\Ilg\?)) with \115\7;) € L2 (R3N)® LE(R3")
and
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> 2
Psl? =Y [ aaarm |84 (X Ko)| < oc, )
n=0

where we use the shorthand notation Xy = (z1,...,zy) and K,, = (k1,... kp).
We define the annihilation and creation operators by

(a(k)UN)"™ (Xn, Kp) = (n+ DY200 (X, k, K,),
(a* (k) UN) ™ (Xn, Kn) =02 6k — k)0 (X by kg k),

j=1
(3)

where lAfj means that k; is left out in the argument of the function. They satisfy
the commutation relations

la(k),a”()] = 6(k = 1), [a(k),a(D)] = [a"(k),a"(])] = 0. (4)
We choose units such that A = 1 = ¢. The dispersion relation is then given
by w(k) = (|k|* +m?)'/2 with mass m > 0. We define the form factor of the
radiation field by
(2m)—3/2
= (5)

2w(k)

Here, A is a momentum cutoff and we assume A > 1. The field operator is
given by

1 if k| <A,

0 otherwise.

Mi(k) = 1|k\§1\(/€), with ]l\k\gA(k) = {

2) = / Priik) (*a(k) + e~ a* (k) (6)
and the free Hamiltonian of the scalar field is the self-adjoint operator
Hy = /d%w(k)a*(k)a(k) (7)
with
oo n 2
D(Hf) = Uy € HWY: Z/dSNxd?’”k S wlk) VP (XN, K| < oo
Jj=1
(8)
The full system is described by the Nelson Hamiltonian
N
Hy =Y (=8 + @a(e;)) + o Hy. (9)

j=1

The factor dy is an arbitrary particle number-dependent scaling parameter
that allows to scale the field energy. The Nelson Hamiltonian is self-adjoint on
the domain D (Hy) = (H*(R*") @ F;) N'D(Hy), where H? denotes the second
Sobolev space. This can be shown by applying Kato’s theorem as in [35,47].
The time evolution of the wave function Wy ; is governed by the Schrodinger
equation

i, VN, =NV3HNTy,. (10)
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The appearance of N=/3 in (10) stems from the fact that we are interested
in initial conditions which are localized in a volume of order one. Then, due
to the Fermi statistics, the average kinetic energy per fermion is of order N2/3
and the average momentum per fermion of order N'/3. Therefore, we rescale
time so we track the particles only, while they move in the volume of order
one, i.e., we go to timescales N~1/3. This gives rise to a factor N'/3 in front
of the time derivative.

If we use the Schrodinger equation (10) to compute the Ehrenfest equa-
tion for the field operator, we obtain

[07 + N72/35%, (= Ay +m?)] <\1/N,t, (/ISA(x)\I/N,t>

N
— —ikx 1 ikx
= —N'355(2n) 3/d3ke b Linj<a(k) <qu¢,2@’€ a@N7t>, (11)

=1

where (-,-) is the scalar product on H™) and the x;’s on the right-hand side
refer to the variables in L2, (R3N ) that are integrated. Note that the integral
on the right-hand side is proportional to N~! times the smeared out electron
density (i.e., for A — oo the electron density). Thus, for our initial conditions,
the integral is a function of order one in a volume of order one. Equation (11)
also shows that not only the coupling constant in front of the radiation field
(which we set equal to one) but also d determines the variation of the mean
of the field operator. While our main result Theorem 2.3 holds for arbitrary
dn, we believe that two choices are of particular interest.

1. For 6y = N'/3, the velocities of the electrons and the bosons scale
equally. Moreover, it ensures that the right-hand side of (11) and hence
the variation of the mean of the field operator are of order N2/3. This
gives rise to the interesting effective evolution equations (16) which cap-
ture the effect of the interaction.

2. If we set 05 = 1, our model corresponds to an unscaled system whose
dynamics is studied for timescales of order N~1/3. This is interesting be-
cause usually mean-field results for systems with two-particle interaction
require a scaling of the coupling constant. It should be noted that most
of the electrons travel on a distance of order one and hence could interact
with the other electrons. However, a look at (11) shows that the group
velocity of the bosons is too slow to mediate an interaction between the
electrons. This implies (see Theorem 2.7) that the electrons effectively
evolve like free particles in an external potential.

Further insight concerning the scaling can be gained if we set ey = N~1/3
and multiply (10) by ey. This gives
N
iENat\I/N’t = [Z ( — E?VA]' + N_1/25}V/2(/I;A($j)) + ENN_1/35NHf W
j=1

(12)
Here, the factor en appears exactly where the physical constant i appears
in the Schrodinger equation. Thus, for §y = N/3, our limit can be viewed
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as a combined weak coupling (the N~'/2 in front of the interaction term)
and semiclassical limit. Moreover, it displays a connection to the fermionic
mean-field scaling considered in [9], i.e., to the model

leENOL XNt = ZeNA + — ZV XNt (13)

7,<j

with yn: € L2(R3) and some V:R3 — R. Like in [9], it will be crucial for us
to consider initial data with a semiclassical structure, meaning that the kernel
of the one-particle reduced density matrix is concentrated along its diagonal
(see Remark 2.5 for more details).

We assume the initial states to be approximately of product form

N
N ©2 @ W(Na0)q. (14)

Here, o® € L*(R?), /\;V:1 @? denotes the antisymmetrized tensor product

(wedge product) of orthonormal ¢Y, ..., ¢% € L?(R3), Q denotes the vacuum
in F5; and W is the Weyl operator

W(f) = exp ( [ (5w - f(k)a(k))> (15)

for all f € L%(R?) (f(k) denotes the complex conjugate of f(k)). In such
a state, the only correlations are due to the antisymmetry of the electron
wave function. During the time evolution, correlations emerge, but the prod-
uct structure (as will be shown) is preserved in the limit N — oo on the
level of reduced density matrices. This suggests to approximate the action
of the scaled field operator N*2/3<T>A on Uy, by a classical radiation field
®a(z,t) and replace the right-hand side of (11) by a coupling to the mean
electron density. In fact, Theorem 2.3 says that ¥y ; can be approximated by
/\;»V:1 o} QW (N?/3a4)Q, where (¢}, ..., ¢k, a') solves the SchrédingerKlein—
Gordon equations

N30, (z) = (—N72/3A+<I>A(w t)) o (), forj=1,...,N,
i0hat (k) = N™36nw(k)al (k) + N =1 (2m)* 2i(k)F [p'] (k),
Pp(z,t) = [ dki(k) (e a (k) + e " al(k)),

(16)

with o = S o2 (69, ..o, a%) € (LERI)NH, 68, o, orthonor-
mal, and where F[f](k) := (2m)~%/2 [ d3ze~"* f(x) denotes the Fourier trans-
form of f € L?(R3). This system of equations is formally equivalent to
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iNfl/gatgo;(a:) = [—N”/SA + fI)A(x,t)] @5(x), forj=1,...,N,

[07 + N7236% (—A + m?)]| D (2, 1)

_N—1/3§N(27r)_3/2/d3keikwﬂmgz\(k)if[ﬁ](k)' (17)

Its solutions have nice regularity properties because of the ultraviolet cutoff
in the radiation field. For m € N, let H™(R?) denote the Sobolev space of
order m and L7, (R®) a weighted L?-space with norm [laf|;2 sy = (1 +
|~|2)m/2a”L2(R3). Throughout this paper, we use

Proposition 1.1. Let (¢9,...,¢%,a%) € @nN:1 H?(R3)@® L3(R3). Then there is
a strongly differentiable @_, H2(R3) ® L3(R3)-valued function (¢, ..., o'y,
at) on [0,00) that satisfies (16). Moreover, if ©Y,...,¢% are orthonormal,
then so are @i, ... % for allt € [0,00).

Proof. The proposition can be shown by a standard fixed point argument
because of the ultraviolet cutoff. A proof is given in “Appendix B”. O

For global well-posedness results of the Schrodinger—Klein—Gordon sys-
tem without UV cutoff, i.e., (17) with j =1, m = 1 and A = oo, we refer to
[13,36].

In order to see that the effective equations are indeed non-trivial and to
make the connection to the Coulomb potential, it is instructive to write them
explicitly with physical constants. For m = 0, fermion mass mg > 0 and for
A =00, (17) is

(Nfl/Bh)Q

t
A+ ()| 2l(@)

() = |-
(18)

1 . 2
50— (V602 0(a.t) = ~(VH0) SN ).

For 6 = N'/3 and in the limit ¢ — oo, this becomes the Poisson equation
2

with solution ®(z,t) = ~N "' 22 (][~ * p')(2). Finally, note that in (16) one

can write the equation for af(k) in integral form and plug it into the equations

for the electrons. For m = 0, mg > 0 and A = oo, this yields

(N~Y/3R)? A che

2mp VEo

i(NT )0 () = 2% (, 1)

2
—2/3.-1 € 3 1 t—c 16INY3 |z — t
- N~ Sy 7471'5 /d yTE ylp cToy |z yl(y)]l(“d&;‘]N,/;‘mimgt}(p]»(it),
o _

(19)

where ®fee(z,t) = e=On N~ ?IVItQ \ (2.0). For ®p(x,0) =0, 6y = N/3 and
in the formal limit ¢ — oo, this becomes the Hartree equation with attractive
mean-field Coulomb potential.
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2. Main Result

As mentioned above, our goal is to show that ¥y, ~ /\;V:1 ot @ W(N?3a')Q
holds during the time evolution. In the following, this will be proved in the
trace norm distance of reduced density matrices. Let us introduce the number
operator

N = /d3k: a*(k)a(k) (20)

with domain

> 2
DN) = {\I/N e HW: an/d?’Na:dS”k ‘qx§3>(XN,Kn) < oo}. (21)
n=1
Moreover, we choose ||¥x || = 1 and ¥y € HN) NDN)ND(N Hy). (Note
that for the definition of the reduced density matrix below we only need ¥ ¢ €
HN)AD(N/2).) By unitarity, also | ¥y || = 1 and the following lemma holds.

Lemma 2.1. Let Uy € HN NDN)NDWNHy) and let Uy be the solution
to (10) with initial condition ¥y o. Then also ¥y, € HN) NDN)ND(N Hy)
for all t € [0, 00).

Proof. A proof has been given before in [18,19] and [30, Appendix 2.11]. O

For k € N, we define the k-particle reduced density matrices of the
fermions (as operators on L%(R3%)) by

k,0
A = Topgn . VT [ O ) (Ul (22)
where Try41,.. n denotes the partial trace over the coordinates xy41,...,2n

and Trz, the trace over Fock space. Additionally, we consider on L?*(R?) the
one-particle reduced density matrix of the bosons with kernel
Y (B ) = N3 (W, a (K )a(k) U e) - (23)

The operator 'yg\(,)”tl) is trace class with Tr 'yj(\?,’tl) = N3 (N, NUp ). Tt is
worth  noting  that (23) differs from the wusual definition
<\I/N7t,./\/\I/N7t>_1 (TN, a* (K )a(k)¥n,), which has trace one. In our choice,
we only measure deviations from the classical mode function that are at least
of order N*/3. This is important if one starts initially with no bosons and
examines the one-particle reduced density matrix after short times when only
a few bosons have been created. Then, the state of the bosons might not be
coherent and the usual definition of the one-particle reduced density matrix
may not converge to the classical mode function. However, such mismatches
are not important for the dynamics (and hence neglected in our definition)
because the field operator is rescaled by a factor of N=2/3; see (12).

Let us now state the main result of this article. We summarize the con-
ditions on our initial data in the following assumption. We denote the trace
norm of an operator A by || A|y, = Tr|A|.
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Assumption 2.2. We have o € L3(R3) and ¢Y,...,¢% € H?(R®) orthonor-
mal and such that

HpoeikquHTr <C(+ |E)N?3VEeR® and ||pOVqOHT]r <CN (24)

for some C > 0, where pt = z;vzl l5) (k| and ¢* = 1 —p' for any t € R
see also Definition 3.1). Moreover, Wy o € HN) N DN) N DWNHy) with
( :

Wl =1.

Our main theorem is the following.

Theorem 2.3. Let Assumption 2.2 hold, and let Wy be the solution to (10)

with initial condition Uy o and @, ..., %, o' the solution to (16) with initial
condition 9, ..., 0%, a’. We define

ay = H%&;S) — N‘lpo‘ (25)

b :Nl/S’I‘r( (20) O®q ) (26)

ey = N"HWY{(N?3a O)foNO NWHN?3a0) Ty o). (27)

Then there exists C > 0 (independent of N, dn, A and t) such that for any
t>0,

1,0 -
7§V,t) - N"'p!

cat(14)a0)2) (14£2)

(28)

o <+Van +by +en +N-1e®
If additionally cxy < CNY3 for some C > 0, then
H (01 25| \/N_l/g(aN+bN+CN)+N_4/3€G

cAt(1+)a0)2)(1+42)

(29)

In particular, for ¥y o = /\;V=1 ga? ®W(N2/3a0)Q we have ay = by =cy =0
and one obtains
1/2 Ot A+l a+e%)

[0 = vt < e : (30)

(0,1) t\ /ot
P90 = layatl]

The theorem is proved in Sect. 6.

4 0 2
2/3 oA A1l (%)

<N~ (31)

Remark 2.4. In [9,17], a similar limit was considered for fermions that interact
by means of a pair potential. From these works, we learned the importance of
the semiclassical structure. The most related works from a technical point of
view are [19,31,32,37].

Remark 2.5. For initial states without semiclassical structure, i.e., without
assuming (24), the result only holds true for times of order N~!/3. More
precisely, Equations (28)—(31) hold with the double exponential replaced by
C(A,[[a®[ )N/t

The first inequality in (24) means that the kernel p°(z,y) is localized
around a distance smaller than of order N~/3 around the diagonal z = y.
The second inequality means that the density varies on scales of order one.
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In fact, these conditions should imply that the time evolution of p° (or, say,
its Wigner transform) is close to a classical evolution equation, which here is
the Vlasov equation. This has indeed been shown in the two-body interaction
case; let us refer to [7] and references therein. Note also that for simple cases
like plane waves in a box of volume of order one, (24) indeed holds; see [40].
For a more thorough discussion of these conditions, we refer to [9,40].

Remark 2.6. Let us give a bit more intuition about cy. We first note that
the Weyl operator, defined in (15), is unitary, and thus, W=1(f) = W*(f) =
W (—f). One of its well-known properties (see, e.g., [42] for a nice exposition)
is

W*(Na(k)W (f) = a(k) + f(k), W*(fa* ()W (f) = a*(k) + f(k). (32)
With that in hand, we can write ¢y as
2
N = N1/3/d3k5 "N‘2/3a(k)W_1(N2/3a0)\IfN70H

_ N3 /dsk H N=2/34( ao(k)) \I,N,O‘ 2

; (33)

from which it might become more clear that ¢y measures the initial deviations
around the classical radiation field a©.

In the case of 6y = N'/3¢ with € > 0, the group velocity of the bosons
is of lower order than the average speed of the electrons. This implies that the
electrons effectively experience a stationary scalar field and evolve according
to

1/328t<p (x) = (—N_2/3A+<I>A(:E7O)) @i(x) forj=1,...,N. (34)
The precise statement is the following.

Theorem 2.7. Let Assumption 2.2 hold, let (¢},..., oY%, a') be the solution to
(16) with initial condition (¢Y,...,¢%,a’) and let (3%, ..., @ﬁvjzf be the solution
0 (34) with initial condition (¢Y,...,¢%). We define p* = >=;_ [2%)(}| and
pt as in Assumption 2.2. Then there exists C > 0 (independent of N, dn, A
and t) such that

N7 pt = 5, < N30y eOA Ol )0 35)

Furthermore, let Uy, be the solution to (10) with initial condition ¥y o, and
let an, by and cn be defined as in Theorem 2.3. Then there exists C > 0
(independent of N, dn, A and t) such that for allt >0,
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Hvﬁ,’f)—N’lﬁtHﬂ < (N*1/35N+\/azv +by+oey+ N1

) CA(+11aY 1) (1+42)
e

(36)

The theorem is proved in “Appendix A”.

3. Structure of the Proof

In order to prove Theorem 2.3, it is important to define and control the right
macroscopic variables. For that, we adapt techniques that are based on the
method from [39] and that were further developed in [31,32,37]. In addition,
it is crucial to find the right measure for the correlations between the electrons
and to consider only initial states with semiclassical structure. The key idea
of the proof is to define a suitable functional B(¥ y, 1, ..., ¢N,a) which mea-
sures if the fermions are close to an antisymmetrized product state /\5\/:1 ©j
with ¢1,...,pn orthonormal and if the state of the radiation field is approxi-
mately coherent. To this end, we introduce the following operators.

Definition 3.1. For N € N, m,j € {1,2,...,N} and ¢1,...,on € L*(R3)
orthonormal, we define the projectors py7 : L?(R3V) — L2(R3N) by

'rf’Ljf(xh e ,{EN) = (p](xm)/d3xm Soj(xm)f(‘rh e ,I'N) vf € LQ(R?’N)
(37)
Moreover, we define the projectors pPi-¢v:L2(R*NV) — L[2(R3N) and
q,’ﬁl,‘..,tpN ZL2(R3N) N LQ(RSN) by

N

pﬁllw--:‘PN — Zprff and qrflh---,SON =1 _pﬁllv-“:‘PN. (38)
=1

The correlations between the electrons are controlled by means of two func-
tionals.

Definition 3.2. Let N € N, ¢y,..., oy € L*(R?) orthonormal and ¥ € HW),
Then, %% HW) x L2(R3)N — [0,00) and 8%2: HV) x L2(R*)N — [0, 00) are
given by

BN UN, 15y on) = (Un, ¢ Y @ 1 Vyn,) and (39)
5‘1’2(\1/]\{, ©1yen-y (pN) = N1/3 <\I/N, qfl"”’qu;Jl’m’(pN X IL]:S\I/N> . (40)

We note that %1 (Uy, 1,...,¢n) corresponds to the expectation value
of the relative number of fermions outside the antisymmetric product /\;V=1 ©j
(i.e., the number of excitations around the state /\;V=1 @, divided by N). The

functional N~Y/33%2(Ux, p1,...,pN) corresponds (up to a small error) to
the expectation value of the square of this number. More details about the
technical relevance of 3%? are given at the beginning of Sect. 5.
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In order to determine whether the state of the radiation field is coherent,
we define 8%, which measures the fluctuations of the field modes around the
complex function a.

Definition 3.3. Let o € L2(R3) and Uy € HN) 0D (N). Then 3 HN) N
D (N) x L*(R3) — [0, 00) is given by

B (Tn,a) = N1/3/d3k <(N—2/3a(k) - a(k)) \IIN,<N_2/3a(k) - a(k)) q,N> .
(41)

Note that (¥, a’) = cn as we showed in (33). Let us also remark
that when U ; is a solution to (10) and ¢, .., ¢Y,a’ a solution to (16), then
the functional 8° (¥ 4, at) coincides (up to scaling) with the one used in the
coherent states approach; see, e.g., [10, Chapter 3]. Finally, the functional 3 is
defined by

Definition 3.4. Let N € N, ¢1,...,¢on € L*(R3) orthonormal, a € L?(R?)
and Uy € HM)AD (V). Then B: HN) ND (V) x L2(R*)N x L2(R?) — [0, 00)
is defined by

ﬁ(\IJN,QDl,...7QDN,a) ::/Ba71(LIIN79017"-790N)

+ /6(%2(\1/]\“801""780]\7)+ﬁb(l1/Naa)' (42)
In the following, we are interested in the value of B(Un,¢l,..., ¢k, at),
where (¢}, ..., ¢4, a’) is a solution to the Schrédinger-Klein—-Gordon equa-

tions (16) and ¥y, evolves according to the Schrédinger equation (10). In

this case, we apply the shorthand notations £(t), 3%'(t), 3%2(t) and B°(t).
t t t t

Moreover, we use the abbreviations py! """~ = pf | gt %

t

[

©»
Pm

N =gt and write
occasionally as [©%) (@] m-
For the proof of Theorem 2.3, we pursue the following strategy.

(A) We choose initial data (¢9,...,¢%, a®) of the Schrédinger—Klein-Gordon
system (16) and a many-body wave function ¥y that satisfy our As-
sumption 2.2. Proposition 1.1 and Lemma 2.1 make sure that the solu-
tions at any time ¢ > 0 are regular enough, and in Sect. 4, we show that
the solutions still have the semiclassical structure.

(B) After that, we control the change of 3(t) in time. For this, we use the semi-
classical structure to estimate | & 3(t)| < e“*(8(t)+ N 1) for some C > 0
at each time ¢ > 0. Gronwall’s lemma then yields 3(t)<e®" (B(0) + N71).

(C) Finally, we relate the initial states of Theorem 2.3 and the trace norm
convergence of the reduced density matrices to 5(t).

Notation 3.5. In the rest of this article, the letter C' denotes a generic positive
constant and its value might change from line to line for notational conve-
nience.
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4. Semiclassical Structure

We first prove that the semiclassical structure from Eq. (24) can be propagated
in time. The Hilbert-Schmidt norm of an operator A is denoted by [|A[ g =

VTr A*A.

Lemma 4.1. Let (¢9,...,0%,a%) € H*R*N x L}(R3) with orthonormal
00 Q% and let (9L, ..., %, al) be solutions of (16). We assume that

[°™¢° |, < C(L+ KN/ (43)
for all k € R® and
IP°Ve®|l, < CN (44)

for some C > 0. Then there exists some C > 0 (independent of N, A and t)
such that

HpteikxthiIS < HpteikwthTr <2001+ ‘k|)N2/3eCA4(1+||ao||2)(1+t2) (45)
for all k € R? and

PV ||, < 20NN Aol A+ (46)
for allt € R.
Remark 4.2. We could formulate Lemma 4.1 likewise in terms of || [p’, e™*]|| .
and ||[p*, V]|, as it was done in [9], because
el = 1T, €™ '],
<[ e g, < Ip'e™a g + [p'e ™0 g (47)

PV |l = [P, V] ¢ [l < [ [P V]l < 2PV |-

These inequalities hold since p'q" = 0, ||AB||l, < ||A||l | By, and || BA| 5, <
|A|| || B, for A bounded and B trace class, ||¢*|| = 1, and ||B||q, = |B*|| 1,
for B trace class.

Proof of Lemma 4.1. The propagation of the semiclassical structure is shown
in a similar way as in [9, Section 5]. Recall that due to Proposition 1.1 the
solution (%, ..., ¢k, at)is in @) _, H2(R?)® L?(R?) and strongly continuous.
If we define At = —A + N2/3<I>A(-,t), the time derivative of the projector
iN1/39,pt = [h, pt]. Then'
,L-Nl/Bat (qteikmpt) _ [ht, qt]eikmpt + qteikm [ht,pt]

= [h*,q" ™ p'] — ' [h*, ™ ]p'. (48)

From

[ht7eikm] _ [_A7eikm] — _Z-k_(veikz + eikmv> (49)

INote that with an operator like p!V we mean the trace class operator Z;V:1 l5) (=Veh],

which is well defined due to Proposition 1.1.
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and using p* + ¢* = 1, we conclude
iINV30,(gte™pt) = [ht, gte*pt] + ikg! (veikx +6ikzv)pt
— [ht, ¢ pt] + kV gl e pt + ikgteTpty
+ Zk(q Vptehopt — ptvgteept
— gt Tptvgt + gteittg th)
_ (ht T ikv)qteikxpt — gtethept (ht _ ikV)

+ ik((thpt _ptvqt) et 4 gtethe (qtvpt _ptvqt))
(50)

Next, we define the time-dependent self-adjoint operators
Ayp(t) =h' +ikV and A_i(t) = h' —ikV (51)
and their respective unitary propagators U, (t;s) and U_g(t; s). These are
indeed well defined, which follows from [41, Theorem X.71] adapted to Hy =
—A + iVk, or, more conveniently, from [44, Theorem 2.5] and the fact that

®, (-, 1) is continuously differentiable in L°°(R?), a direct consequence of Propo-
sition 1.1. The unitary propagators (with rescaled time) satisfy

iNVBOU k(t:5)p = Ak (t)Usi(t; s)¢  and
INVBQU_k(t 5)p = A_p()U_i(t; ) (52)

for all ¢ € H?(R®), with initial conditions U, x(s;s) = U_g(s;s) = 1. This
gives

iNY30, (Ut (£0)q" e p' U_ (¢;0))
_ Uik(ﬁo)(— A()gte e pt 1 atethopt A_ +iN/39, (qteikxpt))Uik(t;o)

_ ikUik(t;0)<(thpt o ptvqt) zka:pt + qtezkac (thptpthtDU,k(t;O),
(53)

which leads to
£ (50U (10)
t
:qoeikmp0+ N71/3k/ dSU_T_k,(S;O)<(qupSpqus)eikzps
0

— ¢* ™ (p°Vg® QSVPS))U—k(5§O)a (54)
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and thus,
qt ikx t U+k(t O)C] ezkx OU* (t 0)

+ N—1/3k/ ds U+k(t;8)((qSVps _pqus)eikzps
0

—¢°e* (p°Veg’ qup3)>Uk(8;t)~ (55)

For the trace norm, we then obtain the estimate

t
Hqt ikt ||Tr < qu zkpoHTr +4N’1/3(1 + W)/ ds 1¢*Vp®|| 1, » (56)
0

where we used that [|AB|ly, < [[A] [Blly, and [BAlly, < ] [Blly for A
bounded and B trace class. Thus,

-1 t ikx —1 0 ikx
sup (14 kD)7 [la'e™ 8" |,) < sup ((1+ kD)7 [|a°¢p° )

t
A I T
0

In order to control the latter term, we calculate the time derivative of ¢t Vp'.
We find
iN1/36t (qtvpt) _ [ht,qt]th + th[ht,pt]
= [r',q'Vp'] = ¢'[n", V]p'
= [n',q'Vp'] + N*/3¢" (Vu) (t)p". (58)

In analogy to the previous calculation, we define the two-parameter group
Uy (t; s) satisfying

iNY30,U(t; ) = htUL(L; s)g (59)
for all ¢ € H?(R?) and Uy(s;s) = 1. Then, we calculate
iN'Y39, (U (t;0)¢' Vp' Up (t; 0))
= U (t;0) ( — h'q'Vp' + ¢'Vp'h! +iN'/39, (thpt)) Un(t;0)
= N*/U5(;0)q" (V@A) (£)p'Un(t;0), (60)
which implies
¢'Vpt = Up(:0)¢°VpPU; (£;0) — iNY/? /Ot ds Uy (t; s)(qs(V@A)(s)ps> Up(s,t).
(61)

Using the same inequalities as for (56), this leads to

t
a'Vp' ||y < [la°VD° ||, + N/ / ds [|g° (VA ()P |l - (62)

By Lemma B.2, which says that [|a!||, < ||a®]|, + [|7l, |t|, we can estimate
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la*(Vea) ()p" ||

H/dglﬁi(k ¢ zkx s as(k) Ucafps)
< [ @k (|a (k)|

< 2|1+ 1)l lla” l, sup ((1+ k)~
kER3

Tr

s _—ikx_s

qe p

)

g*e™p° LTl

)

s _ikx s

qge p

<2/ Ll (la®lly + 1l 1s]) sup (@ + k)7 ae™ 7] ) (63)
e r
and obtain
N7 gV |,

t
< NV gy + 2@ P [ s (il + sl

1+ k)7 [|goe ) 64
% sup (1K) [la'e™ |, (64)

Together with the estimate (57), this gives

sup (1 [k [|a'e™p! ., ) + N7 |V
keERS3

< sup (14 kD)7 a%e™ 50y, ) + N7V a8

keRS3
) (o (00v18 o))

¢
+/dsC(,,a
0

N ||qSVpS||Tr) , (65)

where C(A, s, ||a®]],) :== 4+ 2||(1+ [-)?7]], (||a®]|, + 7|5 s ). By means of
Gronwall’s lemma and the chosen initial conditions, we obtain

sup (14 [k lae™p! |, ) + N7 |V
kER3

< 20N exp [alt] (1+ | @+ 1P| ([la®]l, + Il 1¢1)]

< 20N exp [CA(1+ [|a”]|,) (1 +£2) |. (66)
Finally, note that
I e™7q" [ = lla“e™ " p'e™ g, < [[p ™4 |, (67)

O

5. Estimates on the Time Derivative

In this section, we control the change of 3(t) in time by separately estimating
the time derivatives of 3% (t), %2(t) and 3°(t). Note that the time derivative
of 3%'(t) can be controlled in terms of 3%!(t) itself, 3°(t) and an error of
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order N~1. The time derivative of 3°(t), however, is controlled in terms of
BEL(t), fo2(t), B(t) itself and an error of order N~'. This is why, we also
introduced $%2(t). It allows us to close the Gronwall argument, since its time
derivative can be bounded in terms of 3%1(t), 5% (t) itself, °(t) and an error
of order N=5/3. We first compute the corresponding time derivatives. Then,
in the following subsections, we bound these expressions as explained above.

Lemma 5.1. Let o® € L3(R?), ¢9,...,¢% € H?(R?) orthonormal and ¥y €
HN) N D) NDNHy) with |[Unol| = 1. Let Uy be the solution to (10)

with initial condition Uy o and ©t,. .., o, ot the solution to (16) with initial
, $1 PN

condition 9, ..., gp?v, o®. Then

d a,l 1/3 t —2/35 t

S8 0 = 2Nt (W o pf (V7228 (@0) — @alan, D) af e (68)

d ~

S0 = —aN (W ept (N 0B () - @alan ) aias e (69)

%ﬁb(t) —oN—2/3 /d3kﬁ(k)1m<(1v*2/3a(k) - af(k)>\pN,t,Ne*ikIupN,t>

- 2N*2/3/d3kﬁ(k)1m<(N’2/3a(k) — ' (1)) W, (2m)Y 2 F ()W e )
(70)

Proof. The functional (%!(¢) is time-dependent, because ¥y, and
(@}, ..., o, a) evolve according to (10) and (16), respectively. The time de-
t

t t
rivative of the projector ¢!, := g/’ "%~ with m € {1,..., N} is given by
i t 7']\]71/3 ht t 71
dt Q= t ms dm | ( )
where hl = —A,, + N?/3®,(2,,,t) is the effective Hamiltonian acting on the
mth variable. This leads to
a,l d
*/6 (t) = ar <\I/Nt7Q1\I/Nt>

=iN~/3 <\I’N,t, {HN h17(Z1}‘I]Nt>
= iN~1/3 <‘I’N,t, { Ay + Bp(1) — hian]‘I’N,t>
= iN~1/3 <‘IJN,t { A(m1) = N?3®y (2,t ),Qi}‘l’N,t>

N3 <\1/N,t, (N_2/3<I>A(x1) _ @A(xl,t))qi\lfN,t>7 (72)

where we used the self-adjointness of o A, a and ¢! in the last step. Inserting
1=p} + ¢t we find

(72) = —9NY3Im <‘IIN¢, (P + qi)(N_Q/?’(f)A(xl) — q)A(xl,t))qi\IJN,t>

_oNY3Im <\I}N’t’pi (N_2/3(/I\)A(5L'1) - @A(xlat))Qi\I}N,t> ) (73)
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since the scalar product with the two ¢! projectors is real. Analogously, one
derives

d , d
&ﬂ ’2( )= Nl/sd <‘I’N ta(h‘IQ\IIN t>
— —dtm (W0 (Ba(ar) = N30p (a1, 1) )alah o). (74)

The time derivative of 3°(¢) is obtained by the following calculations. Note that
the expressions in the calculations are all indeed well defined, since the domain
D (N)ND (N Hy) is invariant under the time evolution; see Lemma 2.1. Then
d »
<80)

_oais 3, d —2/3 o —2/3 N’

- N /d ke <(N a(k) — a (k))\IJN,t, (N a(k) — a (k))\l/N,t>

- 72/d3k1m<(N_2/3a(k) - at(k))\I/N,t, [HN, (N—2/3a(k) - at(k))} \I/N,t>

- 2/d3k1m<(1\f*2/3a(k) - af(k))q/N,t,¢N1/3(atat(k))\1/N,t>. (75)

For the commutator, we find

[HN,(N”/?’a(k)—at(kz))}:N”/?'aN[Hf?a( }+N 2/3 iv: B

Jj=1

N
51\[&)( Ze ik

Jj=1

N72/3

Using (16), it follows that
%ﬁb(t)
= 2/ dgklm[<(N2/3a(k) - af(k:))\lfN,t, 5Nw(k)(N*2/3a(k) - at(k))\pN,t>
4 <(N2/3a(k)—af(k))\11N,t,ﬁ(k)N2/3 (i e ke _(am)3/2 F [pf] (k)) \IJWH
j=1
—oN2/3 /dSk: 7i(k)Im <(N_2/3a(k:) - at(k))\pN,t, Ne_“””\I/NTt>
- 2N_2/3/d3k i()Im (N7 %a(k) = o' (6) ) a0, 2m)* 2 F [o] ()W),
(77)

since the scalar product in the first line is real. O

Before we prove appropriate estimates for the time derivative of 3(t), let
us state a technical lemma which was already proved, e.g., in [2,37]; we give
a proof here for convenience. Note that this is an important point where the
antisymmetry of the wave function is used.
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Lemma 5.2. Let A1 = A® Lp2sv-1) ® Lg, with A: L3(R3) — L2(R?) trace
class and Wy, Uy, € L2(R3N) ® Fs antisymmetric in x1 and all other electron
variables except xy,, ...,z Then

(U, AyW)] < (N = 5) 7 | Allg [ @ ][] (78)

Proof. In order to prove the inequality, it is convenient to use the singular
value decomposition A = 3, pi|x;) (xi| with (x})ien, (Xi)ien orthonormal
bases in L?(R?) and u; > 0Vi € N. Using Cauchy—Schwarz, this allows us to
estimate

(W, A1 Py)]

D mi (U, I (a1 Py)

1€EN
<D i (TN X OGN (W D) Ol @) 2
1eN
N 1/2 N 1/2
=(N=)"' > <‘I/N: > |X§><X§|k‘PN> <‘1’3v, > |Xi><Xi|l‘1’§v> -
1EN k=1 =1
KLy ool L£Ly .l

(79)

Note that ), o x |xi){xi|x is for all i € N-and K C {1,..., N} a projector on
functions antisymmetric in all K-variables, since

<Z |Xi><Xik> Uy =3 IxadOale ba) (ali®a = Y ) (il ¥ws

kek kEK lEK keK
(80)

where the last step is true because the non-diagonal terms vanish due to the
antisymmetry. It follows that

(O, AT < (N =) [T Wyl
€N
= (N =) [ Allg 12N @]l (81)

5.1. Estimate on the Time Derivative of 3%°1(t)

Lemma 5.3. Let Assumption 2.2 hold, and let Uy, be the solution to (10)
with initial condition Uy o and @, ..., 0%, o' the solution to (16) with initial
condition @9, ..., %, a’. Then there is a C > 0 (independent of N, Sy, A and
t) such that for all t > 0,

‘iﬁa,l(t)’ < ecA4(1+\|a°\|2)(1+t2)(ﬁ(t)+N_1). (82)
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Proof. Using the Fourier expansion of the radiation field, we write
%6“’1(15) = oN'/3 /d3k (k) ( (N"*a(k) — o' (k) ) Wi, ale ™™ pi W )
(83a)

- 2N1/3/dgkﬁ(k)lm«N*Q/?’a(k) - at(k)>‘I’N,t,ptlefik“qg‘l’“» '
(83D)

Since WUy ; is antisymmetric in the x variables, we find for the first summand

|(83a)]
N .
<2N'? / &’k [7(k)] '<(N‘2/3a<k> —a' () ) U, N T Y qme—l’”mpmm%
m=1
1/2
1/3 3 —2/3 ¢ 2
< 2[1\] /d k H(N a(k) — o (k))\IfN,t
N 291/2
x [Nl/S/d?’k RPN 2D gme ™ pr Ty } . (84)
m=1

We now use that by Lemma 5.2, || A1 Bo Uy ||* < (N—=1)"" ||Al[3;g || B2¥ v ||” and
A0 N|* < N2 ||A||f{S W for all antisymmetric Wy, Hilbert-Schmidt
operators A and bounded operators B. In the end, we use the semiclassical
structure, i.e., Lemma 4.1, and find

2

N
N2 g e hompl Wy,

m=1

= N2 <N(N — 1) (U, phe* 1 qlghe "2 ph Wy )

£ N (W phet T gle Tl By ) )
= N7Y(N = 1) (gie” " " pl g5 U n 1, gse™ "2 phgi U 1)
+ N7 lghe R pl |
< NUN = 1) |Jgbe ™ pl bW ||” + N7 ghe o pt U
< N7 gte TR g [las e |” + N7 [late Rt g @l
< N3¢ + [k|)eCN OH 10100+ (gat () 4 1) | (85)
Thus,

4 a0 2 B 2\ 1/2
1(83a)| <21 /3°(1) (CGCA (A+[[®| ) a+¢%) (6a,1(t) _|_N71) Hn(1+|,|)1/2H2>

_ OO ]| ) ‘(1 + |.\)1/2ﬁH2 \/ﬁT(t)\/W (86)
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For (83b), we can directly use Cauchy Schwarz. We use again |4, V| <
N~ A2 [[®n ] and Lemma 4.1 in the end and find

|(83b)]
< oN/3 / @ (k) (gt pt (N-2Pa(k) — (k) ) W s, g )|
<N [ @k 0 o' g || (N alh) — ') U] ot O

< CeCN ]+ ‘(1 + |-|)1/277H2 NCZONLIO) (87)

To summarize, we have

d
‘dtﬁa’l(t)‘ < CeCA4(1+Ha0”2)(1+t2)

[ Ly 2| (50 + 80 + N ).
(83)

Since ||(1+ |[)*/?7||, < CA3/? and using for ease of notation [z| < exp(|z|),
this gives

‘C(iitﬂa,l(t)’ < eCA4(1+||a°||2)(1+t2) (ﬂa’l(t) -l—,@b(t) -‘rN_l). (89)

O

5.2. Estimate on the Time Derivative of 3%°2(t)

Lemma 5.4. Let Assumption 2.2 hold, and let Uy, be the solution to (10)
with initial condition U o and @}, ..., ¢, a' the solution to (16) with initial
condition @Y, ..., %, a’. Then there is a C > 0 (independent of N, dn, A and
t) such that for all t > 0,

'iﬂaﬁ(t)l < 6C’A‘L(1+Hoz0|\2)(1+1‘/2) (ﬂ(t) +N71) ) (90)
Proof. We write the time derivative of 3%2(t) as
d a,2
T
= —an*/ [ @kiim (Vxe, (N72/a(k) - o' () (e af = afe™ ot )asw.o)
= —4N?/3 / kij(k)Im (a4 o, [p, | (N7 %a(k) — o (1)) Un,e )
N
— —4N/3(N—1)"" /d3k ﬁ(k)Im< > ah W, [phie ] (N—2/3a(k)—af(k))xpN,t>
m=1

+ AN/3(N — 1)~} / @k ii(k)m (Un o0t [ph, e ] (N7 2a(k) - at (k) ) Ut

(91)
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Here, we have symmetrized the ¢} so that we can bound the time derivative
appropriately in terms of 3%2(t). Note that

N 2
Z an‘I’N,t

m=1

<N{(Uny, @ Un) + N2 (Uns, gigb Un )

< NB“H(E) + N2 3%2(1). (92)
We can then use Lemma 5.2 as well as

la" (s ™ o, < [P €™l < [lp"e™ 0 |, + [[p'e™* 4" |7, (93)
together with Lemma 4.1 and find

| S22

<on 4 [k ja) |, ]

g
g

N (N’2/3a(k)fat(k)) \I/N,,,H (H i ¢
j=1

< CeCON [ a1 k) 1A (N2 a%k))wN,tH(Hiq;%,z
j=1

< CCON=5/5 (1 + )il /() (WWM@) NS0 520 1)

< CeCO |1+ [Dill, (,@b(t) + BY(t) + B2 (t) + N_5/3>7 (94)

where we abbreviated C(t) := CA*(1 + Haon)(l + t2). Since |[|(1 4 |7, <
CA?, we arrive at

’ g2t )‘ NI (1) 1 N-513). (95)
O

5.3. Estimate on the Time Derivative of 3°(t)

The crucial terms in the time derivative of 3°(t) can be estimated with a
diagonalization trick similar to the one used in [37]. For the following estimates,
we introduce the operators

N N
PP =" |o)plm =Y pf and Q¥ =1-P%, (96)
m=1

m=1

where ¢ € L?(R3). They have the following properties.

Lemma 5.5. The operators P¥ and Q¥ as defined in (96) are projectors on
HWN) for all p € L*(R®). Moreover, let x1,...,xn € L*(R?) and p1,...,pN €
L?(R3) each be orthonormal, such that span{x1,...,xn} = span{®1,..., pn}.
Then

N N
[QXJ',QXk} =0Vjik=1...,N and Y Q¥ =13 ggrev.  (97)

m=1
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Proof. The lemma follows from a direct computation using the antisymmetry
in the fermion variables. O

Lemma 5.6. Let Assumption 2.2 hold, and let Uy, be the solution to (10)
with initial condition Uy o and @Y, ..., o4, o' the solution to (16) with initial
condition @9, ..., %, a’. Then there is a C > 0 (independent of N, Sy, A and
t) such that for all t >0,

d 4 0 2 _
dtﬂb(t)‘ < eC’A (1+]1a®|2) (1+¢%) (ﬂ(t) +N 1). (98)
Proof. If we insert the identity pi + ¢} = 1 twice, (70) can be written as

d
Eﬁb(t) = pp—Term + gp—Term + pg—Term + gg—Term (99)
with

pp—Term
N .
=oN"?/? / d®k 7j(k)Im < (N">a(k) = o' (k) ) W, Zpﬁezk”fpm,t>
=1

_oN—2/3 / d3kf;(k)1m<(N’Q/?’a(k)—at(k)) \I/N,t,/ d*y efikypt(y)‘l’N’t>v

(100)
gp—Term = 2N/ / @k i(k)im ((N"3a(k) = o' (k) ) W e aie” ™ piwn e ),

(101)
pg—Term = 2N/ / d’k ﬁ(k)1m<(N*2/ Ya(k) — a%k))\PN,t,pie*“mqin,t> :

(102)

qq—Term = 2N/3 /dBk (k) Im < (N—2/3a(k) - at(k))\I/N,t, qie‘“““qi\lm,t> .
(103)
To estimate the pp—Term, we split e ~*** = cos(kx) —isin(kx) into its real and
imaginary parts. Subsequently we only estimate the cos terms pp—Termcqs; the
sin terms are estimated in exactly the same manner. Note that for each fixed
t > 0 and k € R3, we can regard p’cos(kz)p! as a Hermitian N x N ma-

trix on span{p}, ..., ¢ }. By the spectral theorem, we can find orthonormal
t,k t,k . N N tky otk
X1 XN €span{pl, ... it (Le, p' =300 leies = 2250 NG (G

and real A% . ALF such that pf cos(kz)p! = Z;V:;L )\zk|X;k><X;k| In par-
ticular, this implies

] =[5 cothans ) < 1. 1oy

<
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N N .
Zp cos(kxz;)p; = Z Z)\t k|X §k|z = Z)\;’kPXf . (106)
i=1 i=1 j=1 j=1

Using (105) and (106), the cos-part of the pp—Term can be written as

pp—Termcos

=2N~2/3 /d3k 7(k)Im <(N—2/3a(k) - at(k)>\I/Nt

(P o)

:2N‘2/3/d3kﬁ(k)1m<(N‘2/3a(k)—at(k))\I!Nt ALRQXY \I/Nt> (107)

2
»

and be estimated by

‘pp—Termcos |
N t,k
<N 2 [k (N 20alh) - at () 17000 || Yo NHQ v
j=1
o\ 1/2
<2 </ Bk N/ H (N’2/3a(k:) - at(k))\pN,tH )
N L 5 1/2
x /d3kN’5/3 [R)? | D AQNT Uy
j=1
N . ) 1/2
=2/ | [ @RV w0 A (108)

j=1
If one makes use of (104) and Lemma 5.5, one finds

N k
t,k t
DA ey

Jj=1

2

t,kyt,k bk bk
i )\j <QX1 \IIN,tyQXJ \IJN,t>

N
<&
I

A

|
ZMZ

’ <QX:Jc Unts QX;JQ ‘I’N,t>

&

<
I
—

I A
™M= 5=

t,k t.k
(@ U0, @9 W)

1

Ut Zqz ZQJ‘I’N t>

N(N —1) <‘I’Nt7Q1QQ‘I’Nt>+N<‘I’Nt,Q1‘I’Nt>
NB™(t) + N33 (1) (109)

-

]

/\

A
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and obtains

|pp—Termcos| <2 ||"7||2 \/ﬂT@) ,Ba7l(t) + ﬁa72(t)
S CA(B@() + @2 () + B°(1)) - (110)

In exactly the same manner, one estimates pp—Termg;, and obtains |pp—Term|
< CApB(t). From the observation that gp—Term = (83a) and pg—Term = —
(83b), we immediately get

|gp—Term + pg—Term| < e ER RGO (B )+ B°(t) + N7
(111)

Similar to (108), we estimate

|gg—Term| = aN—2/3

/d3k ii(k) <(N2/3a(k) — ot (k) ¥ns D qgneikwqgnq/N,t>

m 5 1/2
b(t) (/d3kN5/3 [7i(k)|? > . (112)

—ikTm

QIn‘I’N,t

By means of

”Equ gL Wy

= N(N = 1) {gie ™1 ¢} Un s, ghe” " 2q5Un ) + N ||gfe " t\I/NtH
< N2 (e * 0 glgh Uy e ™2 qlqh W) + N ||ghe 1 gl ||
< N2 || gsUne||” + N ||gt O ||
= NG“H(t) + N*°52(1), (113)
this becomes
lgg—Term| < 2 i, \/8%()V/B=(0) + 5o2(0) < CAB(r).  (114)

Summing all terms up then shows Lemma 5.6. O

2

5.4. The Gronwall Estimate

Lemma 5.7. Let Assumption 2.2 hold, and let Uy, be the solution to (10)
with initial condition U o and @}, ..., ¢, at the solution to (16) with initial
condition @Y, ..., %, a’. Then there is a C > 0 (independent of N, Sy, A and
t) such that for all t > 0,

B(t) < e BO)+N71). (115)
Proof. If we use Lemmas 5.3, 5.4 and 5.6, we get
d d a,l d a,2 d b
R < | — ’ J— ’ R
200 <| o]+ |G|+ | 50|

< OA (1+]|a®2) (1+7) (B(t) +N71). (116)

cAt(1+)a0)2)(1+42) (
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Applying Gronwall’s lemma, we obtain
B(t) < efo‘ ds eCA4(1+Ha0H2)<1+52)ﬁ(o) + (efé ds eCA* A+l 4% 1)N‘1
4 L!0 52
S efot ds eCA O+l ll2)(1+57) (ﬁ(O) + N_l) ) (117)

Using f(f ds eCA (1+1a%l2)(145%) < (CATA+1a%l2) 1+ for some ¢ > 0 shows
the claim. O]

6. Proof of Theorem 2.3

In order to state our main result in terms of the trace norm difference of
reduced density matrices, let us add the following lemma.

Lemma 6.1. Let q,...,pon € L?(R3) be orthonormal, o € L?(R3) and ¥y €
HN) ND(N) with | V|| = 1. Then

26@71(\:01\779017-"7901\7) < H’VI(\/%,O) - N_lpHTr < \/85a’1(\:[11\’7<p17"'190]\7)7
(118)

[ = e tal]|, <3N358 (W 0) + 6 lall, /N1 350wy, @)
(119)

Proof. This is a standard result. For example, a proof of (118) can be found
in [37, Section 3.1] and a proof of (119) in [32, Section VII]. O

Let us now summarize all estimates and put them together for a proof of
our main result.

Proof of Theorem 2.3. Let us first note that from Lemma 2.1 we have that
Un, € HM) NDWN)NDNHy) for all ¢ > 0 and from Proposition 1.1 that
(o, o, al) € H2(R?)N x L3(R3) for all ¢ > 0. From Lemma 5.7, we obtain
the Gronwall estimate

B(t) <e BO)+ N1, (120)

Recall that 8 = %! + 3%2 + 3. From the first inequality of Lemma 6.1 and
from (33), we get

cCAT 1% 12) (14+42) (

B(0) < an + by + en, (121)
so that

cCAT (a0 12) (14+¢2)

Blt) <e

where we abbreviated Iy = ay + by + ¢y + N1 Since %!, 3%2 and 3 are
all positive, we then get with Lemma 6.1 that

4 20 2
’“/1(\},}0) _N—lptHTr < /3300 < O I I 0 )\/E (123)

Iy, (122)
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for some C' > 0. From Lemma B.2, we know that [|o/ ||, < ||a®||,+ 7|, [¢| and
thus

0,1 + « 3
HPYJ(V,t) - |O‘t><at‘H,I <3N 1/36b(t) 6 H t||2 N=1360()
4(1411a09) (1412 — -1/31
< 6601\ +l1a®l2) (1+2) (N 1/3 In ++VN-1/3 N), (124)

which gives (29) for some C > 0, if cx < CN'/3 for some C' > 0 is assumed.

In the theorem, we also provide bounds for the specific initial state
/\;‘V:1 ¢ @ W(N?3a")Q. Since for this state 71(\}7’8) = N~1p% we have ay = 0,
by = 0 because q; /\;V:1 @9 @ W(N?/3a%)Q = 0, and also,

ey = N1 <W‘1(N2/3a0)W(N2/3aO)Q,NW‘l(NQ/BaO)W(N2/3aO)Q>

= N"HQNQ) =0. (125)
Furthermore, we have
N
N &) @ W(N*Pa®) € (L2,(R*™N) @ F)nD(N)ND(NHy),  (126)
j=1
which can be checked by direct calculation as in [32, Section IX]. O
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A. Appendix: Convergence to the Free Evolution

In this section, we prove Theorem 2.7.

Proof of Theorem 2.7. We recall that h® = —A + N?/3®,(-,0) and define a
family of unitary operators by iN/30,U(t) = h°U(t) and U(0) = 1, i.e., such
that

iNYB,(U*(4)p'U () = —U*(t)h°pU (t)
+U) [hO, ;ﬂU(t) FUAOFROU() = 0. (127)
Similarly, we obtain
INVR (U (U () = U (1) |1~ 10| U (1)
= N0 (1) [@a (1) = (. 0),p UG (128)

With Duhamel’s formula, we conclude

pt = U(t)p°U*(t) — iNV/3 /t dsU(t — s) [@A(-, 5) — @A(-,o),pﬂ Uls —1).

0
(129)
Thus, if we use that pt = U(t)p°U*(t) = U(t)p°U*(t) we get
t
||pt —_ﬁtHTr < N/3 / dsU(t — s) [@A(-7s) — <I>A(~7O),ps} U(s—1t)
0 Tr
t
<88 [ ds | [0,0) - @al 0] (130)
0 r

By means of the Duhamel expansion of Eq. (16) for o,
Ozs(k) — efiN_l/SéNw(k)sa()(k)

—iN~Y(2r)% 25 (k) /0 due= N PINe G Flpu (k) (131)

and F[p*](k) = F[p"](—k), one obtains
QA(xv 5)
_ /dgkﬁ(k)(6ikz€_iN71/séNw(k)saO(k) n e—ikz@iN””’(M;w(k)sM)

— 2N_l(27r)3/2 /d?’k \ﬁ(k)ﬁeikm /S du sin (N_l/36Nw(k)(s — u))]-'[pu](k)
’ (132)
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We continue the previous inequality and get

t
It =5l <237 [ as
0

/dSkﬁ(k)(eiN—l/ast(k)s71)0[07(]6)[6—““,ps}
Tr

(133a)

rt
+ CN*2/3/ ds
0

/d3k |ﬁ(k)\2/05 du sin (N~ /36 xw(k) (s—u)) Flp"1(k) [¢%7, p°] )
(133D)

In the following, we use (45), ¢ — 1| < 2| and |z| < eIl to bound the first
line by

(33 <287 [ as [ @t I

GIN V3N w(k)s _ 1’ |a0(k)| H [efik:aps]

t
<ty [ as [ @k sl o) [
t
§0N2/35N/ ds \s\ec(s)/dSk(1+|k|)w(k)ﬁ(k)|a0(k)]
0
t
< ON?3§n(14 A)° ||a0||2/ dseC®), (134)
0

where C(s) = CA*(1 + [|®||,)(1 + s?). Then, we notice that |F[p"](k)| <
(2m) 7372 (| p"|l, = (2m)73/2N and use |sin(z)| < |z| to estimate

t s
(133b) < CN—2/3/ ds/d3k/ du
0 0

X () [sin (N3 0nw(k)(s = w) | 1FT 1001 ]| [, p°]
< C(SN/O ds/dsk/ol du |s — u|w(k) |77(k)|2 H [eikx,ps] HTr

t S
gC’NZ/ScSN/ ds/d?’k/ du |s — u e“ L < (k) (1 + |k])
0 0

||Tr

t
< CON*365(1 4 A)4/ dseC®). (135)
0

Collecting the estimates and using C'(1 + A)* fg dse€®) < €M proves
(35). Then (36) follows from (28) and the triangle inequality. O
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B. Appendix: The Fermionic Schrodinger—Klein—Gordon
Equations

Subsequently, we prove the existence and uniqueness of solutions of the effec-
tive equations (16). To shorten the notation, we introduce

N+1 N
H =P LR, §=(o1,.on), pp@) = lp(@),
=t i=1 (136)

% (x) = / Pk ik) (e a(k) + e a(k)).
Then, we define the operator A: D(A) — S as the orthogonal sum

1— N-1/3A for j € {1,2,...,N},

A=A ® Ay D - ® An41, with Aj=
! 2 N+ W ’ {1+N‘1/3(5Nw for j =N +1.

(137)
Moreover, we define J: D(A) — S by
—i(N'/3®% — 1)p; if j € {1,...,N},
Jj[((plw"a(pNaa)]: . Afl j3/2~ e o
—i(—a+ N7 (27)°/“nFpg]) ifj=N+1.
(138)
The fermionic Schrédinger—Klein—-Gordon equations (16) can then be written
as
d /3t /Gt .
g (5) == (%) + 1600 (139)

The goal of this section is to show

Lemma B.1. Let N € N\{0}, A € [1,00), m € [0,00) and én € (0,00). Then
(a) A is a self-adjoint operator on A with D(A) = (@N_, H*(R?)) @
L(R?),
(b) J is a mapping which takes D(A) into D(A),
(©) I171(, )] = J[(¥, )l
< Cva (8 )l @, Bl ) 11(6, ) — (
(d) 1AT[(&, )l < Cnam (1(@ )l ) [A(B,

() [ AT[(3, )] = AT, B)]llr i §
< Cnamosx (1B @)l 1@, D)o, 1AW, B) L ) [A(B, @) = A, B)lv

where each C is a monotone increasing (everywhere finite) function of all its
variables. Moreover, let (39, a°) € D(A) and assume there is a T > 0 so that
(139) has a unique continuously differentiable solution for t € [0,T). Then,
(@Y, ab)||e is bounded from above for all t € [0,T).

b, B) |l
a)

”%;

We give the proof of the lemma below. In order to prove Proposition 1.1,
we use [41, Theorem X.74] with n = 1.
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Proof of Proposition 1.1. From the statements in parts (a)—(e) in Lemma B.1,
we have that all conditions of part (a) of Theorem X.73 in [41] are satisfied.
This implies the existence of a T' > 0 and a unique continuously differentiable
solution to (139) for ¢t € [0,T) and for all (¢°,a®) € D(A). By the second
part of Lemma B.1, this solution is bounded in norm for all ¢ € [0,T"). Propo-
sition 1.1 then follows from Lemma B.1 and [41, Theorem X.74] with n = 1.
The ¢t,. .., % are orthonormal for all ¢ € [0,00) because —A + N2/3®, (-, 1)
is a symmetric operator. O

Before we prove Lemma B.1, let us show that on the chosen timescale
|a*||, remains of order one during the time evolution.

Lemma B.2. Let (!, ..., ¢l ab) be the solution to (16) with (Y, ..., %, a’) €

H?(R?) & L3(R?) and orthonormal ¢, ..., 0%, and let 7j be defined as in (5).
Then

]l < [l + Nl It - (140)

Proof. We define U, (t) = e~iN "/*ovw(k)t Then the Duhamel expansion of
Eq. (16) for o' can be written as

ot = U, (t)a° i/ot ds U, (t — s)N =1 (2m)*2 7 Flpg ). (141)

. = (2m)7%/2N for all s € R, we have

o < 2m) 72 pg

Then, since || Flpg -]

t
o]l < )], + N @2 [ s Ut = )il

t
< JJa®]l, + N1 @m)¥2 [l / ds | Flps-]ll

< ||l + Il ¢] - (142)

Proof of Lemma B.1.

Part (a) The operators A; = (1 — N™Y/3A) with D(4;) = H?(R?) and
j€{1,2,...,N} as well as Ayy; = 1+ N~Y35yw with D(Any1) = {a €
L*(R3)|Ani1a € L*(R3)} = L3(R3) are clearly self-adjoint. The fact that
direct sums of self-adjoint operators are self-adjoint (see, e.g., [48, Theorem
2.24]) proves part (a) of Lemma B.1.

Part (b)
Let (¢,a) € D(A) and j € {1,2,..., N}. Then,

IAT; (B )l 12 sy = IANYDF = D)gylla < [ Apjl, + N2 [ ADT 5], -
(143)
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To bound the second summand, we note that [|7]|zgs) < (14 A?)[|7]2 < A3
and estimate

19310 <2 [ 4% [706)] la)] < 2l < 24° ol
V@ <2 [ &k k] 0] o) < 2017l I, < 24° oy, (149
1805, <2 [ %k [k 06 lai)] < 2117 lall < 24° ol

Thus,

[APTP; [l < (PR llo [ACl; + AP o 5], + 21V Vsl
<CoN° leell, ||§0j||H2(R3) (145)

and ||AJj[(g5,a)]||L2(R3) < (1+ CNY3A3all,) 051l 2 (gsy- This shows that
Jil(¢,a)] € H*(R3) for j € {1,2,..., N}. The last component of J is estimated

by [ In+1[(@ )]l 2 rsy < vl pa sy +(2m)* 2N | Fog) oo (gs) 17ll 12 rs)- So
if we use

N
IF 105 oo rsy < @) llpgll 1 sy = (2m) 72 llpsl5 (146)
j=1

and ||| 2 sy < A% we get [Ini1l(@ )l 2@sy < llellpz@s) + AN
Yoims lesll5- Hence, Jyia[(@, )] € L3(R?), and thus, J[(@, )] € D(A).

Part (c)

To show part (c) of Lemma B.1, we note that the classical radiation field ®¢
is linear in «, i.e.,

PG+ ) = 0% and @) = AD VA € R. (147)
For j € {1,..., N}, we can write

i(J1(@ )] = T, B)]), = (N'20] — 1), — (N30 — 1)y

= —(p; — ;) + N30 (0; — v;) + NY30S Py,
(148)

and estimate

< @+ N3 ally) les — vl

L2(R3)
+ NYEA gy llo = Bl (149)
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by means of (144) and ||7|| < A. Hence,

ZH H@.0),

L2(R3)

N N
21+ N2 [lally)* D Ny — sl + 2N%/A2 3 (10513l — B3

j=1 j=1
< 4(14 N2 (|G 0) % + 1@ B)I%) )@ @) — (@ B (150)

-

In order to estimate the difference of J[(p, &) n+1 and J[(¥, 8)]n+1, we note
that

N N
() — pyle) = Z i (@)(pj(x) = (x)) + Z%(@(W — (@)

Thus,

.

N N
P Y leills llos = wslly + D slly s — w5,
j=1 j=1

< (1B, + 10,8l ) 1(B,0) = (@B, B)llor- (152)

So if we use the linearity of the Fourier transform, we obtain

H (w mDN“‘ L2(R3)

< llo= Blly + N 7122 [(Flog) - Flog))|

2
< lla = Blly + N1 2m)%2 [l || Flog] - Floy]

N

<llee=Blly + N™

ol 1 (ro)
< (14N A (IG Dl + 1Bl )) 1@, @) = (@, Bl (153)
In total, we get

|71 — 516,30, < 8222 (14 1, )l

+ 1@ B)I% ) 1@ @) = (. B)%.  (154)
Part (d)
For j € {1,...,N}, we consider
IATIE Dslaqes) = [[(1 = NT2R)NY20R — 1) |
<fla-wrral,

+ N Jlally (NY2 1ol + 195l rzggsy ) (155)
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where we made use of (144) and (145). By means of

lell, < | @ = N20) | lagl, < N7 @

llzs sy < 282 2

(156)
we get

IATIE il agusy < (L CNV2A Jlall,) | (1 = N1 P8)gs| . (157)

Similarly, we have [|a|, < ||(14+ N~/36yw) aH2 and obtain

2 2\ 1/2
sl < (3 o o)
— A, (158)
With (146), we estimate
I(ATE D rslagesy < (1 + N onwal

+ N7Em) 2 (1l + N30 |willly) 1F gl |

o0

N
< [[Avsally +2N AL+ V) Y el
j=1

< (142NN V) A0l . (159)
Altogether, this yields

|ATI(B, 5 < CN?PASL +v/m)? (1+ (e, ) ) I A(B, )5 - (160)

Part (e) Note that

i\) AT[(@, )] = ATI(, D)

L2(R?)

1= 3281, ) — 1 B |

; z) . (161)

|
.MZ

-
I
—
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So if we recall (148) and (154), we get

N
> (R RPN .
SN+ (1Bl + I, DG - (5. 8)I%
NS Al — )R + Z - — )l
j=1
N
U B [ENETl (162)

By means of (145), (156) and (158), we get

N-2/3 i\’: (=A)(p; — 1/}])”3 < HA(gB,a) - A(l/;,ﬁ)Hi, ;

i — )l < CNA @)l [ 4G, @) - A8,
i |-ases 2| < onone||acd. o), A a) - a0,
(163)
Thus,
N 2
> |ari@.001 - AT B, 0,
< ONAS (1 I )l + 165, 8)15 + HA(W)}@)
g VICRSEVTCAC) (164)

On the other hand, we have
- 2
|41, )] = ATID, B na

L2(R3)

<21+ N oyw)a - 5]

+ N2 em? [+ N )i (Flog] - Flog)) .
<2)a@.a) - a@.5),

+ 2N (1@l + 16 Al ) ]|+ N 25w |(3,0) - 0]
<2(1+ N (1@l + 1Bl )?

X (14 N PR T R) 0% || A, ) - A A

H
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<sa*(1+ (1@, @)l + 1,813 )

x (Lt N oI ) [AB,0) - 4. 0)|| (165)
In total, we get
4713, 0] - 415, 90|,
<o (141Gl + 101 + 468, )
x (L4 N7y /T4 m2)* | A, a) —A(J,ﬂ)H;. (166)

Final Statement of the Lemma
Let (9 a%) € D(A) and assume there is a T' > 0 so that (139) has a unique
continuously differentiable solution for ¢ € [0,7"). Then,

d d ,
G195l = 5 (o) = 2m (h (~ NPA +a)ef) =0 (167)

because @Xt € R. Moreover, we can apply Lemma B.2 locally and conclude
oty < |[a®||, + CAt < ||a®||, + CAT. For all ¢ € [0,T), this shows

185 e < 8% %) +[la®[l, + CAT: (168)
0
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