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1. Introduction

In this article the abstract Cauchy problem

du(t) + Ax(t) = f(t),  t>0, (1.1)

x(0) = xq,
is studied for a block operator matrix
A B
A= 5

in the product space X = X; x Xs, where X7, X5 are Banach spaces, and

A: D(A) - X1 — Xl, and D: D(D) - X2 — XQ,
B:D(B)QXQ—)Xl, and C: D(C)§X1—>X2

are possibly unbounded linear operators with domains D(A), D(D), D(B), and D(C),
respectively. Such block operator matrices arise in a wide range of coupled evolution
equations including mixed-order systems. In Section 7 liquid crystal models, an artificial
Stokes system, strongly damped wave and plate equations, and a Keller-Segel model are
discussed as applications of the general theory presented here. The recurrent theme and
main question of this article is to ask under which conditions operator theoretical prop-
erties of the diagonal operators can be transferred to the full operator. Thus, the starting
point is to assume that the uncoupled problem associated with the diagonal operator
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is well-understood and to interpret the coupled equations as off-diagonal perturbation,
that is,

A 0 0 B} . (1.2)

A=D+ B with D:[O D} and B:[C 0

This viewpoint is captured by the assumption of the diagonal dominance of A which re-
quires that D(A) = D(D) and that B is relatively bounded with respect to D though with
possibly large relative bound, see Section 3 below for the precise setting. For such diag-
onally dominant block operator matrices A the properties of sectoriality, R-sectoriality,
and the boundedness of the H*°-calculus are studied assuming that the respective prop-
erties hold for the diagonal operator D.

These operator theoretical properties are closely related to the solution theory of the
time-dependent problem (1.1). Namely, R-sectoriality implies in UMD-spaces X maximal
LP-regularity for p € (1,00), that is, there exists a constant C' > 0 such that if in (1.1)
the right hand side satisfies f € LP(0, 00; X) and xo = 0, then there is a unique solution
x to (1.1) satisfying the maximal regularity estimate

||atxHLp(0,oo;X) + HA‘THLP(O,OC;X) S CHfHLp(O,oo;X)a

see e.g. [25,74,96,113] for overviews on this subject. The corresponding notion of stochas-
tic maximal regularity is not equivalent to the deterministic notion, but it is implied for
instance by the boundedness of the H>-calculus, see e.g. [4,94] and the references given
therein for details on this theory. Moreover, sectoriality, R-sectoriality, and the bounded-
ness of the H*-calculus give information on the fractional powers of A. Also, the domains
and ranges of the fractional powers of A induce scales of extrapolation spaces and thereon
consistent families of operators, compare e.g. [43]. Amongst others, this is helpful in the
analysis of many quasi- or semi-linear problems, compare e.g. [5,6,61,80,93,95,96] just to
give a small sample of the literature in this direction.

The classical perturbation theorems for sectoriality, R-sectoriality, and the bound-
edness of the H*-calculus deal with smallness conditions often expressed in form of
small relative bounds, relative compactness or lower order perturbations, compare e.g.
[8,24,25,73]. The aim here is to complement these classical results for general additive
perturbations by perturbation theorems for off-diagonal perturbations in the diagonally
dominant case. In this situation it turns out that the smallness or lower order pertur-
bation conditions can be imposed on objects describing the coupling rather than on the
full additive perturbation. Moreover, assuming that off-diagonal perturbations preserve
a certain structure by perturbing “in the right direction”, one can omit even any kind of
smallness conditions, see Section 4 below. Also, many assumptions imposed on the gen-
eral setting can be weakened for the case of off-diagonal perturbations. For instance, for
the classical perturbation results for sectoriality and R-sectoriality on relative bounded
perturbations with small relative bound, there is no straightforward counterpart for the
bounded H°°-calculus. The available perturbation results for the H°-calculus require
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further assumptions in addition to the smallness conditions. Here we have been able to
show a result of this type although only for the case of some off-diagonal perturbations
behaving well in some extrapolation scales induced by D, compare Section 5 below.

The approach developed here is based in spirit on a combination of the theory by
Kalton, Kunstmann and Weis relating R-sectoriality and the boundedness of the H>°-
calculus, see [57,75], with concepts for diagonally dominant block operator matrices
pioneered by Nagel in [90] for Cy-semigroups. This synthesis opens a new perspective on
coupled systems in LP-spaces and is illustrated in the subsequent example and also by a
number of applications in Section 7.

1.1. An example

As illustration one can consider the following model case inspired by the linearization
of the Beris-Edwards model for liquid crystals. For p € (1,00) let X = H~LP(RY) x
LP(R%)? and

def [1-A div(l-A)

A v 1-A

with D(A) = HYP(RY) x H*P(R%)<,
The actual linearization of the Beris-Edwards model for liquid crystals — where the first
component describes the fluid-like behavior and the second component the orientation of
the crystal-like rods — has a similar mixed order structure. However, this simplified Beris-
Edwards-type model allows for more direct computations, and therefore it seems better
suited as illustrative example, see Subsection 7.6 and 7.7 for a discussion of both models.
Here, one directly observes that A is diagonally dominant, but classical perturbation
results are not applicable since the off-diagonal part is neither small nor of lower order.
However, this case can be treated within the theory presented here by studying the
coupling of the diagonal and the off-diagonal part as will be explained in the subsequent
Subsection 1.2.

Special types of diagonally block operator matrices which appear in many applications

A B 0 B
A:{O D] or A:{C D]

In these situations results on R-sectoriality and boundedness of the H°-calculus are

are of the form

obtained in Subsection 7.1. Concrete examples such as the simplified Erickson-Leslie
model for liquid crystals, the classical Keller-Segel system, the artificial Stokes system
and second order problems with strong damping are discussed in Subsections 7.2—7.5.

1.2. Sectoriality and R-sectoriality for block operator matrices

A key tool in our analysis of sectoriality and R-sectoriality is the factorization for
diagonally dominant operators
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A—A=MNA-D) with M(\) = _C(A{A)_l —B(A]ID)*1 7

where the inverse of M(\) can be described by the inverse of one of the operators
M\ 1-BOA-D) (A= A)"! for M€ p(A)np(D),

My\) € 1-CA—A)'B(A=D)"! for Xep(A)np(D),

which encode the coupling of the off-diagonal and the diagonal part. This factorization
has been studied already in the work [90] by Nagel in the context of Cp-semigroups,
and it is discussed in Section 3. Thus sectoriality and R-sectoriality can be traced back
to the corresponding estimates on one of the two operator families Mi(:) and My(-) —
without smallness conditions — assuming that the diagonal operator has these properties,
compare Theorem 4.1 and the other statements in Section 4. For the case of the example
discussed above in Subsection 1.1 one has for instance

Mi(\) =1 —div(l —A) A -1+ A)'VOA -1+ A)™!
=1-A(1-A)AN-1+A)"? for AeC\]0,0)

which can be analyzed explicitly.

Moreover, by this factorization one can derive perturbation results which do not im-
pose the classical smallness conditions on B as compared to D, see for instance [73] for
perturbation results with such smallness conditions. Instead — taking into account the
block structure — the smallness is assumed on the coupling expressed by one of the op-
erators M;(X), j € {1,2}, see Corollaries 4.4 and 4.9, and Proposition 4.8. Here, as in
the classical case, behind the smallness assumption lurks the Neumann series.

1.3. Bounded H™-calculus for block operator matrices

The boundedness of the H*°-calculus implies R-sectoriality on Banach space X with
the relatively weak property (A) (or triangular contraction property), which holds in
particular for UMD spaces, cf. [59] or [50, Theorem 10.3.4(2)], and for general X almost
R-sectoriality is implied, see [57, Proposition 3.2], but the converse is in general not
true. This has been shown for instance by the example constructed by Mclntosh and
Yagi in [86] where block operator matrices make a cameo since the example relies on
block triangular operator matrices, the spectrum of which is determined by the diagonal
part, however its norm is heavily influenced by the off-diagonal part, cf. also [36] for
another counterexample. The question how close R-sectorial operators are to having a
bounded H°°-calculus has been addressed in detail for many situations by Kunstmann,
Kalton and Weis in [57,75]. Here, we translate their results to the case of block operator
matrices, and we obtain two types of results. First, adding conditions on the orders
and on the relations of the blocks A, B, C, D encoded in terms of fractional powers, one
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can show that R-sectoriality implies boundedness of the H°°-calculus. This is discussed
in Section 5, where also results for small couplings are presented. Second, considering
interpolation scales and consistent families of operators thereon, results for certain points
in the scale carry over to the full scale or at least to a part of it, compare Section 6. In
particular the case of Hilbert spaces is considerably easier to access, and under certain
conditions this carries over to scales of Banach spaces. In fact the interpolation results
for the H*-calculus on different scales from [57] play a key role in the proofs in both
Section 5 and 6. Note that in general R-sectoriality or boundedness of the H*°-calculus
does not extrapolate as shown by Fackler in [34], however, for the situations considered
here it does.

In the literature there is a large body of works on perturbation theory for the bound-
edness of the H*-calculus. Many of these treat additive perturbations A = Ag + B,
compare for instance [24,43,74]. A special case is the situation where the perturbative
term admits a factorization B = T'S for some operators T" and S acting on extrapolation
scales induced by Ay, see [9,42]. For the particular situation of block operator matrices
(1.2), it seems that there is no application of this except when the blocks B and C
already satisfy such factorizations.

1.4. Literature on block operator matrices and coupled parabolic systems

There is a great interest and an extensive literature related to block operator matrices
and their applications in the context of spectral and semigroup theory, see e.g. the
monographs by Tretter [111] and Jeribi [55]. This subject is also related to the study of
mixed order systems, see e.g. the book by Denk and Kaip [27] and the references therein,
the elliptic case has been discussed e.g. also in the classical article by Douglis, Agmon
and Nirenberg [2]. It seems however, to the best of our knowledge, that so far, there has
been no study on R-sectoriality and the boundedness of the H*°-calculus for a general
class of diagonally dominant block operator matrices.

The theory presented here has an overlap with the study of mixed order systems as
for instance the example given above in Subsection 1.1 can also be treated as a parabolic
mixed order system. The maximal regularity results for mixed order systems as discussed
in [27] rely on Fourier multiplier techniques. The approach presented here is however more
operator theoretical in spirit. This is of particular advantage when considering scales of
spaces and operators thereon including weak settings, and such situations appear in
many applications, see e.g. [97] for the scalar case. Also, the approach presented here
evades in some situations laborious localization procedures. In comparison, the Newton
polygon method presented in [27] allows one to treat not only non-homogeneous orders in
space but even in space and time, while the approach given here is restricted to problems
of first order in time.

Also, there is an extensive literature on maximal LP-regularity for particular block
operators of mixed order arising from parabolic plate and wave equations with damp-
ing. In these areas maximal LY-regularity and the boundedness of the H*-calculus are
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usually proven via multiplier and localization methods rather than by general operator
theoretical considerations, compare e.g. [26,28,29,35,104,105] and the references therein
which is only a small selection of the literature in this direction. These results cover a
wide range of dampings and couplings while the diagonally dominant case discussed here
occurs only for certain strong dampings. Note that R-sectoriality is discussed also for
other very particular block operators as for instance in [12].

In the context of semigroup theory, one of the starting points for the systematic study
of diagonally dominant block operator matrices and evolution equations is the work by
Nagel [90]. This has been extended by Engel and Nagel in [31,91], respectively, and
subsequent works. Early works in this direction are [32,92,115,116] with focus on Cjy-
semigroups generated by block operator matrices. Along these lines, the case of Hilbert
spaces and sesquilinear forms with a block structure have been investigated in [17] and
[84], the question of m-sectorial block operator matrices is discussed in [10], second order
Cauchy problems for block triangular generators are studied in [89], and special classes
of block operator matrices are treated in [1], see also the references in these works.

From the viewpoint of spectral theory different questions have been addressed, see
[111] for an overview, and works in this direction deal with the essential spectrum [13,14,
18,51-54], adjoints of block operator matrices [88], closedness and self-adjointness [102],
invertibility of block operator matrices [49], the quadratic numerical range [77], or the
operator Ricatti equation [70], where the given references are just samples and far from
being complete. In most cases 2 x 2-block operator matrices are discussed where 2 x 2-
matrices serve as an inspiration. For many applications this is sufficient, and some larger
block operator matrices can be treated iteratively by different 2 x 2-block decompositions.
However, also larger block structures such as 3 x 3- or general n x n-block operator
matrices have been studied as well, see [15] and also [111, Section 1.11], respectively.
Spectral problems for block operator matrices and corresponding sesquilinear forms are
discussed in many works, just to mention a few see [40,41,68-70,85,98,101] and also the
references therein.

We start by recapitulating some basic notions and facts in Section 2, and in the
subsequent Section 3 the setting for diagonally dominant block operator matrices is made
precise. The main results are contained in Sections 4—6 and applications are discussed in
Section 7.

2. Sectoriality, R-sectoriality and the bounded H °°-calculus
2.1. Notation
The solution theory of the abstract Cauchy problem

{atx@) +Ta(t) = f(t),  ¢>0, (2.1)
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for a linear unbounded operator T in a Banach space X over C is closely related to the
location of the spectrum of T and resolvent estimates in a sector of the complex plane
and its complement,

Sy € {zeC\{0}: |argz| <}, and 0, € C\T, fory e (0,7),

respectively, where we follow the notation in [50]. We will keep this notation through-
out this paper and denote by o(T) and p(T) the spectrum and the resolvent set of T,
respectively, where we always consider spaces over C. If real spaces are needed, these
can be obtained for the relevant examples by restriction. By D(T), R(T), and N(T) we
denote the domain, the range, and the kernel of an operator T', respectively. We denote
by 1 the identity map on X and also write to make it short A\ — T instead of A1 — T for
A eC.

In examples and applications we denote as usual for a domain O C R? by LP(O) for
p € [1,00] the Lebesgue spaces. For s > 0 and p € (1,00) we denote by H*P(R%) the
Bessel potential space and set

def

H*?(0) = {f € D'(0): F|o = f for some F € H*?(R%)},

Hyr(©0) LTy Y and  Ho(0) Y (HY (0))7 where L4 4 =1,

and where X* denotes the dual space of a Banach space X. For s € N we also use
the notation W*? = H*? WP = Hy?, and W1>°(O) denotes the space of Lipschitz-
continuous functions on O. In the case p = 2 we simply write H* = H*? for s € R. If not
indicated otherwise, all functions in these spaces are complex valued. For vector valued
function spaces we denote for a Banach space X by LP(QO; X) the usual Bochner spaces
and by H*P(O; X) the corresponding Bessel potential spaces. We identify LP(O)™ =
LP(O;C™) and H*P(O)™ = H*P(O;C™) for m € N, and correspondingly for other
functions spaces.

The real and imaginary part of a complex number A € C are denoted by R and S\,
respectively. By a < b for a,b € R we mean that there is a constant C > 0 independent
of a,b such that a < Cb, and by <~ we mean that < and 2 hold. Finally, we set a V b =
max{a,b} and a A b = min{a, b}.

2.2. Sectorial operators
We say that the operator
T:D(TYCX - X

with range R(T) C X is a sectorial operator on the Banach space X provided there exists
w € (0,7) such that
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o(T)CX,, DM =RT)=X, and sup [|AO)=T)"", <00, (2.2
(T) , D(T) =R(T) : E107|| ( ) e x) ;
xelbx,

and the infimum over all such w € (0,7) is called the angle of sectoriality w(T) of T. By
[50, Proposition 10.1.7(3)], such T is injective. The operator T is called pseudo-sectorial

if the assumption D(T") = R(T') = X in (2.2) is dropped, cf. e.g. [96, Definition 3.1.1]. If T’
is sectorial of angle smaller than 7/2, then —7T is the generator of an analytic semigroup.

2.8. Fractional powers and scales of sectorial operators

For a sectorial operator T on a Banach space X fractional powers T7 with domain
D(T7) C X for v € R can be defined, see e.g. [25, Section 2.2] and [43, Chapter 3]
for a basic construction and also [62-67] for a detailed study of fractional powers. One
can show that T is also injective on X, compare e.g. [74, Theorem 15.15]. Then, the
corresponding homogeneous space is defined by

D(T7) <

(D), |7 %)™ for 7 €R, (2.3)
where ~ denotes the completion. In [57] these spaces are denoted by X, 7 = X., = D(T").
One can check that (see [43, Lemma 6.3.2 a)])

D(T")=D(T")NX for~ >0, (2.4)
and in particular if 0 € p(T), then D(T) = D(T") for v > 0.

Following [57, Section 2] or [43, Subsection 6.3], let us recall that 7" uniquely induces
an operator on D(T") for all v € R. Indeed, it is easy to check that T7: D(T7) — R(T7)
extends to an isomorphism 77 : D(T7) — X the inverse of which (T:Y)_1 is an extension
of T=7: R(T") — D(T"). Note that in general (77)~! # (f\:"*) since these operators
might act on different spaces. For any v € R we define the operator TA, on D(T”) by

XoD(T) —X— X

FT l(’f’vrl
D(T7) 2 D(T,) —+ B(T")
that is

T, (TN TTY,  with domain  D(T,) = D(T7+) 0 D(T7). (2.5)

In particular, T7 is similar to T and therefore it has the same spectral properties as T'.

For future convenience, let us note that for all v € R and A € p(T) = p(T), one has
A=T,)"' = (T7)"Y(A\ = T)~'T7 and therefore

()\_T’Y)_1|D(T’Y)OX = ()‘_T)_1|D(T’Y)HX' (2.6)
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Extrapolation scales play an important role in the proofs in Sections 5 and 6, and they
have been used also in perturbation theory presented in [9,42,57,71].

2.4. R-boundedness and mazimal LP-regularity

A family ¢ C Z(E,F) is Rademacher- or R-bounded with R-bound R(_#) < oo if
for any sequence (&,,) of Rademacher variables, i.e., {41, —1}-valued independent random
variables on a probability space (2, o7, P) with mean zero, one has for all Ty, ..., T;, C 7
and z1,...,z, € FE that

E| YTt
n=1

where the expectation in (2,27, P) is denoted by E, cf. e.g. [50, Chapter 8]. In case
FZ ={Jx : X € A} for some index set A is R-bounded, we write R(Jy : A € A) < o0
instead of R({Jx : A € A}) < 0.

A sectorial operator T in X is called R-sectorial if for some o € (w(T'), w) the family

2
)
E

L <RUPE| Y e,
n=1

AN -=T)"': 2 eC%,}
is R-bounded. The angle of R-sectoriality of T is
wr(T) < inf {a e W(T),m): MA—T)"1: A e (S, is R—bounded},

compare e.g. [50, Definition 10.3.1].

An operator T in a Banach space X has maximal LP-regularity for p € (1,00) on [0, T)
with 7 € (0,00] if T is closed and densely defined and for f € LP(0,7; X), ug = 0 the
solution to the abstract Cauchy problem (2.1) is differentiable almost everywhere and
there exists a constant C, > 0 such that for all such f

10cull Lo 0,7:x) + 17Ul Lo (0,7:x) < Cpll fllLr(0,7:x),

cf. e.g. [74, Section 1.3]. Note that if T has maximal LP-regularity, then —T generates
an analytic semigroup, see [22]. In a UMD space X, a closed densely defined operator T
has maximal LP-regularity for p € (1,00) if and only if it is R-sectorial of angle smaller
than /2, compare [113, Theorem 4.2].

2.5. Bounded H* -calculus
For any ¢ € (0,2m), we denote by HF°(X,) the set of all holomorphic functions

[ : Xy — C such that |f(2)| < |2]¢/(1 + |2])72 for all z € £, and some € > 0. For a
sectorial operator T and all f € H(X,) where ¢ > w(T) the Dunford integral
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det 1
T omi

(1) / FO)O - T) L, (2.7)
ox

is absolutely convergence and independent of o € (w(T'), 1). We say that T" has a bounded
H>(Xy)-calculus for ¢ € (w(T), ) if there exists C' > 0 such that

IF(D)lzx) < Cllfla=(s,) forall feHg(3y),

where || f[| e (x,) def Sup.eyx, |f(2)|, and the H>-angle of T' is

whe (T) def inf{¢) € (w(T),n): T has a bounded H*(X,)-calculus},

compare e.g. [50, Definition 10.2.10]. Finally, we say that T has a bounded H®-calculus
provided T has a bounded H* (X, )-calculus for some o € (0, 7).
For an UMD space X, one has the inclusions

H®(X) C SMR(X) C S(X) and H®(X)C R(X)C S(X),

where H*®(X), SMR(X), R(X), and §(X) stand for the classes of operators in a UMD
space X having a bounded H°°-calculus, admitting stochastic maximal LP-regularity,
being R-sectorial and sectorial, respectively, compare e.g. [25, Equation (2.15) and The-
orem 4.5], [4,94] and [3, Section 6].

By holomorphy, one can check that if 7" has a bounded H°°-calculus, then the same
holds for p+T where p > 0. The following is a partial converse of the latter observation
which follows from [43, Corollary 5.5.5].

Proposition 2.1 (H*-calculus for shifted operators). Let T be a linear operator. Assume
that o+ T has a bounded H-calculus for some pg > 0. Suppose that p(T) 2 {0}U{z €
C : |argz| > o} for some 0 > wye (o +T). Then T has a bounded H*-calculus of
angle < o.

Proof. Let us begin by proving that T' is sectorial of angle w(T') < o. It is enough to
show that T is sectorial of angle w(T") < v where ¥ > ¢ is arbitrary. The sectoriality of
o + T implies that p(T) 2 —pug + 0y for all ¢ € [1h, wyee (o + T)). Fix such ¢ and
note that 0, \ (—uo + CXy) is compact and it is contained in {z € C : |argz| > o}.
Therefore p(T) 2 (X, and the estimate

sup [AA=T) " 2x) < o0
xelsy,

follows from the one of py + T using [50, Lemma 10.2.4]. Now, applying [43, Corollary
5.5.5] with A =T + po and B = —pyg, the statement follows. O
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3. Block operator matrices
3.1. Diagonal dominance

The standing assumption throughout this note is

Assumption 3.1 (Diagonal dominance). Let X1, Xo be Banach spaces, and

A: D(A)QX1—>X1, and D: D(D)§X2—>X2,
B:D(B)C Xy — Xy, and C:D(C)CX;— X

be linear operators with domains D(A), D(D), D(B), and D(C), respectively, where

(1) A: D(A) € X1 — X7 and D: D(D) C Xy — X5 are closed linear operators with
dense domains;

(2) D(D) C D(B), D(A) C D(C), and there exist ca,cp,L > 0 such that

10| x, < callAz||x, + Lljzllx, for all z € D(A),
I1Byllx, < epllDyllx, + Lllyllx, for ally € D(D).

With this assumption one sets

XX xX, and D(A) Y DA) xDD),

compare [111, Equation (2.2.3)], and

A:D(A)C X - X with Am o [é g] [;] for all [;]GD(A).

The operator A is called diagonally dominant if Assumption 3.1 holds. Here, compared
to [111, Definition 2.2.1], closedness of A and D is assumed for simplicity instead of
closability, see also [90, Assumption 2.2] for a similar definition including closedness of
A. For A diagonally dominant we also write A = D + B, where

det |A 0 def |0 B .
D= {0 D} and B = {C 0} with D(D) =D(B) =D(A). (3.1)
A diagonally dominant A is then obtained from the diagonal part D by the relatively
bounded perturbation B. In particular its domain is already determined by the diagonal
part D which determines the “degree of unboundedness” of A as formulated in [90,
Assumption 2.2 f.].
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Remark 3.2 (Boundedness of B(A — D)~ and C(A — A)~!). By Assumption 3.1
BA-=D)': X, = X, if Nep(D)+#o
is bounded, since for all y € Xo
IBA = D) yllx, < el D= D) yllx, + LI = D) Myllx,
< ep(1+ A = D)z Iyl x, + LI = D) Lz () Iyl x»

and analogously, if A € p(A4) # &, then C(A — A)~': X; — X, is bounded. If D is
injective with dense range, and if Assumption 3.1 holds with L = 0, then

IBD™y|lx, < epllyllx, forally e R(D),

and since R(D) C X, is dense, BD~! has a unique continuous extension in .#(X», X1),
and similarly for CA=! in Z(X71, X3) if A is injective with dense range.

3.2. A factorization of diagonally dominant operators
For A diagonally dominant and A € p(A4) N p(D) = p(D) # &, one sets
MN Y A= HA-D)L. (3.2)
The operators defined by

S1N) (A= A)—BA-D)"IC for A€ p(D),

SN E A=D)—C(A\—A)"'B for \e p(A),

are called Schur-complements of A, see e.g. [111, Definition 2.2.12], and they serve in the
theory of block operator matrices as a substitute to the determinant of 2 x 2-matrices.
Factoring out (A — A) and (A — D) respectively, one obtains the pair of operators

M\ 1-BOA-D)'C(A— A" for Xe p(A)np(D),

3.3

My(\) 1 —CA—A) ' B(A—=D)"! for e p(A)np(D). &
These are the main building blocks in the following factorization, where M;j(\) and
M5(\) encode the interaction of the different blocks of A. These operators have been
introduced in the context of the spectral theory of block operator matrices, see [90,
Lemma 2.1] for the case of bounded block operator matrices, [91, Theorem 2.4] for the
unbounded diagonally dominant triangular case, and also e.g. [111, Proposition 2.3.4 ff.]
for the general diagonally dominant case.
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Proposition 3.3 (Factorization of diagonally dominant A). Let Assumption 3.1 be satis-
fied, and let X € p(A) N p(D) # @. Then the following hold:

(a) One has

A—A=MNAN-D) and M) = _C(A{A)_l —B()\;D)ﬁ

(b) The operators M1(X), Ma(N), and M(X) are bounded on X1, X2, and X, respectively.
(¢) The following are equivalent:

(1) A e p(A);

(2) M(X) is boundedly invertible;
(3) My()) is boundedly invertible;
(4) Msy()) is boundedly invertible.

(d) If one of the previous conditions in (c) is satisfied, then
A=A =A-D) M\

where M(X)™! has the block matriz representations

R S VGV Mi(N)~'B(A — D)™

M) = | Ma(A)~1C(A — A)~! My(N)~! }
_[1 BO\= D)\ My(N)! 1 0
= 1o Mp(\)~! } [C(AA)l 1]
- My(N)? 0] 1 B(\- D)~
T e AT () 1] {0 ! }

Proof of Proposition 3.3. The factorization and the block representation in (a) can be
verified in a straightforward way on D(A) = D(D) using the block representations of
A—Aand (A\—D)" L

To prove (b), note that by Remark 3.2 the operators M;(A) and M>(\) are bounded
if A is diagonally dominant. Similarly, using the block matrix representation in (a) of
M(N) it follows that M(A) is bounded.

The statement of (c) is essentially given in [111, Corollary 2.3.5], see also [90, Lemma
2.1] for the case of bounded operators and [91, Theorem 2.4] for block triangular operator
matrices. For the sake of completeness the proof is given here. The implication (c1)=-(c2)
follows since for A € p(A) N p(D), (a) implies that M () is invertible and

MM P=A=-D)A-A)! (3.4)

is bounded. Note that by a row reduction one obtains the following factorizations
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Mo =_ep a3 5 P
(3.5)
[% —B(A]ID)*] [_c?fl%l g]

From (3.5) one sees also that (c2), (¢3) and (c4) are equivalent. From (a) it follows that
if one of the conditions (¢2), (¢3) or (c4) holds for A € p(D), then A — A is boundedly
invertible and hence A € p(A).

Part (d) follows from (a) and the representation (3.5). O

3.83. Comparison to further factorizations

In [31] also the operators

N1 (A= A)B(A-D)'C for Xe p(A)np(D),

NoN) €1 (A=D)'C(A— A)'B for A€ p(A)Np(D)
have been introduced by Engel which give rise to a factorization of the type

A—A=(A—DN(), where N(\)=(\—D)1(\— A,

and its inverse can be represented in terms of Ny(\) and Na(X). Both factorizations are
equivalent for the setting discussed here, since for A € p(A) N p(D)

Mi(A) = (A= AN (M)A =A™ and Mp(A) = (A= D)N2(M)(A = D)~

A technical advantage of the factorization A — A = M(AX)(A —D) used here is that M(\)
is a bounded operator in X.

Furthermore, the Frobenius-Schur factorization is a classical factorization for block
operator matrices. Under the general assumptions D(A) C D(C), p(A) # &, and that,
for some (and hence for all) A € p(A), the operator (A — A)~!B is bounded on D(B),
one has — assuming here for simplicity that A is closed — that

A-A= [C(A—RA)—1 ﬂ [A?)A 52(()»] [% W},

compare [111, Theorem 2.2.14]. If A is diagonally dominant, then D(S2()\)) = D(D) for
A € p(A), cf. [111, Rem. 2.2.13]. Analogous statements hold for S;(A). For A satisfying
Assumption 3.1, A € p(D), and S;(\) closed for j € {1,2}, one has that bounded
invertibility of M;(X) and S;()) are equivalent. On the one hand, if for instance M;(\)
is boundedly invertible, then S;(\)~! = (A—A)~1M; ()~ is bijective and bounded. On
the other hand, if S1(\) is boundedly invertible, then Mj(A\) = S;(\)(A — A)~t is closed
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and bijective, and hence boundedly invertible. The analogous argument applies to the
case j = 2.

The factorization in Subsection 3.2 is valid only for diagonally dominant operators
with non-empty resolvent set, whereas the Frobenius-Schur decomposition applies to
a general class of block operator matrices. The Frobenius-Schur decomposition needs
the assumption that (A — A)~!B is bounded on D(B), and this is quite restrictive for
the purpose of the analysis presented below, and it does not hold automatically for
diagonally dominant operators as discussed in the following Example 3.4. The condition
that (A\—A)~1B is bounded on D(B) is related to the orders of A, D and B. Heuristically,
since B(A — D)~! is bounded for A diagonally dominant the order of B is at most the
order of D, and similarly, that (A — A)~!B is bounded implies that the order of B is at
most the order of A.

Example 3.4 (The condition on (A — A)™'B). In LP(RY) x LP(R?) for p € (1,00)

.Aa = |:_OA E:ﬁgz:| with D(Aa) — H2,p(Rd) % H2O‘7p(Rd)’ 00

is diagonally dominant for all & > 0, but for a > 1
A=A B=A+A)"(-A)% Aep(=A)=C\[0,00)

does not extend to a bounded operator on LP(R). Nevertheless in this situation the
factorization given in Subsection 3.2 applies.

4. Sectoriality and R-sectoriality for block operator matrices

In this section we present our main results concerning the sectoriality and R-
sectoriality of block operator matrices. Further perturbation results for block operators
with smallness conditions are given in Subsection 4.1. The proofs of Theorem 4.1, Corol-
lary 4.4, and Proposition 4.5 will be given in Subsection 4.2 below.

Theorem 4.1 (Characterization of sectoriality and R-sectoriality). Suppose that Assump-
tion 3.1 with L = 0 holds and that

IDx||lx S| Azllx  for all x € D(D) = D(A). (4.1)

(a) If A and D are sectorial operators, then for each 1 € [w(A)V w(D), ) the following
are equivalent:

(1) A is sectorial of angle 1);
(2) R(A) = X, and for all ¢ > 1 and for one j € {1,2}

M;(N) "t e L(X;) for all A € CXy, and sup{||M;(N\)7|: A € [E,} < oo
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(b) If A and D are R-sectorial operators, then for each ¢ € [wr(A) V wr(D),n) the
following are equivalent:

(1) A is R-sectorial of angle ;
(2) R(A) = X, and for all ¢ > 1 and for one j € {1,2}

M;(\)~' € Z(X;) for all X € 02y, and R(M;(\)~': X € 0Zy) < oo.
(c) Finally, if X is reflexive, then the condition R(A) = X in (a2) and (b2) can be

removed.

Remark 4.2 (Optimality of the angle). If C = B = 0, then A = D and therefore (in
general) the inequalities w(A) > w(A) Vw(D) = w(D) and wr(A) > wr(A) Vwr(D) =
wr (D) cannot be improved.

Remark 4.3 (Closedness of A). The closedness of A does not follow from Assumption 3.1.
In fact, it can be characterized by the Schur complements, cf. [111, Theorem 2.2.14], and
there seems to be no such characterization by the operators M (-) and Mas(-) besides that
A is closed if one of the conditions in Proposition 3.3 (c) holds. However, (4.1) together
with Assumption 3.1 implies that

Az x + [[z]lx = [|Dz||x + [lz]lx for all z € D(A) = D(D),
and hence together with the closedness of D, the closedness of A follows. In particular
Proposition 4.5 below implies already the closedness of A. For further conditions ensuring

the closedness of A see also [111, Theorem 2.2.8].

Corollary 4.4 (Characterization of sectoriality and R-sectoriality for invertible D). Let
Assumption 3.1 be satisfied, and assume that A and D are boundedly invertible.

(a) If A and D are sectorial operators, then for each i € [w(A)V w(D), ) the following
are equivalent:

(1) A is an invertible sectorial operator of angle 1;
(2) For all ¢ > ¢ and for one j € {1,2}

M;(N) "t e L(X;) for all A € CX4 U {0}, and sup{||M;(\)'||: A € (54} < o0.

(b) If A and D are R-sectorial operators, then for each ¢ € [wr(A) V wr(D),n) the
following are equivalent:

(1) A is an invertible R-sectorial operator of angle 1;
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(2) For all ¢ > 1 and for one j € {1,2}
M;(\) 7t e Z(X;) for all A € 0, U {0}, and R(M;(\)~": X € [5y) < oo.

Paraphrasing the above results one has that sectoriality and R-sectoriality for angle
larger than w(A)Vw(D) and wr(A) Vwr (D), respectively, of a block operator matrix A
is solely determined by one of the bounded operators M; () in X; for j € {1,2} defined
n (3.3), and by (3.5) one sees that if the condition holds for one of the operators M;(\),
j € {1,2}, then it also holds for the other.

In the study of long-time behavior of solutions to nonlinear partial differential equa-
tions, see e.g. [96, Section 5.3|, the assumption 0 € p(A) N p(D) in Corollary 4.4 is too
restrictive, though it simplifies the formulation of the statement considerably, and in fact
it would exclude even cases such as the Laplace operator on R%. To avoid this limitation,
we assumed in Theorem 4.1 instead condition (4.1). Next, we give sufficient conditions
for (4.1) to hold.

Proposition 4.5 (Criteria for condition (4.1)). Let Assumption 3.1 be satisfied with L = 0,
and assume that R(A) = X7 and R(D) = Xa. Then set

GYCATe 2(X1,Xs) and HYBDT e 2(Xs, X1), (4.2)

and if one of the operators
1-HG and 1-GH

is boundedly invertible, then (4.1) holds. In particular, (4.1) holds if for e > 0

sup{||B(t+ D) *C(t + A)7|: t € (0,6)} < 1, or

sup{||C(t + A)"'B(t+ D)~'||: t € (0,2)} < 1.
Remark 4.6 (Density of R(A)). By (4.2) the operator M(0) L AD-1 extends to a
bounded linear operator on X, and a factorization analogous to the one in Proposi-
tion 3.3 (d) holds also for A = 0. Then the condition that one of the operators 1 — HG
and 1 — GH is boundedly invertible implies that M(0) is boundedly invertible. Thus
R(A) = R(M(0)D) and R(A) = X in case R(D) =

s

The next proposition can be seen as a variation of [96, Theorem 4.4.4] and [113,
Theorem 4.2] where R-bounds on the relevant operators appear only on subsets

0y {re®:r>0}U{re ™. r>0} cCx, CC for < (0,7)and ¢ € (0,0).
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Proposition 4.7. Let Assumption 3.1 be satisfied and A, D be R-sectorial. Fix 6 €
(wr(A) V wr(D),n), and a € (1,00). Assume that for one j € {1,2} and for each
X € B9, M;(N) is boundedly invertible, and

sup [|M;(A) 7|2 (x,) < oo (4.3)
Aelx,

Then there exists £ € (wr(A) Vwr(D),0) for which the following hold.

(1) M;(N) is invertible for all A € U3¢ and SUD\ 05 [ M;(N) "l (x,) < 0.
(2) R(M;(\)~1: X e C3¢) < oo provided

sup R(M;(a"*\) ™' k € Z) < o0. (4.4)
AELy

Note that if (4.4) holds for one j € {1,2}, (4.1) holds, and R(A) = X, then Theo-
rem 4.1 and Proposition 4.7 ensure that 4 is R-sectorial of angle < 6. Here the condition
R(A) = X is redundant if X is reflexive, and if 0 € p(A) then one can also remove the
condition (4.1). In applications one typically checks the stronger condition

R(M;(A\) ' A€ ly) <

instead of (4.4). Thus to prove R-sectoriality of A one needs to show R-bounds on ¢y
instead of the much larger set [Xy. In applications to parabolic problems, the choice
¢ = 3 is particularly handy.
Proof of Proposition 4.7. Fix j € {1,2}. Up to the choice of a smaller &, (2) follows from
(1) and [50, Proposition 8.5.8(2)] applies (up to a rotation) to the holomorphic function
Mj_1 : 03¢ — Z(X;). Therefore, it remains to prove (1).

Let ¢ € (6, 7). Due to our assumptions and (4.3), it remains to show that there exists
¢ > 0 independent of ¢ such that M;(\) is invertible for all

A€ Ly(e), where Ly(e) € {z € C\ {0} : |arg(z) — ¥| < &}.

To prove the above claim, we employ a Neumann series argument. To this end, let
0 € (0,9 —wr(A) Vwr(D)). Note that the rotation map

Us: Ly(0) = Zs U (=%5), A e ™

is a bi-holomorphism. Below we prove the claim for L.,(6) replaced by Li(é) =
W51 (£35), the general case follows similarly. For notational convenience, we let M7 (\) =
1—T,-isy on Lj;(&) where

Ty: %5 — %5 with Ty € B\ — D) 1C(Ne' — A)~L.
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Next we prove that 1 — T} is invertible for all A € X5, where ¢ > 0 is independent of .
Fix A € 35 and let t = RA. Let ¢y be the supremum in (4.3). If

1Ty = Tallzcx,) < ¢ (4.5)
then we can write

(1-T) =1 -T) '@+ @ - T) T - 1)

=(1-Ty)"" ) (D - T) H(T - )",
k>0

To check (4.5), one can argue as follows. By the assumption in (4.3) one has ||(1 —
T,\)_le(Xl) < ¢y and, for each \, u € 0%,

BA=D)'CA-A)'-B(u—-D)'Cu—A)~!
=BA-D)'C[A=A) " = (= A) 7] = B[(A-D)"' = (u—D)7'|C(p— A7
_A-n

B D)0 = ) = 4) 7]

— BO\= D) [ulu— D)0 - 4)7].

where we used the resolvent identity. Applying the previous with g = ¢t and using secto-

riality of A and D as well as Assumption 3.1 for L = 0 one gets ||T; —Tx|| #(x,) < Klt;—Al

where K depends only on the sectoriality constants of A, D on [Xy. Since @ < tan(2¢),
1

(4.5) follows by choosing o 5 arcsin($2) which is independent of ¥. O

4.1. Perturbative type results for block operators

In this subsection, as a consequence of Theorem 4.1 and Corollary 4.4, employing per-
turbative arguments we show sectoriality and R-sectoriality of block operator matrices
if the coupling is small, this holds in particular if C' is small enough, while B can be
large. Therefore, this goes beyond the standard perturbation theory.

Proposition 4.8 (Sectoriality and R-sectoriality for small couplings). Let Assumption 3.1
be satisfied with L = 0.

(a) Let A, D be sectorial operators, 1 € (w(A) Vw(D), ), and assume that

sup{||[BAA— D) 'CA—A)H: A e C\ Ty} <1 or
sup{[[C(A—A)"'BA=D) H: A e C\ 4} < 1.

Then A is sectorial on X of angle w(A) < 1.
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(b) Let A, D be R-sectorial operator, ) € (wr(A)Vwr(D),n), and

R(BOA—D)'C(A—A)"":AeC\%y)<1or
R(CA—A)'BA-D) ' aeC\%y) <1

Then A is R-sectorial on X of angle wr(A) < 1.

Proof. To prove the claim in (b) we check the condition in Theorem 4.1 (b2). First note
that by Proposition 4.5 condition (4.1) holds and by Remark 4.6 R(A) C X is dense.
We provide the required estimate for M;(+), the one for M(-) being similar. Having

R(BA—=D)'C(A— At eC\%y) <1, (4.6)
by a Neumann series argument one obtains that

Mi(N)T' =) [BA-D)T'C(A =AY forall A€ C\ 3y,

n>0

where the series converges absolutely in .2 (X7). The previous expression implies

ROM(N)7': A€ C\ ) < 3 [RIBO- D)7 — 4) " Ae €\ Zd’)r < o0,

n>0

where in the last inequality we have used (4.6). The claim in (a) follows analogously
replacing R-bounds by norm-bounds. O

As usual, the condition L = 0 in Proposition 4.8 can be removed up to a shift. For a
sectorial operator T on a Banach space X we set

NS(T) L sup{|ITA - T) 7 : AeCSy} for ¢ > w(T),
and for an R-sectorial operator T’
NRT) ER(TA-T)": AelEy) for ¢ > wr(T). (4.7)

Corollary 4.9 (Sectoriality and R-sectoriality for small C). Let Assumption 3.1 be sat-
isfied, and let ca and cp be the relative bounds in Assumption 3.1.

(a) If A and D are sectorial, then for any ¢ € (w(A)V w(D), ) there are
EQ(CD,Nf(A),Ng(D)) >0 and VO(CD,Nf(A),Nf(D),L) >0

such that if v > vy and ca < gg, then v+ A is sectorial on X of angle < .
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(b) If A and D are R-sectorial, then for any ¢ € (wg(A) Vwr (D), ) there are
60(cD,Nf(A),N$(D)) >0 and yo(cD,/\C’f(A),Nf(D),L) >0
such that if v > vy and cq4 < g, then v+ A is R-sectorial on X of angle < .

In particular, if C € £ (D(AY), Xa) for some v € (0,1), then there are eg > 0 and vy > 0
such that in the situations of (a) and (b) the conditions on ca are satisfied.

Remark 4.10. Let us stress that g does not depend on L > 0 which will become clear
from (4.11) below. The conditions in Proposition 4.8 (a) and (b) hold provided that

1 1
4 < cDNf(A)Nf(D) and ¢y < cDNf(A)NJf(D)’

C

(4.8)

respectively, that is if L = 0, then v = 0, and the above estimates give lower bounds on &¢.
However, the more general assumptions in Proposition 4.8 as compared to Corollary 4.9
are useful as well. For instance consider a diagonally dominant block operator A on
X = X1 XX2 with X2 = X21 XX22, B121 D(DQQ) - X22 — X1 and 0212 D(A) - X1 — X21
of the form

A | 0 Bio
A B
A= Cy | D11 0 = {C’ D}
0 0 Doy
Then ¢4 can be larger than g, but for A € p(D)
_ _ A— D)7t 0 C _
B\~ D)'C(A— A" =[0 Bu] {( 011) (A—D22)—1] [ 51] (A — App)~!

=0.

Proof of Corollary 4.9. The idea is to apply Proposition 4.8 by checking the condition
(4.8) with A and D replaced by v + A and v 4+ D. Let us begin by noticing that, for all
v >0,

Ni(w+A) <Nj(A) and  Nj(v+ D) <Nj(D), *¢€{S,R}, (4.9)
and by Assumption 3.1 for all y € X,
IB(v+ D) Yyllx, < CplD(v + D) 'yllx, + LIl(v + D) 'yllx, -

In particular, for all v > 0 and x € D(D), there is a y € X5 with x = (v + D)~ !y and
hence

1Ballx, < (CoND) + (1+ NGD) ) (v + Dy, (4.10)
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Next, set

v dfcl’;g<1+N‘*(D)>’

and note that the constant on the right hand side of (4.10) is less than 2CpN (D)
provided v > . Analogously, for all v > 0 and = € D(A),

Cwllx, < (ENGD(A) + (14 MA) 2 ) v+ A,

By (4.9), (4.10) and Proposition 4.8, the claim follows provided vy > v, and g9 > 0
satisfy

) L 1 def
o (A) + (1 +N¢(A))y_0 < 2Cp N (DN (AN (D) A,

and a possible choice is given by

g = %, and vy =1V (%(1 +N$(A))> (4.11)

It remains to prove the last statement. Thus, we assume that C € Z(D(A7), X3) for

some vy € (0,1). Under this assumption by the Young and moment inequality (see e.g.
[96, Theorem 3.3.5]) for any € > 0 there is an C. , > 0 such that

1Cz|x, <el|Az|[x, + Ceyllzlx, forall z € D(A),
and in particular there exists g > 0 such that cp < eg. O
4.2. Proofs of Theorem 4.1, Corollary j./, and Proposition 4.5
Proof of Theorem 4.1. For part (b), let ¢ € (wr(4) Vwr(D), ) be fixed.
(b1)=(h2): Fix ¢ > 1. Since ¢ > wr(A) V wgr (D), we have p(4) N p(D) D 0.
By Proposition 3.3 and our assumptions, we have that the representations in Proposi-
tion 3.3(d) hold for all A € CX4. We claim that

RMN) 1A elyy) < o (4.12)

where M() is defined in (3.2). Note that (4.12) is in fact stronger than (b2).
Next we prove (4.12). Note that by (3.2)

M)t =A=D)A—- A" forall X € (S, (4.13)
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Recall that D is injective since A, D (and thus D) are sectorial operators. By (4.1) and
D(D) = D(A), it follows that A is injective as well. In particular, A= : R(4) — D(A) is
well-defined and |DA™ z||x < ||z||x for all € R(A). By R(A) = X we infer

DATY K e #(X) and D= KAonD(A).
Combining the latter with (4.13),
MAN)P=AA - A - KAN - A forall A € (5,.

By (bl) and the previous identity, we get (4.12), and by Proposition 3.3 (d) the claim
follows, where one uses that for A\g € p(A4) N p(D)

R(CA—A)"': A elSy) < [Cho—A)THR((Ao — A)(A—A) " XA elEy) < o,
R(B(A=D)"': X elSy) < |B(Ao— D) HR((Ao —D)(A— D) ': A e[Ey) < .

(b2)=>(b1): Let ¢ > 1. Note that p(D) D (¥, and one has the representations in
Proposition 3.3 (d). Due to the R-sectoriality of A, D and the choice of ¢, it remains to
prove that R(M(A)~1: X € (Z,) < co. By (b2), the latter holds provided

R(BA—=D)':xel¥y) <o and R(C(A—A)': AelE,) < cc.

Again, these bounds follow from the R-sectoriality of A and D, the choice of ¢ and
Assumption 3.1 with L = 0.

Part (a) follows analogously, replacing R-bounds by norm-bounds.

Proof of part (c): If X is reflexive, then X = N(T") @ R(T), for any (pseudo-) sectorial
operator T (see [50, Proposition 10.1.9]). Reasoning as in the implication (b1l)=-(b2),

(4.1) yields N(A) = {0} and therefore R(A) = X. O

Proof of Corollary 4.4. The claim follows by Theorem 4.1, noticing that if 0 € p(A)
then (4.1) follows from D(A) = D(D) and that Assumption 3.1 with L = 0 holds since
0ep(A)npD). O

Proof of Proposition 4.5. This proof resembles the one of Proposition 3.3. The operators
H and G are well-defined and bounded by Remark 3.2. By (4.2), we have

A=M(0)D, where M(0)= [é ﬂ (4.14)

as in Remark 4.6. To fix the idea, we assume that 1 — HG is invertible. Reasoning as in

the proof of Proposition 3.3, one can check that M(0) is invertible with inverse given by

-1 1-HG)™' o]|1 -H
MO = —(G(]l—H)G)_l 11] [0 1 }EX(X)‘
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Thus (4.14) gives D = W_lfl and therefore ||Dz|x < Hw_lng(x)HAxHx for
x € D(D), as desired.

It remains to prove the last assertion, where it suffices to show in the first case that
sup{[|B(t+D) 'C(t+A)~||: t € (0,e)} < 1 implies ||HG|| #(x,) < 1. This follows since
forallz € X

13%1 Bt+D)'Ct+A) e = 13%1 HD(t+ D) 'GA(t+ A) 'z = HGx
by [50, Proposition 10.1.7 (2)], and the other case follows similarly. O
5. H°°-calculus for block operator matrices

In this section we give some sufficient condition to check the boundedness of the
H®°-calculus for block operator matrices A. These results will be formulated using

Assumption 5.1. Let Assumption 3.1 be satisfied. Suppose that A and D are sectorial
operators.

(+) We say that Assumption 5.1(4) holds if there exists 6 € (0,1) such that

C(D(A) CD(D%) and  ||D°Cz|x, S ||AYox|x, for all x € D(AM?),
) CD(A’) and  [|A’By|x, SIDyllx, for ally € D(D'F).

(=) We say that Assumption 5.1(—) holds if there exists 6 € (0,1) such that

(D‘S) and ||D7(SCJJ||X2 < ||Al*‘sac\|x1 for all x € D(A),

R
R(A%) and || A7Byllx, <|D'yllx, forally e D(D).
Remark 5.2. If 0 € p(A), then R(A%) = X; for § > 0. Thus the condition R(B) C R(A?%)
in Assumption 5.1(—) becomes redundant in this case. A similar consideration holds for
R(C) CR(D?) if 0 € p(D).

Having in mind applications to differential operators, Assumption 3.1 implies a rela-
tion between the orders of C' and A, and the orders of B and D. Assumptions 5.1(%)
now impose additional relations between the orders of C'; D and A, and the orders of B,
A and D. This is illustrated by the following

Example 5.3. Consider in LP(R%) x LP(R?) for p € (1,00) the operator

“A+1 —(—A+1)°

Ac=|_A41 (—A+1)

with D(A,) = H*P(RY) x H**P(R?), a > 0.
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It is easy to see that A, is diagonally dominant and satisfies Assumption 3.1 for all & > 0.
However, in the case (+), using that D(AY) = H?>"?(R%) and D(D") = H?*7?(R?) for
720,

C(D(A1%)) = H?>?P(R?) C D(D?) = H?***P(R?) only if v > 1,
B(D(D'*9)) = H?*%?(R%) C D(4%) = H*P(RY) only if a < 1,

and hence the inclusions Assumption 5.1(+) holds only for & = 1. The same argument
also proves that Assumption 5.1(—) holds only for o = 1. Hence, Assumption 5.1 requires
that A and D have the same orders.

We begin by providing a sufficient condition for the boundedness of the H°°-calculus
of A. For the notion of the type of a space we refer to [50, Chapter 7] recapped here in
the Appendix A. In particular LP-spaces with p € (1, 00) and their closed subspaces have
non-trivial type. Note that spaces of non-trivial type are exactly the K-convex spaces by
Pisier’s theorem, see e.g. [50, Theorem 7.4.23] and also [50, Section 7.4] for the definition
and properties of K-convex spaces.

Theorem 5.4 (Boundedness of the H* -calculus for R-sectorial A). Suppose that X1 and
Xy are reflexive Banach spaces with non-trivial type. Let Assumption 3.1 with L = 0,
estimate (4.1), and Assumption 5.1 (+) and (=) be satisfied. Then the following impli-
cation holds:

If A and D have a bounded H™-calculus of angle wre(A) and wg (D), respectively,
and A is R-sectorial on X with angle wr(A), then A has a bounded H-calculus of
angle wi(A) = wr(A).

Proof. This follows directly from the more general transference result Theorem A.1 —
given in the appendix — applied with T = D and S = A, where the assumption (A.2)
translates into the Assumptions 5.1(£). O

Having only one of the two Assumptions 5.1 (+) and (—), one can still prove the
boundedness of the H-calculus, where as in Proposition 4.8, we only require the cou-
pling to be small. The proofs of Theorem 5.5 and Theorem 5.6 will be given in Subsection
5.2 below.

Theorem 5.5 (Boundedness of the H*®-calculus for small couplings). Let Assumption 3.1
be satisfied with L = 0, and assume that Assumption 5.1 (+) or Assumption 5.1 (—)
holds. Let A and D have a bounded H*®-calculus and fix 1 € (whe(A) V whee (D), ).
Assume that X1 or Xs has non-trivial type and

R Y RBON=D)LC(A—A) A elyy) < 1/Ky, or 65)
F RO - A) B - D) A€ 0y < 1/Kx,, '



A. Agresti, A. Hussein / Journal of Functional Analysis 285 (2023) 110146 27

receptively, where Kx, are the K-convezity constants of X; for j € {1,2}, then A has a
bounded H*-calculus on X of angle wyo(A) < 1.

The geometric conditions on X, X5 can be avoided assuming a particular smallness
condition on C' which allows one to interpolate pairs of operators rather than R-bounded
sets. Recall that /\/;1Z is defined in (4.7).

Theorem 5.6 (Boundedness of the H*-calculus in space of trivial type and small C).
Let Assumption 3.1 be satisfied with L = 0. Assume that A and D have a bounded H-
calculus and that Assumption 5.1(—) or Assumption 5.1(+) holds. Fiz ¢ € (wge(A) V
wree (D), ). If for ca and cp, the relative bounds in Assumption 3.1, one has

1
AT CONF(ANF(D)'

c (5.2)

then A has a bounded H*-calculus on X of angle wy(A) < 1.

Again, arguing as in the proof of Corollary 4.9, we may allow lower order terms at
the expense of a shifting. Note that Corollary 5.7 goes beyond the well-known lower
order perturbation theorems for the H*-calculus, cf. e.g. [8, Theorem 2.4]. The results
presented in this section admit even perturbations of the same order, and even if C is
of lower order B can be of the same order as A and D. General perturbations of the
same order under additional assumptions on mapping properties in domains of fractional
powers of the unperturbed operator are discussed in [24, Theorem 3.2] and [57, Section 5].

Corollary 5.7 (Boundedness of the H*®-calculus of A for small C). Let Assumption 3.1
be satisfied, and assume that Assumption 5.1 (4+) or Assumption 5.1 (=) holds. If A and
D have a bounded H-calculus, then for any ¢ € (wpe(A) V wpge (D), ) there exist

€o = 60(CD,./\/'¢(A),N¢(D)) >0 and vy= VO(CD,Nw(A),Nw(D),L) >0

such that if ca < €g and v > vy, then v + A has a bounded H-calculus on X of angle
wres (A) < 1. In particular, if C € ZL(D(AY), X3) for some v € (0,1), then there exists
€o > 0 and vy > 0 such that the conditions on ca are satisfied.

Remark 5.8 (Assumptions 5.1(%) are sufficient but not necessary). On the one hand,
the Assumptions 5.1(+) cannot be avoided in general even for the triangular case with
C = 0. A counterexample for the triangular case is constructed by McIntosh and Yagi in
the proof of [86, Theorem 3|. On the other hand, there are block operator matrices with
bounded H°-calculus which violate both Assumptions 5.1(=%). Considering for instance
a diagonally dominant A with A = 1, then this already implies that C is bounded.
Now, in Assumptions 5.1(+) the inclusion C'(D(A'*?)) C D(D?) would be violated for C
surjective and D unbounded. In (—) the estimate |4~ Byl x, < [[D*%y||x, would fail
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if B is of the order of D. So, considering for instance in LP(R%) x LP(R?) for p € (1, 00)
the operator

+1 A .
A, = {“ 1 u- A} with D(A,) = LP(R?) x H*P(RY), u >0,
then this is diagonally dominant, but it violates both Assumptions 5.1(+). Nevertheless,
it is shown in Corollary 7.2 below, that A, has a bounded H*°-calculus for p > 0
sufficiently large.

5.1. Fractional powers

One of the advantages of the H°-calculus is that it implies the boundedness of imagi-
nary powers (BIP) and therefore allows for a complete description of D(.A?) for § € (0, 1),
cf. e.g. [25, Sections 2.3 and 2.4]. The description of the fractional powers of negative
orders is more delicate (although sometimes useful in applications to nonlinear (stochas-
tic) partial differential equations, see e.g. [5]). For further results in this direction we
refer to Proposition 5.14 and Theorem 6.9 below.

Proposition 5.9 (Fractional powers of A and D). Let Assumption 3.1 be satisfied. Suppose
that A and D have a bounded H*-calculus and that (4.1) holds. Then for all 6 € (0,1)

D(A%) =D(D?) and ||D’z|x = ||A%z|x for all x € D(D?).
In particular D(A?) = D(D?) for all 6 € (0,1).
Proof. Since A has a bounded H>-calculus and D(D) = D(A), we have D(A?) = D(D?)
and D(A?) = D(D?) for all 6 € [0, 1], compare [57, Proposition 2.2]. Here, in the second

identification we have also used that (4.1) holds. The remaining estimate follows from
these identifications and the definition of these spaces in (2.3). O

5.2. Proofs of Theorem 5.5 and Theorem 5.6

We begin by proving the following key lemma.
Lemma 5.10. Assume that operators S and T have a bounded H-calculus on Banach
spaces E and F, respectively. Fixz 0 > wpo(S)Vwhe(T) and let J : C\ X, = 7 be a

strongly continuous map where # C £ (E, F) is assumed to be an R-bounded set. Then,
for each f € HF*(3,),

| [rovra-ntgms o=t a, SR axe),
I

where § € (0,1) and T' = 0%y with 6 € (wy(S) Vwg=(T),0).
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The proof of Lemma 5.10 is based on standard randomization techniques, see e.g. [96,
Theorem 4.5.6]. For the reader’s convenience, we provide some details.
Proof. Set I+ %' {re*® .y >0}, then T' =T UT~, and we prove the claimed estimate
for T replaced by I'T, the one for I'~ follows similarly. For notational convenience, we

set Tr(\) < F(A)T(N). Note that

/ FOVT A =T)LT7(N)ST (A= 8)~LdA
T+

N_1 2J+1
= I%[l%n / T°(re — T) ' Tp(re’®)S* 0 (re? — )~ dr
—
2j+1

“in X [ G- e ()T @)Y e

2 N-1
[ X () () e (m) () T
/=
2 N-1 » _ a
= Im / hs(2UT) Ty (02 )y 5(2015)
/,

where h,(z) = 2°(e?’ — z)71. We estimate the operators appearing in the above integral
by standard randomization techniques. To this end, let us note that, by the contraction
principle (see e.g. [50, Theorem 6.1.13 (ii)]),

R(T¢(re’) 11> 0) < 5| fllar= (2, R(F)- (5-4)

Since each S and T has a bounded H*>-calculus and h,(z) = 2°(e? — 2z)~1 defines a
function in H§®(X,) forall p € (0,1) and 0’ € (wge (S)Vwg=(T),0), by [50, Proposition
10.2.20 and Lemma 10.3.8(1)] there exists a constant C' such that for all finite collections
of scalars (ak)rez, (Bk)rez such that |agl, |G| < 1,

wp (| X e, 4| X o], )z 6o

Here C is a constant independent of ¢ and N (see also below Definition 10.2.12 and
Proposition H.2.3 in [50]). Let (¢;);cz be a Rademacher sequence, see Subsection 2.4.
Then, for any x € F and y* € F* we have
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2

—1
(", hs(2T4T) T5 (€027 hy_5(24S) ) ]

1

j=—N

2

_ (hs(2T*)y", jf(eiGth)hl_(;(thS)@’

j=—N

0 N— N—1 _

ol <Z 5@y, Y Enjf(ew2"t)h1_5(2"t5)x>‘
j=—N n=—N

N—-1

3 Ejjf(ei92jt)h1_5(2jt5)x‘
j=—N

IN

L2(Q;F*) L2(;E)

| S ha Ty
j=—N

(i)
< EC?| f ez ROy | -2l 5,

where in (i) we used Eleje,] = 0.1, here 0, denotes Kronecker’s delta, and in (i) the

Equations (5.4) and (5.5). Hence,

| X m@mge2nn s@s)|, <35I xRS
j=—N

Combining the latter with (5.3), one gets the desired estimate. O

Proof of Theorem 5.5 in case that Assumption 5.1(—) holds. Let us begin by collect-
ing some useful facts. By Proposition 4.8, A is R-sectorial of angle < . Fix ¢ €
(wgre (A),%). Then, by Theorem 4.1, for all |arg A\| > wr (A) the resolvent (A — .A)~*
given by the factorization in Proposition 3.3 (d) with M;(A) and Ms(\) as in (3.3).

Next we look at the functional calculus. Fix f € HG®(X,). Consider w.l.o.g. the case
where X has non-trivial type and ¢¥ < 1/Kx,, then one has to estimate

| [rove-aranea, (5.6)

| [0 - Dy teo- ey, (5.7

I % / SOV = A) M () B(A - D)

L(X2,X1)

Iy /f()\)(A C D)4 O — A M (N B - D) d)\Hg(X2) (5.9)

by S || fllz~(=,), where the implicit constants depend only on the R-bound e in (5.1)
and the constants of the H*-calculus of A, D. We split the proof into three steps.
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Step 1: Assumption 5.1(—) implies that C' and B extend uniquely to bounded linear
operators

Cs € Z(D(A'79),D(D7%) and Bj; € L(D(D'7°),D(A7°)).

Reasoning as in the proof of Proposition 5.9, by complex interpolation one has for all
n € [0, ] that C' and B induce uniquely the operators

C, € ZL(DA"),D(D™) and B, € Z(DD""),DA™M)), (5.10)

satisfying Cyz = Cx and B,y = By for all (z,y) € D(A) x D(D). Hence, using [74,
Theorem 15.14 b)], we have for all n € [0,6], x € D(A) NR(A) and y € D(D) N R(D),

ID="CA ™ ¢|x, S llelx, and [|A"BD"y|x, < lylx..

Since D(A) N R(A) — X; and D(D) N R(D) — X, are dense (see e.g. [96, Theorem
3.1.2(iv)]), this ensures that D=7C A"~ and A="BD"~! admit a unique extension to
bounded operators, namely

G, ¥ ABD" T € #(X5,X;) and H, < D1CATT € (X, X,). (5.11)

Step 2: The estimate (5.1) ensures that

Mi(\) =) [BA-D)IC(A - A

n>0

convergences absolutely in £ (X7), because Kx, > 1 for any K-convex space, and that
{M;(A\)7': XA € C\ Xy} is R-bounded. Next we rewrite the series conveniently. Note
that, for n € [0, 6] and on R(A"),

TN Y BN —D)"to(n — A)~!

= ATAT"BD" YD (A — D)"'D"(D1C AT AN — A)T!
= A"G,D(\ — D) 'H,A(A — A)"t A"

=A"S, (M)A,
where S,(\) & G,D(\ — D)"'H,A(\ — A)~! € Z(X;). Hence T()) extends to an
operator T, (\) € .Z(D(A~")) and since {S,(A\): A € C \ 8y} is R-bounded in .Z(X,),
also

{Ta(N): A€ C\ By} C Z(D(A™)) satisfies F < R(T,(\): A€ C\ %) < oc.
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By [50, Proposition 8.4.4] R-boundedness interpolates assuming K-convexity. Here, by
assumption, X7 is K-convex and since D(A’”) is isomorphic to X; it is also K-convex.
Hence by complex interpolation for n = 66 and 6 € (0, 1)

1-6 1-6 6/ R\1-0
T < Ky B ()" (e55)

where Kp -,y and Kx, are the K-convexity constants of the spaces D(A~") and X;,

respectively. Since ¢ff = ¢f < 1/KXx,, there exists an 7 € (0,0] with ¢} < 1. In

particular for this 7 the series

NEY TS0 = AT (YT AT

n>0 n>0

converges absolutely in 2 (X1) and {{/(A\): A € C\ £y} is R-bounded.
Step 3: Finally we can estimate (5.6)—(5.9). Using the above argument, one can check
that

A=A MNP =N =A) T+ AT = AT T (AT (A - A) T

where {J11(X): A € C\ ¥y} is R-bounded and

Tn & (38,0") (GyDO - D) Hy).

n>2

Thus, (5.6) follows by Lemma 5.10 applied with S =T = A and the assumption on A.
To show (5.7), we write similar to the above

A=D) LA =AM (N L= =D) D" Ty (A AN — A) L

where {J51(\): A € C\ Xy} is R-bounded for J21(\) = et H,+ H,A\N— A~ 711 (M), so
that Lemma 5.10 applies with T'= D and S = A.
For (5.8) we rewrite

A=A)MN)TIBA=D) = (A= A) A" T (MDA = D)
where {J12(\): A € C \ By} is R-bounded with Ji2(\) o Gy + T11(NAN— A)71G,,.
In (5.9) the first addend can be estimated by the assumption on D and for the second
we write using the previous computation

A=D)'CA—=A)*M;(N)'BAA=D)' = (A= D) ' D"Joe(\) D' (A — D)t

def

where Jo2(A\) = HyA(A— A) " J12(A) and {T22(A): A € C \ By} is R-bounded. O
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Proof of Theorem 5.5 for the case of Assumption 5.1(+). Following [57, Corollary 6.5],
we prove the claim by employing a shift argument on a scale of spaces and Theorem 5.5
for the already proven case with Assumption 5.1(—).

By Proposition 4.8, A is R-sectorial with angle wg(A) < . Below we use the no-
tation introduced in Subsection 2.2. In particular As and Dj are sectorial operators
with bounded H>-calculus on D(A®) and D(D?), respectively, which follows by simi-
larity from the Definition in (2.5). Moreover, Assumption 5.1(4) ensures that B and C
uniquely induce operators

Cs: D(A'™) = D(D?),  with  Cslpa1ss)np(a) = C-
By density of D(A) C D(A) and D(D) C D(D), Assumption 3.1 implies that also
IBoyll < epllyllp(p for all y € D(D), and [|Cox|| < callzllp 4 for all z € D(A)
hold. By interpolation for n € (0, d)
s - 5 -
1Byl < B0 IBs =0 andCyll < Bl
So we may assume, at the expense of choosing ¢ € (0,1) small enough,
ICso ey < Calldstlloiasy, and [1Bsylloas < colDssllops,  (5:12)

for all z € D(A'*?) and y € D(D'*?), and some ¢}, > cp and ¢4 > ca, respectively.
Consider then the block operator matrix

As & [éﬁ gﬁ] DD N D(D®) C D(DY) — D(DY), D(D®) = D(A%) x D(D?).

) 5
By (5.12) Aj satisfies Assumption 3.1 with L = 0 for X; = D(A5) and X, = D(D?).
Note that a priori .A5 is not equal to the extrapolated operator Ay, smce the state space
for As is D(D®) which may differ from the state space of As, that is D(.A?). The relative
bounds in Assumption 3.1 for A imply for Bs and Cj that

1(Ds)~°Csllppsy < call(As)' " zllpan, @ € D(A),

. . (5.13)
||(A6)_6Béy||D(A6) < CDH(Dé)l_éyHD(D&)a y € D(D'?),

which is the estimate in Assumption 5.1(—) for ﬁ(s, and the range conditions hold by
construction. Consider w.l.o.g. the case where ¢¥ < 1/Kx,. Then

s = R(Bs(A— Ds)'Cs(A— A5) 711 A e C\ 8y) < o0 (5.14)
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and by repeating the interpolation argument used in Step 2 in the proof of the case of
Assumption 5.1(—) above, at the expense of choosing § € (0,1) small enough, we may
assume that cﬁ; < 1/Kx,. Hence Theorem 5.5 for the case of Assumption 5.1(—), which
has been proven already, ensures that .2(5 has a bounded H*°-calculus of angle < ).

Next, let us point out the relation between ./15 and A. To this end, let us recall that
by (5.1), the fact that Kx, > 1 and the last claim in Lemma 4.5,

D(A)=D(DP) and D(A)=D(D). (5.15)
By construction we have ./15|D(D1+5) = Alp(p1+s), and by the Proposition 3.3

(A= .Z(s)fl =

(A — Ag)1 0 H M 5(A) 7 0} [11 Bs(A — Ds)™
0 (A=Ds)7 | | Cs(A— As) "My s\t 1] [0 1 v

where ]/\4\1,5(>\) =1 — Bs(A — Ds)~'Cs5(\ — As)~" and since cﬁ; < 1/Kx, one has

My s\ = [Bs(A - Ds) T Cs(A — As) "

n>0
Using the mapping properties of As, Ds, Bs, Cs, it follows that (A — 25)_1 restricts to an
operator on D(D%) = D(D?) N X and (A — A;)~'D(D?) C D(D'*9) N D(D?) = D(D'*?)
(cf. (2.4)). Hence, for all z € D(D?),

A=Az == AT A= A) (A - A) e
= A=A A= AN = As) e = (A= Ay) e

Since D(A) 6L D(D) — D(D?), the previous display yields
A= A5) Yoy = A= Aoy =) (A=A py forall A e LS. (5.16)
Next, we prove that
B(As) = DD, and | Aszlss = lellpires (5.17)
for all = € D(D'*?) N D(D?). By Assumption 5.1(+) we have
ID°Az||x < |D*ox|x  for all x e D(D'?).

Thus D(D'*%) < D(As). The reverse inclusion follows from the last claim in Lemma 4.5
applied with A replaced by As and X = D(D‘;) using that 671?5 < 1 by assumption.
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Note that (,21\5)'1_5 has a bounded H>-calculus on D((As)'~?) since it is similar to
As. By [57, Proposition 2.2] and (5.17),

D((A5)! %) = [D(D?), D(D*))y_s = D(D) "2 D(A). (5.18)

Since D(A) D D(D'*?) 4 D((A;)'~9), we also have

~ . 2.6 -~
(A= (As5)1-5) by - As)p(ay-

By D(A) <, D(A), (5.16) and (5.18), we infer that A, has a bounded H*-calculus.
Therefore A has a bounded H*-calculus on X by similarity with A;. O

Proof of Theorem 5.6. The proof is almost analogous to the proof of Theorem 5.5.
The necessary modifications are in Step 2 and 3 of the part of the proof with
Assumption 5.1(=). There, one has that Cs € Z(D(A*%),D(D?)) and B; €
Z(D(D'?%),D(A~?)), and then by interpolation C' and B extend for 7 € [0, ] to oper-
ators

Cy € L(B(A),D(D™) with |Gy < "1™,
By € Z(D(D'"),D(A™) with |[B,]| < e, || Bs|"°.

By assumption one has for n by choosing ¢ € (0, 1) small enough
ID7"Cpz||x, < c4llA'"2]x,, and  AT"Byllx, < pllD'yllxs, (5.19)
for all z € D(A) and y € D(D), and some ¢, > ¢p and ¢/, > ca, respectively, with

1
¢

AT GNFANF (D)

Since D(A) NR(A) < X; and D(D) NR(D) < X, are dense, one has from the above
that D™"CA"! and A="BD"~! admit unique extensions

G Y ABDI T € L(Xo,X1) and HY D1CA™T € 2(X1, Xo),
where by (5.19)
1Glex.x) <cp  and  H| 2(x,,x) < Ca- (5.20)

By assumption one has absolute convergence in .Z(X;) of

M\t =Y [B(A-D)'C(A— A"

n>0
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Next, we rewrite the series conveniently using that
BA—=D)'C(A— A"t = A"GD(A\— D)"'HAT (A — A)~,
and iterating the above argument, one can check that, for any n > 1,

(A=A BA-D)TIC(A - A7
= A"\ —A)HGDN - D) *HAM - A" GD(A — D) tH]AY T (A — AL

Therefore
(A= A)TTM (V) = (A — A) L+ AT\ — A)TIS() AT — A) 7, (5.21)
where
SO\ & (Z[GD()\ D) 'HA(\ — A)*l}") [GD(\ — D)~'HI.
S0

Reasoning as in the proof of Proposition 4.8, one can check that (5.20) implies that the
above series expansion is absolutely convergent in £ (X;) and

R(S(\) : A€ C\ By) < oo. (5.22)

Thus, (5.6) follows from (5.21), (5.22) and Lemma 5.10 applied with S = T = A. The
rest of the proof is as in the one of Theorem 5.5. The modifications above interpolate
operators rather than R-bounded sets, and thereby the K-convexity assumption has
been avoided. O

5.3. H*®-calculus on Hilbert spaces

In this subsection we investigate the boundedness of the H*-calculus assuming that
X is a Hilbert space, which we emphasize by writing H, H; and Hs instead of X, X; and
Xo, where the respective scalar products are denoted by (:|) g, (-], and (+|-) -

It is known that if —7T generates a Cy—semigroup of contractions on a Hilbert space,
then T has a bounded H*-calculus. The latter result is optimal if —7T' generates an
analytic semigroup. Indeed, a sectorial operator T of angle smaller than 7/2 on a Hilbert
space has a bounded H°-calculus if and only if —7T generates a contraction semigroup
w.r.t. an equivalent Hilbertian norm (see e.g. [50, Theorem 10.4.22]). In light of the
Lumer-Phillips Theorem, compare e.g. [50, Corollary G.4.5], we get the following criteria.

Proposition 5.11 (Generation of Co—semigroups of contractions). Let Assumption 3.1 be
satisfied. Suppose that —A and —D generate Co—semigroup of contractions. Let —1 €
p(A). Suppose that there exists v € (0,00) such that
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’Y%(Bhglhﬂ}[l + %(Chﬂhg)[h Z - %(Ahl\hl)Hl — %(Dh2|h2)H2 (523)

for all h = (hq1,ha) € D(A). Then —A generates a Co—semigroup of contractions on H.
In particular, A has a bounded H*-calculus of angle wy~(A) = w(A) < 7.

Proof. Proposition 5.11 follows from the Lumer-Phillips Theorem because (5.23) implies

R(AR|W)gy >0 forallhe H

where (hlk)]—[ﬁ déf ’}/(h1|/€1)H1 + (h2|k’2)H2 for h = (hl,hg), k = (]411,]412) € H. The

statement on the bounded H*°-calculus follows by [50, Theorem 10.2.24]. O
Remark 5.12. If A and D are dissipative operators, then (5.23) holds provided
yR(By|x)m, + R(Cxly)m, =0 for all (x,y) € D(A).

The block operator matrix A is J-symmetric if JA is symmetric, cf. [111, Section
2.6], where

def [1 O
*7:[0 —1}

For J-symmetric operators A one has C' C —B*, compare [111, Proposition 2.6.1].
Combining this with Remark 5.12 and Proposition 5.11 one gets the following

Corollary 5.13 (Bounded H®-calculus for J-symmetric operators). If A satisfies As-
sumption 3.1, A = A*, D = D*, and it is J-symmetric, then A has a bounded
H®-calculus with wye(A) = w(A) < 5.

The following proposition describes negative fractional powers of A in terms of the
ones of D. Below in Section 6, it will also be used to extrapolate the H°°-calculus in an
L9—setting.

Proposition 5.14 (Negative fractional powers of A and D). Let Assumption 3.1 be sal-
isfied. Suppose that (4.1) holds. Assume that —D and —A generate Co—semigroups of
contraction. Then

R(A?) =R(D?) and ||A=Ph|g = |[D~Ph|lg for all h € R(DP)

for all B €10, 3). In particular D(D") = D(A") for all y € (—3.0].

Proof. Let 8 € [0, 1). By [60, Theorem 1.1], D((.A*)?) = D(A®) and D((D*)”) = D(D?)
with corresponding homogeneous estimates, namely
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ID Al = (D*)’hllg and A%y = [[(A*) hlm

for all h € H. Combining the latter with Proposition 5.9, one has D((A*)?) = D((D*)")
with a corresponding homogeneous estimate || A°h| i = ||(D*)?h| i for all h € D((A*)?).
The claim now follows from [76, Proposition 11]. O

6. Extrapolation for consistent families of block operators

In applications to (stochastic) partial differential equations many relevant operators
can be studied not only in one setting but in a range of spaces. These typically depend on
several parameters, e.g. integrability powers and/or Sobolev smoothness. Often there are
certain special values of such parameters for which R-sectoriality and the boundedness
of the H*-calculus are easier to investigate than for the general case. In this section
we provide results which allow to extrapolate R-sectoriality and the boundedness of the
H*°-calculus knowing the corresponding property for certain values of the parameters.

6.1. Assumptions and consistency

We begin by introducing the concept of a consistent family of operators. Let .S and
T be sectorial operators on Y and Z, respectively. The operators S,T are said to be
consistent if (Y, Z) is an interpolation couple, i.e. Y < V and Z — V where V is a
topological vector space, cf. e.g. [112], and

()\_5)71|Y|’7Z: ()\—T)71|sz for all A < 0.

A family of sectorial operators (Ty)pcs on a family of Banach spaces (Yy)ger, where
I C R is an interval, is consistent if Ty and T, are consistent for all 8, ¢ € I.

Remark 6.1. In case that Y < Z, then S and T are consistent provided S = T'|p(g). This
follows by noticing that by D(S) = {z € D(T)NY: Tx € Y} one has D(S)ND(T) =
D(S)and A=T)" Yy =(A-5)"L

The following assumption is in force throughout this section.

Assumption 6.2. Let I = [«, 8] for —o0o < a < 8 < 00.

(1) Let (X;9)oer fori € {1,2} be a family of Banach spaces such that X; o have non-
trivial type for all 6 € I and i € {1,2}. Moreover, for i € {1,2} assume that for the
complex interpolation spaces

(Xi0, Xioly = Xi,(1—y)04~p Jor all 0,0 € I and v € (0,1).

(2) For each 0 € I the following hold:
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o Ay and Dy are sectorial operators on X 9 and Xo g, respectively;

o Cyp: D(Cy) € X1,9 = Xo9 and By : D(Bg) C Xa9 — X1,9 are linear operators
with D(Ag) C D(Cy) and D(Dy) C D(Bg) and there exist cpg,ca,p, Lo > 0 such
that

Colx,, < capllAox|x, , + Lollxllx, , for all x € D(Ap),

|Boyllx, o, < cpollDeyllx,, + Lollyllx,, forally e D(Dg).

(3) (Ap)oer, (Do)ocr are consistent families of operators.
(4) For all 01,05 € I, x € D(Ap,) ND(Ap,) and y € D(Dg,) N D(D,),

By, y = Bo,y, Co,x = Cp, .

In this subsection, we extend our standard notation as follows: For each 6 € I set
def
X9 = X149 % Xag, D(Dg) = D(Ag) = D(Ag) x D(Dy),

def Ag 0 def A@ By
Dy = {O D9:| and Ay = [Ca Dg]'

Remark 6.3. Assumption 6.2(1) says that the families (Xg)oecr and (X; 0)oer, ¢ € {1,2},
are complex interpolation scales, compare e.g. [7, Section V.1]. Assumption 6.2(2) implies
that Ag, By, Cp and Dy satisfy Assumption 3.1 for all § € I, and Assumption 6.2(3)
ensures that (Dg)ges is a consistent family of operators.

Next we provide a sufficient condition for the consistency of (Ap)ger in terms of the
operators extending (3.3), where we set for all § € (0,1) and A € p(A4p) N p(Dy)

Mio(A) € 1= By(A — Dg)"Co(A — Ag) ™' € L(X14),

M o(A) €1 — Cy(A — Ag) " By(A — Dy) ™' € L(X2p).

(6.1)

Lemma 6.4 (Consistency of (Ag)ger). Let Assumptions 6.2 be satisfied. Assume that Ay
is sectorial for all 6 € I, and that

1Dox|lx, So ||Asxllx, for allxz € D(Dy) and 6 € I. (6.2)
Then, for all 61,605 € I, A <0 and j € {1,2},
M;o0, (MNx;0,0%;50, = M0, (N)]X; 0,10, (6.3)

Moreover the family (Ag)oer is consistent if one of the following holds:
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(1) ForallA <0, je€{1,2} and 61,02 € 1,
Mjﬁl ()\)_1|Xj,91 NXj o0, — Mj,ez ()\)_1|Xj,91 NXj 0,-
(2) For one j € {1,2} and for all 61,02 € I
Xghj — Xg%j or Xg%j — X917j.

Recall that M, ¢(A) is invertible for all A < 0 in case that Ay is sectorial by Corol-
lary 4.4. In particular, the inverse in (1) is bounded. Condition (2) can be easily checked
in case that X, g is an LP-space on a finite measure space. Note that (2) does not follow
from Remark 6.1 since the claimed condition holds only for one j € {1, 2}.

Remark 6.5 (Optimality of (1) in Lemma 6.4). If (Ag)ger is consistent and

Ap, Ip(as,)nD(A4,) = A0, |D(46,)ND(40,)s Doy ID(Ds, )D(Ds,) = Dos|D(Dg, 1D (D, )

then (1) in Lemma 6.4 holds. The claim follows from the identity M;o(A)™! = rj(A —
Dy)(X — Ap)~'e;, compare Proposition 3.3, where e;: X; — X and rj: X — X, are the
extension and restriction operators, respectively.

Remark 6.6 (Extrapolation of (6.2)). The condition in (6.2) is the analogue of (4.1).
If (6.2) holds for some 8 = 6* € [, 5] (e.g. if 0 € p(Ap+)), then it also holds for all
0 € [a, 0] N (0* —e,0* + €) where ¢ > 0 is small. This follows from Assumption 6.2,
Lemma 4.5 and Sneiberg’s lemma, cf. [103]. For more details we refer to the proof of
Theorem 6.7 where a similar situation appears.

Proof of Lemma 6.4. We begin by proving (6.3), where it is enough to show that, for all
A <0,

Co, (A — A91)71|X1,91 NX1,6, — Co, (A= A92)71‘X1,91 NX1,6,9 (6.4)
By, ()‘ - Del)_1|X2,91ﬂX2,92 = By, ()‘ - D92)_1‘X2,910X2‘92° (6'5)

Note that, for all A < 0
(A= Ag,) 'z = (A — Ap,) 'z € D(Ap,) ND(Ap,) for z € X1, NX1pg,,
by consistency of (Ag)ger. Therefore, by Assumption 6.2(4),
Co, (A= Ag,) "' = Cp, (A = Ag,) ' = Cy, (A — Ap,) 'z for € X149, N X1,

which proves (6.4), and (6.5) follows similarly.
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Statement (1) holds due to Proposition 3.3(d) for A = Ay, the claim follows from the
assumption, the consistency of (Ap)gcr, (Do)ocr, (6.4), and (6.5).

To prove (2) we check the condition in (1). Fix A < 0 and j € {1,2} and 61,605 € I
with 6; < 0>. For simplicity assume the first case, that is, X9, N X9, = X, 0,, the
second case follows similarly. Thus, by (6.3), we have M; g, (\) = M;q,(N)|x,,, - Since
Ay, is sectorial, Mj g, (A) is invertible by Theorem 4.1 and therefore

M;o,(N) x5, = Mjo, (M) (6.6)
Again, using that X; ¢, N X, 9, = X g,, the claim follows from (6.6) and (1). O
6.2. Extrapolation results

Here we list the main results of this section, the proof will be given in Subsection 6.3
below. We begin by analyzing R-sectoriality.

Theorem 6.7 (Extrapolation of R-sectoriality). Let Assumption 6.2 with Ly = 0 be sat-
isfied for all 6 € I. Suppose that the following are satisfied for some ¥ € (0,2m):

(a) Dy is R-sectorial of angle < ¢ for all 6 € (o, B);
(b) There exists a vy € (o, 8) such that A, is R-sectorial of angle < 1;
c) R(Ap) = Xy forall0 1.

—~

Then there exists € > 0 such that
Ay is R-sectorial of angle < for all |0 — | < e.
Finally, if X o, X, g are reflexive for j € {1,2}, then condition (c) can be omitted.

Remark 6.8. Fackler showed in [34, Corollary 6.4] that in general R-sectoriality does not
extrapolate. Therefore Theorem 6.7 is somewhat surprising, and it heavily relies on the
block structure of the operator Ay and the assumptions on Dy.

Next we turn our attention to the H>°-calculus. In contrast to Theorem 6.7 the
following result requires conditions on the angle. Fortunately, this is always the case
in applications with wges (A) V wge (D) < 7/2 (see [50, Theorem 10.4.22]).

Theorem 6.9 (Extrapolation of the H™-calculus). Let Assumption 6.2 be satisfied. As-
sume that X; o is a Hilbert space for i € {1,2}. Suppose that (Ag)ger is a consistent
family of sectorial operators and that

1Doz|lx, < |l Aoxllx, for all x € D(Ap) and 6 € {a, B} (6.7)

Let the following be satisfied:
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(a) Dy and Dg have a bounded H*-calculus.

(b) —A, generates a Cy-semigroup of contractions.
(c) Ag is R-sectorial.

Then for all 0 € [«, B) the following hold.

(1) Ap has a bounded H>-calculus of angle

B8—40 0—«
wir=(Ag) < (E)W(Aa) + (E)WR(Aﬁ).
(2) for allé € (0, %g—), one has R(A3) = R(Dj) and

HAgéane ~ HD;51'||X9 for all xz € R(Dg).
In particular D(A,°) = D(D,°) for all § € (0, %g%i)

A condition for a block operator matrix to generate a Cy-semigroup of contractions
has been discussed in Subsection 5.3. Conditions for the consistency of the family (Ag)ger
have been given in Lemma 6.4. Note that Theorem 6.9(2) complements Propositions 5.9
and 5.14 since it also holds in a non-Hilbertian setting.

Corollary 6.10 (Extrapolation of H -calculus for small 0). Let Assumption 6.2 be satis-
fied with Ly = 0. Suppose that (Ag)ecr is a consistent family of sectorial operators and
that (6.7) holds. Let the following be satisfied for some v € I and v € (0, T]:

(a) Dy has a bounded H™-calculus of angle < 1 for all 0 € I;
(b) X; 7 is a Hilbert space for i € {1,2};

(c) =
(d) A

~ generates a Co-contraction semigroup;
~ 15 sectorial of angle < .

Then there exists € > 0 such that, for all |6 — | < €, the operator Ay has a bounded
H®>-calculus of angle wye(Ag) < 1.

Proof. By Theorem 6.7, Ay is R-sectorial for all |y — 8| < € for some € > 0. Set v+ &f
v £ 5. The claim follows by applying Theorem 6.9 to the families (Ag)ge|y,,.) and

(A—e)ae[—w,—w,)- 0
6.3. Proof of Theorems 6.7 and 6.9

An important ingredient for our proofs here is Sneiberg’s lemma, cf. [103] and [106,
Theorem 2.3 and Theorem 3.6]. It has been used already in the context of LP-theory to
extrapolate R-sectoriality, see [72].
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Proof of Theorem 6.7. Let us begin by noticing that, up to replacing (Ag)ecs by
(An)nefo) with Ay = Aqiy(s—a), we may assume I = [0,1]. Then, one has for M; g
defined in (6.1) that for all A € (X, 61,6, € (0,1) and j € {1,2},

M; g, (N)z = Mjg,(N)z forall z€ X4 NX;og,. (6.8)

To see this, recall that, by Lemma 6.4, (6.8) holds for all A < 0. Thus, by the holomor-
phicity of the maps CXy 2 X — M; g, (N2 € Xj 0, + X0, for all 2 € X;, N X4, and
i € {1,2}, (6.8) holds even for all A\ € (3.

To prove R-sectoriality by Theorem 4.1 it is enough to show the existence of € € (0,1)
such that for j € {1,2}

for all |6 — y| <&, M;o()) is invertible and R(M;o(A) "' : A € CEy) < co. (6.9)

By assumption, the above statement holds for § = ~. For 6 # -, we use Sneiberg’s
lemma, see [103], and here we will employ its quantitative version given in [106, Theorem
2.3 and Theorem 3.6] (see also [30, Subsection 1.3.5]). To this end, fix N > 1, and for a
Banach space Y and a Rademacher sequence (;);>1 we denote by ey (Y') the space YV
endowed with the norm

N
def
N llewery 2 E|| S e (6.10)
j=1
By [50, Theorem 7.4.16], (5N(Xg))96[0 ;s a complex scale, i.e.
[5N(X61), EN(ng)L; = EN(X91(1_5)+592) for all 91, 0, € [0, 1], € (O, 1). (6.11)

By K-convexity of Xy and X1, and the fact that X(?) = [X(, X]y, the constants in the
above identification are independent of N > 1.
Next fix (Ag)N_, C C3y and j € {1,2}. Let

T en(Xj0) +en(X;1) = en(Xjo0) +en(Xjn)
be given by
Tix = (Mj0(M)zro + Mji (A7) n, (6.12)
where x = (z)i_,, Tk = 20 + Tp1 and 250 € Xjo0, Th1 € Xj1. By (6.8), the right

hand side in (6.12) does not depend on the decomposition zj = xj ¢ + 2,1 and therefore
7; is well defined.

Since T;jx = (M;i)()\k)xg));vzl for all x = (x4)0_, € 5N(Xj(i)) and D is R-sectorial of
angle < 1,
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||7;||$(€N(X1,1‘,)) <1+ CACD./\/Z}(Ai)./\/;z,z(Di)7 for all 7 € {0, 1}7 (6.13)
where we also used Assumption 6.2 with Ly = 0.
By complex interpolation and (6.11), there exists C' > 0 independent of N > 1, the
choice of (Ag)Y_, C L3, and 6 € (0,1) such that

(6.14)

H,];|EN(XJ',8) L(X0)

By (6.8) and the density of the embedding X; 0N X; 1 — [X; 0, X;.1]s,
Tile(x; )X = (M;g)(kk)xk)gzl for all x = (zx) € en(Xj ) and 6 € (0,1). (6.15)

Combining (6.15), Theorem 4.1 and the R-sectoriality of A, one can check that T;|c(x, )
is invertible and the norm of its inverse is independent of N > 1 and the choice of
(Ax)Y_, € CXy. Thus, by Sneiberg’s lemma and (6.14), there exist € € (0,1), C' > 0
independent of N > 1 and the choice of (A;)~_, C CX, such that Tilen (x; ) is invertible
for all |# — | < e and the norm of its inverse is < C".

By (6.15), the arbitrariness of N > 1 and (Az)2_,, one can check that M;(\) is
invertible for all A € (3, and (6.9) holds. O

Proof of Theorem 6.9. As in the proof of Theorem 6.7, we may assume I = [0, 1].

(1): Fix 6 € (0,1). It is enough to show that Ay has a bounded H°-calculus. The
bound on the angle follows from [57, Corollary 3.9] and the fact that wg(Ag) = w(D)
since Xy is a Hilbert space. The idea is to apply [76, Theorem 1] to Dy and Ay extending
the argument in [76, Corollary 7]. Note that, by the consistency of (Dg)ger and the fact
that Dy has a bounded H>-calculus for k € {0,1}, it follows that Dy has a bounded
H*-calculus as well (cf. [57, Proposition 4.9]).

Let ¢(z) = ¢(2) = 2(1 4 2z)72 and fix v € (0,1). By Propositions 5.9, 5.14 and [76,
Proposition 3], for all ¢ € Z,

sup_sup (527 o) (2 Do) | S 27,
s,t€[1,2] jEZ 0
(6.16)
sup sup Hq/) 27Dy (S2J+ZA0)‘ < iR
s,t€[1,2] jeZ Xo
where we also used that X is a Hilbert space.
By [57, Lemma 3.3] and the R-sectoriality of Dy and A; we get
sup sup R(go(s?jHAl)w(tQle): je Z) < 00,
LeZ s,te(1,2]
(6.17)

sup sup R(w(tQle)gp(s?MAl): je Z) < o0
LeZ s,te[1,2]
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Reasoning as in the proof of Theorem 6.7, by consistency of (Ap)ger and the Dunford
representation of ¢(£A), p(nB) for n,& > 0 (see (2.7)), one can check that the operators
(827 AR (27 Dy,) and (5278 Ay ) (t29Dy) for k € {0, 1} coincide on Xy N X;, and
therefore we can interpolate the bounds (6.16)-(6.17) obtaining

sup R(gp(s2jHA9)w(t2ng): je Z) < 9(1-0)e], (6.18)
s,t€[1,2]

sup R(w(wm@)@(szﬁue): je Z) < 270, (6.19)
s,t€[1,2]

where we have used [50, Proposition 8.4.4] and the fact that Xy, X; have non-trivial type
and therefore are K-convex due to Pisier’s theorem (see e.g. [50, Theorem 7.4.23]). By
K-convexity of X}, for k € {0,1}, (6.19) and [50, Proposition 8.4.1] we also get

R((so(szj*fAe))*(w<t2ﬂ‘ve))*: je Z) S 27700k, (6.20)

Recall that Dy has a bounded H*-calculus. By (6.18) and (6.20), Ap has a bounded
H*°-calculus due to [76, Theorem 1].
(2): [76, Theorem 1] and (6.18), (6.20) also yield, for all § € (0,~v(1 — ),

R(AJ) =R(D)) and | A,z x, = |D,°z|x, forall z € R(D)).
The conclusion follows by letting ~ 1 % and recalling that « =0, =1. 0O
7. Applications

The analysis of quasi- or semi-linear problems in maximal L!-regularity spaces typi-
cally comes in two steps: First a linearization is considered for which one has to prove
maximal L¥-regularity. Then, as a second step, Lipschitz estimates on the non-linearities
are needed in certain interpolation spaces to apply Banach’s fixed point theorem, see e.g.
[5,6,61,80,95,96]. In this section we focus on properties of the linearized problems which
are relevant to characterize the relevant interpolation spaces, and which are also helpful
for the stability analysis for the non-linear problem.

We begin by deriving some consequences of our results for triangular matrices. These
results are used in Subsections 7.2—-7.5.

7.1. The block triangular case

In this subsection we consider a block triangular diagonally dominant operator matrix
A, this means that C = 0, then the statements in Sections 4 and 5 simplify con-
siderably. Using classical results for bounded perturbations, one can include the case
C e Z(X1,X5) as well.
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Corollary 7.1. Let

A= [61 ZB;} , with B:D(D)C Xy — X1, and ||Byllx, < ||Dyllx, v € D(D).

(1) If A and D are sectorial with angles w(A) and w(D), respectively, then A is sectorial
with angle w(A) < w(A) V w(D).

(2) If A and D are R-sectorial with angles wgr(A) and wr (D), respectively, then A is
R-sectorial with R-sectoriality angle wr(A) < wr(A4) V wr (D).

(3) If A and D have a bounded H-calculus of angle wie(A) and wpe (D), respectively,
and there exist 6 > 0, such that

R(B) C R(A‘s) and HAf‘sByHX1 < Hle‘;yHX2 for allx € D(D), or
B(D(D™*)) C D(A%) and | A°Byllx, S |D™*yllx, for ally € D(D'HY).

Then A has a bounded H*®-calculus on X of angle < wgye(A) V wpye (D).

Proof. In the situation of Corollary 7.1 Assumption 3.1 holds with L = 0. Statements
(1) and (2) follow from Proposition 4.8, and statement (3) follows from Theorem 5.6,
where one has in each case e = 0. O

The diagonally dominant case with A = 0 has also a particular structure, that is,
0 B
A-le 5]
where by a bounded perturbation argument one can include also A € £ (X;). Appli-

cations for this case are the artificial Stokes system in Subsection 7.4 and second order
Cauchy problems with strong damping in Subsection 7.5.

Corollary 7.2. Let A be bounded, D be a sectorial operator, and A satisfy Assumption 3.1.
Then the following hold.

(1) For all ¢ € (w(D), ), there exists v > 0 such that v + A is sectorial with angle
Wi+ A) <.

(2) If D is R-sectorial (resp. has a bounded H*-calculus), then (1) holds with w(v+ A)
replaced by wr (v + A) (resp. wp= (v + A)).

Remark 7.3. The condition A € .Z(X;) together with A diagonally dominant implies
already that C': D(A) = X; — X» is bounded, while B can be unbounded. Note that,
comparing Corollary 7.2(2) with w replaced by wge and the results in Section 5, then
one observes that for A" below Assumptions 5.1(+) trivially holds while A can violate
both Assumptions 5.1(+), compare Remark 5.8.
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Proof. By assumption A € Z(X;), and by Remark 7.3 we infer C' € £ (X, X5). Con-
sidering

ydef |0 B
sl

by Remark 7.3 one can apply Corollary 7.1. The statement follows since A is a bounded
perturbation of A’. O

7.2. Simplified Ericksen—Leslie model for nematic liquid crystals

The continuum theory of liquid crystals was developed by Ericksen [33] and Leslie [81].
A simplified model has been introduced by Lin and Liu [82], and here we consider the
following simplified model normalizing all constants to one
Ou+ (u-V)u — Au+ Vr = —div([Vd] " Vd) in R, x O,
ord + (u-V)d = Ad + |Vd|*d inR, x O,
divu =0 in Ry x O,
u=0 and 0,d=0 in R, x 00,

(7.1)

with initial data u(0) = ug and d(0) = do. Here u : Ry x O — R denotes the velocity
field of the fluid, 7 : Ry x O — R the pressure, and d : R, x O — R? denotes the
molecular orientation of the liquid crystal at the macroscopic level referred to as the
director field. This physical interpretation of d imposes the condition |d| = 1 in R4 x O.
Recent developments and the literature on this subject are discussed by Hieber and Priiss
in the survey [45].

The simplified Ericksen-Leslie model (7.1) has been investigated by Hieber, Nesen-
sohn, Priiss, and Schade in [44] as a quasi-linear evolution equation in maximal Li-LP-
regularity spaces for a smooth bounded domain O C R3, see also e.g. [21] for a semilinear
approach where the term div([Vd]T Vd) is estimated as non-linear right hand side in a
negative Sobolev space. To define the relevant operator introduced in [44] to linearize
(7.1) we need some preparations and we assume that O C R3 is a bounded C2-domain.
Let p € (1,00), and set

LP(0) ¥ {u e LP(0)3: divu =0 in D'(O) and n - ulpo = 0},
where n denotes the exterior normal vector field on 0. Recall also that n - u € D'(00)
as divu = 0, see e.g. [38, Theorem I11.2.2]. Then we denote by P, : LP(0)3 — L2(O)
the Helmholtz projection, and by the P,A, the Stokes operator, i.e.

D(P,A,) < {u e H>P(0)* N L2(0)*: u = 0 on 90},

P,A,: D(P,A,) C LE(O) — LE(O), uw— Py(Au),
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see e.g. [96, Section 7.3]. Also, we define the Neumann Laplacian Ay, on LP(O)3 as the
operator u — Awu with domain

D(Anp) def {u € H*?(0)3: d,ulso = 0},

compare e.g. [96, Section 7.4]. Noticing that [div([Vd] " Vd)]; = (9;d¢) Ade+(kde) (0} . de)

(here, the summation over repeated indexes is employed), the linearization of (7.1) for
fixed d is given by

~P,A, P,%(d)
0 —Any,

ASH(d) = [B(d)u]; = (8;de) Aug + (Ordye) (07 ue), (7.2)

for i € {1,2,3} on
X = L2(0) x LP(0)®  with domain D(AS"(d)) = D(P,A,) x D(Anp).
The main result of this subsection reads as follows.

Proposition 7.4. Let O C R? be a bounded C*-domain. Let p € (1,00) and AS‘(d) be as
n (7.2). Then for all v > 0 the following hold.

(1) If d € Whe°(0)3, then v + .A]E'-(d) is R-sectorial of angle 0.
(2) If d € CH*(0)? for some a > 0, then v+ AF-(d) has a bounded H>-calculus of
angle 0.

The constants in (1) (resp. (2)) depend on d only through ||d||wr.e (resp. ||d||cr.a ).

Remark 7.5. For the deterministic setting in [44] it has been sufficient to prove maximal
Li-LP-regularity for .Ag"(d) to solve the non-linear problem. Proposition 7.4(2) also
implies stochastic maximal regularity, and therefore the quasilinear approach to (7.1)
developed in [44] — with the regularity assumptions as in [44, Remark 4.2] — can be
extended to the stochastic setting using the results by Veraar and the first author in
[5,6] to solve non-linear SPDEs.

Proof of Proposition 7.4. To prove Proposition 7.4(1) we apply Corollary 7.1(2). Note
that, for all w € D(An ),

1P, Z(d)ullzz0) S 1Bl o) S ldllwr oy sup }nazjunmmg)

i,j€{1,2,3

S lldliwre )3l (v = Anp)ull e (0)s

where in the last inequality we have used that v — Ay, is invertible for all v > 0. Thus,
v+ AFL(d) is R-sectorial of angle 0 by Corollary 7.1(2).
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To prove Proposition 7.4(2), we apply Corollary 7.1(3) in the (—)-case. Recall that
P, A, is invertible and therefore R((—=PpA,)Y) = LE(O) for all v € (0,1). Moreover, since
O is a C?-domain, (P,A,)* = Py A, where % + 1% =1, and

D((—P,A,) ") = (D((~PpAp)"))

orvnl s 3 , . 1 (7.3)
= (H?P(0)°NLY(0))" forallye (0, %)
By [57, Proposition 9.14] and interpolation, P, extends uniquely to a map
. 1
P, : H-2"?(0)3 = D((—-P,A,)™") for all v € (0, %) (7.4)

where we used that D((—Ap,)~7) = H=27?(0)3 for all v € (0, ﬁ) by [100]. Here, as in
[57, Proposition 9.14], Ap ,, denotes the Dirichlet Laplacian.
Since D(v — An,p) = H*P(0)3 for all v > 0,

D((v — An,)Y) = H*P(0)*  for all v € (0,1). (7.5)

As above, without loss of generality we assume «a € (0, %) With this preparation, for all
v>0and ueD((v—Anyp)' ) with 8 < §, we can estimate
(v = Ppi,) P[P, B(d)ul Lt o)

~ (=Pp2,) P[Py B (d)ull L o)

~ ||Pp<%)(d)u||b((—PpAp)fﬂ)

(7.4)

S B(d)ullg-2600)s

5) -
S lldllcreypll(v—Anp) ullr o),

-

ot

(

where we also used that C'® maps are pointwise multipliers on H~2%?. Now, Corol-
lary 7.1(3) in the (—)-case ensures that v + .AIE)L(d) has a bounded H®-calculus for all
v > 0 with a corresponding estimate in terms of ||d|c1.a(0ys. O

Remark 7.6. To prove Proposition 7.4(2) one can also employ Corollary 7.1 in the (+)-
case. However, one has then to assume that O is a C*“-domain for some a > 0. Then,
by elliptic regularity, one can check that

P, : H*P(0)> — H**(0)> N L5 (O) for all s € [0, 7). (7.7)

Without loss of generality, we assume « € (0, %) By Proposition 5.9, for all g € (0, a/2)
and v > 0,
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D((v — P,A,)") = D((=P,A,)°) = H*P(0)* N LE(0), (7.8)
D((v — An,)?) = H*P(0)3. (7.9)

The former, the fact that O € C? and elliptic regularity yield for all 3 € (0, %),
D((v — Aw,)" ) = {u € H2P282(0)3: dpulpo = o}. (7.10)

Thus, for all 8 € (0,%) and u € D((v — Ay ) +7P),

(7.8)
I~ By (B Bl 0) = 1P B(d)ulzzeopsnis o)
(

)
BN

)
S [1#(dullgze.00)3

(7.11)

NS

dll 103 l|ull 226,003

-3
—_

(

0)
Il 1oy ll(v = Anp) FoullLoo)s

where in (i) we use as before that C functions are pointwise multipliers on H2%? ones.
The estimate (7.11) ensures that Corollary 7.1 in the (+)-case can be applied.

The argument in the above proof can be extended to prove the boundedness of the
H*°-calculus for p + Ag'-(d) for some p > 0 in case —P,A, is replaced by —P,.27, where
() = Zij:l ai’j(x)aﬁju, abl € C*(0)**3 and @™ are uniformly elliptic. To see
this, note that in the above proof the Stokes operator plays a role only through (7.8).
The latter also holds if —P,A,, is replaced by p—P,.27, provided the latter operator has a
bounded H *°-calculus for ;1 large enough. To prove the latter, recall that y — P47, is R-
sectorial on L2 (O) of angle < /2 for u large enough by [96, Chapter 7]. Thus it also has
a bounded H*°-calculus by Theorem A.1 applied with A = —IP,A, and B = pu — P,
(ct. (7.8), (7.9) and (7.3)).

7.8. The weak Keller-Segel operator

Keller-Segel equations arise in the mathematical modeling of chemotaxis, see e.g.
[46-48,78] for surveys and further literature. Here, we consider the classical Keller-Segel
system given by

Oy — Au+ V- (uVo) = 0, in Ry x O,
Ov—Av+v—u=0, inRy x O, (7.12)

u(0) =wup, v(0) = wo, inRy x O,
where u: Ry x O — R represents the density of a cell population and v: Ry xO — R the

concentration of a chemoattractant. We complement the above system with non-linear
boundary conditions
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Opu —uldpv =0, and v=0, inR; x 90, (7.13)

where J,, denotes the outer normal derivative at the boundary.

In applications to (stochastic) partial differential equations, the weak setting has two
advantages. Firstly, it (typically) requires less regularity assumption on 9O compared
to the strong setting, and secondly, in the stochastic framework it also requires minimal
compatibility conditions for the noise. To obtain the weak formulation of (7.12)-(7.13),
we multiple the first equation in (7.12) by ¢ € C*°(O). Using that

/[—Au +V - (u-Vv)lpdz 2 /[Vu -V —uVv -V dz,
o o

one can linearize (7.12)-(7.13) in the weak setting by writing for U = (u,v)T

def | —AY By(z
U'—i—AgS(u)U:O, U(0) =Uy, where ,A;fs(z):[ _]1N7p ﬂ—pgv\b),p}

on Xo = (WH'(0))* x (Wg* (0))* with D(AKS(2)) & Wr(0) x Wi #(O). Here, for

all (u,0), (u',0) € Who(0) x WiP(0),

(u', A yu) &f —/Vu -V du, (W', A% ) e _ / Vo - Vo' dz,
o o

(', Bp(2)v) o —/zVU -Vu'dz where z € L*(0).
o

Proposition 7.7. For all p € (1,00) the following hold.

(1) If O C R? is a bounded C'-domain and z € L>=(0), then there exists v > 0 such
that v + AXS(2) is R-sectorial of angle 0.

(2) If O is a CY*-domain and z € C*(O) for some a > 0, then there exists v > 0 such
that v + Ags(z) has a bounded H®-calculus of angle 0.

The constants in (1) (resp. (2)) depend on z only through ||z|| =y (resp. ||z]|ce (o))

Proof. By a standard result for bounded perturbations (see e.g. [96, Corollary 3.3.15
and Proposition 4.4.3)), it suffices to show (1)-(2) for .Ags(z) replaced by

Az 2 |1 8 2‘%2}) with D(A,(2)) = D(ASS(2)).

Let us recall that by [11, Theorem 11.5] 1 — AY; and 2 — A%, | have a bounded H -
calculus of angle 0. In particular, they are also R-sectorial of angle 0. So, (1) follows
immediately from Corollary 7.1(2).
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The claim (2) follows from Theorem 6.9 for p # 2 if Corollary 7.1(3) applies to
the case p = 2. Theorem 6.9 is then applicable. Its assumptions are indeed satisfied:
First, as .,Zl\p(z) for p € (1,00) is a consistent family of operators, (6.7) holds since
Zsp = diag{1 — A} ,,2 — A} ,} and .,Zl\p(z) are boundedly invertible. Second, by the
previous argument ,Zl\p(z) is R-sectorial for p € (1,00). Third, Corollary 7.1(3) and
w(Ay(2)) = 0 imply by e.g. [50, Corollary 10.4.10 and Theorem 10.4.22] that A (z)
generates a contraction semigroup w.r.t. an equivalent Hilbertian norm.

To apply Corollary 7.1(3) for p = 2, we check the condition for the (4)-case of (3),
that is,

Py(2): D((2 — A 5)'F) = D((1 — A% 5)?) is bounded for some 8 >0.  (7.14)

Since 1 — AY; , has a bounded H*-calculus and by [16, Theorem 4.6.1 and Corollary
4.5.2], we have for all v € (0,1/2) that

D((1 - AR ,)") = [(H'(0))", H (O)],
[(H'(0))", L*(O)]2,
([H'(0), L2(0))2,)" = (H'™*(0))".

Since 2 — A%, 5, has a bounded H*°-calculus as well, D((2 — A} ,)7) = H=1+27(0) for
all v € (0,1/2). By elliptic regularity and the fact that O is a C'**-domain we have, for
all 28 € (0,a A §),

D((2 = A% )'*7) = {v € HY(O) : Ao € HT+2(0)} = Hy(0).

With this at hand, we prove (7.14). Fix 0 < 8 <7 < $ A 1. For any u € H'72%(O) there
exists an extension U € H'~2#(R?) such that Ulo = u and ||U|| gra-26®ray S [|ull zi-26(0)
(with implicit constant independent of w). Similarly, choose Z € C"(R?) such that
Zlo = z and || Z]|cnrey S [|2]len(o)- Let Eg be the extension by 0 outside O. Then, for
all v € C§°(O) and v as above,

(u, Ba(2)v) = )/ZVU : Vvdm‘ = )/ZVU'V(E()’U) dz
o R4
SNZ V(Eov) || mze va) |U | mr1-26 (ra)

S zllenoy vl gr+2s (o) llull 7125 (0

By density of C§°(0) in H} ™7 (0) and taking the supremum over all lull r1-280) < 1,
(7.14) follows. O

Remark 7.8. The boundary conditions considered here have been discussed recently in
[37]. A variety of zero-flux boundary conditions boundary is discussed in [46, Section 2],
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and there are also Keller-Segel models with pure Dirichlet or Neumann boundary con-
ditions and combinations of the various cases. It seems that the above proof can be
adapted to these situations by using different extension operators.

7.4. Artificial compressible Stokes system

The artificial compressible Stokes system has been introduced in the context of steady
state solutions to the Navier-Stokes equations, see [19,20,107-109]. It is formally given
by

0 Eiz div

AAS _
V —A+uv,-V+ (Vo) |’

e >0, (7.15)

with a given real valued vector field vs. The spectral properties of this operator have
been investigated recently in detail for the Hilbert space case in [56,110]. However, the
LP-theory for this operator has not been studied so far. Therefore, we consider here
Aﬁs = AMS in the space X = X; x X, with

X, = H'P(O) and X, =LF(0)?
for p € (1, 00) with domain
D(A,®) = H'(0) x (H*?(0)* N Hy " (0)%).

It turns out that Corollary 7.2 is applicable here, and it guarantees some basic operator
theoretical properties by purely perturbative methods and properties of the Laplacian in
LP-spaces. Using the particular structure of the off-diagonal perturbation more detailed
properties can be derived as in [56,110] for p = 2.

Proposition 7.9. Let O be a bounded C? domain in R3. If v, € HY9(O)? for p,q € (1,00)
with ¢ > 3/2 and q¢ > p, then for each 1 > 0 there exists p > 0 such that the shifted
artificial Stokes system p + Aﬁs has a bounded H°-calculus of angle < 1.

Remark 7.10. For the case v = 0 one can consider the operator
My(N) =1 - £ VdiviA — A)~1, A e C\ (o(-A)u {0}).
This is related to the second Schur complement of AQS
S2(A) = (A= A) = $Vdiv, A€ C\(o(-A)U{0}), D(Sz(\)) = D(D)

which is in fact — up to a shift — a Lamé operator studied for instance in [23,71,87].
Following the proof of [87, Theorem 4.1], Sa(A) is boundedly invertible on LP(O) for
A > 0. Hence My()\) = So(X\)(A— D)~ ! is a closed bijective operator and hence boundedly
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invertible. In particular, one can choose in this situation any p > 0. The case with vs =0
is comparable to the situation analyzed in [39].

Proof of Proposition 7.9. For v, € HV9(0)? with ¢ > 3/2 and ¢ > p one has
[vs - Volle < [vsller vl e S lvsllmrel|vll ra-s.

using Holder’s inequality and Sobolev embeddings with

_ 3 1,01 _ _3

S= 4oy sTr=L 0=7

and

1(Vvs)Tollze < llvslleolv]

rre S sl mvallvll g2-s,
here using Holder’s inequality and Sobolev embeddings with

2
S_E’

® =
+
S =
I
—_
[«
Il
[\
|
Q|

Since the operator Dy = —A with D(Dy) = H2?(0)3 N Hy'*(0)? has a bounded H>-
calculus of angle zero, and as shown by the estimate above v, - V + (Vvg)T is a lower
order perturbation, there exists a po > 0 such that pug + D has a bounded H*°-calculus
of angle zero. Therefore, the operator Aﬁs is diagonally dominant as

||VpHLp(O)3 < ||p||H1,p(o)3 and He%diV’UHHl,p(o) < E%HUHHZP(O)S,

and by Corollary 7.2 it follows that there is a p > po such that p + .4 has a bounded
H°-calculus of angle zero. 0O

7.5. Second order Cauchy problems with strong damping

Second order Cauchy problems of the form
O2u+Towu+ Su=f, u(0)=ug, 0u(0) =1y (7.16)

for operators S and T in Y can be re-written as a first order Cauchy problem by formally
setting v = Jyu to obtain

0 —1
ASP = {S T } . (7.17)
Classical examples are d’Alembert’s wave equation, where T'= 0 and S = —A, and the

beam equation where T = 0 and S = AZ2. These operators are not diagonally domi-
nant and therefore cannot be treated by the methods presented here, and in fact these
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equations are not parabolic. In [99] for S with D(S) C Y the case where T = S'/2,
and X; = D(S'Y?) while X, = Y is considered. This is parabolic, but not diagonally
dominant, and most of the damped wave and plate equations are rather lower domi-
nant, that is, D(A) = D(C) x D(D), compare [111, Definition 2.2.1], than diagonally
dominant. Only when one adds a relatively strong damping such as a Kelvin- Voigt-type
damping, then one has that T' and S are of the same order. The following consequence
of Corollary 7.2 captures such situations. In the literature there are many works on the
regularity properties of solutions to plate or wave equations, but there seems to be little
known about the H°-calculus of such operators.

Corollary 7.11. Let T and S be operators in a Banach space Y. Assume that T is closed
and densely defined and let S be T-bounded, i.e. there exist co, Lo > 0 such that

15ylly < collTylly + Lollylly  for all y € D(T).
Then the operator ASP with strong damping as in (7.17) on the space

X =D(T)xY with D(A®)=D(T) x D(T)
is diagonally dominant. Moreover, if T is sectorial, then for allv € (w(T), ) there exists
p > 0 such that AP + p is sectorial of angle < 1). The respective statement holds for
R-sectoriality and for the boundedness of the H -calculus.
Example 7.12. An example is the Kelvin-Voigt plate-like equation

8t2u +eA%u+ A%u=f, u(0)=ug, Ou(0)=uvy, >0,

discussed in [79, Section 5.5]. Setting dyu = v, it translates to

AT = [AQ eAQ}
which following Corollary 7.11 can be considered in
H*P(RY) x LP(RY)  with D(A%P) = H*?P(RY) x H*P(R?).

Moreover, by Corollary 7.11, for each ¥ > 0 there exists u > 0 such that p + ASP has a
bounded H*°-calculus of angle < 1.

Considering a smooth bounded domain, one can still apply Corollary 7.11 as long as
the boundary conditions assure that the bi-Laplacian A? is sectorial, R-sectorial, or has
a bounded H*°-calculus, respectively.
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Example 7.13. The strongly damped wave equation given in [79, Section 3.8] is
OPu—eAdu — Au=f, u(0)=wug, 0u(0)=uwy, &>0.

This yields to

which by Corollary 7.11 can be considered in
H*P(RY) x LP(R?)  with D(ASP) = H*P(RY) x H*P(RY).

Corollary 7.11 also ensures that — up to a shift — AS° has a bounded H>—calculus of
arbitrary small angle.

As in Example 7.12, we may also consider smooth domains with suitable boundary
conditions as long as the corresponding Laplacian —A is sectorial, R-sectorial or has
bounded H*°—calculus with such boundary conditions, respectively.

Example 7.14. Consider a damped thermoelastic plate equation of the type

OPu + eA%0u + A*u+ A0 = f,
O — A — Adyu = g,
u(0) = uo,  Gu(0) = v,
0(0) = o,

where one couples to the Kelvin-Voigt plate-like equation above the temperature similar
to [79, 3.11.1]. Then one obtains the first order system with

0 -1 0
ASD:lM A2 | A :{é g].
0 A A

Here, one considers the operators A and D on the diagonal in X; = H*P(R%) x LP(RY)
and Xy = L?(R?) with D(A) = H*?(R?) x H*P(R%) and D(D) = H?P(R?), respectively.
Therefore, we consider the above operator ASP on the space X = X; x X and D(AP) =
D(A) x D(D). Note that A was studied in Example 7.12.

The block B is D-bounded (more precisely, we have ||Bv|x, < [[v||p(py for all v €
D(D)), and the block C given by

o -a[3]]

= HAUHLP(Rd)

Lr(R4)
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is a lower order term compared to A, and therefore by Corollary 5.7 — up to a shift
— the operator A has a bounded H-calculus of arbitrarily small angle. Here again
these operators on domains can also be considered along the same lines provided that
the boundary conditions guarantee that the operators eA? and —A have a bounded
H>-calculus.

7.6. Beris-Edwards Q-tensor model for liquid crystals

In the Beris-Edwards model of nematic liquid crystal, the molecular orientation is
described by a so-called Q-tensor, a function

Q:Ry xO = 5ic ©{QeC™: Q=QT and trQ =0},

and the fluid properties by the velocity field u: R4 x @ — R3. The Beris-Edwards model
has been investigated recently by Wrona in [114] in maximal L}-L2-spaces. There, a
linearization of the full quasi-linear model in the strong setting for fixed Qy: O — Sg,c
in the space

X = LL(0) x H"(0; 8§ ¢)
is given by the block operator matrix
AB(Q) = | g TEeQE a4 ]
»q
with domain
D(AZ®(Qo)) = (Hy"(0)* N H7"(0)*) x {Q € H*(0; S{c): 9,Q = 0}

Here 0, denotes the outer normal derivative of @), P, denotes the Helmholtz projection
in L(O;R3), and

Se(Q)P =[Q,P] — 2P — ¢{Q, P} + 2¢(Q + 1/d) tr(QP),

Se(Q)P =[Q,PV] - 2PP —¢{Q, PP} +2¢(Q + 1/d) tr(QPP),

with [@Q,P] = QP — PQ and {Q, P} = QP + PQ denoting the commutator and the
anti-commutator, respectively, Q the complex conjugate of @, and

PP =LpP+pP") and PV =1(P-PT)

the symmetric and anti-symmetric part of P € Sgc respectively. The parameter £ € R
describes the ration of tumbling and aligning effects. First, we verify that these operators
fit into the theory presented here.
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Lemma 7.15. Let q € (1,00), O C R? be a bounded domain with 00 € C?® and Qo €
Wtee(0; S(C)Z,C>} then AEB(QO) satisfies Assumption 3.1 with L = 0, and it satisfies the
estimates in Assumption 5.1 (—).

Proof. Diagonal dominance follows from the estimates

1BQ|La < [I(divSe (Q0))(=A + 1)Ql| e + [[(Se(Qo))div(=A + 1)Ql| L«
S 15e(Qo)lwr 1@l 3.0 < 1Qollwr .o [1DQ|1.a,
ICull 0 = 156(Qo) Vull e < [Se(Qo)llwr< llull 2.0 S [|Qollw.o< [ Au]| o

for w € D(A) and @ € D(D), where one uses that A = —P;A and D =1 — Ay 4 are
boundedly invertible. O

In [114, Corollary 3.2.7 and Theorem 3.2.16] it is shown that in the Hilbert space
case ¢ = 2 the operator A5(Qo) is J-symmetric, sectorial, and it generates a contraction
semigroup. We summarize this result without proof here.

Proposition 7.16 (The case ¢ = 2). Let O C R? be a bounded domain with 00 € C? and
Qo € Whe(0; 53,«:); then A5B(Qo) is an invertible J -symmetric and sectorial of angle
< m/2.

Corollary 6.10 yields the boundedness of the H°-calculus for ¢ near 2.

Proposition 7.17 (R-sectoriality and bounded H>-calculus near q = 2). Let O C R? be
a bounded domain with O € C* and Qo € Wh*°(0; Sd ), then there exists § > 0 such
that for all g € (2 — 6,2+ 6) the operators AZP(Qo) are invertible and have a bounded
H® -calculus of angle less than 7 /2. In particular AEB(QO) are R-sectorial of angle less
than /2.

Proof. The operators ASB(QQ> are a consistent family of operators for ¢ € (1,00) by
Lemma 6.4(2) (note that (6.2) holds for ¢ close to 2 by Remark 6.6). For ¢ = 2 the
statement follows by Corollary 5.13 and Proposition 7.16. Hence, using Lemma 7.15, one

can now apply Corollary 6.10, and the statement follows. 0O

Remark 7.18. One can extend the above argument to prove the boundedness of the
H*°-calculus for the Beris-Edwards operator on

H3(0) x H'**9(0; 5§ ) forall g € (26,24 6) and s € (—4,0),

for some § > 0 assuming Qo € CH*(0) with a > 0.
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7.7. A differential operator of Beris-Edwards type

In this subsection we study the following differential operator on X = H~1P(R?) x
LP(Rd)d

Ap | EO 8 AVAE AN i D(A2) = HUP(RY) X H2ZPRY!(7.18)
where p € (1, 00). This differential operator has a structure similar to the one studied in
Subsection 7.6 which arises in the study of Beris-Edwards model for liquid crystals. In
contrast to the latter, Aﬁ allows us to give more direct computations and therefore is
more suited for illustrative purposes.

Let us denote by A} and AY the realization of the Laplace operator on LP(R?) and
H~1?(R?), respectively. Thus .Aﬁ is a block operator matrix with the choice

A=1-A7, B =div(1 - A}), C=V, D=1-A},
where A in the definition of B and D acts component-wise on H*?(R%)%.

Proposition 7.19. Let p € (1,00). Then Aﬁ has a bounded H°-calculus of angle 0.
Moreover, for all 5 € (— ((1 - %) Vv %), 1},

D((A2)7) = H1T20P(RY) x H?PP(RY)?, (7.19)
Proof. It is easy to check that Aﬁ is diagonally dominant, and it does not fit into the
special cases analyzed in Subsection 7.1. For the reader’s convenience we split the proof
into several steps.

Step 1: Aﬁ is R-sectorial of angle 0. Fix ¢ € (0,7). By Theorem 4.1 and the fact that
(1—A)3/2 . gA+sP(RY) — HAP(RY) is an isomorphism for all s, 3 € R, it is enough to
show that

Mi(N) € 1 —div(l — A)Y(A—1) + A) V(A= 1) + A) !
=1-A1-A)((A-1)+A)"2 e L(LP(RY)),
is invertible for all A € CX,, and

R(My(N) "t X elEy) < . (7.20)

To check (7.20), it is enough to check that the symbol of (M7 (X)) ™! satisfies the Lizorkin
condition (see e.g. [96, Theorem 4.3.9]). Note that (M;()\))~! has symbol

_ o def €21+ 1%)
= (14 5Ty
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B (A—1— )2 .
SOl PR ey oraleeRy

By standard computations, one can check that there exists C' > 0 independent of A, &
such that

sup {[€*0¢mA(€)] © = (..., aq) such that o € {0,1}} < C.

Thus (7.20) follows from [96, Theorem 4.3.9].

Step 2: Boundedness of the H*-calculus. The claim of this step can be proven also
by employing Theorem 6.9 and Proposition 5.11. Indeed, by Theorem 6.9 and Step 1,
it is enough to show that A% has a bounded H>-calculus. Note that the consistency
follows from Lemma 6.4 and Step 1. Since AY and Aj generate Ch—semigroup of con-

tractions, by Theorem 6.9 and Proposition 5.11, it is enough to check skew-symmetry as
in Remark 5.12 with v = (472)7!, that is for all f € H*(R%)? and g € H'(R?),

YR(div(L — A) flg) m-1re) + R(V9|f) L2 RaRe) = 0. (7.21)
To prove (7.21), we equip the space H~!(R%) with the inner product
(o mey = [+ 167 ©)- T@ de, (722)
R4

where 7(¢) & Jga M(z)e™2™*¢ dz: denotes the Fourier transform of h at £ € R%. Since

~

the Fourier transform of div(1 — A)f is given by —4n?(1 + |£]?)(27i€ - f), we have

= —Ar*(f|V9) r2Rays = =47 (Vg|f) 12RA)a-

This yields (7.21) and therefore A5 has a bounded H*-calculus by Proposition 5.11 and
Remark 5.12.

Step 3: Proof of (7.19). The case 8 € [0, 1] follows from Proposition 5.9 recalling that,
for all 5 € R,

D((1—A%)%) = H2PP(RY)  and  D((1 — AY)%) = D((—A3)* ), (7.23)

The case p = 2 follows from Step 2, Proposition 5.14 and (7.23). It remains to study the
case 3 < 0 and p # 2. To this end, we apply Theorem 6.9(2).
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Case p € (2,00): Let r € (p,00) be arbitrary. For all § € [0, 1] we set Ag = A2 where
1_ 1-9

;= 3 T g. By Step 1 and Lemma 6.4, (Ag)geo,1] is a consistent family of sectorial
operators. By Step 2, (7.23) and Theorem 6.9(2),

D((A;) ") = D((A})77) x D((A})~F) = A 1H20P(RY) x AR (7.24)

for all B € (0, 3(1—¢)) where ¢ € (0,1) satisfy % = I_T“’ +£. Since 1 —¢p = 2I=1 (7.24)

qr—

holds for all 5 € (0, é%). Thus (7.19) in this case follows by letting r — oco.

Case p € (1,2): The argument is similar to the previous case considering Ay = A2

where % = 1;9 + % where r € (1, p) is arbitrary and letting r — 1. O
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Appendix A. A transference result for the H °°-calculus

Let X be a Banach space and p € [1,2], then the space X has type p if there exists a

constant C}, > 0 such that for all finite sequences z1,...,zy in X and €;,...,en being
Rademacher sequences on a probability space (2, 27, P) one has

» N
<Y ks
n=1

N
IEIH E EnTn
n=1

and X has non-trivial type if it has type p for some p € (1, 2], compare e.g. [50, Definition
7.1.1 f).

Theorem A.1. Assume that X reflexive Banach space with non-trivial type. Let T be a
linear operator on X with a bounded H®°-calculus and let S be an R-sectorial operator
on X such that

D(T)=D(S) and |Tz|x ~|Sz||x for all z € D(T). (A1)
Suppose that for some § € (0,1) one has

S(D(T'+))
R(S)

CD(T%) and  ||T°Sz||x < ||T x| x for all 2 € D(T'?), (A2)
CR(T?) and || T~ °Sz|x <|IT %z x for all x € D(T). '
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Then S has a bounded H™®-calculus and wr(S) = wgye(S).

The above result is folklore known to experts. For the reader’s convenience we provide
the proof extending the arguments in [57, Section 9]. It seems that the geometric assump-
tions on X can be removed by using in the proof below the results in [58, Subsection
5.3], instead of [57, Corollary 7.8].

Proof. Let us begin by collecting some useful facts. By [50, Corollary 10.4.10], it is
enough to show that S has a bounded H>-calculus. Recall that (D(T7))er is a complex
interpolation scale w.r.t. 8, cf. [57, Proposition 2.2], that is

[D(TPr), D(T72))g = D(THO=0+520) " for all 6 € (0,1), (A.3)

since T has a bounded H*°-calculus and hence bounded imaginary powers. Recall that,
by the definition of D(T#) in Subsection 2.3,

D(T%) < D(T?) is dense for all 0 < 8 < a < . (A4)
Moreover, the operator T" induces operators
Ty: DT ND(T?) € D(T?) — D(T?) for all § € R, (A.5)

on the D(T?)-scale of spaces, compare [57, Proposition 2.1] or Subsection 2.3.

By (A.2), (A.4), § < 1 and the definition of the homogeneous scale (2.3), the operator
S extends uniquely to bounded linear operators Si5 € Z(D(T'*%), D(T*%)) satisfying
Sysz = Sz for all z € D(T#9)ND(T). By restriction, we obtain the following unbounded
linear operator

Sis: D(T*) N D(T*%) € D(T*?) — D(TH),
satisfying Sisz = Sz for all z € D(T*°) N D(T).
Similarly, by restriction, interpolation and (A.3), S induced uniquely linear operators
Sg: D(T*) ND(T?) € D(T?) — D(T?) for all 6 € [—4,4]. (A.6)
Next we will need the following lemma which is proven below.
Lemma A.2. Under the assumptions of Theorem A.1 there exists a dg € (0,1) such that
S_s, is R-sectorial on D(T %) with angle < wr(S)Vwie~(T), and moreover D(S_s,) =

D(T*~%).

To verify that [57, Corollary 7.8] is applicable to S_s, one needs that by Lemma A.2
S_5, is R-sectorial on D(T~%) and that the spaces D(T?) have non-trivial type, which is
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equivalent to B-convexity, see [50, Proposition 7.6.8]. This follows since D(T?) are isomor-
phic to X, compare [57, Section 2]. Next, let (-, )y be the Rademacher interpolation func-
tor introduced in [57, Section 7] (see also [58,83]). By [57, Corollary 7.8], for all § € (0,1),
the operator Sy—s, |(p((s_,,)0).6(5_s,)e Rduced by S_s, on (D((S—5,)°), D(S_5,))¢ has a
bounded H°-calculus (cf. [74, Proposition 15.24] and [83, Proposition 5.3.5] for similar
situations). Note that, by using the last assertion of Lemma A.2,

(D((S-5,)°),D(S_5,))0 = (D(T~%), D(T*~%)),
@ [D(T_lso)’ D(T1—5o)]6 _ D(TG_(SO)’
where in (i) we applied [57, Theorem 7.4] to T which guarantees that here the complex

and the Rademacher interpolation scale agree for T'. Collecting the previous facts, we
have

So—s0 lp(ro-40) has a bounded H>-calculus for all § € (0,1) on D(7%~%),

Choosing 6 = d; < 1 and using that D(T°) = X, we obtain that Sy = S has a bounded
H°-calculus on X. This completes the proof of Theorem A.1. O

Proof of Lemma A.2. We split the proof into two steps.

Step 1: There exists §; € (0,8) such that D(Sy) = D(T'*?) for all € (—d1,41).
Firstly, let us note that the sectoriality of S and (A.1) imply that S extends to an
isomorphism S between D(T) and X. Secondly, recall that Sy are defined as explained
before (A.6) via complex interpolation and restriction. Hence, by (A.3) and the Sneiberg
lemma (sce e.g. [106, Theorem 2.3 and 3.6]) there exists a d; € (0,8) such that Sp is an
isomorphism for all 6 € [—d1, d1]. In particular

||§093||D(T0) ~ zllpgrrey forall 6 € [=61,61].

Now the conclusion follows from the definition of Sy as the restriction of Sp on D(T?)
and a density argument (see e.g. [58, Proposition 5.3.1]).

Step 2: There exists dy € (0,1) such that S_s, is R-sectorial on D(T~%) with an-
gle < wr(S) V wy=(T). Let 61 € (0,0) be as in Step 1. We begin by introducing
suitable spaces of sequences. To this end, let (A;);>1 C CE¢ be a dense subset with
¢ € (wr(S) Vwre(T),m), and let (g;);>1 be a Rademacher sequence over a probability
space (£, <7, P). Then, for 6 € [—d;1,01], we set

def Ay 370 - .y
Xy = {(%)321 € D(T7): EH;EJSUJHD(W) < 00}7

def N Ny (T0+1 (T - G R P
Yo = {(%)321 C D(T™) nD(T7): EH;(AJ TG)EJ%HD(TG)
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endowed with the natural norms.

Since X has non-trivial type and D(Te) is isomorphic to X, compare [57, Sec-
tion 2], D(T?) has non-trivial type as well and therefore, it is K-convex due to [50,
Theorem 7.4.23]. In particular, (Xy)ge|—s,,5,] is a complex interpolation scale by [50,
Theorem 7.4.16(1)] and (A.3). By R-sectoriality of T, the assignment (z;);j>1 —
(N — Tg)_lxj)j>1 induces an isomorphism between Xy and Yy, cf. (2.5). By com-
patibility (2.6) and [57, Proposition 2.1], (Vs)gc[—s,,5,] is also a complex scale.

For any sequence x = (z;);>1 € Vg we set

To(x) = ((Aj — So)xj)j>1.
By (A.5)—(A.6) and ¢ > wr(S) Vwge (T), we get that
To: Yo — Xy is bounded for 6 € [—d1,d1].
Next we prove that 7y € £ (), Ap) is an isomorphism with inverse
So(x) = ((Aj = 8)7'j)j1,

where S = Sy. Clearly, TSy and STy are equal to the identity on the subset of finite
sequences in Yy and Xj, respectively. By density it remains to prove that Sy € Z(Xp, Vo).
To this end, recall that D(T') = D(S) and thus | Tz|x ~ ||Sz||x for all x € D(T). The
latter implies

180 () [y,
<E| ey -9t +E[T 30 - 97
7=t Jj=1

o D P
- = (A8)
%)SUP (EH Z ejhj(\j — )"t ’X—I—EH Z ;S\ — 8) Ly X)

J=1 1<5<J 1<5<J

(id)
S RSO- 9" A€ THE| D iy S Il
Jj=1

where in (i) we used Fatou’s lemma and in (ii) the R-sectoriality of S, (););>1 C 0%,
and ¢ > wr(S) Vwpe(T). Note that the constants (A.8) are independent of the choice
of the sequence (););>1 C 03y.

Similar to Step 1, Sneiberg’s lemma [106, Theorem 2.3 and 3.6] is applicable to Ty.
Thus there exists dy € (0,;), independent of (););>1 C C3y, such that

To : Yo — Xp is boundedly invertible for all § € [—dg, do] (A.9)
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and

def

175l 2(xs,v0) < CoR(S(A = 8) 7" 1 X € By) = Cso,

where Cy > 0 is independent of the sequence (A;);j>1.

Since dy < § < 1, by [58, Proposition 5.3.1] the embedding D(T) N R(T) < D(T?) is
dense for all 6 € [—8y, do]. Hence, one can check that 7, ' : Xy — Y for all 6 € [, do]
is given by

Ty (%) = (A — So) )1

Since 7:5;1 € L(X_s,,Y—s,), for all finite set J C Z and finite sequence (xj)fz‘ll -
D(T~%) we have
-1
EH ;Ej%()\j —5-4) xjHD(T_%) < Cs,eEH ;nyjHD(T_éo)- (A.10)

Recall that (A;);>1 2 0Z, is dense. Equation (A.10) and the continuity of the resol-
vent map A — (A—S_s,) ! ensure that p(S_s,) 2 L, and (A.10) holds for all finite set
(Aj)jes € C\ Xy. In particular, S_s, is R-sectorial with angle < ¢. The arbitrariness of
¢ yields wr(S_s,) < wr(S)Vwy=(T). O
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