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Abstract: While Hartree—Fock theory is well established as a fundamental approxi-
mation for interacting fermions, it has been unclear how to describe corrections to it
due to many-body correlations. In this paper we start from the Hartree—Fock state given
by plane waves and introduce collective particle-hole pair excitations. These pairs can
be approximately described by a bosonic quadratic Hamiltonian. We use Bogoliubov
theory to construct a trial state yielding a rigorous Gell-Mann—Brueckner—type upper
bound to the ground state energy. Our result justifies the random-phase approximation
in the mean-field scaling regime, for repulsive, regular interaction potentials.
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1. Introduction

While Hartree—Fock theory describes some aspects of interacting fermionic systems
very well, it utterly fails at others. The best known example is that Hartree—Fock theory
predicts a vanishing density of states at the Fermi momentum, which is incompatible
with measurements of the conductivity and specific heat in metals [30]. It is therefore im-
portant to develop a rigorous understanding of many-body corrections to Hartree—Fock
theory. The simplest theory of many-body correlations is the random-phase approxima-
tion (RPA).

In this paper we show that the RPA is mathematically rigorous, insofar as the RPA
correlation energy provides an upper bound on the ground state energy of interacting
fermions in the mean-field scaling regime. Our approach also sheds some light on the
emergence of bosonic collective modes in the Fermi gas, described by an effective
quadratic Hamiltonian.

We consider a system of N >> 1 fermionic particles with mass m > 0 in the torus
T3 = R3/(2nZ%), interacting via a two-body potential V, in the mean-field scaling
regime. Setting

h= N_1/3,
the Hamiltonian is defined as
- 1
Hy :=—%- Am"'ﬁ Z Vxi —xj),
i=1 1<i<j<N

and acts on the Hilbert space Lg ((T3)N ) consisting of square-integrable functions that
are anti-symmetric under permutations of the N arguments. For simplicity we consider
only the spinless case.! The choice of # = N~!/3 and coupling constant 1/N defines
the fermionic mean-field regime: it guarantees that both kinetic and potential energies
are of order N, as N — oo (see [9] for a detailed introduction).

The ground state energy of the system is defined as

Ey:= inf (¥, Hyy) . (1.1)

YeLZ((THN)
lvl=1

In Hartree—Fock theory, one restricts the attention to Slater determinants

Pstaer(x1, - xy) = ﬁ 3 5en(0) fiCio (1) 200 2) - fi Ghor)

oeSy

with {f j}ﬂ.vzl an orthonormal set in L?(R?). Slater determinants are an example of
quasi-free states: all reduced density matrices can be expressed in terms of the one-
particle reduced density matrix w := N tro __ n |¥)(¥|. For a Slater determinant, one

1 For the analogous model of fermions with spin we can repeat our construction of an upper bound for the
correlation energy treating the spin states as independent. In general of course spin gives rise to many intricate
phenomena such as formation of spin density waves, in fact already on the level of Hartree—Fock theory [32].



Optimal Upper Bound for the Correlation Energy...

has w = Z?/:l | fj){f;]. In particular, the energy of a Slater determinant is given by the

Hartree—Fock energy functional, depending only on w:

Eur(®) = (Vstater» HN Vslater)

—h? 1
=tr (%Aa}> + ﬁ/dxdy\/(x —yox, x)w(y,y)

1
S / dxdyV (x — y)lw(x, y)-

(The first two summands are typically of order N and called the kinetic and direct term,
respectively; the third summand is typically of order 1 and called the exchange term.)
Thus, minimizing Exr(w) over all orthogonal projections w with tr @ = N gives an
upper bound to the ground state energy Ey. Actually, it turns out that Hartree-Fock
theory provides more than an upper bound for the ground state energy: the method de-
veloped in [2,3,33] for the jellium model can also be applied to show that in the present
mean-field scaling the Hartree—Fock minimum agrees with the many-body ground state
energy up to an error of size o(1) for N — oo. Moreover, by projection of the time-
dependent Schrodinger equation onto the manifold of quasi-free states one obtains the
time-dependent Hartree—Fock equation [10], which was proven to effectively approxi-
mate the many-body evolution of mean-field fermionic systems [5-8,58,59].

For N non-interacting particles on the torus, the ground state is given by the Slater
determinant constructed from plane waves

fix) = Qm)32e* x| ke 73, (1.2)

where the momenta &y, ..., ky € Z> are chosen to minimize the kinetic energy in a
way compatible with the Pauli principle; i.e., by filling the Fermi ball, up to the Fermi
momentum kr. The energy Ef := k% /(2m) is called the Fermi energy, and the sphere

kS? of radius k is called the Fermi surface. (We assume that N is chosen so that this
state is unique, no modes in the Fermi ball being left empty.) We shall denote by wpw
the reduced one-particle density matrix of this state,

N
opw = Y | fid (S| -

i=1

It turns out that this simple state is a stationary state of the Hartree—Fock energy functional
even with interactions, and in our setting provides a good approximation to the minimum
of the Hartree—Fock functional. The focus of the present paper is to quantify the effect
of correlations in the true many-body ground state: in particular, we shall be interested
in the correlation energy, defined as the difference of the ground state energy and the
Hartree—Fock energy of the plane wave state,>2 Ey — Enr (wpw)-

The quest of calculating the correlation energy has been a driving force in the early
development of theoretical condensed matter physics. Let us discuss the case of the

2 This is the definition used by Gell-Mann and Brueckner [28]. Some authors define the correlation energy
with respect to the minimum of the Hartree—Fock functional instead. For the present translation invariant
setting, it was recently proved [31] that the energy of the plane wave state and the minimal Hartree—Fock
energy differ only by an exponentially small amount as N — oo. However, for systems that are not translation
invariant, the ground state of non-interacting fermions will not even be a stationary point of the interacting
Hartree—Fock functional. In this case it is important to take the true Hartree—Fock minimizer as reference
point.
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jellium model: that is, fermions interacting via Coulomb repulsion, exposed to a neu-
tralizing background charge on the torus, in the large volume limit. Let us consider the
ground state energy per volume of the system, in the high density regime. As noticed
already by Wigner [66] and Heisenberg [40], the computation of the correlation energy
is an intricate matter because perturbation theory with respect to the Coulomb potential
becomes more and more infrared divergent at higher orders. It was however quickly
understood that these divergences are an artefact of perturbation theory [53]; a partial
resummation of the perturbative expansion allows to capture the effect of screening, that
ultimately trades the infrared divergence for a p log p contribution (p being the density)
to the ground state energy.

In their seminal work [13,55] Bohm and Pines related the screening of the Coulomb
potential to an auxiliary bosonic mode called the plasmon, and coined the name “random-
phase approximation”; see also [27] for a reformulation of their result using Jastrow—
type states. Gell-Mann and Brueckner showed that the RPA can be seen as a systematic
resummation of the most divergent diagrams of perturbation theory [28], which has
become the most popular point of view for physicists. Another interpretation of the
RPA was given by Sawada et al. in [60,61] as an effective theory of approximately
bosonic particle-hole pairs. A systematic mapping of particle-hole pairs to bosonic
operators was introduced by Usui in [64] but does not lead to a quadratic Hamiltonian.
(In Usui’s approach there are parallels to bosonization in the Heisenberg model [18,20,
21,41], which also gives rise to interesting problems in the calculation of higher order
corrections to the free energy [4].) Sawada’s approach has been systematically related to
perturbation theory in [1]. Sawada’s effective Hamiltonian has proved useful for further
investigations into diamagnetism and the Meissner effect [65]. While Sawada’s concept
of bosonic pairs is very elegant, it remained unclear which parameter makes the error
of the bosonic approximation small. This was clarified many years later, highlighting
the role of collective excitations delocalized over many particle-hole pairs [15,16,24—
26,39,42,43,45-47,52,54]; the main idea being that collective excitations of pairs of
fermions do not experience the Pauli exclusion principle if they involve many fermionic
modes of which only few are occupied.

Concerning rigorous works for the jellium model, the only available result for the
correlation energy is the work of Graf and Solovej [33], which provided an upper and
lower bound proportional to p*/3~% for some 8§ > 0. This bound has been obtained
using correlation inequalities for the many-body interaction together with semiclassical
methods. Unfortunately, this is still far from the expected p log p behavior: to improve
on [33], new ideas are needed.

In the context of interacting fermions in the mean-field regime, the first rigorous
result on the correlation energy has been recently obtained in [37], for small interaction
potentials, via upper and lower bounds matching at leading order. One has:

) En — Ear(wpy) N .
Jim % = —mu(l — 10g(2))kZZ3|k|V(k)2(1 +O(V (k). (1.3)

The strategy of [37] is based on a rigorous formulation of second order perturbation
theory following [17,35,36,38], combined with methods developed in the context of
many-body quantum dynamics [5,7,8,58]. For larger interaction potentials however,
this method is limited to a lower bound of the right order in /2 and N but not capturing
the precise value.

Here we shall provide a rigorous upper bound on the correlation energy, without
any smallness assumption on the size of the potential. It improves on the upper bound
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of [37], to which it reduces in the limit of small interactions. The method of the proof
is inspired by a mapping of the particle-hole excitations around the Fermi surface to
emergent bosonic degrees of freedom: this allows to estimate the correlation energy in
terms of the ground state energy of a quadratic, bosonic Hamiltonian. The expression
we obtain, if formally extrapolated to the infinite volume limit, agrees with the Gell-
Mann-Brueckner formula for the jellium model.

Our method can be seen as a rigorous version of the Haldane—Luther bosonization for
interacting Fermi gases, a nonperturbative technique widely used in condensed matter
physics; see [44] for a review. To our knowledge, this is the first time that this method is
formulated in a mathematically rigorous setting. We believe that this method, possibly
combined with [37], will be crucial to rigorously understand the correlation energy for
a large class of high density Fermi gases, including the jellium model.

Correlation corrections to the ground state energy of interacting Bose gases have
been studied to a much larger extent. Upper and lower bounds have been proven for the
mean-field scaling regime in [19,34,49,56,57,62], for the jellium model in [50,51,63],
for the Gross—Pitaevskii scaling regime in [12], and in an intermediate scaling regime
in [11,14,29]. The Lee—Huang—Yang formula for the low-density limit has been proven
as an upper bound in [22] for small potential and in [67] for general potential, and only
very recently as a lower bound [23].

2. Main Result

In this section we present our main result, Theorem 2.1. Our theorem provides an upper
bound for the ground state energy, which is consistent with the Gell-Mann—Brueckner
formula for the correlation energy.

Notice that for the interaction potential we normalize the Fourier transform such that
V(k) = (27)3 f dx e ¥V (x), whereas for wave functions we choose it unitary in
L2

Theorem 2.1 (Upper Bound for the Ground State Energy). Let V : 7> - R be non-
negative and compactly supported. Let kp > 0 be the Fermi momentum and N =
l{k € Z3 : |k| < kp}| the number of particles; recall that h = N~'/3. Let Wpw =
ZkeZ3:|k|§kp | fx) ( fx| be the projection on the filled Fermi ball. Then, asymptotically for
kr — oo, the ground state energy (1.1) satisfies the upper bound

En < &ur(wpw)

h 1 [ . | )
+ 20N g [ / log (1 + 47V (k)mkg <1 _ arctan )) i — V(k)micon]
2m T Jo A

keZ3
+hOWNT2Ty | 2.1

where ko = (%)1/3.

Remarks.

(1) We conjecture that there is actually equality in (2.1); i.e., a corresponding lower
bound, possibly with different error exponent, should hold.



N. Benedikter, P. T. Nam, M. Porta, B. Schlein, R. Seiringer

(ii) Recall that the Hartree—Fock energy Exp(wpw) consists of kinetic energy (order
N), direct interaction energy (order N), and exchange interaction energy (order 1).
Our many-body correction is of order i = N~1/3. As expected, it is negative, so
that it improves over EHp(wpw).

(iii) Notice that already with regular interaction potential the correlation correction at
order A involves arbitrarily high powers of the interaction potential.

(iv) If we formally extrapolate our formula to the jellium model it agrees with the
correlation energy first obtained by Gell-Mann and Brueckner [28, Equation (19)]
as a power series; see also [61, Equation (37)] for the first appearance of the
explicit expression. Gell-Mann and Brueckner also obtain a contribution from a
second order exchange- type term denoted €,@; for us, in mean-field scaling and
with compactly supported V, this term is only of order #2. However, since our trial
state captures the second order direct-type term correctly and can be expanded in
powers of V, we expect that it would also capture the second order exchange-type
term in models where it has a bigger contribution.

(v) For small interaction potentials ‘7, we can expand

1 [ N 1 .
— / log (1 + 47V (k)ymko (1 — Aarctan X)) dr — V(k)ymkom
T

_ & V(k)zm k2 (1 —1og(2))+0(17(k)3).

Therefore

Eyn — EnF (wpw)

5 < —mmu(1 —log(2)) Z kIV (k)2 (1+ OV (k) + ON~?7y,

keZ3

This is consistent with [37], see (1.3) (notice that [37] considered the Fermi gas in
[0, 1]° instead of [0, 27r]3). Whereas [37] uses rigorous second-order perturbation
theory, here we use a non-perturbative bosonization method which directly yields
a resummation of the dominant contributions of the perturbation series both of the
ground state and the ground state energy to all orders in the potential.

(vi) The assumption of 1% being compactly supported is mainly used to control the
number of particle-hole pairs that may be lost near the boundaries of patches (see
Sect. 6) and to avoid interaction between different patches across the separating
corridors (see Fig. 2). A sufficiently fast power law decay of V (k) for large k should
allow to control such error terms, but to keep the article readable we do not follow
up on this question here.

In the remaining part of the paper we prove Theorem 2.1. Our proof is based on
a reorganization of the particle-hole excitations around the Fermi surface in terms of
approximately bosonic collective degrees of freedom, which we will introduce in the
next section. Notice that 1/m can be factored out from the Hamiltonian, replacing the
potential V by mV, so we consider only m = 1 and the dependence on m is easily
restored at the end.

3. Collective Particle—-Hole Pairs

In this section we represent the correlation energy in terms of particle-hole excitations
around the Fermi surface. These excitations will be described by quadratic fermionic
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operators on the Fock space, that behave as almost bosonic operators. The advantage of
this rewriting is that the correlation energy can thus be related to the ground state energy
of a quadratic almost-bosonic Hamiltonian.

3.1. The correlation Hamiltonian. Here we shall introduce a Fock space representation
of the model. We shall follow the notations of [9, Chapter 6], to which we refer for more
details. Let F := F(L*(T3)) be the fermionic Fock space built on the single-particle
space L2(T3). Let us denote by Hy the second quantization of Hy. We have

Hy = > dxVyaiViay + N dxdy V(x — y)ayayayay,

where a, a, are the creation and annihilation operators (more precisely, operator-valued
distributions), creating or annihilating a fermionic particle at x € T>. They satisfy the
usual canonical anticommutation relations (CAR)

{ax.ay} =0 = (a}.al}. {ay.al) =8(x —y). 3.1)

Given a function f € L*(T3) we also define a(f) = fdxaxf(x) and a*(f) =
(a(f)*.
Let us define the Fermi ball
Br:={k € Z* : |k| < kg},

where kg is the Fermi momentum. Let N be the number of points in the Fermi ball,
N :=|Bg|. Then, by Gauss’ classical counting argument,

ke =«N'3 | k=k(N)=@/4An)'3 +ON"'73)

3.2
= ko + ON"13). G2

We also introduce the complement of the Fermi ball,
BE =7\ Br.

The filled Fermi ball is obtained by considering the Slater determinant v,y built
from the plane waves f, (x) = (2m)73/2¢tkix | associated to the points k; € Bp,i =
1,..., N. Let wpy be the reduced one-particle density matrix associated to such states,
Wpw = Z,N: 11 fk; ) { fi; 1. With the plane waves f} defined in (1.2), we define the unitary3
particle-hole transformation R, : 7 — F by setting

a(fx) fork € Bg

* P .
Rop,a(fiOR,,,, = {a*(ﬁ) for k € Br and Ry Q= Ypw.

Wpw
Here we introduced the vacuum vector Q2 = (1, 0,0, ...) € F. Particle-hole transfor-
mations are a particular kind of fermionic Bogoliubov transformation. In fact, formally
writingay = a(8(-—x))and§(y—x) = Y ;z3 fe(¥) f(x) one can rewrite the previous
relation in position space,

=a(uy) +a*(vy), Ry a*R* = a*(uy)+a(vy), (3.3)

@pw “x T wpw

R, a.R*

Wpw Wpw

3 It is an amusing exercise to check that Raupy s invertible; in fact Ry, = Rajplw. Furthermore, Reyp,, is
clearly isometric, and thus unitary.
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where u = I — wpw, v = D ¢ BF|ﬁ)( fr| and where we also introduced the short-
hand notation v, (-) = v(-, x) = ZkeBF fe() fr(x) and ux(-) = u(-,x) = 8(- — x) —
> ke kO fr ().

The state Ry, 2 plays the role of the new vacuum for the model, on which the
new fermionic operators prwa( fk)R;“)pw act. We call momenta in Bg hole modes, and
momenta in Bf particle modes. We will use the notation a; := a*(f;). If we want
to emphasize that the index is outside the Fermi ball we write a,,, p € Bg (“p” like
“particle”) and say that a; creates a particle. Similarly we use a;, h € Bg (“h” like
“hole”) and say that aj; creates a hole in the Fermi ball. We call N}, := 3~ B dpap the
number-of-particles operator and Ay, 1= >, Bp ajyay the number-of-holes operator. If
we do not want to distinguish between particles and holes we use the word “fermion”,
for example calling N” = N}, + NV;, the number-of-fermions operator.

Let us consider the conjugated Hamiltonian R;“)pw HN Rey,, - Using (3.3), and rewriting
the result into a sum of normal-ordered contributions one gets (see [9, Chapter 6] for a
similar computation in the context of many-body quantum dynamics):
= Enr(wpw) +dT (whu — vhv) + QN (3.4)

R Z)pw HN Ry,
with dT"(A) the second quantization* of a one-particle operator A. The operator / is the
one-particle Hartree—Fock Hamiltonian, given by

2
h = —hTA +Q2n)’VO0)+ X (3.5)

where X is the exchange operator, defined by its integral kernel X (x, y) = =N~V (x —
Y)wpw(x, y). As for the operator Oy on the r.h.s. of (3.4), it contains all contributions
that are quartic in creation and annihilation operators. It is given by

1
On = N dxdy V(x — y) (51 (x, y) +2a* (uy)a*(Vy)a(vy)a(uy)
T3 xT3
+ @ w)a* @0 (uy)a* @) + &, ) + h.c.])
where
E1(x, y) = a*(uy)a*(uy)a(uy)a(uy) — 2a* (ux)a™(0y)a(vy)a(uy)
+a*(5y)a*(ﬁx)a(vx)a(vy) (3.6)
and

& (x,y) = —2a™(ux)a™ (uy)a* (Wy)a(uy) +2a* (uy)a* (vy)a* (v)a@,).  (3.7)

As we shall see, both £ and & will provide subleading corrections to the correlation
energy, as N — oo. The operator R;‘)pW’HNR — Exr(wpw) is called the correlation

Hamiltonian,

Wpw

Heorr := dT (uhu — Thv) + Oy . (3.8)

4 The second quantization of the one-particle operator A is defined on the n-particle sector of F as dI"(A) :=

Z';zl Aj,where A; = 1%/~ @ A®I®"J acts non-trivially only on the j-th particle. If A has an integral

kernel A(x, y), its second quantization can be written as dI'(A) = f A(x, y)ajaydxdy.
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Let v € F be a normalized N-particle state in the fermionic Fock space, that is
v =(0,0,...,0, w(N), 0, ...). By the variational principle, we have

Ey < (Y, HNY) = SHF(pr) + (&, Heorr)

where & = Rj,pwxp. The last step follows from the identity (3.4).

We are going to construct an N-particle state Yyial = Ry, & such that (&, Heorr) is
given by the Gell-Mann-Brueckner formula

h’“’ 3 Ik [ / log (1 + 47V (k)ko (1 — jarctan %)) i — \7(k)/<071:| ,

keZ3

Wpw

up to errors that are of smaller order as N — oo. To construct this state, we shall
represent Heorr in terms of suitable almost-bosonic operators, obtained by combining
fermionic particle-hole excitations. As we shall see, the resulting expression will be
quadratic in terms of these new operators; the state £ will be chosen to minimize the
bosonic energy.

3.2. Particle-hole excitations. We start by rewriting the quartic contribution to the cor-
relation Hamiltonian as

1
On = Q;'i,+ﬁ dxdyV (x — y)(&1(x, y) + [E2(x, y) +he])
T3 xT3
Z V(k)/ dxdy(Za*(ux)e’kx *Wa@y)e Pa(u,) 3.9)
k 73 '

+[a*(ux)elkx *(Uy)a™ (u‘)eflk‘ *(v )+hc])

The main contribution to Qy is Q%, which, as we shall see, can be represented as a
quadratic operator in terms of collective particle-hole pair operators. These operators
behave approximately like bosonic creation and annihilation operators.

Let us define the (unnormalized) particle—hole operator as

b} :=/ dx a*(uy)e™ a* (@,).
T3

Notice that l;a" = 0 since uv = 0. Writing this operator in momentum representation,

by =Y araidp—ni. (3.10)
peBlﬁ
hEBF

we can think of it as creating a particle-hole pair of momentum k, delocalized over all
the Fermi surface. In terms of these operators

1 R . -~ ~ o~
0B = N Z V (k) (Zbek +bib*, + bfkbk) .
keZA\{0}
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Recall that V has compact support by assumption, so there exists
R > 0 such that \7(k) =O0forall |k| > R .
It is convenient to group together k and —k modes, as follows. Define
A (3.11)

as the set of all k € Z3 N Br(0) with k3 > 0 and additionally half of the k-vectors with
k3 = 0, such that for every k € I'"™*" we have —k ¢ ['"°". We then rewrite Ql'i, as

1 ~ .~ .~ ~ o~ -~ o~ -~ ~ ~
Oh =5y > V) (2b;’;bk + BB+ b_ihy +25% by + b BE + bkb,k) .
kel"nor

(3.12)

It turns out that the operators by behave as approximate bosonic operators, whenever

acting on vectors of F with only a few particles; the Pauli principle is relaxed by summing
over a large number of momenta of which typically only few are occupied.

The main problem, however, is that the term dI"(uhu — Thv) in (3.4) cannot be

represented as a quadratic operator in terms of by and I;; To circumvent this issue we

shall split the operators bk, b* into partially localized particle-hole operators bo, s ba K
involving only modes of one patch of a decomposition (indexed by «) of the Fermi
surface. This allows us to linearize the kinetic energy around the centers of patches, so
that states of the form

I;*

ai,ki

1% 1%
ba21k2 T bamska
become approximate eigenvectors of dI" (uhu — vhv).

The non-trivial question is whether we can localize (3.10) sufficiently to control the
linearization of the kinetic energy, while at the same time keeping it sufficiently delo-
calized so that b*  involves many fermionic modes, thus relaxing the Pauli principle—

complete localization would of course destroy the bosonic behavior since (a* a;:)z =0.
We are going to find that this can be achieved by decomposing the Fermi sphere into
M = M(N) diameter-bounded equal-area patches if N'/* « M <« N?/3.

Patch decomposition of the Fermi sphere. We construct a partition of the Fermi sphere
krS? into M diameter-bounded equal-area patches following [48], see Fig. 1. Let

M =M(N):=N"3* foran0 <€ < 1/3,

or more precisely, this number rounded to the nearest even integer. Our goal is to first
decompose the unit sphere S, as

M
Sy = <U pa) U peorris

a=1

where p, are suitable pairwise disjoint sets, to be defined below, and p¢orri has small
surface measure, o (Pcorri) = O(MI/ZN_1/3) — 0 as N — oo. The error pcori is due
to the introduction of a positive distance (“‘corridors”) separating neighboring patches.
The important properties to be ensured in the construction are that all patches p, have
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Fig. 1. Diameter-bounded partition of the northern half sphere following [48]: a spherical cap is placed at the
pole; then collars along the latitudes are introduced and split into patches, separated by corridors. The vectors
g are picked as centers of the patches, marked in black. The patches will be reflected by the origin to cover
also the southern half sphere

area of order 1/M and that they do not degenerate into very long, thin shapes as M
becomes large.

We use standard spherical coordinates: for & € S?, denote by 6 the inclination angle
(measured between @ and e3 = (0, 0, 1)) and by ¢ the azimuth angle (measured between
e1 = (1,0, 0) and the projection of @ onto the plane orthogonal to e3). We write ® (8, ¢)
to specify a vector on the unit sphere in terms of its inclination and azimuth angles.

The construction starts by placing a spherical cap centered at e3, with opening angle
A6y := D/~/M, with D € R chosen so that the area of the spherical cap equals 477 /M.
Next, we decompose the remaining part of the half sphere, i.e., the set of all (6, @)
with D/v/M < 6 < 7/2, into ~/M /2 (rounded to the next integer) collars; the i-th
collar consists of all ®(0, ¢) with 6 € [6; — AO;, 6; + A6;) and arbitrary azimuth ¢. The
inclination of every collar will extend over a range A6; ~ 1/+/M; the proportionality
constant is adjusted so that the number of collars on the half sphere is an integer.

Observe that the circle {cb(@i, ) €0, 271)} has circumference proportional to
sin(6;); therefore we split the i-th collar into /M sin(8;) (rounded to the next integer)
patches. This implies that the j-th patch in the i-th collar covers an azimuth angles
¢ € loij — Agij, ¢ij + Agi j), where

1
Ag i~ ——.
Ol eI

We fix the proportionality constants by demanding that all patches have area 477/ M (this
is not necessary though, it would be sufficient that all patches have area of order 1/M).

The last step is to define Agi := A9; —DRN~'/3 and AQ;j = Ay j— DRN_1/3/
sin(6;), with D > 0 to be fixed below. We then define p; as the spherical cap centered
at ez with opening angle A8y and the other M /2 — 1 patches as

pij = {0, ¢) : 0 € [6; — A, 6; + AG) and ¢ € @i j — AGr j, i + AGr )}
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The constant D is chosen such that, when patches are scaled up to the Fermi sphere there
are corridors of width at least 2R between adjacent patches (i.e., D has to be slightly
larger than h. Having concluded the construction on the northern half sphere, we
define the patches on the southern half sphere through reflection by the origin, k > —k.
Finally we switch from enumeration by i and j to enumeration with a single index
o € {1,..., M}. From the construction it is clear that the patches p, have the following
three properties:

(i) The area of every patch is

0(pa) = % +O(N"B3p=12)

(i) The family of decompositions is diameter bounded, i.e., there exists a constant
Cp independent of N and M such that, for the decomposition into M patches, the
diameter® of every patch is bounded by Co/~/M.

(iii) Point reflection at the origin maps py t0 —py = p,,, u foralla =1, ..., %

Next, we scale the patches from the unit sphere up to the Fermi surface kgS” by
setting

Py := kppy
foralla = 1, ..., M. The patches P, then have the following properties.
(i) The area of every patch is o (Py) = %’ké +0 (N1/3M_1/2).

(i) There exists a constant C; independent of N and M such that, for the decomposition
in M patches, we have diam(P,) < C1N1/3/\/M.

Finally, we shall introduce a “fattening” of the patch decomposition, which will be
used to decompose the operators by as sums of operators corresponding to particle-hole
excitations around the patches. This is motivated by the fact that the only modes affected
by the interaction are those in a shell around the Fermi sphere, where the thickness of

the shell is given by the radius of the support of V. Recalling again that R > 0 is chosen
such that V (k) = O for |k| > R, we define the fattened Fermi surface as

9BR = {qu3:kF—R5|q|5kF+R}.

We lift the partition of the unit sphere to a partition of d B,

M
335 = (U Ba) U Beorri,
a=1

by introducing the cones Cy := |, (9.0 7P« and defining
By = dBE N C,.

(The set Beorri consist of all the remaining modes in the similarly fattened corridors.) To
every patch B, we assign a vector w, € By as the center of P, on the Fermi surface;
in particular |w,| = k. The vectors w, inherit the reflection symmetry of the patches,
werM2 = —wg foralla =1, ..., M/2.

5 The linear dimension of a patch measured by the Euclidean norm of R3 or measured by the geodesic
distance on S? are of the same order, so we do not need to worry about this distinction.
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Localization on the Fermi surface. We recall (3.10) in momentum representation,

bt = Z araidy k- (3.13)
PEB
heBr

Since V(k) = 0if |[k| > R, we are only interested in the case |k| < R; hence, the sum
in (3.13) effectively runs only over p and & at most at distance R from the Fermi sphere
kFSZ. In other words,

by= Y daiSy n- (3.14)
peBENIBR
heBpNdBE

Next, we decompose the sum on the r.h.s. of (3.14) into contributions associated with
different patches. If k - w, < 0, there will be few or no particle-hole pairs (p, &) in the
patch B, satisfying p — h = k; geometrically, k is approximately pointing from outside
to inside of the Fermi ball, which is incompatible with the requirements p € By and
h € Br. Alsoif k - wq is positive but small, there are only few particle-hole pairs (p, i)
with p — h = k. For this reason, for any k € 73, we define the index set

If=la=1,...,M:&y -k >N"*)

for a parameter § > 0 to be chosen later. We then write

by =Y bhy+r, (3.15)

v
aelf

where

x * %
k= Z apah%—h,k .
PEBENBy
heBrNBy

The operator t} contains all particle-hole pairs that are not included in ) _, T} l;; «- This

can happen for two reasons: because an index « is not included in Z;}, or because one
or both momenta of a pair (p, 1) belong to a corridor between patches. As we shall see,
this operator can be understood as a small error, due to the fact that the number of pairs
(p, h) not included in the first sum is small.

Normalization of particle—hole pair operators. We still have to normalize the pair oper-
ators so that they can be seen as an approximation of bosonic operators. The normalized
operators are defined by

1 - -
;,k = _b;,k’ Ny k = ||b;,kQ||. (3.16)
N,k

6 We use the notation & := k/|k| for the unit vector in direction of k.
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We call these operators the pair creation operators; their adjoints are called pair anni-
hilation operators. The normalization constant can be calculated as follows:

*
1B% 21 =<sz,[ > a;aiflémhl,k“ > azzazzamhz,k]m

pleBéﬂBa szB]‘;ﬂBa
h1€BFNBy ha€BRNBy
= E Sp—hik -
PEBENBy
he BN By

This shows that n> ok 1s the number of particle—hole pairs with momentum k = p — h
that lie in the patch B,. Due to the symmetry of the partition under point reflection at
the origin we have ny x = ng+m/2,—k. We define vy (k) > 0 by setting

ngx = kplklva (k)* . (3.17)

In the next proposition, whose proof is deferred to Sect. 6, we estimate the normalization
constants.

Proposition 3.1. Let k € Z>\{0}, M = N'/3*¢ foran 0 < € < 1/3. Then, for0 < § <
1/6 — €/2 and for all « € I, we have

w0 =0 (po) 1k - ol (1+0 (VMNTT?)),

where o (py) = % +OWN"V3M=VY2y s the surface area of the patch py on the unit
sphere.

Due to the cutoff &y - k > N~ imposed through the index set Z;", it immediately
follows that there exists a constant’ C such that

N1/3-6/2
VM

ngx > Cn, where n(N, M) := (3.18)

4. Construction of the Trial State

In this section we shall introduce the trial state that will produce the upper bound in our
main result, Theorem 2.1. To begin, let us show that the particle-hole operators by
defined in (3.16) behave as almost-bosonic operators when acting on Fock space vectors
containing only few fermions.

7 We use the symbol C for positive constants, the value of which may change from line to line. All constants
C are independent of patch indices («, 8 etc.), of momenta (k, p, h etc.) and most importantly of N (and also
of h, M, and n). They may however depend on R and sup; V (k).
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4.1. Particle—hole creation via almost-bosonic operators. Recall the definition of I'™°"
given after (3.11). For k € '™, let

v ::Iﬁk:{cx:1,...,M:c?)a-k<—N_‘S}.

‘We shall also set 7 = Ik+ UZ, . To unify notation, we define

* +
ba,k fora € 7}

bi, fora ey @1

ch(k) = {

Lemma 4.1 (Approximate CCR). Let k,l € T'™". Let « € Ty and B € ;. Then

[ca(k), cp(D] = 0 = [c; (k). c5 (D],

4.2
lea(k), (D] = Sup (81 + Ea(k, D)) . 42

The operator Ey(k, 1) commutes with N, and satisfies the bound

2

Ny kNl

€k, DYl < NVl Yy eF. (4.3)

The same estimate holds for £ (k, 1) = E (I, k).

Proof. The two identities on the first line of (4.2) are obvious. We prove the second line.

First case: a € I} and B € Z;. We have
[ca k), cg(D] = [k, b 1. (4.4)

From the definition it is clear that b and b* operators belonging to different patches
commute, explaining the 8, g-factor. Thus, from now on o« = . By the CAR,

* %7 _ * *
lan,ap,, apgah2] = Oy, hy0p1,pr — apzal’l‘shlqhz - ahzahlam,llr 4.5)

The first term in (4.5) gives the following contribution to the commutator (4.4):

-1 -1
ngial Y D i haSpr paOpi—h kO priai

P1 EB]‘:"PIBO, szBlﬁ—'r‘lBa
h1€BrNBy hy€ BFNBy

-1 -1 )
=Nk Z Sp1—hy kSp1—hyl = Ny 3 Bkl Z Sp—hk = Okl
pleBi;lﬂBa peBImea
h1€BENBy he BN By

The two remaining terms in (4.5) produce the error term

Z Sp—hy kOp—hyl Z Spi—hkSpy—hl

ap,, ap, — a,, dp,
ok N kNa,l 2 i Ny, kNa,l Pz
1,h2€ BENBy p1.p2€BENB, (4.6)
PEBENBy heBrNBy

=&k, D)+ E(a k1) =: E(a, k, ).
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In the present case, the error term in the lemma is £y (k, ) := E(«, k, [). Let us only
consider the second term in the left-hand side; the first can be controlled in the same

way. Setting @ := ZheBFnBa|fh><fh| and u® = ZpeB;mBa | fp)(fpl, we have
dr (u(a)eilxw(a)e—ikxu(a))

= Y a@antm ™[ Y e )

p],szBf—ﬂBa heBFNBy

_ *
= Z aplapz‘spz—h,l‘spl—h,k
P1,p2€BENBy
heBrNBy

Recall also, for the second quantization of any bounded one-particle operator, the stan-
dard bound [|dT"(A)¥ || < [|AllopINY || for all ¥ € F, with ||A|lop the operator norm.
Consequently

1

Ny, kNa,l

1

€2k, DY/l = | IV

dr (u(ot)eilxw(oz)e—ikxu(oz)) H <

@kl

since [[u@ /¥ @@ e=ikxy @) < 1.

Second case: a € 1;_, B € I, . This case is treated like the first case, recalling that
[ca (k). (D] = [ba—k, b 1.

In this case &, (k, 1) := E(a, —k, —1), with the same bound as before.

Third case: a € I;f and B € I, , and vice versa. For a # f the commutator vanishes,
just like in the previous cases. So consider « € Z;" and p = o« € Z; = I*,. We find

[ca(k), cq (D] = [Ba ks by 1 = 8k,—1 + E(at, k, =1). 4.7)

Since Z;; NI, = ¥, a = B is possible only for k # 1. Also k = —I is excluded since

k,l € T'™". Consequently & ; = 0 = 8k,—;, so (4.7) agrees with the statement of the

Lemma (if we set E,(k, 1) := E(a, k, —1)). The estimate of the error term remains the
same.

Itis obvious that £ («, k, [) commutes with A. This completes the proof of the lemma.

O

The next lemma provides bounds for the ¢y (k), ¢} (k) operators that are similar to
the usual bounds valid for bosonic creation and annihilation operators.

Lemma 4.2 (Bounds for Pair Operators). Let k € '™ and o € Zy. Then,
llea R)r )l < IIN'(BE N B2yl VY € F, (4.8)

where N'(B) := Y, _ga‘a; for any set of momenta B C 73. Furthermore, for f €
02(Ty) and ¢ € F, we have

1Y f@e®vl = (Y |f(oe>|2)”2|w Py

aely aely

12
1Y fe@e®vl = (Y If@P) I+ D2y,

aely aely

(4.9)
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Proof. Using |lagllop = 1 we have

1
lbastrll < — > Spnillapany <

< - p Z Sp—nillanr|
ak PEBENBy ok PEBENBy
heBrNB, heBrNBy
1 1/2 57172
s—[ X b [ X ponalanvi?]
.k pEBLNBy PEBENB,
heBrNBy he BENBy

= (¢, N(Br N By) )2,

recalling that by definition ) ¢ BENB, Sp—nk = ni - This proves (4.8). To prove the
heBrNB,
first inequality from (4.9), we use F(4.8) together with Cauchy—Schwarz,

| cha(")‘ﬁuz < D If@F Y lew®yl’

aEZk aEIk O(’GIk

< Y If@F D INBeN B Py

aEIk o{’EIk

< Y I @P W, NY).

o GIk

We now prove the second inequality from (4.9). By Lemma 4.1, we have

[ Y recwov|

O[EIk
= Y f@FBW, ci®ca@P)+ Y F@f B, [ca), i)
a, BTy o, BTy
J— 2 I
> Tt | + Y F@ B dup (14 Ealh k) W)
aely a,Bel;
< Y @ D llea WP+ D IF@PI I+ D 1 @ (W, Ealk, D).
aGIk Ol’EIk OtGIk aEZk

(4.10)

Consider the last term on the r. h.s. Recall from (4.6) that for a € Z} + we have

Eulk, k) = ——— Z Sp—n.kayan — Z Sp—n.ka), pap-
Dtk PEBENB, Dtk peBENB,
he BpNBy heBrNBy

Obviously (¥, Ey(k, k)¥) < 0. For o € Ik_ we have —k replacing k on the r.h.s.,
again producing a negative semidefinite operator. Hence in (4.10) we can drop the last
summand for the purpose of an upper bound. Together with the first bound from (4.9)
this implies

| Y r@eww|’ < X irerw. v+ Y rePw. w.

aEIk aEIk OtGIk
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4.2. The trial state. In order to motivate the definition of the trial state, let us formally
rewrite the correlation Hamiltonian Hcrr in terms of the almost-bosonic pair operators
cr (k) and cq (k).

Bosonization of the correlation Hamiltonian. Inserting the decomposition (3.15) into
(3.12) we find

0B = % 3 \7(/()[2 S nawnpablibpi+ > > nawngibl by

keZ3\{0} el eI ael} BTt
+ Z Z na,_knﬁ,kba,_kbﬁ,k] + error terms,
ael*, eI}

where the error terms contain at least one ty—operator (see the discussion following (5.7)
for the rigorous proof of their smallness). Recalling the definition (3.17) of v, (k) and
the definition of the ¢ and c¢* operators (4.1), we get

O =he* Y Ikl V(k)[ D0 vakyvg ke (kyep (k)

kelner el eI}
+ )Y val—k)yp(—k)ch k)cp (k)
ael; BeI;
+ 30 3 (slovp(—cs (R (K) +he.) | +error terms
0[6.’[]:' ﬁeII:

4.11)
where k = (3/47)'/3 + O(N~1/3) is defined as in (3.2).

Let us now consider the operator dI"(uhu — vhv) appearing in the definition of the
correlation Hamiltonian (3.8). To express dI' (uhu — vhv) in terms of cq (k), ¢} (k), we
observe that, for @ € Z;" and neglecting the contribution of the constant direct term and
of the exchange operator X on the r.h.s. of (3.5) (they will be proven to be small)

3 R(pP —1hP) , .

dI'(uhu — W_lv)c;(k)ﬁ ~ — apyaydp—n k2

n 2
ak pEBLNB,
heBFNBy
1 R (p—h)-(p+h)
= — Z P P a;azép,h)kﬂ
Ny k P 2
PEBLNBy,
heBpNBy
1 Rk - 2w
~— Y a8,k = Wk - 0l ()R,
Ng.k - 2 p ’
" peBENBy
heBFNBy

where we used the fact that, for p,h € By, p =~ wy = h. A similar computation for
a € 7, shows that

dI' (uhu — EEU)CZ(k)Q ~ h2|k - wglch (k)2 4.12)

foralla € Zy = I, UT, .
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If the operators ¢ (k), co (k) were bosonic creation and annihilation operators, satis-

fying canonical commutation relations, and if dI"(uhu — Dhv) were quadratic in these
operators, (4.12) would lead us to

dT (hu = Dhv) > 1> Y 3" Jk - wglch (k)cq (k).

kelmor g7y

Thus, Equations (4.11) and (4.12) suggest that, if restricted to states with few parti-
cles, the correlation Hamiltonian should be approximated by the Sawada-type effective
Hamiltonian

Hetr = fuc ) [klhefr(k) (4.13)
kel"n()r

with

her(k) = u2 (k) ¢ (k)ea (k) +g(k)[< > Y webus(—Rics ke () +he.)

aely an]:' BT,
+ 30> vebvptcskyepy+ > Y va(—k)v,g(—k)c;(k)Cﬁ(k)].
ael} pelf ael, BeI
(4.14)
We defined
ug(k) = |k - &g, gk) =&V (k). (4.15)

(The main difference to Sawada’s original Hamiltonian is that he treated pairs a;a;f
as bosonic; our pair operators instead are delocalized over large patches, thus relaxing
the Pauli principle and allowing a controlled bosonic approximation.) If the operators
cq (k), ¢} (k) were exactly bosonic, the effective Hamiltonian H.fr could be diagonalized
via a bosonic Bogoliubov transformation. We provide the details of this computation in
Appendix A. The ground state of (4.13) would be given by

S:exp[% >y Ka,,g(k)c;(k)cj;(k)—h.c.]gz, (4.16)

kel'mr o, BeTy
where, forevery k € I'"%", K (k) is the 2y x 21} matrix (with Iy := |Z,]| = |Z,"|) defined
by
K (k) := log|S; (k)T ], 4.17)
(the superscript T denoting the transpose of the matrix) with

) (k) = (D(k) +Wk) — W(k))l/2 E()~12, (4.18)

and

E(K) i= (DG + W) = W) 2 (D) + W)+ WHRDDK) + W k) = VV(k))‘/z)”2
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and, recalling the definition (3.17) of vy (k),

D(k) := diag(u2 (k) : a € Ty),
g(k)vg (k)vg (k) fora, B € I}
W(K)ap = { gk)vg(—k)vg(—k) fora, B € I,
0 fora e, eI, ora eI, B eI}, 4.19)
gy (kyvg(=k) fora e I}, B € I,

W(k)a,p = { g(k)va(—k)vg(k) fora e I, , B eI}
0 fora, e L ora, B eI, .

However, the particle-hole pair operators c; (k), c, (k) are not exactly bosonic, and thus
the ground state vector of (4.13) is not given by (4.16). Nevertheless, by Lemma 4.1, it
is reasonable to expect that the true ground state of Horr Will be energetically close to &,
provided that the number of fermions in & is small. This last fact is proven in Sect. 4.3.

Motivated by the above heuristic discussion, we define as trial state for the full many-
body problem the fermionic Fock space vector

1
Viial i= Ry, TQ, T:=eP, B:= 3 > Y Kapcyk)ch k) —he.
kel'or o, BeTy
(4.20)
Notice that B* = —B, so T is unitary and hence || ¥yia|| = 1. We have to check that
Yial 18 an N-particle state. In fact, writing & := R:;pw Yirial, We have

Nrgial = prw[ Z a;ap + Z aha;;]é = prw (Np — Nn)é + Nl

peBIf; heBg

which shows that Y, is an eigenvector of A/ with eigenvalue N if and only if & is an
eigenvector of N, — AV}, with eigenvalue 0. This is the content of the next lemma.

Lemma 4.3 (Particle-Hole Symmetry). For & as in (4.16) we have (N, — Np)& = 0.

Proof. Let &, = T, K, with T, = ¢*8 for A € [0, 1]. Then & = £, & = €, and thus
I q
IWNp — NEN? = /O di (&, Ny — No)?E)
1
= [ o [~ A2 8] ) =0

because [N, — Ny, ¢ (k)] = 0 = [N, — My, co (k)] implies [N, — N, B]=0. O

4.3. Approximate bosonic Bogoliubov transformations. Our next task is to evaluate the
energy of the fermionic many-body trial state Yyia = prwé = prw T2, which by (3.4)
and (3.8) reduces to calculating (&, Hcorr ). To do so, we will need some properties of
the operator 7', which are going to be proven in this section. More generally, we shall
consider the one-parameter family of unitaries T, = ¢*Z, with B defined in (4.20).

The next proposition establishes that the action of 7) approximates a bosonic Bo-
goliubov transformation.
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Proposition 4.4 (Approximate Bogoliubov Transformation). Let A € [0, 1]. Letl € T""
andy € I} = I/ UL, . Then

Trey(DTh = ) cosh(AK (D)a,yca(l) + Y sinh(AK (1))a,y (1) + €, (1, D),

aeZ; ael;

where the error operator &, (A, 1) satisfies, for all v € F, the bound

1/2
[ e, 0ov?]” < 5 sup IV #2727y HIKOIS S K (s
)/Gl-] n TE[O,)\] ke nor
4.21)
Here n = NV3=8/2p—1/2 44 defined in (3.18), and || K (k)|lus denotes the Hilbert-
Schmidt norm of the matrix K (k). The same estimate holds for (’E;‘/ A, D).

Proof. We start from the Duhamel formula

2
T, (DT = c)y (1) +/ dr T}[cy, (1), BIT-.
0
From Lemma 4.1, the commutator is given by

1
ey, Bl= ) 5 >, K®apley D, IcGERT =Y KDyacy®) +ey ()

kelrnor o, BeTy ael;

where the error term is

e, (1) == Z XI"T(V) Z K(K)y.o (& (k, Dk (k) + ch(k)E, (k, 1)), (4.22)

kel nor aeZy

with x7, the indicator function of the set Z; = Z,j UZ, and &) (k, ) bounded as in (4.3).
Thus

A A
T, (DT, = ¢,y (D) + Z K(l),,,ot/0 dt T} ()T +/0 drT}e, (D)Ty,

o EI[

A A
Trc, (DT = ¢ (1) + Z Ky / de T ca(DTr + / de T} el (DT
0 0

ael;

We iterate ng times by plugging the second equation into the second summand on the
r.h.s. of the first equation and so forth. The simplex integrals produce factors 1/n!, so
we obtain®

8 The range of summation used in the matrix multiplication is clear from the momentum dependence of

K.eg, (K(l)2>y = Ypez, KDy K Dpafory.a € Ty,
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e, ()T,
=Cy(l)
+ > AK(Dyacy (1)+/ AT e, (DT,
OtEI]
1
s 3 (sz(Z)Z) CIOE 3 K(l)yaf dn/ Ao T et ()T,
aeZ; aeZ;
1
=3 (x31<(1)3) ah+ Y K(l) drl drz dt3 * e (DT,
3! y,a o -
aeZ; QGII
+
Tnp—1
+Z KD™), / dr [ doy .. / dt,, T cg(l)T,nO.
(IEIZ

Here we introduced the notation ci (1), which in this formula means c (/) for ng odd, and
cq (1) for ng even. The left term on every line is the leading term, the right term on every
line is an error term which will be controlled later. The very last line is the ‘head’ of the
iteration after ng steps; we are going to control the expansion as ng — oo, showing that
the head vanishes.

Notice that leading terms are of the form of an exponential series A" K (/)" /n! but in-
termittently with ¢ and ¢*. Separating creation and annihilation operators, we reconstruct
cosh(AK (1)) and sinh(AK (I)). We find

Trey(DTh = Y cosh(AK (1)y.aca(l) + Y sinh(AK (1)y.ach () + €, (A, 1)

ael; aeZ;
where, for an arbitrary ng € N,

no—1

Tn
&0.0= Y Y (Kay), / ar; - - / dtu T2 & (DT,
aeZ; n=0 0
T, 1
3 (Ko™, [ dry / dr .. / " d, T EMTy,
OlEII
o0
MK (1)
_ Z Z ( () ))/,Dtcj (l).
n! o
weT) n=no :

(In every summand, e, (I) and ¢, (1) appear for even n or ng, ¢’ (/) and c} (/) for odd n
or ng.) Notice that for any function f : R — R the simplex integration simplifies to

A T i A ()\ _ .[)n
/ dr, / dry - / At £ (tns1) = / GO e
0 0 0 0 n!
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Therefore, for all ¥ € F we have

no—1

&, 6wl < | 30D (ko) / L ory|

aeZ; n=0

o 3 ko), /0 r—(k(_o_)"o) :

o EI[

o0 A n
X Y

a€Z; n=ng

using the explicit expression (4.22) for e,nx (1) we have

no—1 _\n
< H Z Z K(l) / r()\ n‘r) Z XI";O{)

aeT; n=0 T kermor

X D K0 Ty (Ealk, De; ()T

seZy
no—1
-1 (@)
S wary,, [ty e
aeZ; n=0 kelnor
X Y K (K)o s Ty s () €k, DI Ty
Se€Zy,
n ()‘_t)no ! *
HXIj (K (1)) / e T O
|| T o]
aeZ; n=ng ’

=:A,+B,+C, +D,.

Let us start by estimating B, . We shall neglect the symbol {; the bounds are the same
whether for the operator or its adjoint. Using also (4.9), we get

00 N oy
B = 2 DK, | [ ar S 3 A

aeZ; n=0 ’ kelnor
x| 3 K®use; 0k, T v |

seZy

o A A — n
<y Z|(K(l>")y,a|fo T

aeZ; n=0
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1/2
x ) —XIE(O[)[ZIK(/%,MQ] IV + D€ (k, DT

kelnor 8eZy

pulling &, (k, I) through (N + 1)!/2 to the front and then using (4.3), we get

B, <) D IKD"),,l

ael; n=0
A 1/2
(x 2NN+ D) V2T ||
x | de—— Z Xz5,@)| D 1K (K)as|?
n n
0 ' ke[ nor (SEI]{ o, kNa,l
_ S|V + DY2Teyll oo
- n2 —(n+1)!
1/2
x 33 UKD, | YK Wl
kel o e7)NTy STy
_ SUWpeepo gV + DTy |
< =
1/2
x [x > [ ik,
kelrmer 57y
o0
)\n+1 1/2
DI DI COUINE RS ||K(k>||Hs}
n=1 " aeNIy kelnor

where we used ny x> n as established in (3.18), we separated the term with n = 0 and,
for n > 1, we applied Cauchy—Schwarz to the sum over «. Again by Cauchy—Schwarz,
we obtain

172 sUprefou |V + DTy |
[ o8] < ¢ Mretoal® 2 DTV ks 5 1k oy s

ye; kelnor

The error term A, can be treated similarly (applying first (4.3) and then (4.9)). We find

o SUPreio: [N+ D327y

1/2
PRSI A KIS T K () s.

yel ke[ nor

As for the term C,, it is controlled with (4.9) by

)no 1

A A —
2| X o, Lo

ael;
[l X o, o

MO(Z ‘(K(l)"o> QDI/Z sup |V + D'/ Te ).

ael 7€[0,1]

I /\
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This implies that

n no
[Zcz]l/zsc% sup [N + DTy,

Y |
no'
vel; 0 7€[0,1]

Finally, the term D, can be bounded by

D=y %H > KOy aci OV |
1

nzno " ael;

= %[ 2 I(K(k)")V,al2]]/2||<N+ D2y

n=no el

which leads us to

[o02]" <o 30 PO oy i gy,

Since all these bounds hold for any n¢ € N, we obtain

1/2
sup o |V + DTy ||
P L I e MK ®lEs N K (k) s

VEII ke nor

O

The next lemma provides the required bounds for the matrix K (k), defined in (4.17).
For later estimates it is important that this bound implies K (k) = 0 outside the support
of V. (Actually the constant C here may be chosen independent of V.)

Lemma 4.5 (Bo~und on the Bogoliubov Kernel). Let k € '™, Then the matrices E (k),
D(k)+ W (k)—W(k), and D(k)+W (k)+ W (k), all defined in (4.19), are strictly positive.
Let K (k) be defined by (4.17). Then we have

1K (0 llus < 1K (®)lw < CV (), (4.23)

where || K (k)| denotes the trace norm of the matrix K (k).

Proof. Recall that I = |I,:'| = |Z, | and that the matrix K (k) is symmetric and has size
21 x 2I;. All quantities in this proof depend on the same &, so we simplify notation by
dropping this dependence where there is no risk of confusion, writing e.g., I for I.
To exhibit the block structure of the matrices, we map the indices Z,j to{l,..., 1},
and the indices 7, to {I + 1, ...21}. There are many such mappings, but due to the
reflection symmetry of the patches (By+p/2 = — By and wg4p/2 = —wq in the original
numbering), we can choose one such that v, (k) = vg+7(—k). This implies that

b0 ~ 0b
wo (5), = (22). -
where by g = gva(k)vg(k) defines an I x [-matrix. We drop the k-dependence from

the notation and just write v, = v (k). In Dirac notation, where |v) (v| is the orthogonal
projection onto v = (vy, - - - , v7), we have b = g|v)(v| € C'*/.
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Also Dy o = IIQ - g | is invariant under reflection at the origin and so D simplifies to

do .
D:(Od), d:dlag(ui,azl,...,l).

Recalling the definition of the index set I,:' we notice that ufl > N forall o €
{1,..., I},andthusd isinvertible. Since » > 0 (because g > 0), we findd+2b > d > 0;
hence also d + 2b is invertible.

To simplify the computation further, let

v=75(h)

where I is the I x I-identity matrix. Obviously UT = U = U~!, and it simultaneously
blockdiagonalizes

UT(D+W + W)U = <d+02b 2), UT(D+W — W)U = (gdf2b>. (4.25)

This shows that D+ W + W and D + W — W are strictly positive, thus invertible, and
have a positive square root. We also find

o7 g (1472 @+2p)d' 2] 0
0 [(d+2b)\2d(d +2b)112]'? )

Both blocks are strictly positive; E is therefore invertible and has a strictly positive
operator square root.
Now consider

111> =STsy = E7V2(D+wW — W)E~!/2,
We find

Tia 27 _ (A1 O
UTsi| U_<O Az) (4.26)

with

—1/4 —1/4
Al ;=[d1/2(d+2b)d1/2] d[dl/Z(d+2b)d1/2] ,

—1/4 —1/4
Ay i=[@+20)Pd@+20)2] @+ 2m) [@+2m)Pa@+2m)' 2]

(4.27)
Since b is a positive operator, using operator monotonicity of the inverse and the square
root, we find

42 [dl/z(d + 2b)dl/2]_1/2 a2 <1,

Using the equality of the spectra 0 (AB) = o (BA) for positive operators A and B, we
conclude that

—1/2 —1/2
c(A) =0 (d [dl/z(d +2b)d1/2] ) — (d1/2 [dl/z(d + 2b)d1/2] d1/2>
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and therefore that

A <L (4.28)
Arguing similarly, we find that

I < A, (4.29)

We introduce the polar decomposition S = O|Si]; a priori O is a partial isometry,
but since S is invertible, O is actually an orthogonal matrix. Then |S]T > =5 SIT =

0151115117 0T = 015,1>07 because |S;|” = |S;|. This implies
IK Il = log|S{ [l = §||1Og|s{ Pl = Eulog 0151707 [l = Illog] Sy 1l
Using furthermore the blockdiagonalization (4.26), we find

1 A1 O 1 1
IK Il = 1UT log| 112Ul = Elllog < 01 Az) e = Elllog Aflly + EIIIOg Azl

Equations (4.28) and (4.29) imply that log A1 < 0 and log A> > 0. Hence

1 1
1K |l = 3 (—trlog A +trlogAp) = 3 (—logdet Aj +logdet A») .
From the definition (4.27), we arrive at

IK | = log det(d + 2b) — logdetd = log det (]1 + 2d—1/2bd—1/2)
1 02
<2ted Pbd"1? = 2g(v,d"v) = Z—g Cg = CkV (k)
a=1 Uy

where we used Proposition 3.1, which implies va <CM _lug. (Recall also I < M/2.)
0O

We are now ready to estimate the expectation of A" in the state &, defined in (4.16).
We follow a strategy similar to the one developed in the dynamical setting in [8] for the
control of the growth of many-body fluctuations around Hartree—Fock dynamics.

Proposition 4.6 (Bound on the Number of Fermions). For all n € N and for all € F
we have (for a constant C that does not depend on n)

sup (T, W+ D' Tuy) < e (r, (W +5)"9).

re[0,1]
Proof. From the CAR (3.1) we get
N, ci (k)] =2ck(k) and c;(k)cjg (HWN +4) =Nc}, (k)cjg(l).

We calculate the derivative w.r.t. A of the expectation value of (N + 5)":

d
a(wa, W\ + 5)"TAW>‘

n—1

= ‘(Tmﬁ, Z(N+ 5N, BIN +35)" 7/~ I1y)

j=0

n—1
:‘4Re > K®ap Y (T (N +5) (e (N +5)" Ty

ket o BTy j=0
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To distribute the powers of the number operator equally to both arguments of the inner
product, we insert I = (A + 1)27 177 (N + 1)/*177 between (N + 5)/ and cx(k) and
then pull (A + 1)/*1=% through ¢* (k)c (k) to the right. Thus

d n
‘amw, N +5) TM//‘ ]4Rek2rnj ﬂZEI K(k)aﬁZs,,c (k) (k)E)
enor &

where we have introduced &; := (N + DI I W +5) Ty and € := (N +5) 2Ty,
By Cauchy—-Schwarz

d
o\ (N+5)"Tx1/f>‘

n—1
<4 3 3 > KWl leptrca®E ]

kel™or j=0 ¢, feZ;

YT X kwesf) (3 oo ?) i

kermer j=0 o,BeZy a,BeT}

IA

using the first bound from Lemma 4.2

n—1
<4y ZuK(k)an( > ||N(BmB,e)l/%a(k)s,-||2)”2||§||

kermor j=0 o, BeLy
n-l 12 .
=4 3 PIK®Ius( Y (el D N BN BpeabE))) I
kermor j—( aely BeLy

with the trivial estimate 5.7, N (Br N Bg) < N then

<4 ) ZHK(k)an( Z<ca(k>§,-,Nca(k)sﬁ)”znéu

kelmor j aely
n—1
<43 ZHK(k)uHs( Z||(N+2)“2ca<k>s,-||2)]/2||§||
kelmor j=0 acly
/2 .
4y Z”K(k)”HS(Z”Ca(k)/\/l/zf]” ) Il
keTnor j aely

and, estimating c, (k) by the first bound from Lemma 4.2,

n—1
<4 3 S IK® usINEEN <4 > nllK &) us(To, N +5)" ).
kel'mor j=0 kel nor
(4.30)
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From the differential inequality (4.30), using Gronwall’s Lemma, we conclude that

(T (N +5)" To) < exp (4nh Y IK K ) (0. (N +5)"v)

kT nor

< ey, (N +5)"y)

where in the last inequality we used (4.23) and the assumptionson V. O

5. Evaluating the Energy of the Trial State

In this section we calculate the expectation value (&, Hcorr&), for the trial state £ de-
fined in (4.16) and Hcorr defined in (3.8). We start with some simple estimates for the
non-bosonizable terms. Afterwards we linearize the kinetic energy and calculate its con-
tribution to the expectation value, before we eventually turn to the main part of the
interaction.

5.1. Getting rid of non-bosonizable terms. In the next lemma, we show that the contri-
bution of the terms in (3.6) to the expectation (&, Heorr&) is negligible for N — oo.

Lemma 5.1 (Non-Bosonizable Interaction Terms). Let £1(x, y) be defined as in (3.6).
Let & be the trial state defined as in (4.16). Then we have

(e 5y |, dv V=&)< on

Proof. We are going to show that for all ¢ € F we have

(v 5 axdy V= ) 6y = = T IVEI . 0+ D). 61

"2N S
TxT keZ3

The final claim then follows using Proposition 4.6. To prove (5.1), let us rewrite the first
term on the r.h.s. of (3.6) by using the CAR and (u,, uy) = u(x, y), yielding

1 i i}
IN Jra e TV = ) e (ay)aluy)au)

= % e dxdy V(x — y)(a*(ux)a(ux)a*(uy)a(uy) —a* (uy)(uy, uy)a(uy))

= % kZZ3 V (k) (dF(ueikxu)dF(uefikxu) — dl"(ueikxuefikxu)) . (5.2)

Recall the two bounds [|dT (A) ¥/ [| < [|Allop NV [|and [(¢, T (A) )| < [|Allop (¥, N'Y)
for any bounded one-particle operator A and any ¥ € F. Thus, using that [[u|op < 1,

(e 5 X Viodrwetinarwe ™ wg)| = o S IV RINE P,

keZ3 keZ3

The second summand in (5.2) can be estimated in the same way. The same holds true
for the other two terms in (3.6). 0O
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Let us now consider the error term &, defined in (3.7). We prove that this term
vanishes in our trial state &.

Lemma 5.2 (Interaction Terms of Wrong Parity). Let £ (x, y) be defined as in (3.7). Let
& be the trial state defined in (4.16). Then we have

1
L drdy V(x — )(E(x, +h..>=0.
<é N oo YO (x — y)(&2(x, y) +hc.)é
Proof. Since terms in & (x, y) create exactly two fermions, we have
N, y) = & iV = —& iV,

Recall that £ = T, with T = exp(B) and B as in (4.20). We have [iN, B] =0,
since B creates or annihilates particles four at a time. This implies TiN =iNT. Using
iNQ = 2, we get
(TQ,ETQ) = (TQ,ETINQ) = —(TQ,iNeETQ) = —(—)VTQ, &TQ)
= (TN Q, &ETQ) = —(TQ,6TQ)

which thus vanishes. O

5.2. Estimating direct and exchange operators. 1In this section we estimate the contri-
bution of the direct and exchange terms to dI" (uhu — vhv). Recall that

R2A 3
h=——=+Q0VO)+X

where X has the integral kernel X (x, y) = —N Ty - ¥)wpw(x, y). The contribution
of the constant direct term (277)3 \7(0) is

Q)3 V(0) dT (u? — 5v) = 27)*V(0)dT (I — 2wpw) = 27)>V(0)(N, — Aiy)
and therefore it vanishes on £ by Lemma 4.3. The next lemma allows us to control the
contribution of the exchange term X.

Lemma 5.3 (Bound for the Exchange Term). Let & be the trial state defined as in (4.16).
Then we have

|(€, dT (uXu — TXv)E)| < CN~L.
Proof. Notice that

1
(2n)?

T e = e =y,

heBg

wpw(x,y) =

Thus X is translation invariant, and hence

1Xllop = NIVl < N Fllee D IV < CNTL
keZ?3

Using that [lullop = 1 = [[vlop, we get, by Proposition 4.6:

(€, AT (uXu — VX v)E)| < uXu — VXv]lop(E, NE) < CN™.
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5.3. Expectation value of the kinetic energy. In this section we evaluate the contribution
of the Laplacian to the expectation value of the correlation Hamiltonian in the trial state
& defined as in (4.16). We start by linearizing in Fourier space,

2

"6, dr (wAu — A _" 2a* hlar
— 3 (Edr A —TA0E) = (6. [ X Paja, — Y Waja g

pEBE heBg

& z 2 2
?<‘§,Z[ Z ((p — wa) +2p-a)a—a)a)a;‘,ap

a=1 " peBENBy

- Z ((h — )2 +2h - wy — wé) a}:ah]§>.

heBrNBy

Notice that from the first to the second line, momenta p and 4 that lie in the corridors
or are more than a distance R away from the Fermi surface have disappeared from the
sums; this is justified since such modes are never occupied in the trial state, i.e.,ap§ = 0
and ap& = 0. Furthermore, thanks to Lemma 4.3, we have

M
<s,z S aa- Y s>=ks<s,wp-/vh]s>=o

a=1 | peBinB, heBpN By,

where we used that |w| = kg for all . To estimate (p — wy)? and (h — wgy)?, we
recall that the diameter of the patches is bounded by C/N2/3/M (since the diameter of

the patch on the Fermi surface is bounded by v/ N2/3/M which is large compared to its
thickness of order R). Therefore

hZ

- 7(5, dI' wAu —vAv) &) = (&, Hyin§) + Cin

where we introduced

M
Hkin:thZ[ Z p-a)aa:al,— Z h~a)aa;ah]

a=1 peBEﬁBa heBgNBy

and where the error €y, is bounded by

Rl
|eun|=(7<s,2[ > -, - Y (h—wa>2a;‘ah]s>\

a=1 PEBENBy heBENBy
h* N?/3 C
<C——(&, < —
=Co— ¢ NE) < i

where in the last step we used Proposition 4.6 to bound the expectation value of the
number operator and i = N~1/3.

To compute the expectation of the linearized kinetic energy operator Hy;,, we will
make use of the following lemma.
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Lemma 5.4 (Kinetic Energy of Particle-Hole Pairs). For all k € T™" and « € Iy we
have

[Hin. ¢ (k)] = B[k - wa|cl (k).
Proof. We first treat the case « € Z;/, for which k - wy > 0. Using the CAR we calculate
[Hiin, ¢ (k)]

= [Hkin, ak] [Hkma_ Z 3p h,ka ah]
pEBISﬁB
heBENB,
M
= Z Z Sp—h.k Z p- wﬁ[a a,,,a*ah]
p=1 ek BB, peBENBg
heBENB,
2
—hz Z Sp—n.k Z ha)ﬁ[aah,aah]
peB‘ﬂB heBrNBg
heBme
M
— ~ - . )k k.
SR S s X pewnse X R
p=1 ok PEBENBy pPEBENBg fzeBpﬁB,g
heBENB,

notice that the Kronecker deltas §,, 5 and §, ; imply 8 = o, so we find

1
- hzn > Sponk(p —h) - wahay = Wk - wglch k).
ak pEBENBa
he BENBy

The absolute value was trivially introduced since the scalar product is anyway non-
negative. For k - w, < 0, recall that ¢} (k) = ba _> the calculation then proceeds the
same way, but in the second last line we use (p — h) - wy = (—k) - wy = |k - @wy|. O

We are now ready to calculate the kinetic energy of our trial state.
Proposition 5.5 (Kinetic Energy). Let & be defined as in (4.16). Then
(&, Hiin&) = hic Y |k| tr D(k) sinh® (K (k)) + Cin,

kel nor

where D (k) is defined in (4.19) and the error term is such that |Egiy| < Ch/n2 with
n=N3=32)=1/2 g5in (3.18).

Proof. We write T), = exp(AB), with B as in (4.20), and £ = T 2. Hence
(&, Hiin)

1
_ / dA(Q, Ty [Hyin, BIT32)
0

1
- /0 dx(ﬂ,T;[Hkin, 3 % 3 K(k)a,ﬁc:;(k)cjg(k)—h.c.]mz)

kernor < o BeT;

= Re / YD KW T (i, e )1 (0 + € 00 Hian, €5 (0)]) T 2).

kelnor o, BTy,
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From Lemma 5.4
(€, Hink)

1
:Re/ dr Y B Y K(Kap (k- wul + 1k - 0pl) (Q, Tick () ek () T,Q).
0 kel'mor o BeTy

Recall that |k - wy | = |k|kh ™ ug (k)? with ug (k) defined in (4.15). Using Proposition 4.4
then

(&, Hyin&)

=Re/1dk Z k| Pk Z K (k)a.p <ua(k)2+u,3(k)2>
0

kel nor a, BTy

x <§z > cosh(AK (k))a.s¢5 (k) + Y sinh(AK (k))a,5¢5 (k) + €5 (0, k)
SEIk 5€Ik

x (Z cosh(AK (k))g. ¢l (k) + Y sinh(LK (k). cy (k) + €5 (0, k) sz>

14 €Ty Y ey

Finally, using cs (k)2 = 0 and (€2, c; (k)c; (k)2) = 6s,,, we get

! hk 2 2
(6 Hané) =Re [ a1 3 W5 Y Kb (a7 + 05 0?)

kelnor a, By
x Y sinh(.K (K)as »_, cosh(LK (k))g.y85., + Ckin
8€T; v€L

1
= Y ke Y ua k)’ / dk(sinh (2AK(k))K(k)) + & (5.3)
0 o,

kelmor aely

where we defined

Ckin 1= Re/Old,\ > |k|%" Y KKap (ua(k)zwﬁ(k)z)

keI nor o, BETy
x ((Q, CLLDE L K)Q) + Y sinh(LK (k))a,s (2. 5 (k) €51, )KQ)
Se€Zy,

£ cosh(uK (k))g., (2. €50, k) (k)Q))
yeZy

. ¢ 2 3)
=1 G + Eiin + Eipe
We compute the integral in (5.3). We get

(6. Hiang) = fic Y |kl tr D(k) sinh?(K () + Ciin.
feeTnor
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Using that ug(k)? = IIQ - @y| < 1, we bound the first error term by

&l < | /0 Y WY K (1002 s 107)

kel nor a, BTy

% (9, e;(x,k)e;(x,km)‘

1
szfo d Y ke Y 1K Rapll€a(h, DRUNES 0. L

kelrnor a, By

SZ/OIdA > |k|hK[ > |K(k)a,ﬁ|2]l/2

kernor o, BeT;

<[ L. oeiP 3 IIGE(A,k)QHZ]I/z;

aely Bely
and finally using (4.21)

Ch
€0l = = 2 KK @ lse O sup (1,2, W +2)°T0)

kernor )\E[O,l]

< (X IKOIns)

[ e nor

From Proposition 4.6 and Lemma 4.5, we conclude that |€1((i[)1| <Ch/ n*. The third error

term (‘SSI)] can be controlled similarly, using Lemma 4.2:

1
|€S§|56h/0 AN+ D'2Q >k D K (R)aplll€alr. 0S|

kermor o, BeTy

x [ 3 |cosh(u((k)),g,y|2]1/2

y€Zy

Ch
= IV + D2QI sup |V +2)32T.2) > [k[IIK (k) s !X ©ls
2€[0.1] ke nor

1
< [ anteoshk W)l 3 1K Dl

lel“nﬂr

Ch
< S IW+D'2Q| sup [V +2)°*T,Q
n 1€[0.1]

<Y AKIIK () s e KOs K (1) [lus

kel"ﬂol‘ lel“nor

h
< EC'

The second error term @1(33 can be controlled in the same way. O
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Fig. 2. Fermi surface in bold; two patches separated by a corridor of width 2R. Bold arrows represent particle—
hole pairs (p, h) that contribute to the expectation value of the interaction Hamiltonian. Dashed arrows
represent particle—hole pairs of which mode p or & (or both) is not occupied in the trial state &. Since |k| < R,
pairs connecting the patches across the corridor do not exist in Q%

5.4. Expectation value of the interaction energy. We now evaluate the main contribution
(3.9) to the interaction energy. This is the content of the next proposition.

Proposition 5.6 (Interaction Energy). Let & be the trial state defined as in (4.16), and
let QI% be given by (3.9). Then

(& ONE) =he > [k|tr (W(k) sinh(K (k)) + W (k) sinh(K(k))cosh(K(k)))
kermor

+ i + (’)(hN“S/z)

where W (k) and W(k) are defined in (4.19). The error term is bounded by |CEiy| <
Ch/n?, withn = NYV3=3/2p=1/2 45 in (3.18).

Proof. We start by decomposing the b-operators in the interaction Hamiltonian (3.12)
by their patch decomposition (3.15),

Ek = Z l;a,k + t. 5.4

"
aelf

We recall that the error terms t; collect modes in the corridors and close to the equator:

=%+ Y b (5.5)
agTy

where T is a linear combination of products aja, such that at least one of the two
momenta is in the corridors Bgori (see Fig. 2), and the second term collects the contri-
butions coming from the patches close to the equator. We are going to show that v gives
a negligible contribution to (&, Ql'i, ).

Contribution of corridors. We claim that the error operators tx do not contribute to
(&, Ql'i,é). To see this, recall that T = &, with B not containing any mode ¢ € Bcoyri,
see (4.20). Since at least one of the two momenta p and 4 appearing in t is in the corridor
Beorris we have tx& = 0. Plugging the decomposition (5.4) into Q]'i, from (3.12) and

taking the expectation value on &, we realize that all terms containing at least one error

operator Ei are zero, due to the fact that there is at least one error operator t; directly

acting on T 2.
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Contribution of patches near the equator. We claim that the contribution to (&, Q%S)
coming from patches 8 & 7y is subleading as N — oco. These are the patches § in the
collar where |l€ ~wgl < N ~%. The width of this collar is bounded above by CkpN -9
and its length—approximately equal to the circumference of the equator—is bounded
above by Ckp; we conclude that the surface area of the collar is of order k%N -5
Recall that n% « 1s the number of particle-hole pairs with relative momentum & in

patch B; thus, adding in the corridors for an upper bound, ) BET, né ¢ 1s bounded by
the number of particle-hole pairs with relative momentum k in the collar. This number
is bounded above by the number of hole momenta & € Bp that are at most a distance
R from the collar (since |k| < R). The number of such points of the lattice 73 can be
counted by Gauss’ classical argument: assign to each lattice point k the cube [k1, k1 +
1] x [ka, k2 + 1] X [k3, k3 + 1]. Then the number of cubes belonging to lattice points near
the collar is bounded by the Lebesgue measure of the collar “fattened” to a thickness R;
ie,

D npi < CKENT? x R = O(N*/7%), (5.6)

BETk

We are now ready to estimate the contribution to (&, Q%é) coming from the modes

close to the equator. Consider, e. g., the term ﬁ Y kermor V(k)ZEZEk (all the other terms
can be dealt with similarly). We get three contributions from (5.5), namely

RIS I

kel nor BETy ael}

1 A i i
N Do VR Dbk Y bae (5.7)

kelnor BeT} a@Ty
1 ~ . -
LY 0 Y b Y
kelnor BT agT;

We give the detailed estimate for the first term in the list (the other two terms can be
controlled similarly)

% > Ve 3 Bia Y bust)

kelmor By ael}
= % Z f/(k)( Z ng kb Z Na kbq, kE)
kernor BTy ael}
<— Z V(X ) (X n2e) e
kel““or BELk ael}
2
5% > V(k)(cz\ﬂ”_é)I/Z(Mcvkpy/z(é,N€> = O(hN /%),
ke mor

where we used (5.6) to control the sum over 8 & 7y, n a =C k2 &/ M due to Proposi-
tion 3.1 for the sum over o € Ik+, and the bound on the number of fermions N from
Proposition 4.6.
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Approximate Bogoliubov diagonalization of the effective interaction. By the discussion
of the previous paragraph

(& ORE)
1 . - o
=ﬁ<€’ 3 V(k)( 3 Bbp+ S B _ibp
kelnor a,BeLf a,BeI,
D> E;;,kz?;;)k+h.c.])g>+0(h1v5/2).
ael}, BeI,

Introducing the normalization factors ny x = kp+/|k|ve (k) and combining the b;’ « and
b}, _, operators to c; (k) operators as in (4.1), we get

(€, OB E) = (&, Hin&) + OGN %), Hip :=HY +HZ +HY (5.8)

nt nt nt ’

where, recalling that g(k) = « V (k),
HY = hc 3 kg Y. vakyvpk)chkrcs k),

kelnor a,ﬁel’,j

HY =he Y kg Y va®vs®ch®ics k).
kernor w.Bel;

HY = he 3 kg® Y. > w®vs)ch k) k) +he.
kermor wel} peI;

We shall evaluate (&, H® ), i =1,2,3, withé = TQ, using the fact that the 7 operator

nt
behaves as an approximate bosonic Bogoliubov transformation, recall Proposition 4.4.

Using also (€2, ¢ (k)c;‘, (k)2) = 65,,, we have

(€ HLE) =i Y [kl tr W (k) sinh? (K (k) + €, (5.9)
keI‘HO[
where
++ _ Jeva(k)vg (k) fora, B € I,
W (K)ap = { 0 otherwise

and the error term is

e =t Y lkigk) Y. ua(k)u,g(k)[ > sinh(K (k))a.y (2. ¢y () Ep(1, b))

kelmor o, BT} y€Zy
+ Z sinh(K (k)) g,y (2, €, (1, k)c’;(k)Q) +(Q2, €, (1, k&g, k)Q)]
v €Ly

For the second part of the interaction we find

(EHRE) =T Y [kl tr W (k) sinh?(K (k) + € (5.10)

nt nt
ke nor
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where

__ _ (k)va(k)vﬂ(k) fora, B € I,
W Kap = { otherwise

and

¢? = hc > Iklgk)y Y va(k)vﬁ(k)[ > sinh(K (k))a.y (2. ¢y () €5(1, k)Q)

kerner a,BeT; yely
+ Y sinh(K (K)p,y (2. €5(1,k)el (K)Q) + (2, €5 (1, b €p(1, k)Q)].
yeZy
Finally, for the third interaction term we find

(. HE) = 2hkRe Y [k|tr W*™ (k) sinh(K (k)) cosh(K (k)) + €

nt nt
kelner

=i Y [k|tr W(k) sinh(K (k) cosh(K (k) + €L

1t
keI mor

(5.11)

where

W+7 (k)a,ﬁ =

3

g(k)vy (k)vg (k) fora € I and B € 7
0 otherwise

we used the fact that all terms are real to write the more symmetric expression in terms
of W(k) = W*~ (k) + W™*(k) (the latter is defined by exchanging the role of Z; and

7, in the former). The error term G:‘mt is given by

e =2hkRe Y [klgk) D Y va(kyvp(k)

kelmor ael} peI;

X |: Z sinh(K (k)),,« (€2, cy(k)é;g(l, k)<2)

yely

+ Z cosh(K (k)), p(S2, €5 (1, k)c;';(k)Q) +(Q, €5 (1, k)@j;(l, k)Q)].
yely

Combining (5.9), (5.10), (5.11) and (5.8), we conclude that

(&, 0%&) = h« Z k| tr (W(k) sinh? (K (k)) + W (k) sinh(K (k)) cosh(K(k))) + Cin
kel"nor

with & = ey e@ 4 ¢ To control the error term &'V

int int int * int » W€ decompose it as

e =ne Y ki) Y va(k>v,3<k>[ 3 sinh(K (K))ay (2. ¢y () E5 (1, D))

kel nor a,BeT} yely

+ Z sinh(K (k). (2, €5 (1, k)c;(k)Q) +(Q, €5 (1, k&gl k)Q)i|
yeZy
e | () (L3

nt nt nt
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Recall that ug (k)2 = |I€ - @y | < 1 and hence, by Proposition 3.1, vy (k) <,/ %ua (k) <
\/ % Thus, using Proposition 4.4 and Cauchy—Schwarz, we find

€071 [l D kg Y wup (@, €51 KES(1, 2|

ke nor o /36.2-*'

<he Y lklgk) Y \/ 1€ (1, Rl Y ,/ I€s(1, k)<l
ke nor O[EI+ ,BGI+

<Ch Y KV Y lI€. 0, 0Ql.
kel nor aelf

(Recall that |I,:'| = I < M/2.) With (4.21), we get

~ 2
€LY <8 sp (2. W 2B Y VO] Y K lus]
n )" [0 1] kel"ﬂ()r lel"ﬂ()l"

Lemma 4.5 and Proposition 4.6 imply that |€i(11£3)| < Ch/n*. The term in(;t’]) can be
controlled similarly:

A

[ \hx D klgk) Y vayvp(k) > sinh(K (k))a,y (2. ¢, (K)€p (k. Q)

kel nor a,BeT} y €Ly

cn DTV D | D] sinh(K (K)ay ¢l (R €4k, DL
M

kelnor a,Bel;  vely
Ch . . )\ 172
<=5 YWV Y (X Isinh(K () )
ke[‘nor Ol,ﬂel—;— }/EIk
x |V +DY2QlI€sk, DR

applying Cauchy—Schwarz in « and in 8, using |Z;"| = Iy < M/2 and (4.21) we arrive
at

an, _ Ch 32 2K (k
€l = sup ||(N+2> / sznk; K|V (k)e?! ““Hsl; 1K (1) s
€ nor € nor

Again, Lemma 4.5 and Proposition 4.6 show that |QE(] ])| < Ch/n?. Analogously, we
obtain also |C€(1 )| < Ch/n?. Hence |QE | < Ch/n?.
The error term Q;‘](m) differs from QS]( ) only in the replacement of the index set Z;" by

7, . Therefore, we find |€(2)| < Ch/n?. As for the error term ¢®

nt

int

int » it also differs from

L’El(ét) in the index set, some hermitian conjugations, and the appearance of a cosh instead

of a sinh. The estimates however remain valid and we also obtain |Q‘31(23 | < Ch/m%. O
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5.5. Proof of the main theorem.

Proof of Theorem 2.1. Recall the definition (3.8) of the correlation Hamiltonian and the
decomposition (3.9) of the quartic interaction Q. Combining the results of Sects. 5.1,
5.2, 5.3, Propositions 5.5 and 5.6, we conclude that

<$5 HCOIT&)
=The Y |k|tr ((D(k) + W (k)) sinh?(K (k)) + W (k) sinh(K (k)) cosh(K(k))) +e
kermor

for an error & such that
1 1 h
€| < c[— P +hN—5/2]
N M n?

with h = N=!/3 and n = N1/38/2p1=1/2,
To evaluate the main part of the expectation value explicitly, notice that by definition
(4.17) of K (k) we have

1 1
sinh(K (k) =3 (1516071 = 151607 17") . cosh(K () =5 (ISi 00T 1+ 151007 7"

Notice also that S; (k) S; (k)T = |S; (k)T |? and (|S1(k)T|*1)2 = Sy(k)S»(k)T, where

Sy (k) = (D(k) +Wk) — vi/(k))_l/2 E()\2.

Consequently
1 T
sinh(K (k)) cosh(K (0) = 7 (11071 = 1510717 ) " (15107 1+ 181007 7")
1
=2 (5108107 = 2605007
Likewise

1 T
sinh? (K (0) = 7 (110071 = 1510717") " (15107 1= 15160717
1
= 1 (S10s10" + 2052007 - 21).

Now using the explicit form (4.18) of S;(k), E(k), and S>(k), this can be simplified to
yield

hx - T
(&, Heon) = - k;m|k|(tr (D& + W)+ W) $1K)S1 (0

+ir (D(k) +WKk) — W(k)) Sz(k)Sz(k)T)

— %’C > Ikl (D) + W(k)) + €
kEl"nOl‘

1 1
— h/ck;m|k| <§ wEK) — S (D) + W(k))) +C. (5.12)

We are left with evaluating the traces in (5.12).



Optimal Upper Bound for the Correlation Energy...

Evaluation of the traces. For simplicity, we shall drop the k-dependence in the notation
(we will restore it in (5.14)). Recall the block diagonalization (4.25), by which

1/2
Lop_Llol(d 0\ (d+260\(a o 12
STE=5T0d+26 0 d)\od+2p

: 21 12 (513
= su[d2@+26)d"?| "+ S| @+20)2dd +26)' ] (>.13)

12
—tr [dlﬂ(d + 2b)d1/2] ,

since d/2(d +2b)d/? and (d +2b)1/2d (d +2b)'/? have the same spectrum. To calculate
this trace, notice that

d'"*(d +2b)d"? = d* + 2g|i) (il

is a rank-one perturbation of a diagonal operator, with diagonal part d> = diag(ui
a=1,...1) and with it = (vjuy, ..., viu;) € RL.

The resolvent of a matrix with rank-one perturbation can easily be calculated: For
any invertible matrix A € C**", and x, y € C",

A ) (yAa™!

-1 _ 4—-1_
(At = At -

whenever the right-hand side is well-defined. So for A € [0, co) we find

) (wl

2g
uZv2 |w

) o 5 —1= 2 2 _1_
(d +2g|u)(u|+)‘) (d +k) 1+2g Y0 Lidn?

with w € R’ defined by wy = ugvy (ui + 2%)~!. By functional calculus, for any
non-negative operator A we have the identity

VA = / ( o A2>c1,\

Using the integral identity twice we find

r [dlﬂ(d+2b)d1/2 - —/ < Az)dk

Az 2g
+—/ e [|w*da
1+2g3 ué‘:;‘z

22
—trd+—/
1+2gZ

Restoring the k-dependence, let

ulv gaZ( 4+)L2)2

a]u+)\2

I 2 2

o« ()2 g (k
fi) = 1+2g00) Y " ((,Z)f fxl :
a=1 o
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Integrating by parts (noting that the boundary terms vanish since log f (1) ~ 1/A%), we
find

1/2 1 1 00 "(A 1 1 00
tr [dl/Z(d+2b)d1/2] = -tuD-— —/ PR/AQNTE NI —/ log fi (L)dA.
2 T Jo  fi) 2 7w Jo

Thus, inserting in (5.13) and then in (5.12), we obtain

Iy
l o
(&, Heon€) = Fic 3 Ik | — /0 log fir()dA — g(k) Y " va(k)* | + € (5.14)

keI nor a=1

where we used that according to (4.24) tr W =2trb = 2g Zl v2

a=1 “a-
Convergence to the Gell-Mann—Brueckner formula. To conclude the proof of Theo-

rem 2.1, we show that (5.14) reproduces the Gell-Mann—Brueckner formula as stated in
the theorem. Let

i) = 1+4mg(k) (1 — X arctan (%)) .

We claim that

(& /0 " log £ — 5d) I; w®?) - (+ /0 " log fua — gl
< C(Ml/“zv—%*% +N72 +M—%N%). (5.15)

Since log ﬁ(k) = g(k) = Ofor all |k| > R, inserting (5.15) into (5.14) we obtain

(&, HeonE) = hk Z|k|<%/(;oolog|:l +4mg(k) (1 — ) arctan (%))} dx — g(k)n)

kel"l'l()r
+¢

with an error
1| < C[N—l + M N_1+5M] + Ch[M1/4N—%+% +N 4 M—%N%].

Recalling that M = N'!/3*€ and optimizing over 0 < € < 1/3,0 < § < 1/6 — €/2,
we find (with e = 1/27 and § = 2/27), that |53| < ChN—V?T, Replacing the sum over
k € '™ by 1/2 times the sum over k € Z>, and replacing k = xo + O(N~'/3) by
ko = (3/4m) 1/3 (using also the Lipschitz continuity of the logarithm), we arrive at (2.1).

We still have to show (5.15). To this end, recall from Proposition 3.1 that, in terms
of the surface measure o of the patch p, on the unit sphere, we have

Ve (k)% = a(pa)ua(k)z(l + O(NN—%”)).
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Thus

I 2 2
_ U (k)~vq (k)
frk@) =1 +2g(k); PR

Iy 4
alk o
- 1+2g(k)Za(pa)u’zk)(ﬁ+O(x/MN 3 5).
a=1 o

We approximate this Riemann sum by the corresponding surface integral over a subset
of S%. We write cos 6, = k- Dy = Uy (k)2 and ¢, for the azimuth of w,. We parametrize
the surface integrals in the same spherical coordinate system’ (i.e., the inclination 6
is measured with respect to k, and the azimuth ¢ in the plane perpendicular to k). We
estimate every summand by

/ cos2 6 o (Pa) cos? 6,
pa COS20 + )\2 TPa) o2 Oy + 12
cos2 6 cos2 6,
< / ? _|do
c0s20 + A2 cos2 B, + A2
cos2 6 00529

|sm9|d6d<p

<]
®(0,9)€pa

Bounding the difference using the supremum of the derivative

/ cos2 6 o (pa) cos? Oy ‘ -
5, 5 OPa) —5——>57| = Sup
pa COS20 + )\2 cos2 6, + 12 &0.0)€pe

cos20+12  cos26,

d cos?o
df cos? 6 + A2

Cc

\/—MG(Pa),
(5.16)

where we also used that, since the partition is diameter bounded, SUP (9. 0)e pe |60 —0y] <
C/~ M. The derivative is bounded by

d cos?o 22 |cosOl|sinf| _ 2
df cos? 6 + A2 cos26 + 12 cos26 +A2 ~ |cosf|
Recallthata € {1, 2, ..., I}, which by definition of the index set implies cos 6, > N -,
The bound |0 — 0, | < CM~/? implies that also cos® > CN 2. So (5.16) implies
/ cos? (Pa) cos? 6, c N
e ee—— — 0 .
e 00529+k2 Pal) o 08260y + 22|~ M3/?

Since the number of patches is at most M we conclude that
N5

‘ Z ( ) Moz(k) / 00829 d ‘ -C
o ——=do e
Pl + 02 " Jo cos?o+ a2 1T T M

9 This is not the spherical coordinate system used to introduce patches in the first place, where inclination
was measured with respect to e3.



N. Benedikter, P. T. Nam, M. Porta, B. Schlein, R. Seiringer

reduced for a unit half-sphere excluding the collar of width N ~% and the

corridors peorri. Since cos? 6 / (cos2 0 +22) < 1 we can compare to the integral over the
whole unit half-sphere Sﬁalf,

cos? 6 cos2 6
— do — — do
2 cos“ 6 + A S2,; COS 0+A

reduced

Here we wrote S2

<cC [N—6 + M1/2N_1/3] .

The surface integral over the unit half-sphere is easy to compute,

2 /2 2 2
0 0 1
f Ldcr = / do sin(@)&/ dy = 271(1 — A arctan (—))
2 cos2 6 + A2 0 cos(0)2 + 12 J, py

half
(5.17)
Since g(k) = k V (k) is uniformly bounded (by assumption on V'), we conclude that

\m) —~ fm\ < C(WN_%” +NO 4 j—%)

Since for x > 0 the function x + log(1 + x) has Lipschitz constant 1 we get

(1og £ —log f(x)’ < C(WN‘W + N4 j—%)

It remains to compare the integrals over A. Since log(1 + x) < x for all x > 0, we have

]k 4
Uy (k) C1 C
llog f(W)] < 2g<k);o<pa>m <20 ) 5 <5

where we used the two inequalities 0 < ua(k)4 < 1. Using the integral identity (5.17)
it is easy to see that also

‘log f(A)‘ < 47rg(k)‘1 — Aarctan <%) ‘ < %

Using the last three estimates, by splitting the integration at some A > 0 to be optimized
in the last step, we obtain

‘lfwlog Fda — ! /Oolog f(/\)d/\‘
T Jo T Jo

1A - 1 [ 8mg(k)
<= ‘log £ —log f(k)‘ dn+ — d
7 Jo T A A2
ST N — A48 -5 N° -1
<CA MN 3 +N °+—|+CA
M
<cC (M1/4N—%+% +N73 +M—%N%). (5.18)

By a similar (simpler) Riemann sum argument we obtain

Iy I
—g(k) Y vi k) = g0 Y o ()t (140 (VMNT5))
a=1

a=1
— e+ 0O (\/MN—%“3 + N“S)

where the error is obviously smaller than (5.18). This concludes the proof of (5.15). 0O
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Fig. 3. Fermi surface in bold. A line (dashed) intersects the patch but no particle-hole pair is picked up because
both ends of £ would be outside the Fermi ball. This could only happen if k£ was very long (excluded due to

k € supp V) or almost tangent to the Fermi surface (excluded by @y - k>N"9%

6. Counting Particle-Hole Pairs in Patches

In this section we prove Proposition 3.1, which is concerned with estimating the number

ngr= > Spnk (6.1)

PEBENBy
heBrFNBy

of particle-hole pairs with momentum p — h = k in patch « under the condition that
Wy - k > N~ Recall that Do 18 a patch on the unit sphere, and P, = kppy.

To illustrate the idea of the proof we first consider k = e3 = (0,0, 1). Consider
the lattice lines L, := {n +tk : t € R}, n € Ze| + Zey C 7Z3. For each lattice
line L, intersecting P, there is exactly one contribution to the sum (6.1)— in fact, a
simple geometric consideration shows that since N~ >> M~1/2 (which is implied by
the assumption § < é — %) a line never enters the Fermi ball at such a small angle
(measured with respect to the tangent plane of the Fermi surface) that it would cross
the surface immediately a second time and leave the Fermi ball without picking up a
pair (i.e., the situation of Fig. 3 is excluded due to @, - k > N~%). There is only one
exception to this argument: A lattice line might cross the surface at a distance less than
R from a side of the patch. Depending on the angle it could then leave the patch to the
side before picking up a pair, as represented in Fig. 4. However, the number of such lines
is of the same order as the length of the boundary. We can thus absorb this number in
the circumference error from the Gauss argument (see next paragraph).

So to leading order ni ¢ 18 the number of lines L, intersecting Py. The number of

such lines is equal to the number of lines intersecting the projection Polf of P, to the
plane spanned by e; and e;; see Fig. 5. To count we use Gauss’ classical argument (in
two dimensions):

{L,:neZe +Ze}N Polf

= (Polf ) +0 (circumference of P;‘) ,

where p is the two-dimensional Lebesgue measure in the plane. Hence we conclude that
to leading order, n2 , = 1 (PX) if k = es.

Ifk = (0, 0, k3) then for every lattice line there are k3 contributing pairs. As illustrated
in Fig. 6, for the general case we have to take into account that the distance of lattice
points along the lines changes, and the density of intersection points in the e;-e>-plane
changes.
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Fig. 4. Fermi surface in bold. A line (dashed) intersects the patch but no particle-hole pair is picked up because
k points from a hole momentum # in the patch out into a corridor between patches. This can happen only for
hole momenta near the boundary. Since the area of a patch grows faster with N than its boundary length, the
number of such lines is an error term of lower order

Fig. 5. The number of lattice lines through the patch is the same as the number of lattice lines through the
projection of the patch along k onto the plane spanned by e] and e;

Proof of Proposition 3.1. We are going to prove that, assuming § < é —Sanda € I},

the number of particle-hole pairs with momentum k in patch B, is
n2 i = a0 (po) K| (1+0 (VMNT5)). 6.2)

The statement of the proposition then follows immediately.

Letk = (k1, k2, k3), and consider a patch P, . Possibly reflecting at coordinate planes,
we can assume that k1, k, and k3 are all non-negative, and without loss of generality we
assume k3 # 0 (if k3 = 0 we would project onto another coordinate plane). Let Po’f the
projection of P, along k onto R? x {0}, the plane spanned by e; and e;.

First we calculate 11 (PX). Consider the lines {kpd (6, @) + tk : t € R}; their inter-
section with R? x {0} is at r = —kpw(0, )3/ k3; so

. kg . .
Py = {(x(& ©),y(0,9),0) = kpw(0, ¢) — k—:w(é’, ©);3k:w0, ) € pa}

c R? x {0}.
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~

Fig. 6. Particles and holes are indicated by black and white dots, respectively; they are paired along lines
parallel to k. The number of pairs per line is given by the greatest common divisor ged(ky, k3, k3) (here = 1)

Writing ®(0, ¢) = (x(0, ¢), y(0, ¢)), we find that Polf has two-dimensional Lebesgue
measure

M(ij) =/ dedy = [ |det DD (0, ¢)|dodg.
Pk Pa

Using & (6, ¢) = (sin6 cos ¢, sin @ sin ¢, cos ) it is easy to calculate the Jacobi deter-
minant

in6
det DO, )] = k257!

|k1 sin 6 cos ¢ + ko sin 6 sin ¢ + k3 cos 6|

[sin 6]
= k2
F

k- &0, ).

Since the patch is diameter bounded we have |k - &(0, )| = |k - &g| + O(M~1/?); and
using |k - @¢| > N % to convert the additive error into a multiplicative error, this implies

%k dul (140 (M72N%)) 0 (po.

(6.3)
We now determine the distance between neighboring lattice points along every line

k2
w(PE) =5 | k-9 Isin0ldodg =
k3 Pa

L,:={n+tk:te€R} wheren € Z>.

Let p := gcd(ky, k2, k3) be the greatest common divisor of the components of k. It is
not difficult to see that the distance between neighboring lattice points on each line L, is
|k|/p. Given aline L,, intersecting Py, let h € L, N Br be the lattice point closest to P,.
Then on the line segment {h + tk : t € (0, 1]} there are p lattice points; by shifting along
the line, these correspond to p particle-hole pairs contributing to ni - We conclude that

ni ¢ 18 to leading order the number of lattice lines L, intersecting P(f , multiplied with

ged(ky, ko, k3).
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We now determine how many lattice lines run through P%. Intersecting L := | J,,c73 Ln
with R? x {0} we find r = —n3/k3. So

k k
Lﬂ(sz{O})an] —n3é,n2—n3é,0) :neZ3}.

This can be seen as the two-dimensional square lattice Z? (the translates of the unit
square indexed by n| and n,) and a point pattern repeated in every lattice translation of
the unit square. As soon as n3kj/k3 and n3ks/ k3 simultaneously become integer, we
start repeating the point pattern in another translate of the unit square. So the number of
points in the unit square is the smallest integer n3 such that both n3ky/k3 and n3ks/ k3
are integer. We claim that this is k3/p.

To prove this claim, consider the fraction k1 / k3. Obviously n3k;/ k3 is integer if and
only if n3 is a multiple of k3/ gcd(ky, k3). Similarly n3k,/ k3 is integer if and only if 13
is a multiple of k3/ gcd(ka, k3). So the number of points in the unit square is given by
the least common multiple,

#points in unit square = Icm ( ks ks )
b a gcd(kr, k3) " ged(kn, k) )

From the standard identity gcd(a, b) lem(a, b) = |ab| for all a, b € Z we get

( k3 ks > K3
m s =
ged(ki,k3)" ged(ka, k3) ) ged(k, ky) god(ka, k3) ecd (gcd(’;;,k}), gcd(i;k}))

using twice the fact that m gcd(a, b) = ged(ma, mb) for all m € N; then the same fact
in inverse direction with m = k3; then the fact ged(a, b, ¢) = ged(a, ged(b, ¢)) and the
analogous identity for four integers

k3 k3
"~ ged (ksged(ka, k3), kaged(ki, k3)) — ged (ged(ka, k3), ged(ky, k3))
T ged(ky, ko, k3)

In extension of Gauss’ argument, the number of lines intersecting Polf is equal to the

Lebesgue measure of Polf times the number of intersection points per unit square. We
thus conclude that

2, =p (P;‘) ks + eq k. (6.4)

The error term e, « is proportional to the circumference of Polf , times the number of lines
per unit square. Consider a patch that is not a spherical cap (the estimate for the two
spherical caps works analogously); its circumference consists of four pieces. The first
piece is parametrized by y (¢) := ® (6, + Aby, ¢), and has length

/¢a+A¢a o kF
Iy (9)|dg = 2A¢ykg|sin (0 + Aby)| = (_)
‘/’a—Afﬂa y (p (p (pa * “ ,/M
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The second piece, parametrized by ¢ +— ® (0, — Aby, @), is of the same order. The
third piece is parametrized by y (0) := ® (0, ¢y + A@,). By straightforward estimates

. k2
17(O)> = k—g k2 cos? 6 + (k3 +k3) sin® 6
3

k2
+ 2k3 cos 6 sinG(kl sin(@y + A@y) + ko cos(py + A(pa))) < 2k—§|k|2.
3

Integrating and recalling that A6, = O(M~1/?), the length of this piece is at most of
order kr/~/M. The fourth piece has length of the same order as the third piece. We
conclude that |ey x| = OkpM~1/2). Combining (6.4) with (6.3), and using uy (k)2 >
N~? to convert the additive error into a multiplicative error (the new contribution is the
dominating error), we obtain (6.2). O
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A. The Bosonic Effective Theory

In this section, we start with the Sawada-type effective Hamiltonian given by (4.13) and
(4.14), now assuming the exact canonical commutation relations

[ea(k), cp(D] =0 = [c5 k), cxD],  [ca(k), (D] = ba,p8k -

We show how to diagonalize heg(k) and therefore how to compute the ground state of
‘Hegr, which inspired the choice of the trial state (4.16).

A.l. Diagonalization of the effective Hamiltonian. We follow [34]. Dropping the k-
dependence where no confusion arises, we write the effective Hamiltonian in standard
form,

1
hegr(k) = H — 3 tr(D+ W),
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where ¢ = (- ¢y -+ ). The 2y x 2I;-matrices D, W, and W are defined in (4.19);
they are real and symmetric.

The Segal field operators ¢ = (- ¢ - - -)T and7w = (- 7Ty - -)T are defined by

(£)=0(2) e=50%) )

Notice that ¢ = \/lj(c+c*) =¢*andm = JLZ(C* —c¢) = . In terms of the Segal field
operators we have

H= (o7 nT)irrt(i),

f)ﬁ:l@* D-I;W w @:l D+W+W 0 ) e cHixd
2 w D+W 2 0 D+W—-W

The commutator relations of the Segal field operators are invariant under symplectic
transformations (which correspond to Bogoliubov transformations of the bosonic cre-
ation and annihilation operators). We introduce

- - - 1/2
E = ((D +W—W2(D+W+W)(D+W - W)1/2> e C2lex2lk

and the symplectic matrix'?

S:= (%1 S) . S =D+W-—WPET2 5 :=(D+W—-W)"2E2

The square roots are well-defined thanks to Lemma 4.5. Using S we can symplectically
blockdiagonalize 901, i.e.,

1L(E 0
T — =
SEDTS_Z(O E>

We define transformed field operators ¢ and 7 by

()=s(2)

T b

After a change of basis that diagonalizes E into diag(e, : y € Zy) we call them$ and
7. Then

ar = L(EOY (@ _ (=7 =7\ | (diag(e,) O (75

H= (¢ ”T)§<o E) (ﬁ)_(¢T ”T)§< 0’ diag(eﬂ) (7?>
e = =~ e 1

=L @Rz LT =5wE

yely v €Ly

10 g s symplectic means that sTjs =7, withJ = (_O]I g)
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We conclude that the ground state energy of the effective theory at momentum k is

inf o (hegi (k) = % tr (E— (D +W))

1 1 g g
=§trE—§ Zué—z va(k)Q—E Z Vo (—k)2.

aely aely acl,

The minimum is attained by the bosonic Fock space vector &g (k) satisfying EV (k)&gs (k)
0forall y € 7. Since the operators &(k) and ¢(k) are related by a change of one-particle
basis, this state is actually the same as the state annihilated by the operators ¢, (k) for
all y € Zy.

A.2. Construction of the bosonic ground state. The construction of the bosonic ground
state £,5(k) follows [34, Section 5.1]. The ground state satisfies ¢, &g5(k) = 0 for all

y € Iy, where ¢ is related to the new Segal field operators ¢, 7 as in (A.1). We express
¢ and ¢* through ¢ and ¢*, so

() -o(8) o) oo ()

The relation is through the Bogoliubov map

1
V=050~ ! = —(

Sl+Sz S]-Sz
2 b

S1—8 S1+5%

or more explicitly, the annihilation and creation operators transform as
1 o1 . . 1 21 —
c=-(S1+82)c+=(S1 — )", " ==(S1— )+ (51 + ). (A2)
2 2 2 2
Implementation of Bogoliubov transformations. Define the unitary operator

1
T, =", withi e Rand B := 5 Z Ko, pcycg —hee.
a,BeLy

Notice that, since ¢} and ¢} commute, only the symmetric part of the matrix K con-
tributes. We also assume K g € R. For short we write T := T7. The operator T acts as
a Bogoliubov transformation, i.e.,

T*c, T = Z (cosh K),, o ca + Z (sinh K), 4 5.

o GIk o GIk

Since cosh K is a symmetric matrix but S + 2 is not symmetric, it is not possible to
pick K such that cosh K = %(Sl + S5»). Instead we choose

K :=log|S]|.
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This is well-defined because |SIT | is symmetric and strictly positive definite, according
to Lemma 4.5. Furthermore K is real and symmetric, so we obtain

1 B 1 .
T*e, T =Y §(|S1T|+|SIT| l)yac‘” 3 5(|S{|—|S{| ‘) . (A3)

y.a
aely aely

Let us introduce the polar decomposition S; = O|S;| with some orthogonal matrix O.
Then

1 1 —1 1 1 —1
S@+sy =2 (1sT1+1sT7) o7 S s —sn =5 (1sT1-1s717") o

The orthogonal matrix O acts as a change of the one-particle basis, so the vacuum
transformed by the Bogoliubov transformation in (A.3) is the same as the vacuum trans-
formed by the Bogoliubov transformation in (A.2).

We conclude that the ground state of the total system is given by

b= Q) &ulh), &) =TH0Q,

ke nor

where €2 is the vacuum vector in bosonic Fock space, and we restored the k-dependence
in the notation. Since operators at different k commute, we can take the tensor product
into the exponent as a sum, yielding

£os = exp( 3 % 3 K®apch®ch®) —h.c.)Q.

kermer — o, BeTy
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