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Ergodic decompositions of Dirichlet forms under order
isomorphisms

LORENZO DELLO SCHIAVO{ AND MELCHIOR WIRTH

Abstract. We study ergodic decompositions of Dirichlet spaces under intertwining via unitary order iso-
morphisms. We show that the ergodic decomposition of a quasi-regular Dirichlet space is unique up to a
unique isomorphism of the indexing space. Furthermore, every unitary order isomorphism intertwining two
quasi-regular Dirichlet spaces is decomposable over their ergodic decompositions up to conjugation via an
isomorphism of the corresponding indexing spaces.

1. Introduction

How much geometric information can be recovered from associated analytic or
probabilistic objects is the underlying issue for a range of questions most prominently
embodied by M. Kac’s Can One Hear the Shape of a Drum? [9]. Here we take up
this issue and investigate how much of the geometric structure of a space is encoded
by an associated Markov semigroup or, equivalently, by a Markov process. To be
more precise, let us briefly introduce the setting. For i = 1,2, let (X?, X7, T, u’)
be a locally compact Polish o-finite Radon-measure space and (Tl")l>0 be a sub-
Markovian semigroup on L?(u'). They are intertwined by U: L*(u') — L*(u?)
if

UoT!'=T?oU, 1>0.

In [13] Lenz, Schmidt, and the second named author investigated the properties of
intertwined sub-Markovian semigroups in the case when the intertwining operator U
is additionally an order isomorphism, that is, an invertible linear operator satisfying
Uf > 0ifand only if f > 0. Suppose that (7}’) ;0 18 the semigroup of a quasi-regular
symmetric Dirichlet form (E?, Z(E")) on L*(u'), and thus it is associated with a
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symmetric Markov process M with state space X'. It is then the main result of [13]
that M/ (quasi-)determines the topology ¥', in the following sense.

Theorem 1.1. [f the irreducible semigroups (Tti)tzo are intertwined by an order iso-
morphism, then the corresponding Dirichlet spaces (X', ', u*, E') are quasi-homeo-
morphic.

Here, by a quasi—homeomorphz’sm1 j: (Xl, <l ,ul, El) — (X2, 2 ,bLz, E2) we
mean a map such that for every ¢ > 0 there exist closed sets F!' C X' with
Cap(X' \ F') < & and j restricts to a homeomorphism j| ., : F' — F? (cf. [7,
Sect. A.4, p. 429]).

Importantly, this completely characterizes how a Markov process M identifies the
topological properties of its state space (X, T, 1), and constitutes a sharp affirmative
result in the spirit of M. Kac’ isospectrality question. For example,—as previously
established by Arendt, Biegert, and ter Elst in [1]—a Brownian motion on a complete
Riemannian manifold (M, g) characterizes both the differential and the Riemannian
structure of (M, g).

The arguments in [13] rely however on the additional technical assumption that
the semigroups (Tt")t>0 (or the Markov processes M) be irreducible. In terms of the
semigroups, this is to say that

T:14 =14 T; forsomet >0 <= either A or AC is p-negligible.

Our main contribution in this work is that to extend the results in [13] by remov-
ing the irreducibility assumption, thus proving Theorem 1.1 in its full generality. To
this end, we employ the machinery of ergodic decompositions of Dirichlet spaces
developed by the first named author in [3]. An ergodic decomposition of a Dirichlet
space (E L P(E! )) is a collection of irreducible Dirichlet spaces (E ¢ D(E; )) indexed
by a measure space (Z, Z, v) decomposing (E D(E )) as the direct integral

@
E =/ E; dv(0).
V4

Extending the uniqueness results in [3], we show that ergodic decompositions are
unique up to unique automorphisms of their indexing spaces Z (Theorem 4.4). Prof-
iting this fact, we prove as our main result (Theorem 4.5) that two Dirichlet spaces
(E L 9E i)) are intertwined by order isomorphisms U if and only if their ergodic
decompositions ¢ +—> (E 2, D(E l;)) are intertwined by an order isomorphism Ug, in
which case U is decomposable over the ergodic decompositions and represented as a
direct integral of the operators Uy.

n the rest of the paper, by a quasi-homeomorphism we shall mean a map satisfying the more restrictive
conditions in [2, Dfn. 3.1].
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2. Direct integrals

In this section, we review some of the basic theory of direct integrals of Hilbert
spaces and quadratic forms for later use. More detailed accounts of the material dis-
cussed here can be foundin [3,5]. We refer to [6] for all measure-theoretical statements.

2.1. Measure spaces

To formulate the ergodic decomposition of Dirichlet forms in full generality, some
rather technical aspects of measure theory are required. For the reader’s convenience,
let us recall the relevant definitions, starting with some classes of measurable spaces
that we will use.

Definition 2.1. (Measurable spaces) A measurable space (X, X)) is

separable if X contains all singletons in X;
e countably separated if there exists a countable family of sets in X’ separating

points in X;

e countably generated if there exists a countable family of sets in X generating X’
as a o-algebra;

e astandard Borel space if there exists a Polish topology ¥ on X so that X coincides
with the Borel o-algebra induced by .

A o-finite measure space (X, X, ) is standard if there exists a p-conegligible set
Xo € X suchthat Xy is astandard Borel space when regarded as a measurable subspace
of (X, X). We denote by (X, X*, 1) the (Carathéodory) completion of (X, X, ). A
Hausdorff topological measure space (X, %, X', i) is a Radon-measure space if X"
coincides with the u-completion of the Borel o-algebra and /i is a Radon measure,
i.e., it is locally finite and inner regular with respect to the compact sets.

A [—00, oco]-valued function is called p-measurable if it is measurable w.r.t. X'*.
For measures (1, (2 we write (1 ~ w2 to indicate that @1 and p; are equivalent, i.e.,
mutually absolutely continuous.

Let us now recall the notion of a perfect measure space together with some of its
properties. A measure space (X, X, u) is perfect (e.g., [6,342K]) if whenever f: X —
R is measurable and A € X with ©A > 0, then there exists a compact set K C f(A)
with fzu(K) > 0. Here, and everywhere in the following, fiu is the push-forward
measure of u via f.

The following properties of perfect measure spaces are easily verified (cf. [6, 342X]).
For a proof of (v), see [6, 416W(a)].

Lemma 2.2. Let (X, X, ) be any measure space. Then,
(i) (X, X, ) is perfect if and only if so is its completion;
(ii) if (X, X, w)is perfectand Xy is a o -subalgebra of X, then the restricted measure

space (X, Xo. il xy) is perfect;
(iii) if (X, X, ) is perfect and A has a density w.r.t. i, then (X, X, A) is perfect;
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(iv) if (Z, Z) is ameasurable space, f: X — Z is X /| Z-measurable and (X, X, 1)
is perfect, then (Z, Z, f:|) is perfect;
(v) every Radon-measure space is perfect.

Definition 2.3. Let (X, X, ) be a o-finite measure space, and X* C X be a count-
ably generated o -subalgebra. We say that:

o Xis u-essentially countably generated by X* ifforeach A € X thereis A* € X'™*
with w(AAA*) = 0;
o X is u-essentially countably generated if it is so by some X'™* as above.

Definition 2.4. (Almost isomorphisms) For i € {1,2} let (X, X?) be a measurable
space, and N be a o-ideal of X' UN":={AUN : A € X', N € N'}. We say that
the triples (X*, X, N are almost isomorphic if there exist sets N' € N so that the
spaces X' \ N' are strictly isomorphic when endowed with the restriction to X’ \ N'
of the o-algebra X’ U A/ and of the o-ideal .

Fori € {1,2} let (X', X, u') be measure spaces. We say that they are almost
isomorphic if there exist u1!-negligible sets N C X' so that the spaces X’ \ N are
strictly isomorphic when endowed with the restriction to X’ \ N’ of the completed
o-algebra (X")*, of the completed measure /i’, and of the o-ideal of ' -negligible
sets N4

2.2. Quadratic forms

Every Hilbert space is assumed to be separable and a real vector space.

Let (H, || - ||) be a Hilbert space. For a bounded operator B: H — H we write
| Bllop, n for the operator norm of B; the subscript H is omitted whenever apparent
from context. A quadratic form Q on H isamap Q: H — [0, co] such that

Qu+v)+ 0w —v)=20wm) +20(), u,v € H.

We always assume that the domain Z(Q) = {u € H: Q(u) < oo} is dense in H and
write (Q, Z(Q)) for Q when we want to make the domain explicit.

For every quadratic form Q there exists a unique symmetric bilinear form whose
diagonal coincides with Q. This bilinear form will also be denoted by Q, and we will
use the term quadratic form for both objects interchangeably.

Additionally, for every o > 0 we set

Qu):= Q) +alull>, ueH.

For @ > 0, we let Z(Q)y be the completion of Z(Q), endowed with the Hilbert
norm Qé/ 2,

To every closed quadratic form (Q, Z(Q)) one can associate a unique non-negative
self-adjoint operator —L such that Z(v/—L) = 2(Q) and Q(u, v) = (—Lu | v) for
allu, v € Z(L). We denote the associated strongly continuous contraction semigroup
by T;:=e'l, t > 0.
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2.3. Direct integrals of Hilbert spaces

We recall the main definitions concerning direct integrals of separable Hilbert
spaces, referring to [5, Sect. II.1, I1.2] for a systematic treatment.

Definition 2.5. (Measurable fields, [5, Sect. I1.1.3, Dfn. 1, p. 164]) Let (Z, Z,v) be a
o -finite measure space, (H;) ez be a family of separable Hilbert spaces, and F be the
linear space F : = H;ez H;. We say that { — H; is a v-measurable field of Hilbert
spaces (with underlying space S) if there exists a linear subspace S of F with

(a) forevery u € S, the function ¢ +— ||u; ”C is v-measurable;

(b) ifv € Fissuchthat¢ — (ug | v;)g is v-measurable forevery u € S,thenv € S;

(c) there exists a sequence (u,), C S such that (”’%C)n is a total sequence2 in H;

forevery ¢ € Z.

Any such § is called a space of v-measurable vector fields. Any sequence in S
possessing property (c) is called a fundamental sequence.

Proposition 2.6. ([5, Sect. I1.1.4, Prop. 4, p. 167]) Let S be a family of functions sat-
isfying Definition 2.5 (a) and (c). Then, there exists exactly one space of v-measurable
vector fields S so that S C S.

Definition 2.7. (Direct integrals, [5, Sect. II.1.5, Prop. 5, p. 169]) A v-measurable
vector field u is called (v-)square-integrable it

5 1/2
||u||:=</z luc]; du(;)> < 0. 2.1)

Two square-integrable vector fields u, v are called (v-)equivalent if ||u — v|| = 0.
The space H of equivalence classes of square-integrable vector fields, endowed with
the non-relabeled quotient norm || - ||, is a Hilbert space [5, Sect. II.1.5, Prop. 5(i),
p. 169], called the direct integral of ¢ + H; (with underlying space S) and denoted
by

Sre
H:/ H; dv(2). (2.2)
Z

The superscript ‘S’ is omitted whenever S is clear from context.

In the following, it will occasionally be necessary to distinguish an element u of H
from one of its representatives modulo v-equivalence, say # in S. In this case, we shall
write u = [it] ;.
Lemma 2.8. ([3,Lem.2.6]) If (Z, Z) is o -finite countably generated, then H in (2.2)
is separable.

We now turn to measurable fields of bounded operators.

2A sequence in a Banach space B is called fotal if the strong closure of its linear span coincides with B.
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Definition 2.9. (Measurable fields of bounded operators, decomposable operators)
Let H be as in (2.2). A field of bounded operators ¢ — B; € B(H;) is called
v-measurable (with underlying space S) if ¢ — Bru; € H; is a v-measurable
vector field for every v-measurable vector field u. Set || B HOR (= || B, ||Op’ He A
v-measurable vector field of bounded operators is called v-essentially bounded if v-
esssup, ¢z || B ||0p£ < oo. A bounded operator B € B(H) is called decomposable
if Bu is represented by a v-essentially bounded v-measurable field of bounded oper-
ators £ — B¢, in which case we write

53]
B = / B dv().
z
2.4. Direct integrals of quadratic forms

We briefly recall all the relevant notions concerning direct integrals of quadratic
forms according to [3].

Definition 2.10. (Direct integral of quadratic forms) Let (Z, Z, v) be a o -finite count-
ably generated measure space. For ¢ € Z let (Q¢, D;) be a closable (densely defined)
quadratic form on a Hilbert space H,. We say that £ — (Q;, D;) is a v-measurable
field of quadratic forms on Z if
(a) ¢+ H;isav-measurable field of Hilbert spaces on Z with underlying space Sy ;
(b) ¢ = 2(Q¢)1 is a v-measurable field of Hilbert spaces on Z with underlying
space Sp;
(¢) Sg is alinear subspace of Sy under the canonical identification of Z(Q) with
a subspace of H;.

We further denote by

Sore
0= / Q¢ dv(©)
VA

the direct integral of ¢ — (Q¢, Z(Q¢)), i.e., the quadratic form defined on H as
in (2.2) given by

2(0):= {[Q]H ‘he SQ,/ Q¢ 1(fly)dv(¢) < oo},
z (2.3)

Q(u,v)::/;Q;(u;,vg)dv(g‘), u,v e 2(Q).

Remark 2.11. (Separability) It is implicit in our definition of v-measurable field of
Hilbert spaces that H; is separable for every { € Z. As a consequence, Z(Q¢) is
(Q{)}/z—separable.

Proposition 2.12. ([3, Prop. 2.13]) Let (Q, 2(Q)) be a direct integral of quadratic
forms. Then,

(i) (Q, @(Q)) is a densely defined closed quadratic form on H;
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(ii) ¢ v+ T, is v-measurable fields of bounded operators for every t > 0;
(iii) the semigroup associated with Q is given by

SHEB
T,:= /Tg,tdv(g“), t>0. (2.4)
V4

Under the assumptions of Proposition 2.12, assertion (i) of the same Proposition
implies that the space of v-measurable vector fields Sy is uniquely determined by S¢p
as a consequence of Proposition 2.6. Thus, everywhere in the following when referring
to a direct integral of quadratic forms we shall—with abuse of notation—write S in
place of both S and S¢.

2.5. Direct-integral representation of L?-spaces

In order to introduce direct-integral representations of Dirichlet forms, we need
to construct direct integrals of concrete Hilbert spaces in such a way to additionally
preserve the Riesz structure of Lebesgue spaces implicitly used to phrase the sub-
Markovianity property (2.11). To this end, we shall need the concept of a disintegration
of measures.

Disintegrations. Let (X, X', u) and (Z, Z, v) be (nontrivial) measure spaces. A
map s: (X, X) — (Z, 2) is inverse-measure-preserving if s;pt: =pos~' = v.
Definition 2.13. (Disintegrations [6, 452E]) A pseudo-disintegration of w over v is
any family of non-zero measures (/,Lg) ez ON (X, X)sothat¢ + i Aisv-measurable
and

,uA:/u;Adv(;), AeX.
z

A pseudo-disintegration is
e separated if there exists a family of pairwise disjoint sets {A; } cez C XH so
that A, is pu -conegligible for v-a.e. ¢ € Z, henceforth called a separating family

for ([L ¢ ) ez’
e s-separated if it is separated and there exists a X'/ Z-measurable maps: X — Z

so that {s‘l(;‘)}CEZ is a separating family;
e consistent with s if

n(Ans~'(B)) = f neAdv(C), AeX,BeZ 2.5)
B

o strongly consistent with s if it is consistent with s and s~ (¢) is (¢ -coneglig-ible
forv-ae. § € Z.

A disintegration of | over v is a pseudo-disintegration additionally so that ji; is a
subprobability measure for every ¢{ € Z. A disintegration is

o v-essentially unique if the measures (i, are uniquely determined forv-a.e.{ € Z.
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If (/,LC) ez is a pseudo-disintegration of w over v, then

/ gdp = / / (o) dig (¥) dv(¢) 2.6)
X ZJX

whenever the left-hand side makes sense, [6, 452F]. We note that a disintegration
(H/{) ez of u over v strongly consistent with a map s is automatically separated, with

separating family {s~1({)}cez-

Direct integrals and disintegrations. Let (X, X, i) be o-finite standard, (Z, Z, v)
be o -finite countably generated, and (u;) ez be a pseudo-disintegration of p over v.
Denote by

o £L0(u) the space of pu-measurable real-valued functions (not: p-classes) on X;

e L%(u) the space of uniformly bounded (not: p-essentially uniformly bounded)

functions in £°(uw);

e LP(w) the space of p-integrable functions in £0w).

For a family A C £°(u), let [A] 1 denote the family of the corresponding p-classes.

Letnow F:= ngz Lz(u;). The diagonal embedding of £2(w) into F, regarded
up to pu-classes, is the map 8: f +— (£ — 8(f)), where

[l i f € L7ue),

2.7
otherwise.

) =
Ve 0,20,

Since f € LZ(M), we have §(f), = [f]ﬂz for v-a.e. ¢ € Z by (2.6), and § therefore
is well defined as linear morphism mapping pu-classes to H-classes (see Proposi-
tion 2.15). Now, assume that

Ais a linear subspace of £2(11), and [A], is densein L% (). (2.8)

Since [A] 18 dense in Lz(u) and the latter is separable, then there exists a countable
family & C A so that [U]M; is total in Lz(,u;) for v-a.e. ¢ € Z. Thus for every A
as in (2.8) there exists a unique space of v-measurable vector fields § = S 4 con-
taining § (A), generated by §(A) in the sense of Proposition 2.6. We denote by H the
corresponding direct integral of Hilbert spaces

Spo
H::/Z L2 (i) dv(©). (2.9)

Remark 2.14. (cf. [8, Sect. 7.2, p. 84]) The direct integral H constructed in (2.9) is a
Banach lattice (e.g., [6, 354A(b)]) for the order
h>0y — he > OLZ(M;) forv-a.e. ¢ € Z.

Proposition 2.15. ([3, Prop. 2.25]) Let (X, X, u) be o-finite standard, (Z, Z, v) be
o -finite countably generated, and (,ug) ez be a pseudo-disintegration of u over v.
Then, the morphism

Spo
v L) — H:= /Z L*(ug) dv(@), 1, — (Nl (2.10)
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(i) is well defined, linear, and an isometry of Hilbert spaces, additionally unitary
if('“é“);ez is separated;
(ii) is a Riesz homomorphism (e.g., [6, 351H]). In particular,
e foreach f € £2(u), it holds that (1 [f]ﬂ)g > OLz(MC)for v-a.e. { € Z if and
onlyif f >0 pu-a.e.,
e foreach f, g € Ez(,u), it holds that («[ f A g]ﬂ)g = [f]ﬂ); A [g]ﬂ);for V-
ae ¢ € Z.

2.6. Dirichlet forms

We recall a standard setting for the theory of Dirichlet forms, following [15].

Assumption 2.16. The quadruple (X, ¥, X, u) is so that (X, ¥) is a metrizable Luzin
space with Borel o-algebra X’ and /i is a Radon measure on (X, ¥, X'*) with full
support.

By [6, 415D(ii), 424G] any space (X, &X', ) satisfying Assumption 2.16 is o -finite
standard. The support of a (u-)measurable function f: X — R (possibly defined
only on a pu-conegligible set) is defined as the support of the measure | f| - . Every
such f has a support, independent of the w-representative of f, cf. [15, p. 148].

A closed positive semi-definite quadratic form (Q, Z(Q)) on L2 () isa(symmetric)
Dirichlet form if

feP2(Q) = fTA1e2(Q) and Q(fF A1) < Q(f). 2.11)

We shall denote Dirichlet forms by (E, Z(E)). A Dirichlet form (E, Z(E)) is regular
if (X, %) is (additionally) locally compact and Z(E) N Cp(X) is both E 11/ %_dense
in Z(FE) and uniformly dense in Cop(X).

Finally, we are interested in the notion of invariant sets of a Dirichlet form (E, Z(E))
on L?(u). We say that A C X is E-invariant if it is u-measurable and any of the
following equivalent conditions holds.

o Ty(14 f) =1, T; f p-ae. forany f € L>(u) and ¢ > 0;
e T:(14 f) =0 pn-ae.on AL for any f € L*(u) and 1 > 0;
e 1y fe P(E)forany f € Z(E) and

E(f,8) =Ea fi1ag) + Eye fi1,08),  f.8 € Z(E). (2.12)
The form (E, Z(E)) is irreducible if every invariant set is either negligible or coneg-
ligible.

2.7. Direct integrals of Dirichlet forms

Let (X, X, n) be o-finite standard, (Z, Z, v) be o-finite countably generated,
and (/’LC)gez be a pseudo-disintegration of u over v. Furtherlet ¢ — (Q;, Z(Q;)) be
a v-measurable field of quadratic forms, each densely defined in L2 (t¢) with separable
domain, and denote by (Q, Z(Q)) their direct integral in the sense of Definition 2.10.
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Definition 2.17. ([3, Dfn. 2.26]) We say that (Q, Z(Q)) is compatible with the
pseudo-disintegration (/LC) ez if the space Sp underlying ¢ +— Z(Q;)1 is of the
form S 4 for some A as in (2.8) and additionally satisfying A C Z(Q).

Proposition 2.18. ([3, Prop. 2.29]) Let (X, X, u) be o-finite standard, (Z, Z, v)
be o -finite countably generated, and (/L;) ez be a separated pseudo-disintegration
of w over v. Further let (E, Z(E)) be a direct integral of quadratic forms { +—
(E¢, Z(E¢)) compatible with ('U“C)geZ' Then, (E, 2(E)) is a Dirichlet form on L? (1)
if and only if (E;, Z(E¢)) is so on Lz(u;)for v-a.e.{ € Z.

Proposition 2.18 motivates the following definition.

Definition 2.19. A quadratic form (E, Z(E)) on L?(uw) is adirect integral of Dirichlet
forms ¢ — (E¢, Z(E;))ifitis adirect integral of quadratic forms ¢ +— (E;, Z(E;)),
for each ¢ the form (E;, Z(E;)) is a Dirichlet form on L2(,u§ ), and the direct integral
is additionally compatible with the separated pseudo-disintegration (M;) ¢ in the sense
of Definition 2.17.

We refer to [3] for further comments on direct integrals of Dirichlet forms and
related notions.

3. Order isomorphisms and intertwining operators

In this section, we first recall the notion of order isomorphisms between L2-spaces
together with their main representation theorem, which shows that they are weighted
composition operators. In the second part, we study intertwining operators and give
a first result connecting intertwining operators and direct integral decompositions
(Proposition 3.7).

Definition 3.1. (Order-preserving operators, order isomorphisms) Fori = 1, 2let (X',
X', ') be o-finite countably generated and countably separated. A linear operator
U: L*(u') — L%*(u?) is order-preserving (also: positivity-preserving) if f > 0
implies Uf > 0 for each f € L%(u"). An order isomorphism is an invertible order-
preserving linear operator with order-preserving inverse.

The structure of order isomorphisms between LZ-spaces is characterized by the
following Banach—Lamperti-type theorem.

Proposition 3.2. (Order isomorphism as weighted composition operator) If
U: L*(X', u"y — L*(X?, u?) isan order isomorphism, then there exist a measurable
map h: X* — (0, 00) and an X? | X' -measurable almost isomorphism T : X* — X!
such that

Uf=h-(for), felL*x' uh.

The maps h and t are unique up to equality almost everywhere.
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Proof. See [16, Thm. 5.1] for existence in the case of finite measures /ﬂ. For the
general case argue as follows. Since (X it ,l,Li) is o-finite standard, there exists a
function f; satisfying f; > 0 u'-a.e., and || f; || 12(uiy = 1. Thus, the multiplication

operator M :=M .-1/2: L3(u') — L2(f;iu') is an order isomorphism with (order)

bf

2 and therefore the operator U’ : = My o U oMl_l CL2(finh) —

L?( f>14%) is an order isomorphism as well. Applying the assertion for U’ yields maps 4’
and t’. Finally, letting i : = fz_l/ 2ot fll/ 2 handti=1' yields the assertion in the
o -finite case.

inverse Mi_1 =M

For uniqueness, one can similarly reduce to the case of finite measure. Then s = U1
is determined uniquely up to equality a.e. Moreover, if 71, 72: X*> — X! are X?/X!-
measurable maps such that 4 - (f o 11) = h - (f o 1) forall f € L>(X', u'), then
ul(rfl(B) N r{l(B)) = 0 for all B € X2. From [6, 343F] it follows that 7] =
uz—a.e. O

The maps & and T associated with an order isomorphism U according to the previous
proposition are the main players in the present article. We call & the scaling and t the
transformation associated with U.

Lemma 3.3. (Adjointof an orderisomorphism, [13, Lem. 1.2]) Let U : L2(x', ' —
L2(X2, u?) be an order isomorphism with associated scaling h and transformation .
Then ty w? and ' are mutually absolutely continuous. Moreover, the adjoint of U is
given by
d 2
U*: L2(X2, 12 — L2x, 1Y, Utg= %(hg) o7l geL?Wd).
m

Definition 3.4. (Intertwining operators) For i = 1,2 let V” be a Banach space
and (A?, 2(AD)) be a (possibly unbounded) densely defined operator on V. An

invertible bounded linear operator U: V" — V@ ig said to intertwine A"V and A®
if

UZ(AV) = 2(A?)  and UAVf =AQUf, fe DAY).

Two families of operators (A}’

twines A\, A® forallt € T.

) rep» | = 1,2, are intertwined by U if U inter-

The following is not difficult to show.

Lemma 3.5. ([11, Prop. A.1]) Two strongly continuous contraction semigroups on
Banach spaces are intertwined by U if and only if so are their generators.

The nextresultis a variation of [ 13, Cor. 2.5], replacing the irreducibility assumption
on the semigroups with the unitariness of the intertwining operator U. A proof is
analogous, and therefore it is omitted.
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Proposition 3.6. Fori = 1,2 let (X1, X1, /,Li) be o-finite standard, (T,m)t>0 be a
sub-Markovian semigroup on L*(u') with corresponding Dirichlet form (E', 2(E")),
and U: L*(u") — L*(u?) be a unitary order isomorphism intertwining (T,“))

and (Tt(z)) Then,

>0

>0

UZ(E"Y = 2(E*) and E*(Uf,Ug)=E'(f,g), f.ge2(E".

Proposition 3.7. Fori = 1,2 let (X', X!, ') be o-finite standard, (Z, Z, v) be o -
finite countably generated, and (Mé);e e be a separated pseudo-disintegration of '
over v. Further let { + U; be a v-measurable field of bounded operators
Ue: Lz(ué) — L2(,u§) in the sense of Definition 2.9, and set

)
U::/ Up dv(2).
VA

Then, U is a bounded operator U : Lz(ul) — LQ(MZ) and
(i) U: L*(uY) — L%(u?) is unitary if and only if Ug is so for v-a.e. { € Z, in
which case

2]

vl =/ U;‘ dv(?).
z

(i) U: L*(uY) — L%(u?) isorder-preserving ifand only ifUg issoforv-a.e.l € Z.

For i = 1,2 further let { +—> Qé be a v-measurable field of closed quadratic

forms ( 2 @(Qé)) on Lz(ué) in the sense of Definition 2.10, each with semi-

@
group (TCJ)zzo’ ¢ € Z, and set

®
T;”::/Z ng;du(;), t>0.

Then, for each fixed t > 0, the operator T,” satisfies T,(i) eB (L2(,ui)) and
(iii) U: L2*(u"y = L%(u?) intertwines T,(l) and Tl(z) ifand only if U, intertwines T;)lt)
and T;ft)for v-a.e.{ € Z.

Proof. By definition of U, we have

521 ®
U:f L2 () dv(g) —>fz LA () dv(@).

V4

Leti = 1, 2. Since the disintegration (/,Lé) is separated, by Proposition 2.15 (i)

ez
there exists a unitary order isomorphism LU)C satisfying (2.10). Since () is as well an
order isomorphism by Proposition 2.15 (i), in the rest of the proof we may identify U
with (@ o U o ()~ 1: L2(u") — L2(u?).
(@) is [5, Sect. 11.2.3, Example, p. 182].
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(ii) Both implications are a consequence of the definition of the order structure on
the direct integral of ¢ — Lz(u; ), together with Proposition 2.15 (7).

(iii) Let t > 0 be fixed. Assume first that U intertwines T;};, T;ZZ) By [5, §11.2.3,
Prop. 3, p. 182],

52} 52} 52}
UoT/"=| Usdv(©)o T;‘;du(g)z Ugngfll)dU(;)
VA 4 ’ 7 ’
52}
:/ T2 o Ug dv(@) = T, o U.
VA

Vice versa assume that U intertwines 7, and 7,”’. By Proposition 2.12 (iii) and [5,
§I1.2.3, Prop. 3, p. 182],

53] 52}
/ Uso T dv() =Uo TV =T, o U = / Tg o Up dv (),
z ' z

hence, by a further application of [5, §I1.2.3, Prop. 3, p. 182], and by [5, §11.2.3, Prop. 2,
p. 181],

&
0= Ut~ TP U], = H/Z (Ug o T — T2 o Ug) du(@)

op

)

= V-esssup ” Us o Tglt) - T{a; oUs
e ’ ’ op

which concludes the proof. 0

4. Intertwining of ergodic decompositions

In this section, we describe the structure of order isomorphisms intertwining Dirich-
let forms that are not necessarily irreducible. Informally, one might expect that one can
simply decompose the Dirichlet forms into their “connected components” and apply
the known result for irreducible Dirichlet forms. However, it is technically nontrivial
to make this notion of “connected components” rigorous for abstract Dirichlet forms.

We rely here on the notion of ergodic decompositions introduced in [3]. We will
first show that these ergodic decompositions are essentially unique (Theorem 4.4) and
that intertwining order isomorphisms carry ergodic decompositions to ergodic decom-
positions (Theorem 4.5). As a consequence, whenever the Dirichlet forms in question
admit ergodic decompositions, intertwining order isomorphisms act componentwise
as anticipated by the informal discussion above (Corollary 4.6).

4.1. Ergodic decompositions

Let us first introduce a rigorous definition for the ergodic decomposition of a regular
Dirichlet form.
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Definition 4.1. Let (X, T, X', u) be a locally compact Polish Radon-measure space,
and (E, Z(E)) be a regular Dirichlet form on LZ(;L). We say that (E, Z(E)) admits
an ergodic decomposition { +— (E¢, P(E;)) indexed by (Z, Z, v) if there exist
(i) a separable countably generated probability space (Z, Z, v) and a measurable
map s: (X, X) — (Z, 2);

(ii) a pseudo-disintegration (u;) of u over v, strongly consistent with s such

ez
that if s~1(¢) is endowed wifh the subspace topology and the trace o-algebra
inherited by (X, ¥, A*), then (s~ H0), i) is a Radon-measure space for v-
ae. l €Z;
(iii) a v-measurable field ¢ +— (E;, Z(E;)) of regular irreducible Dirichlet forms
(E¢, Z(Eg)) on L?(ug);

such that
® ®
L () = /Z L*(ug)dv(@)  and  E= /Z E¢ dv(?)

as a direct integral of Dirichlet forms in the sense of Definition 2.19.

Remark 4.2. Since the pseudo-disintegration (M;) ez in Definition 4.1(ii) is
s-separated, the map s is implicitly always assumed to be surjective.

Remark 4.3. The existence of ergodic decompositions has been shown:

(a) in [3] under the additional assumptions that either p be a finite measure, or that
the form (E, Z(E)) be strongly local and admitting a carré du champ operator;
(b) by K. Kuwae in [12] under the additional assumption that the transition prob-
abilities of the Markov process properly associated to the Dirichlet form be
absolutely continuous w.r.t. the reference measure .
It is one further result of [12] that, under the same assumption as in (b) above, the
set Z indexing the ergodic decomposition is in fact at most countable, which greatly
simplifies the discussion. This type of ergodic decomposition however rules out some
interesting examples, in particular from infinite-dimensional analysis (see [3, §3.4]
and references therein).
Let us also point out that, again in the case of (b) above, our main result (i.e., the
extension of the results in [13] to the non-irreducible case) has also been obtained by
L. Liand H. Lin in [14, Thm. 4.6].

Ergodic decompositions of Dirichlet forms are essentially projectively unique, in
the sense of the next theorem, expanding the scope of all the projective uniqueness
results in [3].

Theorem 4.4. Let (X, X, ) be a locally compact Polish Radon-measure space,
and (E, Y (E)) be a regular Dirichlet form on L2(/L). Further assume that (E, Y(E))
admits

e an ergodic decomposition { — (E}, @(E;)) indexed by (Z', Z', v1);

e an ergodic decomposition n +— (E,ZI, @(E,zl)) indexed by (2%, 2%, v?).
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Then, there exists an almost isomorphism o: (Z', ZI,N”I) — (Z%, ZZ,N”Z)
and a Z*-measurable function h: Z> — (0, 00) so that anl ~ v2 and E; =

h(Q({))Eé({)for vlae. ¢ € A

Proof. Let Xy be the family of w-measurable E-invariant subsets of X, and note
that X is a o-subalgebra of X'#, e.g., [7, Lem. 1.6.1, p. 53]. Let uq be the restriction
of f1 to (X, Ap). By our Assumption 2.16, X is countably generated, thus X is wo-
essentially countably generated by X* : =X N Xj.

Further let C be a special standard core for (E, Z(E)) witnessing the compatibility
of the direct integral representation, i.e., so that C = A as in Definition 2.17. Note
that for every u € C we may choose u; = u as a ji;-representative of the diagonal
embedding §(u);.

Step 1: Invariant sets. For simplicity of notation, in this step let Z denote either Z'
or Z2, and analogously for all the other symbols.

Claim I: For every B € Z the set A:=s"'(B) is E-invariant Since ('U“f)gez is

s-separated, (X g) with X, : = s~1(¢), is a separating family in the sense of Def-

ez’
inition 2.13. The multiplication operator M, : =M1, : L?(pe) — L*(ue) satis-

fies Mx, = isz(u;)’ hence TriMx, = Mx, Tt ;. As a consequence,

® (3} ®
MyoT, =/B My, dv(¢) O/Z Ter dv(2) =/Z My, o Ty dv(¢)

b ® ®
= [ Tewo M, avie) = /Z Ty dv(e) o /B My, dv(c)

z
=T, 0 My,

that is, A: =s~'(B) is E-invariant.

Claim I1: for every E-invariant A € X there exists B € Z with /JL()(AAS_1 (B)) =0.
It suffices to show the statement for A € X'™*. Since (Z, Z) is separable countably gen-
erated, it is countably separated, hence by [10, Prop. 12.1(iii)] there exists a separable
metrizable topology ¥z on Z so that Z is the Borel o -algebra generated by T7. As a
consequence, s: X — Z is Borel, and therefore s(A) is analytic by [6, 423G(b)], thus
Z-universally measurable by [6, 434D(c)], hence finally v-measurable. In particular,
there exist By C s(A) C By with By, By € Z and v(B; \ Bp) = 0. By the previous
claim, we have that Ag:=s""(By), A;:=s"'(B;) € Xp. The conclusion follows
since Ao C A C A by definition, and since wp(A; \ Ap) = 0 combining (2.5)
with v(B1 \ Bp) = 0.

Claim III: s*Z : = {s‘l(B) :B e Z} is po-essentially countably generating Xy. It
suffices to combine the previous two claims with the fact that Z is countably generated
by assumption.

Claim IV: The measure space (Z, Z, v) is perfect. We shall use Lemma 2.2 in numer-
ous instances, without explicit mention. As a Radon space (X, T, X'*, ) is perfect.
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Since it is o-finite, there exists a probability measure 1" equivalent to /i on X*, and
the space (X, XA/, M) is perfect as well. Let A : = A'|;«z and o : = 54, and note that
the restricted measure space (X, s*Z, 1) is perfect. Thus (Z, Z, o) is perfect, too.

Now, let B € Z with vB = 0. Then, s~ (B) is u-negligible by (2.5). Since A ~
on s*Z, the set s (B) is as well A-negligible, hence B is as well o -negligible, which
shows that o < v. Vice versalet B € Z with o B = 0. Then, s_l(B) is A-negligible,
and therefore p-negligible. Since 1, is non-zero for every ¢ € Z by definition of
pseudo-disintegration, we conclude again from (2.5) that B is as well v-negligible,
which shows v < o. Thusv ~ 0.

Finally, since both v and o are finite measures, v has a density w.r.t. o by the
Radon-Nikodym Theorem, and therefore (Z, Z, v) is perfect since so is (Z, Z, o).

Step 2: Almost isomorphism. Throughout this step, let i = 1,2. By construc-
tion, the measure algebra (3;, o;) of (Z, Zl o) is isomorphic to the measure al-
gebra of (X, s¥ 2%, A"). Furthermore, by Step 1: Claim IIl the o-algebra Z' is -
essentially countably generating the algebra X of E-invariant sets. Thus, Z’ is as
well Ao : = A/| x+-essentially countably generating X, and therefore

(X, (572N, 01) = (X, (X9, %) = (X, (55212, ha).

As a consequence, since the measure algebra of a measure space coincides with that
of its completion, the measure algebras (31, 61) and (32, 62) are isomorphic. By all
of the above, the spaces (Z!, (27)%, 6;) are countably separated perfect complete
probability spaces, with isomorphic measure algebras. Therefore, the corresponding
measure spaces (Z', Z', o') are almost isomorphic by [6, 344C], via some almost
isomorphism ¢: Z! — Z? satisfying 0z0! = o2. Since o' ~ v’ by the proof of Step

1 Claim 1V, we conclude that Qﬁvl ~ 2,

Step 3: Forms identifications. Since Qﬁl)l ~ v2, there exists a measurable & : (Z2,
Z2) — (0, co) satisfying A - anl = 12. Now

M(A N (52)71(32)) = /2 M%A dvz(n)
g , AeX, B*eZz?

= 2 . —1 4.1

B fg_.(Bz) o)A - h(e@) ™ dv'(¢)

“.1)

1

which shows that (h(,(_)(g'))_1 . Mé(;)) is a pseudo-disintegration of u over v,

strongly consistent with o~ ! o s2.

Furthermore, exchanging the roles of v! and v? in Step 2 we have that Qﬁ\)l ~ v
and Q;lvz ~ vl Thus, f: Z> — R is v>-measurable if and only if f o 0: Z' —

cez!
2
R is v!'-measurable. As a consequence, the function & o g: Z! — (0, 00) is v!-

measurable and, since n — (E 2 @(E%)) is a v2-measurable field of quadratic forms,
for every u, v € C the map

2 2
> Eqy 1, 0) = Ej) (o), Vo(o)) + (”Q(() | vQ(C))LZ(Mz({))
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is vi-measurable, which shows that¢ — (h(,o ({))EZ(O, .@(EZ)({))) isav!-measurable
field of quadratic forms on LZ(ILZ({)). The corresponding direct integral form

(E N7 (E )) is compatible with the disintegration in (4.1) in the sense of Definition 2.17
with underlying space S¢, since C is a core for

(RPN E} ). Z(Eg))

for v'-a.e. ¢ e Z I Finally, let us show that the form (E , @(E)) coincides with
(E, Z(E)). It suffices to note that, for all u, v € C we have

E(u,v) = /Z hQOVEG ) () Vo) dv' (€)
=/ h(n)E,zl(un,vn)dQﬁN:/ E (uy, vp) dv?(n) = E(u, v). 0
72 72
4.2. Intertwining

We are now ready to state our main result.

Theorem 4.5. Fori = 1,2, let (X', %, X1, pLi) be a locally compact Polish Radon-
measure space, and (E', 2(E")) be a regular Dirichlet form on L*(u') with semi-
group (T;”) i~0- Suppose further that
(a) (EY, 2(EY)) admits ergodic decomposition ¢ +— (E}, @(E;)) indexed by
(Z, Z,v);
(b) there exists a unitary order isomorphism U: L*(u') — L*(u?) intertwin-
ing (T,(U) 0 (Tt(z)) (> Tepresented by a scaling h and a transformation t in
the sense of Proposition 3.2.

Finally, set
du?

d(r,—l)nul(f_l):t/ié forv-a.e. L € Z. “4.2)

ue =

Then,
(i) (/L?){EZ is a separated pseudo-disintegration of u* over (Z, Z,v);
(ii) U: L*(u') — L*(u?) is decomposable over (Z, Z,v) and represented by a
v-measurable field of order isomorphisms Uy : LZ(M}) — LZ(/L?).

For ¢ € Z and t > 0 further define an operator T;Z; : Lz(y,?) — Lz(uﬁ) by
2) (e8]
TCJ oUg=U; o T§J‘ “4.3)

Then,
(iii) (T§(21))1>0 is a sub-Markovian strongly continuous contraction semigroup on
Lz(ug)for v-a.e.{ € Z;
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(iv) (E2, 2(E?)) admits an ergodic decomposition ¢ + (EZ, @(E?)) indexed
by (Z, Z,v), where the Dirichlet form (E?, .@(E?)) is the image form of(El,

Q(E;)) via Uy for v-a.e. { € Z and the associated semigroup is (T; t))z>0

Proof. Up to (re-)defining 7, resp. T—!, on a u'-, resp. ?-, negligible set, we can
assume without loss of generality that t is defined everywhere. Note however that t
is neither surjective nor injective.

Step 1: Disintegrations. By Lemma 3.3, the definition of (“?);e , in (4.2) is well-

posed. By definition of pseudo-disintegration, ¢ +> u} f is v-measurable for every
X'-measurable real-valued f on X'. As a consequence, the map

> u2A = d—“zd( Nl Aex?
Cr A= A d Dt ’

is as well v-measurable, by X2/X!-measurability of r. Furthermore, by (2.5) for
1
('u ¢ )CeZ’

—1 —1 1
ffd(T o 4 ek dve) = //d(T foror v

M —14, 1
= | 5 d
fA At 07

d’ 1y, 1
= ———d
/Ad(r—l)wl (et

= ,[,LZA’
that is, the family (,u?){ is a pseudo-disintegration of MZ over (Z, Z, v). Since t—lis
u'-a.e. injective, it is as well Mé—a.e. injective for v-a.e ¢ € Z. As a consequence, the
pseudo-disintegration (M%){ is as well separated, which concludes a proof of (i).

Step 2: Direct-integral representations of L>-spaces. Since (Mg);e , is separated

by assumption and since (,u?)gE p is separated by (i), Proposition 2.15 yields the
direct-integral representations

L*(u') = /ZLz(ug)dv(n, i=12

for every space of v-measurable vector fields §' = § 4 induced by A asin (2.8). In
the following, we shall always choose .A! : =C to be a special standard core for the
(regular) form (E!, Z(E")), and set A : = {h fot:fe€ Al} In light of Proposi-
tion 3.6 we have A> C Z(E?). Having fixed the spaces S’ throughout the proof, we
omit them from the notation.
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As a consequence, if U: L*(u') — L?(u?) is decomposable, and represented
by a v-measurable field of operators ¢ +— U, then U;: Lz(ué) — Lz(ug) for
v-a.e. ¢ € Z.

Step 3: Decomposability of U. For every A € (X 1)“l ,and every f € L?(u'),

UMasf =h-t*Aa f)=h-t*1a-7*f

44
ZT*IA'h'T*f:T*lA'UfZMT—I(A)Uf. ( )

Now, let A be E!-invariant. Combining (4.4) and the definition of invariant set
yields

M-1py 0 T2 oU =My-1(4y0UoT"
=UoMyo T,(l)
=Uo Tt(l) oMy
= Tt(z) olU oMy
=T oM -14)0U,

whence, pre-composing with U ~! on both sides yields that 7 ~!(A) is E*-invariant.

Arguing as in Step 3 in the proof of [3, Thm. 3.4], it follows that U commutes
with all the operators in B(L?(u)) diagonalizable over Z in the sense of [5, §I1.2.4,
Dfn. 3, p. 185]. By the characterization of decomposable operators via diagonalizable
operators [5, §11.2.5, Thm. 1, p. 187], the operator U is decomposable, and represented
by a v-measurable field of bounded operators ¢ + Uy : Lz(Mé) - Lz(ug). For v-
a.e. { € Z, the operator U, is additionally an order isomorphism, by the forward
implication in Proposition 3.7. This concludes the proof of (ii).

Step 4: Image forms. Since U, is unitary and (Tf(,lt))po is a strongly continuous

contraction semigroup on L*(u;) for v-a.e. { € Z, the same holds for (7,7)
Fort > 0, let

>0"

- &2
7%= /Z T dv(©).

By Step 2 above, 7:{(2) is abounded operatorin B(L?(11%)). By the decomposability of U
shown in Step 4 and by definition (4.3) of T;zt) , we may apply the reverse implication
in Proposition 3.7(iii) to obtain

Tt(z)oUzUoTt(l), t >0,

and conclude that T,”) = T, for each ¢ > 0, since U is unitary.
Forv-a.e. ¢ € Z, let (E? Q(Eg)) be the quadratic form on Lz(ug) corresponding

to (Té“(’zf))zzo'



9 Page 20 of 22 L. DELLO SCHIAVO AND M. WIRTH J. Evol. Equ.

Step 5: Direct-integral representation. The direct integral representation of (E2,
P(E?)) as adirect integral of Dirichlet forms follows from that of (T,(Z)) +~0 by Propo-
sition 2.12, provided we show

(a) the compatibility of (E%, 2(E?)) with the representation by ¢ +—> E? in the

sense of Definition 2.17; and that
(b) (Eg, Q(Eg)) is a Dirichlet form for v-a.e. ¢ € Z.

In light of Step 2, in order to show (a) it suffices to show that A2 is contained in Z(E?),
which follows from Proposition 3.6. In order to show (b), note that, since (T,(z) )

>0
is sub-Markovian, it follows by Proposition 2.18 that (T{(Z; )t> 0 is sub-Markovian for
v-ae. € Z. - O

Corollary 4.6. Fori =1, 2 let (Xi, S ,ui) be a locally compact Polish Radon-
measure space, and (E', 2(E")) be a regular Dirichlet form on L*(u') with semi-
group (Tt(”) (o €ach admitting ergodic decomposition § +> (Eé, @(Eé)) indexed
by (Z!, Z1,v'). Suppose further that there exists a unitary order isomorphism U : L?
(Ml) — LZ(MZ) intertwining (Tt(l))tzO’ (Tt(Z))tZO’
transformation t in the sense of Proposition 3.2. Then, there exists an almost isomor-
phism o: (Z', 21, vy — (2%, 2%, v?) such that

represented by a scaling h and a

(i) U: Lz(ul) — Lz(,uz) is decomposable over Zz', 2, v and represented by

a vl—measurableﬁeld of order isomorphisms Uy : Lz(ué) — Lz(y,é(;));

Gi) UL L2(u2) — Lz(,ul) is decomposable over (Z2, 22,v2). Furthermore, the
field of order isomorphisms (U;)_1 : LZ(MZ,(;)) — L2(u§) is v2-measurable,
and it represents U -1

(iii) forv'-a.e.c € Z', the orderisomorphism U intertwines the semigroup (T{(,lt))t>o
associated to (E{1 Q(E})) with the semigroup (TL;Z)”)IEO associated to

2 2

(B3 Z(Eqqy)-

Example 4.7. Theorem 4.5 and Corollary 4.6 provide an alternative proof for the
construction of the ergodic decomposition of the Dirichlet—Ferguson diffusion [4] on
the space of probability measures over a closed Riemannian manifold, obtained by
ad hoc techniques in [4, Thm. 6.15(ii)]. The ergodic decomposition of the associated
form consists of uncountably many components, and therefore the result does not
follow from the aforementioned work [14] (cf. Remark 4.3 above).

Theorem 4.5 has the following natural converse, a proof of which is a straightforward
application of Proposition 3.7

Proposition 4.8. Ler (X, T, X, u) be alocally compact Polish Radon-measure space,
(Z, Z,v) be a separable countably generated probability space, and s: (X, X"*) —

(Z, 2) be a measurable map. For i = 1,2 further let (Mé);ez be an s-separated

pseudo-disintegration of i over (Z, Z,v), and ¢ — (EL, @(Eé)) be a v-measurable
field of Dirichlet forms compatible with the disintegration. Further assume that there
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exists a v-measurable field { — U, of unitary order isomorphisms Uy : L2(/L;) —
Lz(ug) intertwining the semigroups of (Eé, Q(Eé)) as in (4.3).

@ .
Then, the direct integral forms E' := / Eé dv(¢) are intertwined by the unitary
z
52}
order isomorphism U’ ::/ Ur dv(2).
z

By the transfer method for quasi-regular Dirichlet spaces, e.g., [2], it is possible
to extend all the previous results to the quasi-regular case. The Definition 4.1 of er-
godic decomposition is readily adapted by letting (X, ¥, X, u) be satisfying Assump-
tion 2.16 (as opposed to: locally compact Polish). We only spell out the adaptation of
Theorem 4.5. The easy adaptation of Proposition 4.4 and Corollary 4.6 is left to the
reader.

Corollary 4.9. For i = 1,2, let (X', T', X', u') be satisfying Assumption 2.16,
and (E', 2(E)")bea quasi-regular Dirichlet form on Lz(ui) with semigroup (Tt(i))t>0.
Let all other assumptions of Theorem 4.5 hold. Then, all the conclusions of that The-
orem hold as well.

Remark 4.10. (On quasi-homeomorphisms) It is shown in [13, Thm. 3.11] that the
transformation t associated to any order isomorphism U intertwining two irreducible
regular Dirichlet forms has a version T which is additionally a quasi-homeomorphism.
This result has been extended by Li and Lin in [14] to the case of up-to-countable
ergodic decompositions as in Remark 4.3(b). Whereas there is a reasonable expectation
for this result to hold—at least under the additional assumption that U be unitary, as
in Theorem 4.5—a proof seems currently beyond reach.
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