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Abstract
The strong rate of convergence of the Euler-Maruyama scheme for nondegenerate
SDEs with irregular drift coefficients is considered. In the case of a-Holder drift in
the recent literature the rate a/2 was proved in many related situations. By exploiting
the regularising effect of the noise more efficiently, we show that the rate is in fact
arbitrarily close to 1/2 for all & > 0. The result extends to Dini continuous coefficients,
while in d = 1 also to all bounded measurable coefficients.
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1 Introduction and main results
We consider stochastic differential equations (SDEs)
dX; = b(Xy)dt + dWy, X = xo, (1.1)

on a fixed time horizon [0, T, driven by a d-dimensional Wiener process W = (W1, ... W¢9)
on a filtered probability space (2, F, (F¢)tcjo, 1), P) with (F).c(o,r] satisfying the usual
conditions, where z; is an R%valued Fy-measurable random variable with finite variance,
and the drift coefficient b = (b', ..., b?) is a measurable function on R? with values in R9.
It is well known that equation (1.1) has the remarkable property that even if b is only
known to be bounded and measurable then a unique strong solution exists [Zvo74, Ver80],
for further developments see among others [GMO01, KRO05, Dav07, FF11, Shal6].

It has recently been of interest to study such regularising effect of the noise in the
discretisation of SDEs with irregular drift. The most common approximation method is
the Euler-Maruyama scheme

dX = b(X] ) dt + AWy, X§ = af), (1.2)
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Euler-Maruyama scheme with irregular drift

where k,,(t) = [nt|/n. When b is Lipschitz continuous, then the analysis of the scheme is
quite standard. Going beyond (locally) Lipschitz b, the first result goes back to [GK96],
who established convergence in probability (without rate) of the Euler-Maruyama scheme.
In the recently revived interest in quantifying the rate of convergence, there has been
essentially two classes of approaches:

(A) In [MP91, NT17a, NT17b, NT16, PT17, BS18, BHY18, HL18, MX18] mild assump-
tions on the modulus of continuity of b are imposed. This usually means a-Hoélder
continuity (although [BHY18] also discusses the Dini continuous case). While a > 0
is allowed to be arbitrarily low, the drawback is that the convergence rates ob-
tained become increasingly worse as o — 0. In [PT17] for example, whose setting
is similar to ours, the rate of Lo-convergence is «/2, which becomes negligible for
small a.

(B) In [LS17, NSS18, LS18, LS15, MY18, MY19] b is allowed to have discontinuities
on a ‘small’ (lower dimensional) set. In dimension d = 1, for example, the set
of discontinuities is a discrete set of points. Outside of this exceptional set the
usual Lipschitz condition in assumed. Under this condition, rate 1/2 is achieved
for Euler-type schemes, and in the scalar case recently the improved rate 3/4 was
shown [MY19] for a modified Milstein-type scheme.

Our contribution is twofold:

* Note that the results for (A) seem to suggest that the rate of convergence is
arbitrarily small for a-Holder drift b, when « is small. Here we show that this is not
the case: in Theorem 1.1 we show that (almost) 1/2 rate of convergence holds for
all Dini continuous coefficients.

* In dimension 1, we unify the type of irregularities considered (A) and (B) in the
following sense: on one hand the irregularities do not have to be restricted on
exceptional sets (as in (A)), on the other hand they are allowed to be discontinuous
(as in (B)). More precisely, in Theorem 1.2 we prove that for any € > 0, the Euler-
Maruyama scheme has rate 1/2 — ¢ in L, for all bounded and measurable b. To the
best of our knowledge this is the first result on the rate of convergence (and as far
as L, is concerned, even merely on convergence) without posing any continuity
assumption whatsoever on b.

We now proceed by stating our main results. Recall the definition of Dini continuity: fix
a continuous increasing function ¥ : [0,1] — [0, c0) such that

1
/ @dr<oo. (1.3)
0

r

We then denote by D the space of all continuous functions f : R — R, such that

. @10
| fllp := ;eugdlf(w)lﬂL m:‘é%d |z —y)) <
\zfggl

For vector-valued f, || f||p denotes max; ||f?||p (and similarly for other norms); since the
context will always make it clear whether we mean scalar- or vector-valued functions,
this abuse of notation will not cause any confusion. The main results then read as
follows.

EJP 25 (2020), paper 82. http://www.imstat.org/ejp/
Page 2/18


https://doi.org/10.1214/20-EJP479
http://www.imstat.org/ejp/

Euler-Maruyama scheme with irregular drift

Theorem 1.1. Assume b € D. Lete € (0,1) and suppose that for some constant C' one
has E|z} — x| < Cn~'*¢ for alln € N. Then for alln € IN one has the bound

sup B|IX] — X;|? < Nn~!*¢ (1.4)
te[0,T]

with some N = N(C,¢e,9,T,d, ||b||p)-

Let us mention that the generality of allowing different initial condition z{j of the
discretisation than that of (1.1) is a convenient setup for the proof, see Section 3. In the
next theorem we consider the scalar case where even the assumption of Dini continuity
can be lifted.

Theorem 1.2. Assume d = 1, and let b : R — R be a bounded measurable function. Let
¢ € (0,1) and suppose that for some constant C one has E|z}} — x¢|?> < Cn~1%¢ for all
n € IN. Then for all n € IN one has the bound

sup B|IX! — X;|? < Nn~!*¢ (1.5)
t€[0,T]

with some N = N(C,¢e,T,sup|b]).

Remark 1.3. The choice of looking at Ls-convergence is also motivated by recent
results [HHJ15, JMY16, G]JS17, Yar17] that show that in L, very slow convergence rate
(in particular, worse than any polynomial) of arbitrary approximation schemes may
occur even in cases when the rate of convergence in probability is known to be 1/2
[Gy698]. Our results can also be seen as extending the class of equations where the slow
convergence phenomena can not happen.

Remark 1.4. A few months after the current work was available on the ArXiv, the article
[NS19] also appeared on the ArXiv. In the one-dimensional setting the authors show
an interesting complementary result to Theorem 1.2: if in addition to our assumption b
possesses regularity of order a € (0, 1) in a Sobolev-Slobodecki scale, then the rate of
convergence also improves. The technique in [NS19] is essentially the same as the one
of the present work in d = 1: after a transformation by the scale function (3.8) a key
estimate of the type (2.11) leads to the result; illustrating that, the method is reasonably
robust. We would also like to thank the authors of [NS19] for bringing to our knowledge
that a time-homogeneous version of the estimate (2.1) below has appeared in [Alt17].

2 Auxiliary results

2.1 Quadrature bounds

In this section we formulate some lemmata that will be used in the proofs of Theo-
rems 1.1-1.2. In the proofs the constants N may change from line to line. Our first lemma
is similar in spirit to [Dav07, Proposition 2.1], which is the “basic estimate” in Davie’s
proof of the path-by-path uniqueness of the solution of (1.1). A time-homogeneous
variant of the estimate below without stopping times and further random dependence
also recently appeared in [Alt17], following a different proof. In the following, ) is a
Polish space.

Lemma 2.1. There exists a constant N = N(T,d) such that for all stopping times
T < 7' <T, all F.-measurable Y-valued random variables Y, all bounded measurable
functions f : [0,T] x R* x ¥ — R, and all n € IN, one has the bound

’ 2

E /T (f(s,WS,Y)—f(s,Wkn(s),Y)) ds §N(sup|f|2)n_1log(n+1). (2.1)
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Proof. Introduce the notation W, ; = W, —W,. We will first show that for f : [0, T x R —
R and for « € [0, T — 2/n] we have the bound

2

T
2, =& / (f(s,WmS) — f(s,Wa,kn(s))) ds| < N(sup |f|2)7f1 log(n+1). (2.2)

+1/n

We make two simplifying assumptions that will be removed later on: (i) f(¢, -) is compactly
supported and twice continuously differentiable for all ¢ € [0,T7; (ii) d = 1. Notice that

2

T
2I, = E / (f($7 Ws—oz) - f(57 Wkn(s)—u)) ds ; (2.3)

+1/n

which gives,

T t
L—E / / (F(5: Waa) — £(5s W oa)) (£t Wiea) — F(t, W 0)—a)) dsdt

+1/nJa+1/n

T kn(t)—1/n
= / / F.(s,t)dsdt
a+2/n Ja+l/n

a+2/n
/ / F,(s,t)dsdt+ / F,(s,t)dsdt
a+2/n (t)—1/n a+l/n Ja+l/n

= I} +I2+1I2, (2.4)
where we have used the notation

Fn(svt) = E[ (f(sv Ws—a) - f(57 Wkn(s)fa)) (f(t7 Wt—a) - f(tv Wkn(t)fa)) ]

We deal first with I}. We will show that for (s,t) as in the integrand of I} we have the
bound

(s, ) < Nn~(sup | £12) (((ka(s) — @) (kn(6) = £)) 72 4 (ka(6) = )71, (2.5)

By the fundamental theorem of calculus

/ / s—a — Wkn(s) a)f/(sv Wia = 0(Ws_o — Wkn(s)—a))
X (Wi — Wi, (- Oé)f t,Wi—qg = X\(Wi—o — Wkn(t)—a)) ds dt df d\

Notice that for s < k,,(t), we have k,(s) < s < k,(t) < ¢. We can express the integrand in
terms of random variables whose joint density is relatively simple: Setting

Y1 =W (s)—as Y2 .= Wso = Wi (5)=a> Y3 = Wi ()=a = Ws—a, Ya :=Wio = Wi 1)-a
and introducing the notations, for x = (1, 79, 73, 74) € R*,

f(s,z) = f(s,(1 — O)xo + 21), ft,x) = f(t, (1 = Ny + 5+ 2 + 1),
we can write

(5, Wsa = 0(Wso — W, (s)—a)) :le(87y)7
FEWia = AWieo = Wi, (-a)) = fas(s,Y).

Moreover Y; = Y;(s,t) are independent, Gaussian, with mean 0 and variance o2 = o2(s, t),
where

02(s5,t) = kn(s) — a, 02(s,t) =5 — kn(s), 02(s,t) = k,(t) — s, 02 (s,t) =t — kn(t).
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Their joint density is therefore given by
4 2 1

plst,x) = exp (‘ 2 ao%<s,t>> (2m)2 [Ty 0s(s,1)

i=1

for v = (21,79, 73,24) € R*. Hence we can write

1 1 ~
Fn(s,t):/o /0 /W X422 [z, (8,2) fus (t, ) p(s, b, x) dedldA,

where

f(S,(E) = f(sa (1 - 6‘)1'2 + 1’1)7 f(t,il’) = f(tv (1 - )\){E4 + 3+ X9 + 1’1).

After integration by parts with respect to z; and =3 we get
1,1 ~ R
F,(s,t) :/ / / a2 f (8, 2) f(t, 2)pu,us (S, t, ) dedOdA
o Jo Jms

11

—I—/ / / 2429 f(8,2) o, (t, ) s (5, 1, ) dzdfdN
o Jo Jmre

=: Fl(s,t) + F2(s,t).

By explicitly differentiating the Gaussian density p, we get
1,1 ~ _
|Fﬁ(s,t)| = |/ / / xazaf(s,2) f(t,x)p(s,t, x)x1x30f2(s,t)0§2(s,t) dxd@d)\|
o Jo Jr#
4
< (sup|f[*) (H EYASJ)I) a1 (s, t)o3 % (s,1)
i—1

Therefore, since E|Y;(s,t)| < 04(s,t) and o2(s,t), 04(s,t) < n~ /2, we can write

—1/2

[Py (s,t)] < Nn 7 K2 ((kn(s) — @) (ka(t) — s)) (2.6)

For F2(s,t), notice that le = fxs so we can integrate by parts with respect to z3 again
to get

1 1
[E3 (s, t)] = |/0 /0 /R 2472 f (5, 2) f(t, %) prgas (5., @) duddd|
1 1
sl/ / / raa (s, 2) (1, 2) 23205 (5, D)p(s, £, x) dxdBd]
0o Jo JR*

1 1
+’/0 /O /]R4 $C4$2f(87$)f(t,1‘)0‘52(3715)/)(3,757.%‘) dxdeA]
< N~ Hsup [ f1) (ka(t) = 5) 7",

which combined with (2.6) shows (2.5). Consequently, we have

T kn (£)—1/m s
Il < Nn’lKQ/ / ((kn(s) — @) (kn(t) — 9)) "% + (k) — 5)) ds .
at+2/n Ja+l/n

Note that one has k,(s) — « > s — a — 1/n and that by a change of variables one sees

Fn (1) 1/2 ! —1/2
/ (s —a—n"")(ky(t) —5)) 2 ds = / (s(1—19)) 2 ds = .
a 0

+1/n
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Next, we see that

T Fen (£)— 1/77, T
/ / n(t) — s) " dsdt = / log(kn(t) — a —n~1) —log(n™1)dt
at+2/nJa o

+1/n +2/n
< Nlog(n+1).

Therefore, we get
I < NK?n log(n + 1). (2.7)

Both I? and I? are integrals over domains whose size is bounded by 27'n»~! with an
integrand that is bounded by sup | f|>. Consequently,

112 + |I3] < Nn~Y(sup |f]?). (2.8)

Combining (2.4) with (2.7)-(2.8) we obtain (2.2) under the additional assumptions (i)-(ii).
We proceed by removing first the additional assumption (ii). Suppose now that we
have (2.2) ford = k and let W = (W?!,...,Wk*+1) be a k + 1-dimensional Wiener process.
Setting W = (W?2,...,W*+1), we have

T
E| / (F (5 Was) = F(5, Wask () ds|

+1/n

T
:E|/+1/ (f(s Wa sz s) — f(57Wi,kn(s)ywa,k”(s))) ds|2

<E(E[| a:/n (F(5, W2 W) = F(5, WLy Wak ) ds|2’W1D

T
+IE}(IEU/Q+1/R (F(5, W s Wakon () = F(5, W o (6 Wk () ds] ‘WD

< N(sup|f[*)n™" log(n + 1),

where we have used the fact that W', W are independent and the induction hypothesis.
Removing the additional regularity assumption (i) on f follows from a standard ap-
proximation argument. For a bounded measurable f take a sequence (f,,)men satisfying
(i), such that for each t € [0, T, fmm(t,-) — f(t,-) as m — oo almost everywhere on R, and
sup |fmm| < sup|f| (one can construct such f,, by, for example, mollification). Since for
positive times the law of the Brownian motion is absolutely continuous with respect to the
Lebesgue measure, we have that for all s € [« +2/n,T], fm(s, Ws —Wy) — f(s, Ws —W,)
and f,,(s, Wy, (s) — Wa) = f(s, Wi, (s) — Wa) almost surely. Let a € [0,7" — 2/n]. By the
first part of the proof we have the inequality
2

E < Nsup|fml?n~'log(n + 1)

T
/ ) (fm(&Ws —Wa) = fin(8, Wi, (s) — Wa)) ds
at2/n

< Nsup|f2n"log(n + 1),

and by Fatou’s lemma we get
2

T
E / (f(sJ/VS —Wa) = f(8, Wi, (s) — Wa)) ds| < N(sup|f|*)n"*log(n +1).

+2/n

It then immediately follows that for any « € [0, 7] we have the bound
2
< N(sup|f|*)n *log(n +1). (2.9)

T
E / (F(5.Wa — Wa) — (5. Wi, (s) — Wa) ds
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Now let us consider a simple stopping time 7 < T, that is, one that takes only finitely
many values {a1, ..., a,, . Take an F.-measurable random variable Y, and a measurable
bounded function f : [0,7] x R? x Y — R. We have

B [ (W) 6 Wi, 1)

_ZE o E ‘/ (5, We, ) = £(5, Wi, (s), ds‘ ’]—"a)
Since

1T:aiE(

T 2
[ G Wa¥) = 5. Wi 0. )) ds| [7.) = Lomag(Wa V),
with

)

T 2
g($7y) = E’/ (f(S7WS - Wa + .’E,y) - f(S7Wkn(s) —Wa + x,y)) ds
a

it follows from (2.9) that
2
IE)‘ / (5, W, Y) = f(s, Wi.(5),Y)) ds’ < Nsup |f|*n'log(n +1). (2.10)

If 7 < T is an arbitrary stopping time, one can find a sequence of simple stopping times
Tm converging to 7 from above which by Fatou’s lemma implies that (notice that if Y
is Fr-measurable then it is 7, -measurable as well) (2.10) holds for arbitrary stopping

times 7 < 7. Finally, (2.1) follows from (2.10) since [~ = [* — [7. O

Lemma 2.2. Let b : R — R? and f : [0,7] x R? x Y — R be bounded measurable
functions and define X™ as in (1.2). Let 7 < 7/ < T be stopping times and Y be a
Fr-measurable y-valued random variable. Then for all ¢ € (0,1) one has the bound

2
E‘/ Fls,X7,Y) — f(s,X,?n(s),Y))ds’ < Np—i+e, 2.11)

forallm € N, r € [0,T], where N = N (e, T, d,sup |b|,sup|f]).

Proof. For an R%valued stochastic process Z let us denote

_ ‘/ (5, Z5,Y) = f(5, Zp (), Y)) ds|.

In other words, we aim to bound ]Eh(X”) . Notice also that (2.1) provides a bound for
Eh(W + x)? whenever W is an (F;);e[o,7)-Wiener process and = € R?, as well as the fact
that one has a trivial bound h < N. Let us set

P = exp (_/0 Zlf XP () AW — f/ Z b (XE o) |2ds)
By Girsanov’s theorem, under the measure dP" = p,dP, X" — x is an (F;)c[o,r)-Wiener
process, therefore by the above properties and Holder’s inequality we have
Eh<Xn)2 < N]E(h(XH)Q_Ep,ELQ_E)/QpS_m/z)
< N[E(h(Xn)2pn)](2—a)/2 [EP;E—Z)/E]E/Q
< N[n—llog (n + 1)](2—5)/2 []EP’ELE—Q)/E]E/Q'

Notice that [n~'log (n +1)]?=9)/2 < Nn~'*¢, and we are done since

sup It pﬁf”)/s < Nexp ((sgifﬁTsup |b|> <N. O
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2.2 Regularity of the Kolmogorov equation

The final ingredient concerns the regularity of the associated Kolmogorov equation.
While the result is possibly known, we did not find a reference in this form, so we
provide a short proof. We note that (2.13) is the only instance where the Dini continuity
assumption is used. We denote by C1'?(Qr) the space of all bounded continuous functions
fon Qr = (0,T) x R? such that the derivatives 9, f, Vf, V2f exist, are continuous and
bounded, and we use the norm

Ifllcrz@r) = 1 fllbw@e) + IVl Lw@m) F IV fllnw @) + 106 FI L (@)

Lemma 2.3. Let f,g € D and suppose that ||f||p < K for some K > 0. There exists
Ty > 0 depending only on K and d, such that there exists a unique bounded classical
solution u of

du=3Au+f-Vu+g, u0,)=0. (2.12)
on Qr,. Moreover, for all T € (0,Ty], the solution of (2.12) on [0, 7] satisfies the bounds

llullcr2(qry < Nllgllp, (2.13)
V'L @r) < VIN||gllL o (reys (2.14)

where N = N(d, 9, K).

To prove Lemma 2.3, since replacing J(r) by 9(r) V 1/r can only decrease the | - ||p
norm of any function, without loss of generality we assume that ¢(r) > /r forall r € [0, 1].
We denote by Dr the space of all continuous functions on [0, 7] x R such that

[fllpy == sup [[f(t)llp < oo
te[o,T]

First consider the simpler equation
du=3Au+f,  u(0,-)=0. (2.15)

We will use the following well-known properties of (2.15). While these are well-known in
the PDE folklore (for an elliptic counterpart, see e.g. [GT83]), we did not find a reference
for this exact form, so we sketch the proof in the Appendix for the interested reader.

Lemma 2.4. Let T € (0,1] and f € Dr. Let u be a bounded distributional solution
of (2.15). Then w is a classical solution of (2.15) which moreover satisfies for « € (0,1)

”uHCI’r"(QT) SZVOHfHDTa (2.16)
[ullL (@) ENIT( Il (@) (2.17)
sup_ IVu(t) || oo may N2 fll 1 (0r) (2.18)

te[0,T
where Ny = Ny(d,?¥), Ny = Ni(d), and Ny = N5(d).

Proof of Lemma 2.3. Uniqueness easily follows, see e.g. [Kry96]. As for existence, let
Jn, [n be bounded functions with bounded derivatives of any order such that

lgn — 9llowey + 1 fn = flloomay =0,  asn— oo,
and
lgnllLe ey < 9l (mays I frll Lo ey < NfllLo (ma)-
EJP 25 (2020), paper 82. http://www.imstat.org/ejp/
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The problem
atun = %Aun + fn : vun + gn, u(07 ) =0

has a classical solution u,, € C1?(Q7,) for any Ty > 0 such that u,, Vu, € C(Qr,) (see
e.g. [Kry96]). By (2.18) we have

e [Vun ()l o1z ray < Na(d)To* (I £l ey [Vl Lo (@) + 9] rt)) -
€10,7%

Hence, for sufficiently small 7 > 0 depending only on d and K, we have for alln € IN

sup |[|[Vun(t)lc1/2mey < |9l (re)- (2.19)
t€[0,7To)

Similarly, by (2.17)-(2.18), for Tj sufficiently small, we see that
ltn—ttm 2@y + 59D [V (8) = Vit (8) 172 g0
t€[0,To]
<gn = gmllLmay + 1o = ol Lo @) VUl Lo (@ry)
<Ilgn — gm”Loo(]Rd) + [ fn — fm”Loo(Rd)HgHLw(]Rd)a

where for the last inequality we used (2.19). Consequently, u, converges to a limit
u € C(Qr,) with Vu € C(Qr,), which is a distributional solution (2.12). Moreover, it
satisfies

sup [[Vu(®)|lcrr2rey < 9]0 (re)- (2.20)
£€[0,70]

Consequently, fVu € Dr,, which implies by Lemma 2.3 that u is a classical solution
of (2.12) and satisfies

luller2(@ry) <N (I1FVullpg, + llgllp)
<N (IflolIVullpy, +llglo)

<N (IIfIID sup ||vu||01/2(]Rd)+||g||D>a
t€[0,To]

where N = N(¥,d) and we have used J(r) > +/r for the last inequality. By (2.20)
and (2.16) we obtain

lullcr2(@q,) < Nllgllo,

with N = N(¢,d, K), so the estimates (2.13)—(2.14) hold for T' = Tj.
The bound (2.13) trivially extends to T' < Tg. As for (2.14), with A = \/T/\/To <l1llet
us set uy (t,z) := u(A?t, \z). Clearly u, satisfies on Qr,

Oyuy = %AU)\—F)\f)\'VU)\‘F)\Qg,\, ux(0,-) =0,
with fi(z) = f(Ax) and g\(x) = g(A\z). Since
[IAAllD < [ fallp < [fllp = K,
we get by applying (2.14) with T' =T
MVullz @) = IVUsllLa @z < NA a2 ey = NA[lgl vy,

thus obtaining (2.14) for arbitrary T € (0, Tp). O
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3 Proofs of the main results

Proof of Theorem 1.1. First we prove for sufficiently small (but n-independent) time
horizon T'. Let Ty = To(||b||p, d) be given by Lemma 2.3. We invoke the idea of [FGP10]
(see also [PT17]): forany T € (0,7;] and foreachi = 1,...,d, by Lemma 2.3 and a simple
time reversal, there exists a classical solution v’ € C12(Q7) N C(Qr) to

oy + %Aui +b-Vu' = —b', u(T,:) =0,
which satisfies the bounds

[u']|cre < N'|bllp (3.1)
VUil @r) < VIN'|[Bl 1. (ra), (3.2)

where N’ = N(d,9,|b||p). We emphasise that N’ is independent of T, which is a
convention that we keep for the rest of the proof. Denote the j-th partial derivative of u
by u,;. Applying Itd’s formula for u’(¢, X;) we have

/ObZ( o) ds = u'(0,20) — u'(t, X;) +Z/ Wi (3.3)

Similarly, we have

t
e ds = 0.a) ~ e, x0) +Z / (5, X0) dIW] (3.4
0

3 / al (s, X0) (B (XP ) — b (XD)) ds.

Moreover

t 2
E|X; — X]'|* < 9E|zg — 2§ |2+9E‘/ dsf/ b(X™)ds
0

2
+ 9

/O B(X™) ds — /O BXE ) ds

= I+ 1+ 1.
For I2 we have by (3.3)-(3.4)

d
I2< N Elu(0,20) — u'(0,23)|? +N’ZE\ (t, X;) — u'(t, X))

i=1 i=1

+ZNE

7,]1

2
(SvXS) - uzm] (SvX;L) dWsJ

2
+N’ ’/ (5, X)W (XZ) — u, (s, Xit (o) )V (X3 (o)) ds
3,j=1

+N' Z / [0 (X7 )Pl S (5, X3) =g, (s, X () ds

1,7=1
5
=y I (3.5)
=1
EJP 25 (2020), paper 82. http://www.imstat.org/ejp/
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One then has the following estimates: by (3.1) and the assumption on zy, zj, we have
I} 4+ 128 < Nn~tte;
by (3.2) we have
I22 < N'VTE|X; — X%
by It0’s isometry and (3.1) we have
d t t
IP=N'">" /O u, (5, Xs) —ul, (s, X)) ds < N/O E|X, — X% ds;
i,j=1

by the boundedness of b and by (3.1) we have
t
12 gN/ E[X! — X} (|?ds < Nn~',
0

The terms I;* and I;} both can be estimated using Lemma 2.2, with f = u}, ¢/ and f = b,
respectively, to get
224+ 13 < Nn~tte

Combining the above bounds we get
t
E|X, — XI'|? < Nn~'*° + N'VTE|X, — X7'|* + N/ E|X, — X"|*ds.
0

For sufficiently small 7" (say v'T' < 1/(2N’)) the second term on the right-hand side can
be omitted at the price of a constant factor. The conclusion then follows from Gronwall’s
lemma applied to the function t + E|X; — X*|2.

We now remove the smallness assumption on 7. By the above, for some § =
0(C,e,9,d,||b]|p) > 0, the statement is proved for 7" in place of T, for arbitrary 7" € [0, 4].
Now fix n and define k by k/n = #,,(5). Denote m = [ 5] and note that m < 2+ < N.
Using the above proven bound, we have

sup E|X] — X¢> < Nn~'te, (3.6)
te[0,k/n]

On the time interval [k/n, 2k/n], X;;/, is the solution of
dY; = b(Yy) dt + dWyi/n, Yo = Xin,

while X

bk /n is the solution of

dYy =0(Y, ) dt + dWipgm, Yo' = Xi),.

K

Moreover, the initial conditions X}, /,,, X g/n satisfy the condition of Theorem 1.1, by (3.6).
Since the theorem is now proven to hold for small times, we can conclude

sup  E|X!" - Xi>= sup E|Y" -Y;|* < Nn tte,
telk/n,2k/n) te[0,k/n]

and combining with (3.6),

sup  E|X] — X4 < Nnp~tte. (3.7)

t€[0,2k/n]
Iterating this procedure m times we reach the full time horizon [0, 7. O
EJP 25 (2020), paper 82. http://www.imstat.org/ejp/
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Proof of Theorem 1.2. We again prove the statement for T' € (0, Tp] for some sufficiently
small 7y > 0 (to be determined later), the general case can then be deduced exactly as
above. Correspondingly, from here on N = N(C, ¢, sup |b|).

For z € R let us define

¢ (x) ::/ exp (2/ I\z—s|§2b(5) ds> dr, Y, (x) = (,25;1(1).
0 z
Notice that ¢, € W*>°(R) and for almost everywhere on [z — 2, z + 2] we have
1 _
07 +bgl, = 0. (3.8)
Moreover, it is straightforward to check that

sup (|67 (z)| + &7 (2)] + [ (2)] + [(¢], 0 ) (2)]) < N, (3.9

with N = N(sup |b|). We define inductively the stopping times

To := 0, Tma1 = 1nf{t > 7 0 | X — X

Tm

| > 1}, Tm = Tm AN T.
First we aim to obtain a bound for

sup ]E(]-ngt|Xt/\Tm+1 - XZL/\Tm+1
t€[0,T]

?). (3.10)

By definition of ¢., we can find a function g = g(z,«) such that for each z € R, g(z,-) is a
version of ¢/, 2g(z,2) + b(z)¢'(z) = 0 forall z € [z — 2,z + 2], and for each z € R, g(-, z)
is continuous in z. We choose this function as a representative of ¢’/ (z) for now on and
by Itd’s formula (which, although ¢/ is not necessarily continuous, holds, see [Kal02,
Thm. 22.5]) we have on [7,,, Tm+1] := {(w,t) € A x [0,T] : t € [T + m, To41]}

t 1 t
0:(0) = 0.(Xe, )+ [ 00X XK s+ [ LX)

Let (p:)e>0 be a mollification family. We multiply the above equality with p.(z — X, ),
we integrate over z € R and we let ¢ — 0, to obtain by virtue of the continuity of ¢., ¢/,
and ¢’ in z and the dominated convergence theorem

(X,) dW,.

Tm

t t
Ox., (X0 = b, (X)) [ 50k (X +b(X)dh, (X)ds+ [ o

Tm Tm

Using (3.8) (which now holds for all = € [z — 2,z + 2]) we have for Y™ = ox... (X;) on
[7ins Tm+1] that

t
avy" = ¢x,, (X7,) + / ., °Vx.,, (YS")dWs. (3.11)
On [T, Tim+1] we define
t
VI = () + [, o, O, ) Y.

Then by (3.9) and the triangle inequality we can bound the quantity in (3.10) as

]E(le,St‘Xt/\T'm«l»l - th/\Tm,+1 |2) S N]E(le,St|YIfTTm+1 - d)XTTn (XZL/\TWL+1)|2)

m m,n 2 m,n n 2 (312)
S N]E(lT'rrLSt|Y;/\T7,L+1 - }/;AT1,L+1)‘ ) + NE(leSt|Y;5/\T,,,L+1 - ¢X7m (Xt/\T"H,l)‘ )
EJP 25 (2020), paper 82. http://www.imstat.org/ejp/
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The first term on the right-hand side is simply the error of an Euler scheme for the
SDE (3.11) with Lipschitz coefficient qb’XT otx, . This is standard to estimate (for the
convenience of the reader we include a short proof in the Appendix):

E(1,,<|Yr, ., — Y, )PP) < NElox, (X7,.) = éx,, (X7 )+ Nn~!
< NE|X,, — X! |+ Nn™!, (3.13)

where we have used again (3.9) for the last inequality. Moving on the second term on
the right-hand side of (3.12), by It6’s formula again we have on [7,,, 7pn+1]

(X{)ds

"'NL

o ) - [ (N
+/ (quTm( s) 7¢/XT 'QZJ(Ym(Z)/\Tm)) dWS
t
:/0 Lon<slix.—xpi<1 (qb/XTm (XO(XE () = S, (XD (X;L)) ds

t
+/ 1. <slix,—xn|>1 <¢X (Xo(Xy (s ))+ ¢Xm (X:)> ds
0

t
b [ (@, (X0 = o, (Vi er, ) AW
0
= I} + 12 + 1},
where for the second equality we have used (3.8). It immediately follows from (3.9) that

tEATm+1
El,, <|lfn,,  ° < N]E/0 L, <slix,—xn>1ds =:J. (3.14)

Next, one can write

tATm+1
El,, <|lin,, |° < NE/ 1ix,—xp|>1ds
’(Tm\/t)/\Tm«kl
+ 28| / (¢, (XDBXT () = @y, (XTIB(XD)) ds|*
) (3.15)
0
(Tth)ATm+1 , , 2
+ NE| (¢, (XE ()b(XE () = P, (XDB(XL)) ds|
< J 4 Nn~tte,

where for the last term we have used Lemma 2.2. Concerning I3, by Itd’s isometry
and (3.9) we have

tEATm+1
Bl cillf, S NE [ 1 clox, (X2) - ¥ ds
0

Tm+1
+N]E/ [y =y P ds (3.16)

t

<N [ Bl <lox,, (Xin,,,) = Yo, [P ds + Nn™!
0

Putting (3.14)-(3.15)-(3.16) together, we arrive at
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t
]EleSt|¢XT7n (Xgl/\rm+1) - }/vt’r/?\’b;’:t,,+1 ‘2 S N~/0 EleSS|¢X7—m (X;L/\Tm+1) - Y;T/,\l;'?n+1 ‘2 dS

+NJ+ Nn~t+e,

Applying Gronwall’s lemma to the function ¢ — E1,, <|éx, (X[\, ) =Y |? we
get
El., <tlox,, (Xirr, ) = Yirr, [P < NJ + Nn7lFe (3.17)

Putting (3.12)-(3.13)-(3.17) together, we get

sup B(1r,, <e[Xinr, ., — X7

A ?) < NE|X,, — X2 [+ Nn~ '™+ NJ. (3.18)
te[0,T)

Notice that
J<NT sup E(1r,<t|Xinr,,, — Xiar %)
te[0,T
Therefore, provided that 7' is sufficiently small, gives the last term on the right-hand
side of (3.18) can be absorbed at a price of a constant factor. We then choose 7T’ in place
of ¢, which implies 1, <7 =1 and T' A 7,41 = Tm+1, yielding

E|X Xr  [P<NEX,, — X! >+ Nn 'te

Tm+1 Tm+1
This by induction gives for m > 1
E|X,, — X |> < Ni'n~'te,

for some constant Ny = Ny(C,¢,sup |b|) that we fix for the remainder of the proof. It
remains to remove the stopping time from the estimate. We write

E| Xy — X7[? <E(|X,, — X7 [°) + E(1,, <2[Xr — X2[*)
< NP~ 4 N(P(7, < T))%.
Define a new set of stopping times by
7o :=0, Fpr = Inf{t > 7y (W =W, | > 1/2}.

For T' < (2sup |b|) !, the contribution of the drift to X is strictly smaller than 1/2, and
hence 7,,, < 7. Also, by the strong Markov property we have that the random variables
{Tm — Tm-1}55_, are independent and identically distributed. Consequently, we have

P(#, <T) <

P(#;— %1 <T) = (P(f1 <T))".

—

i=1

As T — 0, one has limy_,gP(74y < T) = 0, and therefore ar := —logP(7; < T) — oc.
Hence, we obtain for all m € IN

E| X7y — X2? < NJ'n~ 1T 4 Nemorm,

which upon choosing m = [elg‘—N’ﬂ and assuming that 7' is sufficiently small (so that ar
is sufficiently large) gives

]E|XT _X%|2 S Nn71+28,
which brings the proof to an end. (Note that since 7" was arbitrary in the interval (0, 7o,

the form (1.5) with the supremum outside of the expectation follows.) O
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A Appendix

Proof of Lemma 2.4. 1t is well known that the function

¢
u(t,m):/ Pi_f(s,x)ds, (A.1)
0

where (P;):>o is the heat semigroup, is the unique bounded distributional solution of
equation (2.16). One can write the action of the heat semigroup with its kernel in a
convolution form P,g(z) = (p(t,-) * g)(x) and recall that for any £k = 0,1,2 and ¢ € (0, 1],
one has

105p(t, )1, (may < Not™*/2 (A.2)
It then follows immediately that one has the bounds

lullzw@r) + IVUllLo@r) < Nollfllzo@r) (A.3)

We now show that V2u € C((0,7T) x R?). First let us remark that from (1.3) it follows by
a simple change of variables that fol J(r?")r~tdr < oo for any v € (0,1). Notice that for
any t > 0, g € D, we have

Orer, P =| [ pran (20 = 0)lao) ~ 9(0)) o

<N(d.1) (llgno A bl | e )
z|>t!

Since on |z| > t'/* we have |z|?/t > T~1/2, we see that

dz| <N(d L 2P
| |$|>tl/4pzm]‘(t7$) SC| > () -y d/2+2 exp ot X

o] a1 T2 2
SN(d,T)/ r WeXp (%) dr

t1/4

o0 2
<N(d, T)t_3/2/ exp (T) dr
+1/4 4t

_t—1/2
<N(d, T)t *exp ( )

4
Clearly, the right-hand side is integrable in t. We can conclude
02,0, Prgll Lo rey < N(d,)A®)]gllp, (A4)

where A € L1(0,T). It follows then that for each ¢ € (0,T), u(t) is twice differentiable in
space. Moreover, since

t
Op,z;u(t,r) = / / Oz, P(5,y) f(t — 5,2 —y)dyds,
0 JRd '

the continuity of 0,,,,u in (¢, ) follows easily by the continuity of f and (A.4), by virtue
of Lebesgue’s theorem on dominated convergence. The estimate

IV2ull L (@r) < Nosup [ f()]|p
t<T

follows from (A.4). The fact that d;u € C((0,T) x R%) now follows from the equation.
Finally, (2.16) follows from (A.3), (A.4), and the equation.
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We proceed with the proof for the remaining two estimates. Estimate (2.17) follows
immediately from (A.1) and (A.2). Finally for the last estimate we have

¢
|0z, u(t, x) — Oz, ul(t, )| < | fllio@r) / /Rd |z, (t — 8,2 — 2) — Py, (t — 8,y — 2)| dzds.
0

(A.5)
By (A.2) we have
[ bt =00 = 2) = put = s,y = 2)| ds < Nt = o] 2
R
and by the fundamental theorem of calculus and (A.2) we have
/d e (t = 8,2 = 2) = pa, (t — 8,y — 2)|dz < N(d)|z — y[|[Vpa, (t = 5)1,(re)
R
< N(d)|z —yllt — s,
which imply that for all a € [0, 1]
/ Pa, (t = 5,2 = 2) = pa, (t — 5,y — 2)| dz < N(d) |z — y|*|t — 5|~ F)/2,
Rd
This combined with (A.5) shows (2.18). The lemma is proved. O

Proof of (3.13). By definition of ¢, and (3.9) we have a uniform (in n and m) bound on
the initial condition for Y™™

Elpx. (X2 )P < NA+EIXE )< NA+E sup [X*) <N.
te[0,T]

Combined with the (uniform in z) linear growth of the coefficient ¢/, o ., this implies by
standard arguments

E sup V""" <N.
tE[Tm , Tm 1]
From this we get
t 2
E sup |Yk‘m(?)\/7'm thm 2 < E’ locrin qb/XT,,L © wXTm (YI::&:)VTM) ds’
tE[Tm s Tm+1] kn (£)VTm

<n T INA4+E  sup  [Y"?) < Nnt

tE[Tm, Tm+1]
By It0’s formula again and the above inequality we have that
E]-Tm<t|yvt/\rm+1 Y;?}\"b‘Fm+1|
<El¢x,, (X7,) — ox.,, (X5,)]?
t
* / Elr, <ssrnaldx,, o ¥x., (VGr,) = O, o ¥x,, (V") ds
<Elgx,, (X7 )~ ox,, (Xz,)

+J\f/ Ele<S<Tm+1‘Ym Z)V'r 7Y5m’n|2 +‘]\]rIE]'7'm,<S|YWTLn - YR |2dS

SATm+1 SATm+1

t
§E|¢X7m( ‘rm) ¢X ( Tm) 2 + Nn_l + N/ E]'T'NL<S|}/S7;\LT7:VL+1 sA‘rm+1 |2 dS
0

and (3.13) follows from Gronwall’s lemma applied to the function ¢ — E1,, <Y, "

5 tATm+1 -
}/;7'/7\7'7_m+1 ‘ * D
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