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1. Introduction

The model. In quantum mechanics, the state of a system of N identical particles is described by a wave
function ¥, which evolves in time t € R according to Schrodinger’s equation,

{i@t\Ilt - HV,, n

Uy =T,.

Given the (Bose—Einstein or Fermi-Dirac) particle statistics and the one-particle Hilbert space b, the wave
function ¥, is a normalized vector in ﬁl()N) = SN [H®N], for a system of N bosons, or in ﬁ}N) = AN [HON],
for a system of N fermions. Here S™V) and AM) are the orthogonal projections onto the totally symmetric
and the totally antisymmetric subspace, respectively, of the N-fold tensor product h®V of the one-particle
Hilbert space . The dynamics (1) is generated by the Hamilton operator H which is self-adjointly realized
on a suitable dense domain in f)l()N) or .sa}N), respectively.

In the present article we study a system of N spinless fermions in R3, so ¥, € ﬁch), and h = L2[R3] is
the space of square-integrable functions on R®. The Hamiltonian is given by

N
H:v+Zh§»1)+>\ Z v(z; — xk) (2)
j=1

1<j<k<N

where

e the number v € R is a constant contribution to the total energy. For example, if we describe a molecule
in the Born—-Oppenheimer approximation, then v would account for the nuclear—nuclear repulsion,

o the coupling constant A > 0 is a small parameter and possibly depends on the particle number N > 1
(while our interest ultimately lies in the description of systems with N >> 1, the estimates in this article
hold for any N > 1),

o the self-adjoint operator h(!) on § is of the form —aA + w(x), where a > 0 and the external potential
w is an infinitesimal perturbation of the Laplacian,

e and v(z) := £|x|7! is the Coulomb potential, for x € R3 \ {0}; v(z) = +|z|~! is the repulsive case,
v(x) = —|x|~! the attractive case.

The Hamiltonian specified in (2) describes several situations of interest, e.g.:

e Atom. For an atom in the (0'*) Born-Oppenheimer approximation with a nucleus of charge Z at the
origin, we have repulsive interaction and

v=20, h(l):—%—al%, A=q, (3)
where o > 0 is the fine structure constant whose physical value is & ~ 1/137. Note that our system of
units is chosen such that the reduced Planck constant &, the electron mass m and the speed of light ¢
are equal to one, and the charge of the electron is —e = —y/a. For more details about this choice of
units see [45, p. 21].

e Molecule. More generally, we can consider a molecule with M € N nuclei of charges Z3,...,Zy > 0 at
fixed, distinct positions Ry, ..., Rys € R3 in the Born-Oppenheimer approximation. In this case we have

VA A aZ,
v = B I DN 1
1<mZ<l<M B — Ril 2 Z W
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« Particles in a trap. For electrons in an external confining potential (realized, e.g., by a laser trap), we
have repulsive interaction and

A
v=0, h(l):fEer(x), A=a. (5)

e Fermion star. The Hamiltonian also describes systems of gravitating fermions, e.g., neutrons. In this
case the interaction is attractive and

A

v=0, h(U:—E, A=G, (6)

where G is Newton’s gravitational constant (and recall that we set the mass m = 1). A better description

of a fermion star is achieved by replacing the non-relativistic Laplacian by the semi-relativistic operator

vV—A+1.

For these situations the Hartree—Fock description that we are aiming at in this article and that we describe
below can only be expected to hold for very short times (short relative to the large particle number N).
For times of order 1, we have to choose the coupling constant small in N to see Hartree-Fock behavior
(“mean-field scaling”). There are several possibilities to do that

e Mean-field scaling for large volume. Let us first note that for systems with large volume proportional
to N, the kinetic energy is naturally also of order N. For such a system, the choice

1

A
_ 1) _ _

leads to an interaction energy which is of the same order in N as the kinetic energy (see [50] for a more
detailed discussion).

o Mean-field scaling for fixed volume. For systems with volume independent of N, the mean-field limit is
naturally coupled to a semi-classical limit. Note that here the kinetic energy is of order N°/2. Then the
choice

1

v=0, h= +tw(z), A=mm (8)

C2N1/3
leads to an interaction energy of the same order as the kinetic energy and nontrivial mean-field behavior
(see in particular [22,16] for more details).

e A = N1 scaling. Very often, the term “mean-field scaling” is identified with the choice A = N~
However, comparing with (7) and (8), in the two situations considered above, we see that this scaling
leads to a subleading interaction.

Theory of the time-dependent Hartree—Fock equation. Although (1) admits the explicit solution ¥; =
e~ "1y, this explicit form is not useful in practice (from the point of view of numerics, for example)
because of the large number N > 1 of variables, and it therefore becomes necessary to consider approxima-
tions to this equation. One such approximation consists of restricting the wave function ¥, to a special class
of wave functions. For fermion systems, the Hartree—Fock approximation is a natural choice: it restricts ¥,
to the class of Slater determinants, i.e., to those ® € ﬁch) which assume a determinantal form,

er(z1) - ()

onla) - onlen)
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where the orbitals ¢1,...,pn € h are orthonormal. We express (9) more concisely as ® = o1 A -+ A pn.
In time-independent Hartree—Fock theory, one is interested in determining the minimal energy expectation
when varying solely over Slater determinants [7,11,10,43,9], i.e., one is interested in finding

inf {(®,H®) |®=p1 A~ Aon, {(pi05) =i}

One can also study the evolution governed by (1) using Slater determinants, which gives rise to
time-dependent Hartree—Fock theory. Here the basic intuition is that, for a system containing a large number
of particles, the solution will stay close to a Slater determinant (at least for short times), provided the ini-
tial state is close to a Slater determinant. Turning this intuition into mathematics requires the specification
of the equation of motion of the approximating Slater determinant, as well as a mathematically rigorous
notion of being “close” For the derivation of the former, one assumes that the solution to (1) is of the form
O, =1 A A, as in (9). It is then easy to verify that the orbitals ¢y 1, ..., ¢ n necessarily satisfy
the time-dependent Hartree—Fock (TDHF) equation, that is the system of N non-linear equations given by

N
.dtpt,' _
17] = hWgy; + A ; ([v * |tk )t — [v (sﬂt,j%,k)]@t,k) (10)

for j=1,...,N (@ is the complex conjugate of ).
The TDHF equation (10) can be rewritten in terms of the one-particle density matrix
N .
pr =21 i) {er;| with ¢ ; € b and (@, ork) = Gjk as

(TDHF) 0 = [hY), p] + ATra[0?, (pr @ pe) (1 — X)]. (11)

Here X is the linear operator on h ® h such that X(p ® ¢) = ¢ ® ¢ and Tra is the partial trace (see (23)).
Sometimes, we write p§2) = (pt @ p¢)(1 — X). In the sequel, when speaking of the TDHF equation, we refer
o (11). The term involving 1 is called the direct term, the term involving X the exchange term.

Note that the TDHF equation (11) can be written as idip; = [hgf);(pt),pt], where the effective

HF-Hamiltonian hgl),('y) is given by
Hap(1) 1= WY+ AT o (Lyey — 2)(1y 7). (12)

Implicitly assuming the existence and regularity of p;, the HF-Hamiltonian hg}(pt) is self-adjoint with the
same domain as h(l), and hence the solution to OUpr; = —ihg,j}};(pt)UHFﬂﬁ7 with Ugr,o = 1, is unitary.
This has the important consequence that (11) preserves the property of the one-particle density matrix p;
of being a rank-N orthonormal projection. In other words, if &, € S’J;N) evolves according to the TDHF
equation and ®g = p1 A -+ A @y is a Slater determinant, then so is @4, for all ¢t € R.

The TDHF equation for density matrices as in (11) has been studied in [17] for a bounded two-body
interaction. Then the mild solutions of the TDHF equation in the form (10) have been handled for a Coulomb
two-body potential in [21] for initial data in the Sobolev space H!. This result has been extended to the
TDHF equation in the form (11) in [18,20]. Note that [18] also handles the case of a more general class of
two-body potentials and the existence of a classical solution for initial data in a space similar to the Sobolev
H? space for density matrices. In [63] the existence of mild solutions of the TDHF in the form (10) was proved
for a Coulomb two-body potential with an (infinite sequence of) initial data in L2. For the convenience of
the reader we state the precise results we use about the theory of the TDHF equation in Appendix A. In [5]
the existence and uniqueness of strong solutions to the von Neumann—Poisson equation, another nonlinear
self-consistent time-evolution equation on density matrices, are proved with the use of a generalization of
the Lieb—Thirring inequality. Another direction in which to generalize the Hartree equations is to consider,
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instead of an exchange term, a dissipative term in the Hartree equation; the existence and uniqueness of a
solution for such an equation have been proved in [6].

One-particle density matriz. The notion of proximity of two states we use in this article is defined by
expectation values of k-particle observables, where 1 < k < N. More specifically, if U; € ﬁ;N) is the
(normalized) solution to (1) and ®yp; = @11 A -+ A prn, Where @ 1,..., ¢ n are the solutions to (10),
then, for any k-particle operator A*) (i.e., for any bounded operator A®) on p"* := A[h®*]), we wish to
control the quantity

1
55@ (A(k)) = WKQM (A(k) Q@ IN_k)V¢) — (Par, (A(k) ® ]]-ka)q)HF,t>| .
(o)
Here 1, _j, denotes the identity operator on hf2(N=F) and || - || denotes the operator norm on B[h"*].

It is more convenient to reformulate this approach in terms of reduced density matrices. We recall that,
given ¥ € 5’3; the corresponding reduced k-particle density matrix is the trace-class operator 7 ) on ﬁ(k)
whose kernel is given by

7\(1/k)(1'17 ey LRI YLs e yk)
N! 3 3
:m U(L1, .. Thy Thtls - TN) (Y1, - Yy Tl 1y - - EN) A Xppr - d TN . (13)
Note that we normalize the reduced density matrices so that Tr ’y(k) = ﬁ We may then rewrite
5,§k)(A(k)) as
1 k k)
50 (A) ‘ Tr [(1) = A9 y4® ’
(A™) = HA(k)HB 0, [, = Yo )AY]
and observe that
(k) ( A(k)\ (k)
sup 525 (A( )) - || 7<I>HF1||[,17
AW EB(H)
where || - || 21 denotes the trace norm. We are thus interested in bounds on ||fyfpt - 7<1>,,p llc1. In the present

article we restrict ourselves to the case k = 1.

Derivation of the TDHF equation. The derivation of the TDHF equation may be seen as part of the quest for
a derivation of macroscopic, or mesoscopic, dynamics from the microscopic classical or quantum-mechanical
dynamics of many-particle systems as an effective theory. Let us first discuss some generally interesting
examples and then come to the case of the TDHF equation for fermions.

In the case of the dynamics of N identical quantum-mechanical particles, the time-dependent Hartree
equation, that is the TDHF equation (10) without the exchange term, was first derived rigorously in [60] for
a system of N distinguishable particles in the mean-field limit. For systems of indistinguishable particles,
the case of bosons has received considerable attention compared to the case of fermions, and several methods
have been developed. The so-called Hepp method has been developed in [41,35,36] in order to study the
classical limit of quantum mechanics. It inspired, among others, [34], where the convergence to the Hartree
equation is proved, [57], where the rate of convergence toward mean-field dynamics is studied, and [2,3],
where the propagation of Wigner measures in the mean-field limit is studied, with special attention to the
relationships with microlocal and semi-classical analysis. In this direction, with a stochastic microscopic
model, the linear Boltzmann equation was obtained as a weak-coupling limit in [19] yielding an example for
a derivation of an equation with non-local terms using methods of pseudodifferential calculus. The derivation
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of the linear Boltzmann equation in the earlier work [30], along with the series of works following it, used
a different method based on series expansions in terms of graphs similar to Feynman diagrams. The result
is valid on longer time-scales than in [19], but with more restrictive initial data. Other limit dynamics have
been obtained, a particularly interesting one is the weak-coupling limit for interacting fermions for which
a (non-rigorous) derivation of the nonlinear Boltzmann equation has been given in [25]. Series expansion
methods and the Bogoliubov-Born-Green-Kirkwood—Yvon (BBGKY) hierarchy have also proved fruitful
in other works, e.g., [60,14,23,1,27.4,29.28]. In [29,28] the Gross—Pitaevskii equation, which describes the
dynamics of a Bose-Einstein condensate has been derived. Also for the Gross-Pitaevskii equation the
formation of correlations has been studied in [24], providing information on the structure of solutions to
the Gross—Pitaevskii equation. The techniques developed in [48] to study the weakly nonlinear Schréodinger
equation are used in [47] to derive quantum kinetic equations; those techniques resemble the BBGKY
hierarchy methods, but they do not impose the normal ordered product of operators when considering
expectation with respect to the initial state. The bounds on the rate of convergence in the mean-field limit
given in [34] have been sharpened in [26] using a method inspired by Lieb—Robinson inequalities. Another
method introduced in [33] shows that the classical time evolution of observables commutes with the Wick
quantization up to an error term which vanishes in the mean-field limit, yielding an Egorov-type theorem.
Recently a new method based on a Grénwall lemma for a well-chosen quantity has been introduced [52,42]
in the bosonic case, which considerably simplifies the convergence proof for the Hartree equation.

In the fermionic case, the TDHF equation has been derived in [12] in the A = N~! scaling for initial data
close to Slater determinants, and with bounded two-body potentials. The same authors give bounds on the
accuracy of the TDHF approximation for uncorrelated initial states in [13], still with a bounded two-body
potential. For the same scaling, the TDHF equation has been derived in [32] for the Coulomb potential
for sequences of initial states given by Slater determinants. The semi-classical mean-field scaling from (8)
has first been considered in [49] where it is shown that for suitably regular interactions the Schrodinger
dynamics is close to the classical Vlasov dynamics. The results have been improved in [61]. In [22], in the
semi-classical mean-field scaling, the closeness of the Schrédinger dynamics to the Hartree—Fock dynamics
was discussed and bounds for the Husimi function were given, assuming the potential to be real-analytic and
thus in particular bounded. Up to that point all the method used to derive the TDHF equation had always
been based on BBGKY hierarchies. In [16,15] estimates of ||yn ¢+ —pn.¢||z1 Wwere given in terms of the number
N of electrons and the time ¢, in the semi-classical mean-field scaling. Their method is based on the Grén-
wall lemma, similarly to [57,52] in the bosonic case. The second article deals with the semi-relativistic case.
The authors pointed out that with a bounded potential, in this scaling, the exchange term in the time-
dependent Hartree—Fock equation does not play a role so that the time-dependent Hartree—Fock equation
reduces to the time-dependent Hartree equation. In [50], the fermionic Hartree equation in the large volume

% are considered, with

case is considered by generalizing the method of [52]. Interactions of the form |z|~
the corresponding A = N~+5/3, Under the condition that the Hartree-Fock kinetic energy per particle is
bounded uniformly in time, a derivation of the TDHF equation is given for 0 < s < 3/5, and for Coulomb
interaction with either a mild singularity cutoff on a ball with radius N~1/6+¢ for any ¢ > 0, or for the
full Coulomb interaction under certain Sobolev conditions on the solution to the TDHF equation which are
not proven in this work. Explicit bounds in terms of N, the Hartree-Fock kinetic energy and ¢ are given.
Furthermore, in [50], the main result of [16] is reproduced with a different method than in [16] and written

down for weaker conditions on the closeness of the initial state to a Slater determinant.

Main estimate of this article (see Theorem 2.1). Given a normalized initial state ¥ € Jﬁch) and the
one-particle density matrix po = Ve, , associated with a Slater determinant ®yr o = w10+ Apn,0, With
(¢i,0,¢j.0) being orthonormal orbitals in H!(R?), ~; the one-particle density matrix of the solution ¥, to
(1) and p; the solution to (11) obey the trace norm estimate
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1 1
N”% —ptller < \/g\/NQ/?’NHWO — pollzr exp(Ca v, kxt) + N=1/3 (exp(C v xt) — 1), (14)

with Cy y.x = 30A\VK N6 where K is a bound on the kinetic energy of p; which is assumed to be uniform
in time (see (15)).

Discussion of the results. Roughly speaking, the estimate (14) implies that, starting from a state close
to a Slater determinant for the N-body Schrédinger equation and from the corresponding one-particle
density matrix for the TDHF equation, the Hartree-Fock approximation is justified up to times of or-
der (\WWKN'/6)~1 where K is the kinetic energy (which, for repulsive systems, is bounded by the total
energy of the system, uniformly in time) and A the coupling constant. Hence, our assumption on the ini-
tial state is given in terms of energy, and not in the form of “increasing” sequences of Slater determinants.
This assumption seems more natural to the authors as it is closer to a thermodynamic assumption on the sys-
tem. In our proof we obtain a rate of convergence of N~1/6. For the initial data, in order to have convergence,
we can allow states with N=1/3||y9 — po|/z1 — 0 for N — oo. This means, e.g., that, for any € > 0, the
initial state can have N1/3=¢ particles outside the condensate, i.e., the Slater determinant structure.

The fact that the estimate (14) is relevant when AN 1/6 {1/2t is of order one, restricts its applicability to
a regime where the kinetic energy dominates the direct and exchange terms. This implies that the evolution
is the free evolution to leading order. Estimate (14) captures the subleading effect of the direct term on the
dynamics and is thus relevant provided that K > N*/3. We substantiate this by heuristic arguments in
Appendix B. Let us stress that estimate (14) requires no additional assumption on the initial states other
than the Hartree—Fock kinetic energy to be finite. Furthermore, estimate (14) applies to the repulsive or
attractive Coulomb interaction, which is very relevant for many physical systems.

Compared to [32], where also the Coulomb potential was considered, our result holds for larger time
scales. In [32], the A\ = N~ l-scaling was assumed and, by a rescaling in time and in space, the result also
applies to a large neutral atom (i.e., with charge N > 1 and A = «). With the result of [32] the Hartree-Fock
approximation is then justified up to times of order N ~2. Assuming we have a state with a negative energy,
the kinetic energy is controlled by a universal multiple of N7/3 (see Section 2 for more details), and our
estimate allows us to justify the approximation up to much larger times, of order N=%/3. (Note, however,
that our estimate deteriorates if the energy of the state is higher.)

Compared to [16] where the semi-classical scaling (8) is considered, our result allows us to control the

approximation only up to times of order N—1/3

, whereas the estimates in [16] allow one to control the
approximation up to times of order 1 (however, only for bounded two-body potentials). This comes from
the fact that we do not assume any semi-classical structure on the initial data. Note that our strategy is
similar to the one of [16] since we do not use the BBGKY hierarchy but instead make use of a Gronwall
lemma. An important difference lies in the decomposition of the potential: in [16] a Fourier decomposition
is used whereas we use the Fefferman—de la Llave formula.

Let us compare our results to [50] where the mean-field scaling for large volume (7) is considered. Note
that there the Schrédinger dynamics is compared to the fermionic Hartree equation without exchange term.
While in [50] other interactions are also considered, for Coulomb interaction, essentially two results are
proven. First, for regularized Coulomb interaction with singularity cut off on a ball with radius N—1/6+¢
for any € > 0, convergence of the Schrédinger dynamics to the fermionic Hartree dynamics is shown in
terms of a counting measure ay, with convergence rate depending on the cutoff. Note, that we use the same
measure in our proof, see also Remark 3.5, but we formulate our main result only in terms of the trace norm
difference of reduced densities. The improvement of our result is that it holds for full Coulomb interaction
without any regularization and, in general, with a better convergence rate. For the second result in [50]
a bound on Tr[(—A)3*2p,] is assumed. Under that condition convergence for full Coulomb interaction in
terms of a, and the trace norm difference is shown, with rate N~/2 in the trace norm sense. This bound on
Tr[(—A)3*ep,] was, however, not proven to hold for ¢ > 0. Compared to that, our result holds for any initial
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condition with kinetic energy bounded by C' N, without further assumptions, but only with a convergence
rate of N~1/6 in the trace norm sense.

Sketch of our derivation of estimates on the accuracy of the TDHF approximation. We derive an estimate
on the trace norm of the difference 4 — p; between the one-particle density matrix v = g, of the (full)
solution U; = e *H W\ of (1) and the one-particle density matrix p; solving the TDHF equation (11).
Our work is inspired by Pickl [52], where one of us developed a new method for bosonic systems which was
generalized to fermion systems in [50] by two of us. The method uses a Gronwall estimate for a well-chosen
quantity called the number of bad particles in [52]. We refer to the quantity we chose to control as the degree
of evaporation Sy. The subscript g refers to a freedom in the choice of a weight function g which allows us
to fine-tune the distance of ~; (the density matrix of ¥;) to p; in a suitable way. For the simplest choice
g(x) =z, Sy is called the degree of non-condensation in 38, Remark (a) on p. 5], while in [59] it is called
Verdampfungsgrad, which translates to degree of evaporation.

We show that the degree of evaporation Sy is directly related to the trace norm ||y — p||z:. We then
calculate the time derivative of S, and split it into three terms that we estimate separately. To obtain
the estimates we make use of correlation inequalities which may be seen to be a dynamical version of the
correlation estimate presented in [7]. (See also [38] for an alternative proof of that correlation estimate which
does not make use of second quantization.) While we estimate two of the terms in a way very similar to [50],
our estimate for the remaining term (here called A; in [50] called (I)) is very different and allows us to treat
the full Coulomb potential. This term is physically the most important, since its smallness is a consequence
of cancellations between the Hartree—Fock and the many-body interaction. The bounds on this term are the
key estimates of this work. They are obtained by using the Fefferman—de la Llave decomposition formula
[31]. We remark that, in view of the generalization of this decomposition derived in [39,37], our result applies
to a more general class of two-body interaction potentials. The Lieb—Thirring inequality [46] and Hardy’s
inequality then provide an estimate in terms of kinetic energy. Finally, we note that in many physically
relevant cases the estimate in terms of kinetic energy can be stated in terms of an estimate on the initial
total energy of the system.

Outline of the article. In Section 2 we state our main result, along with applications to molecules or the
mean-field limit. In Section 3 we introduce the degree of evaporation S, and relate it to the difference
between the one-particle density matrix of the solution to our model and the solution to the TDHF equation.
We then calculate the time derivative of S, and provide bounds for the different contributions, thus proving
our main theorem. In Appendix A we recall some results about the theory of the TDHF equation.

2. Main result and applications

Our main result is an estimate of the trace norm || - |1 of the difference between the one-particle density
matrix of the solution to the many-body Schrédinger equation (1) and the solution to the time-dependent
Hartree-Fock equation (11) in terms of the kinetic energy of the system. As usual, we denote by H'(R?)
the Sobolev space of weakly differentiable functions with square-integrable derivative.

We henceforth make use of the following notation:

o Let Uy € Sﬁ;N) be a normalized initial state, and let v; := g, be the one-particle density matrix of
the solution ¥; = e ¥, to the Schrodinger equation (1) with Hamiltonian H from (2) (i.e., with
Coulomb interaction).

o Let ®yro =10/ Apno be a Slater determinant, with ;0 € HY(R3) and (p;.0, ¢k.0)s = djk, for
1 <7,k <N.Let po := Ve, be the one-particle density matrix of ®yr o and p; be the solution to the
time-dependent Hartree—Fock equation (11) with initial condition py.
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Theorem 2.1. Assume that the kinetic energy of p; is uniformly bounded in time,

K = supTr[-Ap;] < 0. (15)
>0

Under the assumption of (15) the estimate

1 1
NH% —peller < \/g\/NQ/?’NHo —pollcr exp(Cx v,k t) + N~1/3(exp(Ca N, kt) — 1) (16)
holds true with Cy y x = 30AVKN/6.
The proof of Theorem 2.1 is postponed to Section 3.

Remark 2.2. One of the ingredients of our proof is the Fefferman—de la Llave decomposition of the Coulomb
potential [31]

1 716

— = — (1p(0.r 1go.r dr, 17

|| /7?7"5 (Lp(0,r/2) * Lp(o,r/2))(x) dr (17)
0

an identity that holds for all z € R3\ {0}, where 1 B(0,r/2) is the characteristic function of the ball of radius

r/2 centered at the origin in R3. A generalization of this decomposition to a class of two-body interaction

potentials v of the form

o0

v(x) = /Qv(r) (1B(0,r/2) * 1B(0,r/2))(x) dr (18)
0

with z € R3\ {0}, was given in [39] under Assumption 2.3 below, and our proof largely generalizes to
those potentials v. More precisely, the assertion of Theorem 2.1 holds true and without any change in the
constants, if we replace the Coulomb potential by any pair potential v that satisfies Assumption 2.4 below,
which in particular implies v(z) < |z|~!. Note that the assumption of semi-boundedness of v is only used
to ensure the global existence of a solution to the TDHF equation. One could drop it to study problems up
to the time the solution to the TDHF blows up.

Assumption 2.3. The function v : R?\ {0} — R has the following properties:

e v is a radial function, and there exists a function © € C3[(0,00);R] such that v(z) = o(|z]), for all
r € R\ {0},

m‘;;n,}:’(r)%O, asr — oo, form=20,1,2,

. R , , 25
o limpoo [, 72 go(r) dr exists, with g,(r) :== 24 (1942(r)).

o T

Note that g.-1(r) = 17T—6r_5 in case of the Coulomb potential which is prototypical for the following
further assumption:

Assumption 2.4. (With the same notation as in Assumption 2.5.) The function v : R — R satisfies As-
sumption 2.5, |gy(r)] < 17r—6r_5 and, for some p € R, v(x) > p for oll .

Remark 2.5. Note that we actually prove a slightly stronger result in Theorem 3.8 in terms of the degree
of evaporation Sy(t) (with properly chosen g), which is defined in Definition 3.3. The way our result is
formulated in Theorem 3.8 can directly be compared to the results in [50].
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Remark 2.6. Note that the two summands in the square root on the right-hand side of (16) come from
different contributions which we call A;, B; and C; (and which are called (I), (II), (III) in [50]), see
Proposition 3.9. It is interesting to note that all three terms contribute to the first summand (which is
proportional to |79 — pol|z1) but only the B, term contributes to the second summand.

Remark 2.7. Note that it is sufficient to prove Theorem 2.1 with ¥ in Sﬁ;N) NH! (R3)®N. A density argument

then provides the result for a general Vg in ﬁch).

Let us discuss some cases when the assumption that the Hartree—Fock kinetic energy is uniformly bounded
in time is satisfied. In Propositions 2.11 and 2.12 we give explicit bounds on the kinetic energy K in terms
of the energy expectation value (® g o, H®pp o) of the initial state ®yr ¢ and the ground state energy for
examples presented in Section 1. In the case of atoms or molecules this follows from known estimates, which
we now recall.

To formulate these, we denote the energy expectation value and the kinetic energy expectation value of
a normalized wave function ¥ € éﬁ;N) N HI(R?’)@N by

N
E(W) = (U, HY) and IC(\II):<\IJ, (Z—Aj)xp>.

j=1
For atoms and molecules the ground state energy Eg, is defined as
E,, = inf {5(@) ‘ v e ™ N (R, RIREESE
Ri,...,Ru €R% I 4m= R ;éRm}.

Equipped with this notation, we formulate the coercivity of the energy functional on the Sobolev space of
states with finite kinetic energy:

Proposition 2.8. Consider a neutral atom or a molecule as in (3) or (4). If Egs < 0 then

K(0) < ( E(U) — By + —Egs)2 < 26(W) + 4| B, .

Proof. See [45, p. 132]. O

Using Proposition 2.8 along with the conservation of the total energy for both the Schrédinger equation
and the TDHF equation (see Appendix A) we get the following bound on the kinetic energy.

Proposition 2.9. Assume that ®uro = @10 A -+ A@no is a Slater determinant, with ¢;o € HY(R3) and
(0.0, 0K,009 = 0ji, for 1 < j,k < N. Then, in the case of atoms or molecules as in (3) or (4),

2
K = supTr[-Ap] < ( E(@uro) — Egs + —Egs) . (19)
>0

Thus, if E(@ppo) <0 then

We also recall a known bound for the ground state energy, see [46] or [45], whose units we use.
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Proposition 2.10 (Ground state energy of a molecule). For a molecule with nuclei of charges Zy, ..., Zy >0
at pairwise distinct positions Ry,..., Ry € R3, with A = o, v = Y omet WZmZ1/|Ryy — Ry| as in (4), and
Z =max{Z1,...,Zn}, the ground state energy satisfies the bound

M~ 1/312
0 < —E, < (0.231)a2N{1+2.162<F) } ,

Proposition 2.11 (Neutral atom). In case of an atom with N = Z the ground state energy satisfies
0 < —E, <(231)a®N7/3,

Proposition 2.12 (TDHF equations without external potential and with repulsive interaction).
For V) = —A/2 and v(x) = |z|~', the Hartree-Fock kinetic energy is bounded by the total Hartree—Fock

energy (for any A > 0), which is preserved in time, i.e.,
K < &@purp)-
Finally, let us note that for attractive Coulomb interaction without external field, we have the bound
K <28(®pgro) + CXNENT/3 (21)

which follows from the Lieb—Thirring inequality and which we prove in Appendix B. Thus, also for attractive
interaction, the bounds K < CN in the mean-field scaling for large volume (7) and K < CN®/3 in the
semi-classical mean-field scaling (8) hold, if the corresponding bounds hold for the total energy.

3. Control of the degree of evaporation S

We first introduce the degree of evaporation Sy, which is a function of a state on the Fock space and a
one-particle density matrix. We use S, as an indicator of closeness of the Hartree-Fock to the Schrédinger
quantum state.

3.1. Definition and properties of the degree of evaporation

For A and more generally B(M) (M < N) linear operators acting on h and ﬁgpM), respectively, we use
the notation

N N

M M
dr(4):=>"4; and dr®E®).= N B (22)
j=1 Jiyenim=1
J#j2. Fim
as operators on ﬁ(fN), with A; acting on the j*" factor in H®Y and BM) acting on the jt* ... ji factors

in B®N | respectively.

Remark 3.1. Although we do not use the fermion creation and annihilation operators a*, a, note that (22)
coincides with the second quantization dI' in quantum field theory in the sense that

ar(4) = / A(z:y) o (x)aly) dedy,

or, more exactly, its restriction to the N-particle sector. Similarly, e.g.,
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dr®(B@) = /B(Q)(Ilamz;yhyz) a*(z2)a™(z1)a(yr)a(yz) drvidradyidys .

Let £1($) denote the space of trace class operators on a Hilbert space . We use the partial trace
Try : £1(h%2) — L£1(h) which is defined for B?) € £1(h®?) to be the operator Tro[B?)] € £1(h) such that

Tr [Tro(BP) A] = Tr [B® (A® 1y)] (23)
holds for all A € B(h).

Definition 3.2. For an N-particle density matrix p € L}r(.ﬁ;N)), i.e., a non-negative trace-class operator on
ﬁ;N) of unit trace, the one- (resp. two-)particle density matrix of p is denoted by ~, (resp. 7,(,2)). It is the
operator on h (resp. 5’)502)) such that

VAEB(b): Trymlpdl(4)] = Ty, 4, (24)
vB® e B(n) : Trgon [p are(p®)) = Trge [v? B?]. (25)

We note that v, and 7,()2) satisfy
0<7 <1, Tnfyl=N, 0<yP <N, TryepbP] =N -1) (26)

(see, e.g., [9, Theorem 5.2]). Further note that we are slightly abusing notation since the one-particle

density matrix was defined for wave functions in Eq. (13), rather than for density matrices. We thus identify

)

Yo = V) (w|, for all normalized ¥ € ﬁ;N , whenever this does not lead to confusion.

Definition 3.3. Let NV € N and

Sy = {neLl'(h)|0<n<1, Tr[s] =N},

and g be a continuous function from R to R. The map S : ﬁl&- (Q;N)) X Gy — Rar defined by

Sy(p,m) = Tr[p gl, (27)

where § := g(dI'(1 — 7)), is called the degree of evaporation (of p relative to 7). The translation of g by
k € Z, is denoted by 11g9(y) := g(y — k).

Note that when the expression of g is too long to fit under a hat, we write (g)" instead of §.
Remark 3.4. § := g(dI'(1 — 7)) is defined using the functional calculus [54,56].

Remark 3.5. The particular case in which 7 is a rank-N projector is of importance in the sequel, and we
then write

pi=n and qg:=1—n.

In this case, only the values of g on {0,..., N} are relevant for the definition of § and the continuity
assumption on g can be dropped. We can then give an alternative and equivalent viewpoint using the
orthogonal projections
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P = Y Q) ((1—a)p+aw) = 1y (AT (g))

ac{0,1}}1 £=1

la]=m
on h®M  with |a| = a1 + --- + ay, for M € N and m € Z. (Note that with this definition PM = 0 for
m ¢ {0,...,M}.) We can then write down the spectral decomposition of dI'(¢),
dr(q) =Y nPM, (28)

nez

ie., P,SN) is the projection on the eigenspace of dI'(g) associated with the eigenvalue n € Z. It follows that

N
Sy(p,p) =Y g(n) Tr [pPN]. (29)
n=0
In this form we see directly that for p = |¥)(¥| we have S, = o, where a4 is the functional used in

[50, Definition 2.1] to control the closeness of a Hartree—Fock state to a Schrodinger state. However, note
that there is a difference in the choice of normalization. The particular choices of functions, f in [50] and
g in our article, are related through g = N f, such that S, = Nay. Note also that for g(z) = « we find

Sraz (p,p) = Tr[7,(1 = p)].

Remark 3.6. For g(z) = =z, the functional S, has been used in [8,38,59] in the context of mean-field
approximations for ground states. In [38], S, is called “degree of non-condensation” or “the relative number
of particles outside the Fermi sea”. For general g, a bosonic variant of S, was introduced for the derivation
of mean-field dynamics in [52] and for the derivation of the NLS equation in [51,53]. For the derivation of
mean-field dynamics for fermions, S, was introduced in [50]. Note that for g(x) = = and ¥, € 5’3ch), 25,(t)
coincides with the quantity (Un (t;0)&, NUn(t;0)§) in [16] in case £ = R} Wo.

Let us collect some properties of Sy(p,n) and show how it relates to the distance of y, to n in trace norm.
(Note that some of the statements were already proven in [16] and [50].) We denote the Hilbert—Schmidt
norm by || - || zz2-

Proposition 3.7. For n € G and p a density matriz with one particle density matriz v, the degree Sy(p,n)
of evaporation has the properties

i < <
. §1§}£ 9(@) < 85 (pm) < . SSBENQ(I)’ (30)
Iy =nllZz2 <251 (p,n), (31)
g1 < g2 on [0, N] = Sy, (p,n) < Sy, (p,1) s (32)
g— Sy(p,n) is linear, (33)

for g, g1, g2 functions from R to R.
If furthermore p? = p is a rank-N orthogonal projection and g(0) = 0, g(x) > x on [0, N], then

1 8
NHV—PHU < N‘S’g(pvp)7 (34)
X
St < s (991 . (35)
O<z<N!| T



14 V. Bach et al. / J. Math. Pures Appl. 105 (2016) 1-30

Proof. The spectrum of dI'(q) (restricted to ﬁ}N)) is included in [0, N], thus

inf <§<
OSIQSNQ(SE) <g< OQEENg(x)’

in the sense of quadratic forms. As p is a state, Eq. (30) follows.
Equation (31) follows from

Tr[(v = n)°] = Tr[y* +n* = 2yn]
2S14x (pyn) — Trely = 7%] = Te[n — 0] < 2854, (ps ) -

Iy = nllZ

Equations (32) and (33) follow from the properties of the functional calculus.

For the proof of (34), we first remark that v — p has at most N negative eigenvalues (counting
multiplicities). This is a well-known consequence of v — p > —p and the fact that p is a rank-N orthogonal
projection (see, e.g., [55]), but we include its proof for the sake of completeness: Suppose that v — p has at
least N +1 negative eigenvalues. Then there is a subspace W of dimension N + 1 such that (|(y—p)¢) < 0,
for all ¢ € W\ {0}. Since v > 0, this implies that (p|pp) > 0, for all ¢ € W\ {0}. On the other hand, the
largest dimension of a subspace with this property is N, by the minmax principle and the fact that p has
precisely N positive eigenvalues, which contradicts the existence of W.

Denoting the number of negative eigenvalues (counting multiplicities) of v — p by M, we consequently
have that M < N. Let Aq,..., Ay be these M negative eigenvalues of v — p, and Apr41, Apr4o,. .. be the
non-negative ones. Since Tr[y — p] = 0, it follows that

N+ ) = Z Am -

Using the Cauchy—Schwarz inequality and M < N, we obtain

00 M M M 1/2
EETIED DIPYED DEVESE D SR VES VIO DPTY
m=1

m=M+1 m=1 m=1

00 1/2
<WF( ) =2l s,
m=1

and Eq. (34) follows from Eq. (31) and Sy, (p,p) < Sq(p,p).
To prove Eq. (35), we observe that g(x) < supy.,<n {’M’}x on [0, N] and thus, using positivity

xr
preservation and linearity, we have

Sy(p,p) < e {’@‘}Smm{(p,p) :

We conclude with
Sraz (p,p) = Tr[y(1 — p)] = Tr[p(p — V)p] < [|[v = pllcr
using again p = p? and Tr[y] = N = Tr[p]. O

Let us now state the main result of this section. Recall that we defined K := sup,»q Tr[—Ap;].
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Theorem 3.8. Assume (15) holds, i.e., the kinetic energy is uniformly bounded, as in Theorem 2.1.
Then, writing py = | V) (W4,

Sg1/3 (pt,pt) < Sg1/3 (po, po) €xp (30)\\/EN1/61§) + N2/3 ( exp (30/\@]\71/61,‘) — 1) , (36)
where, for 8 > 0, gg is the function from R to R defined by
Vr € R, gg(x) = Nliox‘l[O’Ne](Z‘) + NI(NG’OO) (.13) . (37)
Note that the function gy was also used to obtain the results in [50]. Theorem 3.8 will be proved in the
following subsections. The strategy is to obtain a bound for dS;/dt in terms of S; and N?, for some < 1,
and then integrate it, in the spirit of the Gronwall lemma.
Before we turn to the proof of Theorem 3.8, we show how Theorem 3.8 and the properties of the degree

of evaporation imply Theorem 2.1, the main result of this article.

Proof of Theorem 2.1. Since g,/3 > Idr on [0, N], we can apply Eq. (34) to Eq. (36) which gives

%H% =il < \/%\/S’gl/3 (po, o) exp(30AVEK N1/6t) + N2/3(exp(30)\\/§N1/6t) -1).
Equation (35) with g3 yields Sy, ,(p,p) < N2/3||y — p||z1 which then gives Eq. (16). O
The rest of this section is devoted to the proof of Theorem 3.8.
8.2. Time-derivative of the degree of evaporation

In this subsection we calculate the time derivative of the degree of evaporation Sy(t) := Sy(p¢, p+) and
bring it into a form that can be conveniently estimated. Then most of the following subsections pro-
vide bounds on the different contributions to the time derivative. First, recall the Fefferman—de la Llave
decomposition, for z # y € R3,

1 T dr
i - /dsz/mxr,z(x) X, (y), (38)
R3 0

of the Coulomb potential, where X,..(x) := 1,_.|<, is the characteristic function of the ball in R3 of radius
r > 0 centered at z € R3. This formula can also be written as

v®? = / dp(w) X, ® X, , (39)

where w = (r,2) € R x R and [du(w) f(w) = [ps d®z [;° =25 f(r,z). The form (38) is convenient for
the estimates derived below, but we note that it agrees with (18), of course. Note that the terms A, By,
C: in the following proposition are the same as (I), (II), (III) in [50, Lemma 6.5]. However, an important
difference lies in the presentation of the 4; term using the decomposition (38), which enables us to handle

the case of the Coulomb interaction. In the following, & denotes the imaginary part.

Proposition 3.9. For all monotonically increasing g : R — R, the time-derivative of Sg(t) = Sq(ps, p) (with
the notation from Theorems 2.1 and 3.8) is
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ds, (t
5; ) _ MA+ B+ Ch), (40)
where
A= | 28 Tr [dF(QtXth)(dF(thth) - Tr[prt])PLiLl]]dﬂ(w) ) (41)
B, =S Tr [d0® ((q; ® g0 (e @ p)) o} 27, (42)
Cp =25 Tr [dT (¢ ® q)o P (0 @ 4:)) pL 1], (43)

with g :== 1 — py, and

pl = (59— )" *" plg — 759)" /> . (44)
Before we turn to the proof we note that
gpt = prg = 0, (45)

since p; is a projection. We further note that, for A, B linear and bounded operators on h, we have that
dr'(A4)dI(B) = dI'®(A® B) 4+ d['(AB). (46)
To prove Proposition 3.9 we need several lemmas. We begin with an evolution equation for g.
Lemma 3.10. For any function g : R — R, with § = g(dI'(¢;)) and hgz)r defined in Eq. (12),
019 = [dT (ygp(p)). 4] (47)

Proof. First observe that only the values of g on the spectrum of dI'(¢g;) are used to define §. As the
spectrum of dI'(¢;) is independent of the time ¢, we could as well consider a time-independent polynomial
which coincides with g on the spectrum of dI'(g¢). It is then enough to prove that Eq. (47) holds for any
monomial dT'(¢g;)". It indeed holds for n = 1:

i0,dT(q;) = dT(idsq,) = AT (B0 (pe), ae]) = [AT (A0 (pr)), AT (g1)] -

Then, for any n € N,

(A0 ()’ [AT (hSh(pr)), dT(gr)] (dT(gy))" ™

NE

i0, (AT (qr))" =

1

= [dr(igh(pe)), (dT(g0)"]

— .

as all the terms but two simplify in the sum. O

Next, we need a commutation relation (analogous to [50, Lemma 6.4]) involving § that enables us to
write the time derivative of Sy(t) in terms of a discrete derivative of g. Recall that 7;_rg(z) = g(z — j + k).

Lemma 3.11. For integers 0 < j,k < M < N, any function g : R — R, with the notations of Definition 3.3,
and hM) € L(H2M),

dr®D (P RO pMy § = 7 g ar M (P R0 p(MDY (48)
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Proof. First, note that if
dr®) (M RO PN AT (q) = 7,75, 1d AT (PN ROD MY

holds, then Eq. (48) follows by the same argument as in the proof of Lemma 3.10. Using P(M)P( ) =

(M) (N) _ (M) (N—M) (M) _ .
Omyma Py and P =37, P/ @ P " 7 (recall that Py’ =0 for d ¢ {0,...,M}), and Wlthout loss
of generality singling out the first M variables,

((P(M L) p M)) 18N M)PT(LN) _ ((Pj(M)h(M)PISM)) ® 1®N—M) (ZP(M) ® P (N— M))
derz.

(M) (M) p(M) (N—M)
= (PP o P

= (D P @ P (P ROD PMY g 1N =21
deZ
R, () o 55)

It follows from the spectral decomposition (28) of dT'(¢) that

dr®™) ( pAh (M) p(MON 4 q — ar™) ( pA) (M) p(M) n P
J k J k n

neZ
_ Z n P(Nk+]dF(M) (Pj(M)h(M)P]gM))
neZ
=Y "(n+k—j) PN Ar ) (pM R0 pty
neZ

— 7,_p 1d T D (pAD (D pDY.
which, as discussed above, implies the result. O

Proof of Proposition 3.9. Without loss of generality we assume that Ug € ﬁscN)ﬂHl (R3EY (see Remark 2.7).
Using the evolution equation for § from Lemma 3.10, we find

8 () = T [ iTH, 13 + o (A0 ({3 h(p0) )

T [i[H — dT(hip(pr)). §lp¢]

= AT [0 () — AP (p), 1]

with vg};(pt) = Tro[v® (1 — X)(1 ® p;)]. Now, recall that ng:o P = Lpen. Inserting this identity for
M =1 and M = 2 and using Lemma 3.11 gives

ds,

A .
O ) = o (TR + P+ P2 (R 4 P 4 PfY)

—2d0((Pg” + PV )oiz(pe) (P + P1Y)). 1]
= % Tr [i[dr® (PP v® P + PP @ P

P(2)v(2)p(2) + P(2)v(2)P(2)
+P(?) (2) (2)+P(2) (2) ())
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—2d0(P§ ol () P + P (00) BY). gl

= ST (0P B) — 2ar (PUuB () V) o)

+ A Tr [dD®)( PPy p2)y 01[72’2]]

FAS T [dT@ (PP 0@ PPy pl=h 1]
We then insert the Fefferman—de la Llave decomposition and Eq. (46) in the first term to get
S Tr[(dr® (PP o@ PPy — 2ar(PM ol () PSY)) oy )
=23 / Tr [(d0® (g Xup: @ peXwpr)
— Tr[Xupe]dT (g Xwpe) + dF(thwthwpt))pgfl’l]} dp(w)
=23 / T [dT (g Xoope) (A0 (peXep) = Te[Xopi])) pr Y ] dpa(w)

where we used Pél) = py, Pl(l) = q, PéQ) = p{®2, P1(2) =@ ®pt + Pt ®q. O

8.8. Auziliary lemmas

We prove here three lemmas that we frequently need for estimating the terms A;, B; and C; from

Proposition 3.9.

For fermionic systems the following bound on dI'(A) is well-known. Note that this is the only point at

which the Fermi statistics enter our paper.

Lemma 3.12. Let A be a trace-class and self-adjoint operator on a separable Hilbert space h. Then, as

quadratic forms on f)ch),

dI'(A) < [|A]lzr.

Proof. We use the spectral decomposition A = 37 Ajlg;)(¢;| with A; € R, 37, [A;| < oo, for some

orthonormal basis (¢;)52, and we write any vector ¥ € S’J;N) as

v = Z Q.58 Pin /\"'/\QDjN7
J1<-<jn

where [|¥[|2 =" |ay,, jn|? < 0o. Then

(0, dI'(A)¥) = (7, Z ()\jl +"'+)‘jN)O‘j17"~,jN<pj1 /\"'/\QOJN>
J1<<jn
= > a0l
J1<-<Jn
< D lAlle ey = Al 191,
J1<-<Jn

which yields the result. O
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We recall the definition of the direct integral of a family (B(z)),crs of operators on b:

D

( / Bla)dat )] (a1,22) 1= [(1® Bla)] (o1, 2) (49)

R3
for any ¢ € 56;2).

Lemma 3.13. Let A be a bounded non-negative operator on by and (B(x))zecrs be a family of non-negative
trace class operators on by. Then

52
@ ((\/Z ® ]l)/B(a:l)dzl(\/Z ® 11)) < dI'(VA Tr[B(2)] VA) . (50)

R3
If A is also trace-class and such that Tr [VVATr[B(z)]VA] < oo then

D
dr® ((ﬂ@ﬂ)/B(xl)dxl(VZ@ﬂ)) < /A(J;;x) Tr[B(z)]dz (51)

R3

where A(z,y) = Y ooy Nigi(z)pi(y) denotes the integral kernel of A defined in terms of the spectral
decomposition of A.
In particular:
If B(x) = B does not depend on x,
dI'?(A ® B) < Tr[BJd['(A). (52)

With w : R® — R, w® = w(z; — x5) and p = Zf\il lei){(pil, (pile;) = 0i; a rank-N projector on b, we
have that

dr® ((g@ p)w®(g@p)) < dl(g(w * f)q) < [Jw* flls dT'(q), (53)
A ((p@ p)w®(p@p)) < d(p(w * flp) < |(w* £)f|1, (54)

where f(x) = p(x;z) = Zfil lpi(z)|? are the diagonal values of the integral kernel of p.

Proof. Let ¥) € (V). With
\i/g\;_l)(zl, Ce EN—1) = ((1®N71 ® \/Z)\I/(N))(Iﬂl, ci s EN-1,T)

and the direct integral representation we get, using Lemma 3.12,

(¥, ar® (VA 1) [ Bla)dn (VA 1)) 9™

\@

R3

= N(N - 1)/ D (18- 2®B(x))\ilf4]\;_1)>da:

—N/ 0, dr (B@) 84 ) da
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< N/<\if§fx—”,Tr[B(x)]\i/ff;”>dx
= (W) dr (VAT [B(2)|VA) T M),

and Eq. (50) follows. If Tr[v/A Tr[B(z)]v/A] < oo, then Eq. (51) follows from Lemma 3.12.

The case with B(x) independent of z is clear.

For the second particular case, observe that the operator (1 ® p)w(2) (1 ® p) can be written as the direct
integral

52)

(1ep)u®(1ep) = /P(me)pdml
R3

with 7, w(z2) = w(xy — x1) a translation of w. Then with B(z) = p(m,w)p and A = ¢ we get Eq. (53), and
with A = p we get Eq. (54). O

For p € El(fjch)), let us introduce the shorthand notation

V2N p (g —Ti9) 20, (55)

V2N o (-9 — g)/2", (56)

P i= (9 — 759

pi=(rjg -9

with j = 1,2, and let 4U! and ~[=7] be the corresponding one-particle and v71%) and 4[=71(%) the correspond-
ing k-particle density matrices (see also Definition 3.2 extended to non-negative and trace class operators
whose trace is not necessarily one). Note that pll and pl=7] are not states because their trace is not one,

and thus vV and ~[=7] do not necessarily satisfy Eq. (26).
The next lemma shows the advantage we gain from using the function

gg(l‘) = Nl_axl[O’Ne](fL') + Nl(Ne7oo)($) (57)

in the definition of the degree of evaporation. This lemma is analogous to [50, Lemma 7.1], but note that
the use of the functional calculus clarifies the fact that one ultimately uses only inequalities on functions
from R to R.

Lemma 3.14. For j € {—2,—1,1,2}, any (normalized) state p € L} (Q;N)), and the function gg from (57)
(with the notation from (55) and (56)),
Tr [pP] < |j| N7,
Tr [dT(q) P9 <[] (5] + 1) Sg, »
Tr [dI'® (g @ q) pMT] <[] (7] + 1)* N? S, .
Proof. The inequalities are a direct consequence of the functional calculus, once we observe that
dl'(q) = Idg, AT (¢ ® q) = dI'(q)* — d['(q) = (Idg - (Idg — 1))" and
Tig0 — Tego < (k—j) N'77,
Idg - (7590 — Tkgo) < (k= j)(k—j+1) go,
Idg - (Idg — 1) - (1j96 — Tege) < (k= j) (k= j +1)> N’ go,

as inequalities of functions from R to R, for —2 < j <k <2. O
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3.4. Bound for A;
Let us first estimate the integrand A;(X,,) of (41), i.e
Ay(X) = 28 Tr [dT(g: X pe) (AT (pe Xpr) — Tr[Xpe) ot 1]
where X is an operator on h such that 0 < X < 1.

1L
Proposition 3.15. Let X be an operator on § such that 0 < X < 1 and set %[71] = Tr[pkl]] - 72[71]. Then

[-1]+

Ad(X) < TelpeX] Te[X (2g07 g + pevi™ " pe)] - (58)

Proof. Using the Cauchy—Schwarz inequality and 2ab < a? + b2, and then Eq. (46) and Lemma 3.12, we get

A(X) = 2STr [dD(q: X ps) (AT (p: X pt) — Tr[Xpe]) ol Y]
< Tr [d0(q:Xpe) AC(peXar) piV] + Tr [(Te[peX] — dT(peXp0)) 0l ]
< Tr [d0® (q: Xpr © pe X ) piY] + Tr [AT(¢: Xp? X ) pl]

+ Tefp, X Tr [( Te[peX] — dT(peXpy)) oy "] - (59)

For the first term on the right-hand side of (59), we apply the Cauchy—Schwarz inequality again and obtain

Tr [dF(Q)( @ Xpt @ peXqr) p ; ]] = Tr {(Qtﬁ@)pt\/_) (\/_pt ® \/_Qt) e 2)}

< \/Tr QtXQt@)thpt)% \/Tr thpt@(ItXQt) [](2)]

= Tr [(QtXQt ® peXpy) ’Yt[ ](2)] = [dF(Q) (@:Xq @ p: Xpe) p . ]} . (60)
Using Lemma 3.13 yields in turn

Tr [pPX] Tr [dT(aiXqr) i ]

= TrlpX] Tr [Xqvq.] - (61)

Tr [A0®) (g, X g1 © p Xpr) py ]

IN

For the second term on the right-hand side of (59), we observe that
Tr[dD(q: XpiX ) pi] = Tr[XpiXayia] < TrlpX] Tr{X gy ],
and for the third term on the right-hand side of (59),
Telpe X] Tr [(TelpeX] = dU(peXpo)) p ] = TelpeX] Te((Telo} o = pove ') X1,
which yields (58). O

We now give a bound on the integral [ A;(X.,)du(w) using the estimate from Proposition 3.15 on A (X).

)
To get good estimates we take g to be gy as in Eq. (37). We use the notation

fur(x) == pi(x;2) >0, (62)
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N . N — .
where py = > .0 (i) (@ie], with (pilese) = di; and p(a;y) == > ;1 @ie(2)@i(y), which allows us to
rewrite the traces as integrals. For example,

Tr[thhZ] = / fHF(x) dSJJ .

e—2|<r

Observe that [ fyr = N and that the quantity | fg/; appearing in Proposition 3.17 is controlled by the
Lieb—Thirring inequality, as is discussed in Section 3.7.

Before we give the bound for A;, let us prove an auxiliary lemma. Let A¢ denote the complement of a
set A and recall that B(0, R) denotes the ball of radius R centered at 0 in R3.

Lemma 3.16. For p% + p% + % = 2, with 1 < p;j,s < oo, measurable functions x, f1, f2 : R3 — R and

v(z) = |27,

/(Xv)(l’ —y) fi(2) foly) Pz d®y < || fillp 1 F2llp. Ixlls -

Additionally, for s < 3,

Am )1/5R3/s—1

Ieom vl = (57

and, for s > 3,

A 1/s o
Isomevls = (s25) " B

1/00
with the convention that ( dm ) = 1.

co—3

Proof. The first relation follows directly from applying Holder’s and Young’s inequalities. The second and
third relations follow directly from integration. 0O

With the ingredients above we can give a bound on A;.

Proposition 3.17. The estimate

_ 5/6
Ay <575 720 BN fyp| |20 S, (63)
holds.
Proof. By Proposition 3.15,
L
A < 2/Tr[thw} Tr[qt’yt[l]thw] dp(w) + /Tr[thw] Tr[pt'y[ 1 peXo] du(w) . (64)

We now explicitly use the Fefferman—de la Llave decomposition of the Coulomb potential. Then,
we find that for any non-negative trace-class operator h, using f h(y;y)dy = Tr[h], Holder’s inequality
and Lemma 3.16 in the end (where we distinguish between the short-range and the long-range part of the
potential) gives us that
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/ TelpeXo] Tr[hXo] dp(w) = 717 / TepX,..] Tr[hxm]ﬁd .

= ([ tw@a) ([ bwd) e

jo—z|<r ly—zl<r

= /x%waF(x) h(yy) d*x d®y

IN

(0.5 vlls/2 Ifrlls/s + Iso,me vloo lLfmrll ) TelA]

((87)*°RY?| furllsjs + R furll) Tr[h].

IN

Optimizing with respect to R > 0 yields
R = (8m) 5| farlly® N el

so that (recall || fgr|1 = N)

/ Tr[pe X,,] Tr[hX,] du(w) < 5_5/66(87r)1/3( / f,i/ﬁ’ v ( / fHF)1/6 Tr[h)

— 5= 5/6127T1/3 ||fHF||5/6 N1/6 Tr[h]

i
We now apply this inequality to (64), i.e., with h = qt’ytmqt and with h = pm{‘” pe. It follows from

Lemma 3.14 that
Trlgyia:] = Trlgry"] = Tr[dT(q.)pi'"] < 28, , (65)
Tolpird ™ pu) = Tolpd] Telpl ™) = T [T ool ) = Tr [T (q0)pf "] < 25,, (66)
This proves (63). O
3.5. Bound for B;

We estimate B; in the same fashion as in [50, Lemma 7.3]. Note, that for this term and the C; term it is
not necessary to use the Fefferman—de la Llave decomposition.

Proposition 3.18. The estimate

By < 2'37%3|| fup| |5 NV (684, + N'~0) (67)

holds.

Proof. We estimate the B; term by using the Cauchy—Schwarz inequality to arrive at a three-particle term.
Recall that pkz 2 is a rank one operator, i.e., p[ 22 _ |\I/[ 2]><\Il[21| For a linear operator A on b,

j € {—2,2} and almost every = € R?, we define the vectors \Il[j]z € ﬁ(N 2 by

WY (o, an ) = 0V @ AU (o).

Inserting the form of v(?) as a direct integral into the expression of By in Eq. (42) yields
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(&)
B, = %<\IJ[Q],dF(2) (gt ®1) | qi(7e,v)pe dar (pe ® 1))‘P[_2]>
R3

:N%/< ([12]x7dr<qt(7_1 ) ) Lr21]>

R3

Taking the modulus of both sides and using the Cauchy—Schwarz inequality we obtain
2] 1/2
= H\IIQh | dm ||dF t(720)pt) \ijtxH d:c)
2 1/2 2 2 1/2
<‘I’[ ] ,dT'(g:) ‘I’[] /<‘I’Lt :v]adr (pe(T2v)qe) AT (qe(T20)pr) ‘I’[ ]>dx) .

From Lemma 3.14 we deduce that (¥[2l dI'(¢,) U12l) < 6S,,. We estimate the remaining integral using
Eq. (46), the Cauchy—Schwarz inequality, Lemma 3.13 and Lemma 3.14:

N / (92, [ar® ((pu(rv)ar) @ (@(mao)p) + A (pu(reo)ar(reo)p) | 95,2 ) do

<N/ \Il[ 2 dI‘ @ ((py(1.0)%ps) ® 1) +dF(pt(Tzv)2pt)}\PLt£>dfﬂ

= (0172, [ar® (2 (0?) DpP?)dr () + A0 (2 (%) Dp?) | w21
< (w2, dr(g) W) + (w12, wl2) ) / (Frur % 0°) S
R3

< (68, +2N'7%) /(fHF « v%) fur .

RS
By the Hardy-Littlewood—Sobolev inequality (see, e.g., [44, Theorem 4.3]) we find
1w« D) f]l, < 4272 NF15 o (68)
We then apply Hoélder’s inequality with 1 = % + % to obtain
[T Ve i A Vi A (VR A T RAS T THA (69)
Applying this to fyr and ab < (a? + b?)/2 to the bound we obtained on B; yields the result. O

8.6. Bound for C;

Our estimate for C; is analogous to [50, Lemma 7.3]. Note that for this estimate our choice of the function
gp is crucial, while in the bounds for A; and B; we could have used the identity function to obtain the desired
estimate. By using gp with appropriate § < 1 we obtain the desired N-dependence in the estimate for C;.

Proposition 3.19. The estimate

1/2

Cy < 4V2|| fur * v?|| L N?/2S,, (70)

holds.
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Proof. Using the Cauchy—Schwarz inequality, Lemma 3.13 and Lemma 3.14 we find
Ce =23 Tr [dr® ((gr ® g0 )v® (pr @ 4r)) pl ]

< 2( Te [d0 ((pr © ) (@) (e © @0)) oy ] Tr [A0P (g, © 1) p?]])l/Q

< 2l 02, Tr [ar(a0) p£‘11]4N95g9)1/2
< AV2 | fur + 0?2 N2S,,

which is the result. O

3.7. Kinetic energy estimates and proof of Theorem 3.8

In order to estimate HfHFHgg and ||fgr * v?||eo in terms of the kinetic energy we use the following
inequalities:

Proposition 3.20 (Lieb—Thirring inequality). (See [46] or [45, p. 75].) Let v € L1(b) be a one-particle density
matriz of finite kinetic energy, i.e., 0 <~y <1 and Tr[—Av] < co. Then

Cur [ £P@) ¢ < =), (71)

with Crr = %(277)2/3 and where f(x) = ~(x;x) is the corresponding one-particle density.

Proposition 3.21 (Hardy’s inequality). (See [}0] or, e.g., [62].) Let v € L1(h) be a one-particle density matriz
of finite kinetic energy, i.e., 0 <y <1 and Tr[-A~v] < co. Then

/ % d3x < 4 Tr[-Ay], (72)

where f(x) := y(x;x) is the corresponding one-particle density.
We now combine the results of Sections 3.2 to 3.6 to prove Theorem 3.8.

Proof of Theorem 3.8. We choose 0 = % so that our bound for C; is good enough. Collecting the esti-
mates for the A;, B; and C; terms from Propositions 3.17, 3.18 and 3.19 and using the kinetic energy
inequalities from Propositions 3.20 and 3.21, we can continue the estimate for the time derivative of Sy, .+
from Proposition 3.9 and find (recall that K := sup;sq Tr[—Apy])

ngl/3 (t)

i :)\(At+6t+ct)

1/2
) 5.
< A573/0 79 71/3 N1/O (9(27r) 2/3K) Sa1/a ()

1/2
+ A 21/372/3 (g(Qﬂ)_Q/?’K) N1/6 (6591/3 (t) + N2/3>

+A4V2 (4K)' P NVSS, (1)

<30 \VE N6 (Sgl/s (t) + N2/3). (73)

Integrating this inequality (Gronwall lemma) yields Theorem 3.8. O
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Appendix A. Some results about the theory of the time-dependent Hartree—Fock equation

In this appendix we recall some known facts about the theory of the TDHF equation. We begin by stating
a theorem summarizing those results proved in [18] which we use.

Theorem A.1. Let E a separable Hilbert space, A : E D D(A) — E self-adjoint such that 3u € R, A > 1.
Let M := (A — pu+1)"/2 and

HE (B):={M*TM~* | T=T*, TeLr(E)},

equipped with the norm ||T||xp.a = |MFTMF||,, where | X|, = Tr[|X[P]"/? for 1 < p < oo or 1 X5z
for p = oo (we write L>®(E) for B(E)). We adopt the special notations H(E) := Héw(E) for the space
of bounded self-adjoint operators on E and H{*(E) := Hfl (E) for a weighted space of trace-class opera-
tors on E.

Let W € B(H{*(E); H(E)) be such that

1. W(T)M~Y)(E) C D(M) for all T € H{*(E),
2. (T~ MW(T)M~Y) € B(H{(E); H(E)),
3. VT, S € H{(E): Te[W(T)S] = Tr[W(S)T].

Then

e For any Ty € H{*(E) there exists to > 0 and T € C([0,t0); H{*(E)) such that, ¥t € [0, 1),

t
T(t) = e ATy etA — / e I=DATW(T(5)), T(s)] €'~ ds .
0
Such a function T is called a local mild solution of the TDHF equation and, provided its interval of

definition is mazimal, it is unique.
« If, moreover, Ty € H3"(E) then T € C*([0,t0); Hi*(E)) and

I = [A,T@H)] + WITE), TH)],
T00) = Tp.

Such a function T is called a classical solution of the TDHF equation.
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o Any mild solution to the TDHF equation satisfies
Vie [0,t0), Tr[MT()M]+ % Tr [T() W(T(1)] = Tr [MToM] + %Tr [T W(Ty)] .
o If3k; € R such that!
(TeH}E),0<T<1) = WD) >k),

and Ty € HHME), 0 < Ty < 1, then T can be extended to the entire positive real axis. Moreover if
To € HY'(E), then T is the unique global classical solution.

Remark A.2. In [18] the space H3' (E) is not used. They use a space larger than H3'(E) which is more
natural, but less explicit. As it is enough for us to use classical solutions for initial data in H{fl(E) and then
use a density result, we restrict ourselves to this framework.

We now quote a result which, although not explicitly stated in [18], is a direct consequence of [18] along
with [58].

Proposition A.3. The map

HA(E) x [0,00) — H{'(E)
(TOa t) = T(t) )

where T'(t) is the (mild) solution to the TDHF equation with initial data Ty, is jointly continuous in Ty and t.
Indeed the proof of existence and uniqueness in [18] is based on the results in [58] which also ensure the
continuity with respect to the initial data (see [58, Corollary 1.5, p. 350]).
It was shown in [18] that those results apply to the case E = h = L2(R3), A = —A,

W(r) = Tre [pP(1-%)(1®9)],

and v®) = |z — y|~!. The proof then extends to the case A = h(Y) with h() = —~CA + w(z), where the
external potential w is an infinitesimal perturbation of the Laplacian.

Appendix B. Some estimates of the direct term and the kinetic energy

The dynamics is the free dynamics to leading order in the NK'/2N/%t ~ 1 regime. We now substantiate
by heuristic argument that, in the particular case of the Coulomb interaction potential, if NK/2N1/6¢ ig
assumed to be of order one, which is the regime where our estimates are relevant, then the evolution is the
free evolution to leading order. Note that the exchange term is expected to be subleading with respect to
the direct term; we thus neglect the exchange term in the following computation.

We now estimate the effect of the direct term on the time derivative of the average momentum per
particle. We denote the Hartree-Fock density at time ¢ by fpr: = Zjvzl lor,j|%; thus the direct term is
the convolution Av * fyp . For the absolute value of the time derivative of the expectation value of the
momentum per particle we find, using |Vv| = 3v? and (68) with (69),

! There was a typographical error in Assumption 4v) in [18], namely, W(T)T > k; shall be read W(T) > k.



28 V. Bach et al. / J. Math. Pures Appl. 105 (2016) 1-30

|N_18t Tr (pt(—iv))} =N"" ’Tr (pelhar, V])’
SANTHTr (pu(Vo * fur,))]
< SAN_lH(U2 * fHF,t)fHF,tHl
< CAN?3K. (B.1)

After a time t the effect of the direct term on the momentum is thus expected to be of order AN ~2/3K¢. Since
MK1/2N1/6¢t is assumed to be of order one, the average change in momentum is of order K'/2N—5/6_ Since
this is much smaller than the average momentum of a particle (K/N)'/2, we conclude that the dynamics
is, to leading order, free.

The estimate (14) allows to distinguish the free dynamics and the Hartree—Fock dynamics to the next or-
der. Again using heuristic arguments we substantiate that, for large enough kinetic energy K > N*/3,
estimate (14) allows to distinguish the effect of the direct term on the evolution, i.e., our main result shows
that the Hartree—Fock equation gives a better approximation to the Schrédinger equation than the free
equation. This is because our convergence rate is N~1/6 (let us assume 79 = po), i.e., for AK/2NV/6t of
order 1, the error between Schrodinger and Hartree—Fock dynamics is for any bounded observable of order
N—1/6 For K > N*/3 this rate is much smaller than the average change in momentum estimated above,
ie., N71/6 « K1/2N-5/6,
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