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Abstract

The polaron model is a basic model of quantum field theory describing a single particle
interacting with a bosonic field. It arises in many physical contexts. We are mostly concerned
with models applicable in the context of an impurity atom in a Bose-Einstein condensate as
well as the problem of electrons moving in polar crystals.

The model has a simple structure in which the interaction of the particle with the field is given
by a term linear in the field's creation and annihilation operators. In this work, we investigate
the properties of this model by providing rigorous estimates on various energies relevant to the
problem. The estimates are obtained, for the most part, by suitable operator techniques which
constitute the principal mathematical substance of the thesis.

The first application of these techniques is to derive the polaron model rigorously from first
principles, i.e., from a full microscopic quantum-mechanical many-body problem involving an
impurity in an otherwise homogeneous system. We accomplish this for the N 4 1 Bose gas
in the mean-field regime by showing that a suitable polaron-type Hamiltonian arises at weak
interactions as a low-energy effective theory for this problem.

In the second part, we investigate rigorously the ground state of the model at fixed momentum
and for large values of the coupling constant. Qualitatively, the system is expected to display
a transition from the quasi-particle behavior at small momenta, where the dispersion relation
is parabolic and the particle moves through the medium dragging along a cloud of phonons, to
the radiative behavior at larger momenta where the polaron decelerates and emits free phonons.
At the same time, in the strong coupling regime, the bosonic field is expected to behave purely
classically. Accordingly, the effective mass of the polaron at strong coupling is conjectured to
be asymptotically equal to the one obtained from the semiclassical counterpart of the problem,
first studied by Landau and Pekar in the 1940s. For polaron models with regularized form
factors and phonon dispersion relations of superfluid type, i.e., bounded below by a linear
function of the wavenumbers for all phonon momenta as in the interacting Bose gas, we prove
that for a large window of momenta below the radiation threshold, the energy-momentum
relation at strong coupling is indeed essentially a parabola with semi-latus rectum equal to the
Landau—Pekar effective mass, as expected.

For the Frohlich polaron describing electrons in polar crystals where the dispersion relation is
of the optical type and the form factor is formally UV—singular due to the nature of the point
charge-dipole interaction, we are able to give the corresponding upper bound. In contrast to
the regular case, this requires the inclusion of the quantum fluctuations of the phonon field,
which makes the problem considerably more difficult.

The results are supplemented by studies on the absolute ground-state energy at strong coupling,
a proof of the divergence of the effective mass with the coupling constant for a wide class of
polaron models, as well as the discussion of the apparent UV singularity of the Fréhlich model
and the application of the techniques used for its removal for the energy estimates.
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CHAPTER

Introduction

1.1 The polaron

1.1.1 Wider context

An important goal of XXI century physics is to understand the emergent properties, i.e.,
properties that are not inherent to individual constitutents of a large system, but arise due
to mutual interactions between them. For this reason it is important to investigate the
interactions between basic constituents of ordinary materials on a very fundamental level,
including the methods of mathematical physics.

Interesting effects due to complex interactions arise already when the chemical composi-
tion of the system is entirely uniform, but a siginificant degree of complexity is added if one
considers inhomogeneous systems. The simplest case corresponds to a single object - an
atom, molecule, or even an elementary particle - immersed in a large, excitable medium. The
model we shall be considering here, the polaron model, is arguably one of the most basic
examples. It concerns the motion of a quantum particle interacting with a large medium
modelled by a bosonic field. The basic nature of the model makes it perfectly fit for a rigorous
analysis. In fact, it is relatively simple and many aspects of it are tractable with the use of
the mathematical methods at hand, while at the same time it is complicated enough to pose
several hard problems, the solution of which might both increase our understanding of the
underlying physics and lead to new, interesting developments in mathematics.

1.1.2 The Frohlich Hamiltonian

The Hamiltonian that we are going to analyze has been first introduced by Frohlich [67]. It
has the form

2

A ‘ '
He 2200 [ baladi+va [ (obae® + o@ade ™) db (1)
m R3 Rd

and acts on the Hilbert space L?(R%) ® F, with

F = ééﬁ(ﬂ%d) (1.2)

n=0 sym

1
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denoting the bosonic Fock space, where @, L?(R?) is the space of symmetric square

intergable functions of n variables. By definition ®g,, L*(R?) = C, and this case is referred

to as the vacuum. Furthermore, aL, ay are the bosonic creation and annihilation operators,
actually operator-valued distributions, satisfying the commutation relation

[a, aZ] =d(k—q) (1.3)

with (-) denoting the delta distribution. At this level, these operators are introduced
formally, but their proper definition poses no difficulty once the usual annihilation operators
are introduced. For a function f € L?(R%), we have

a(f) : éLQ(Rd) —>1(§)L2(Rd), (1.4)

(@)1, 2n1) = V[ def@)Wlan, - 201,2) (15)

It is a simple exercise to compute the adjoint af(f)

1 n
(a’T(f)‘Ij>(x17 Tt 7‘1'71) = = Zf<x7,>\1j(xl7 MR 7 P 7 ,$n> (16)
N
and to verify that the canonical commutation relations hold true:

[a(g), a(f)] = {gl.f) (1.7)

where we employed the Dirac bra-ket notation for the inner product in L2.

(1.1) thus models a quantum particle of mass m > 0 and position # € R? interacting
with a scalar bosonic field. Its main ingredients are as follows:

—A

= —A, is the Laplacian in the particle variable, and <>* describes the particle’s kinetic

energy;

= ¢(-) is the dispersion relation, and the term involving this quantity in (1.1) is called the
field energy;

= the term involving the function v(-) is the interaction term, and v(:) is called the form
factor:;

= « > 0 is a coupling constant traditionally appearing in (1.1) under the square root.

It is to be noted that the interaction is linear in the creation and annihilation operators, which
is the most distinctive feature of the model. One typically assumes that e(k) > 0 for all
k € R? and that v € L*(R?), in which case (1.1) is well defined on the intersection of the
domains of the particle's Laplacian and the field energy, although one physically important
model discussed here has v(k) ~ |k|~' in d = 3, and the UV divergence in this case constitutes
one of the most mathematically involved aspects of this and various preceding works. Let
us finally remark that the £ modes of the field are called phonons, a term well-known from
elementary physics.

(1.1) arises in many physical contexts, and our analysis shall be focused on the case of
an electron in a polar crystal, hereafter referred to as the Fréhlich (large) polaron, and an
impurity atom immersed in a cold atomic gas comprising of bosonic atoms, called the Bose
polaron. Our two principal goals are
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1. the derivation of (1.1) as an effective theory from first principles, i.e., from a microscopic
quantum-mechanical many-body problem;

2. the analysis of the properties of (1.1) at strong coupling, especially in the context of
the energy-momentum relation and the emergence of the polaron quasi-particle, and the
verification of the semiclassical approximation in this case.

Let us discuss these points in some detail, including the basic physics background, and present
our results.

1.1.3 Derivation of the Frohlich Hamiltonian as an effective theory
The Frohlich case: a physics derivation

(1.1) has first appeared in the physics literature in the context of the problem of electronic
motion in polar crystals [67, 68]. This corresponds to the choice

(k) =1, v(k) = M d—3 (Fréhlich case). (1.8)

Of course, |k|™! is not an L?(R?) function, but using the methods recalled in Chapter 4 one
can show that if one introduces a cutoff K in the form factor, i.e. sets v(k) = (27)3|k|~* for
|k| < K and zero otherwise, then the resulting Hamiltonian is bounded from below uniformly in
K, and thus one can define the corresponding Hamiltonian for K = oo via a suitable quadratic
form. For a thorough discussion concerning the definition and domain of the Hamiltonian with
the choice (1.8), we refer to [74].

For the sake of this introductory section, we are first interested in physical arguments leading to
the Frohlich model (1.8). The situation is the following: consider an electron moving through
a ionic lattice, i.e, a lattice whose sites are occupied by ions. For simplicity, imagine the case
of the lattice being simply Z3, and the situation in which each site is occupied by an ion
surrounded by oppositely charged ions occupying the nearest neighbor sites. The ions are not
entirely immobile and can perform small oscillations around their equilibrium positions. The
moving electron distorts the lattice by attracting the positive ions and repelling the negative
ones, which, in turn, leads to the formation of local dipole moments spreading through the
lattice in the form of optical phonons. The origin of the Frohlich model is then best seen once
the Hamiltonian is rewritten in position space for the phonons. It reads

al + a,

H=-A,+ /RS ala, dy+ o dy. (1.9)

r3 2712 |x — yl|?
In order to arrive at (1.9) as a model for the electron-ionic lattice system, one argues as
follows:

1. The first thing to note is the choice of units, in which the Planck’s constant /& and the
phonon frequency is set to unity, as well as m = 1/2 for the mass of the electron. In
fact, this mass is not the bare mass of the electron in vacuum, but the band mass. The
origin of this lies in band theory of solids, for our purposes it is enough to point out
that the band mass is an effective way of taking the interaction of the electron with the
immobile ions into account. The actual value of the band mass depends on the material
(i.e., the chemical composition and the geometric structure of the crystal).

3
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2. One essential ingredient here is the continuum approximation, in which the discrete
lattice is replaced by a continuous polarizable medium. The physical argument behind
this is that when considering this problem, the electron is supposed to be a relatively
slow one, thus having a low kinetic energy and consequently a wave function with small
gradients, which is then presumably spread over many lattice sites.

3. Related to this is the choice ¢(k) = 1, corresponding to optical phonons. These are
quantized oscillations in which the adjacent ions oscillate out of phase which leads
to a dipole moment. Their dispersion relation tends to a positive constant at £ = 0,
is essentially flat for small k£ and the deviations from a constant dispersion relation
reveal themselves for k of the order of the inverse lattice spacing, and can therefore be
neglected in the continuum approximation, which justifies the choice €(k) = 1 for all k.

4. The term m is the interaction potential of a charge located at x and a dipole
located a't y. This corresponds to the form factor v(k) = (271r)3|Tl<| (and the exponential
factors €***) via Fourier transform.

5. In the units chosen, the coupling constant is

1 1 1
a=—|(———- 1.10
2 (5(00) 5) (1.10)
where £(00) is the high-frequency dielectric permittivity of the material in question, and
€ is its static permittivity. This particular combination arises here due to the fact that
the € contains contributions also from the high-frequency polarization effects happening
at the level of the electronic structure of the ions themselves, which are neglected here

and thus the number £(oc) describing them needs to be subtracted from the equations.
A detailed analysis of the underlying electrodynamics leads to this particular form of «.

For more details, we refer the interested reader to the review [87]. Although the above physical
arguments are well-founded and plausible, a rigorous derivation of (1.9) from the underlying
microscopic model of an electron in a polar crystal would be a formidable task (note, however,
the work [25], in which the Pekar functional, a model related to the Hamiltonian (1.1), is
derived from a simplified model of a crystal in the Hartree-Fock setting). Our first contribution
in this work is a rigorous derivation of (1.1) from a microscopic model of another instance of
the polaron problem, the N + 1 Bose gas. Its microscopic structure is much simpler, but the
N + 1 Bose gas, or the Bose polaron problem, lies at the forefront of modern cold atomic
physics, and hence the problem is of great interest of its own.

The Bose polaron

The Bose polaron problem, that is, the problem of an impurity atom immersed in an interacting
Bose gas, has been investigated both theoretically and experimentally in the recent years, and
has an extensive physics literature. One of the most prominent models in these investigations
is via a suitable Frohlich Hamitonian [1]. Our goal is to derive this effective model rigorously
from first principles, on a simple example. We hence start with a specific model of an impurity
in a Bose gas, in which the constituents are confined to a finite-size box modelled by the unit
torus in d dimensions, and show how the Frohlich model arises from it in a natural way.

We thus consider a system of N bosons of mass 1/2 and one additional particle (of an
unspecified type of statistics) of mass M. We assume that the particles confined to move

4
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on the unit torus in d dimensions, T¢. Moreover we assume that the bosons interact among
themselves via a positive two-body potential v : T¢ — R and that the additional impurity
particle interacts with the bosons via a positive real-valued two-body potential w : T — R.
The positions of the bosons are labeled by {x;}Y , x; € T? and the position of the impurity
by R € T¢. The Hamiltonian of this system reads

HNJ:;@R—;A%H S e — )+ p wl@ - R)  (L11)

1<i<j<N i=1

and acts on the Hilbert space L*(T¢) ® (®£§mL2(Td)). The pairs of real numbers (\,7) and
(u, v) are scaling parameters describing the strength and the ranges of the potentials v, w
respectively. (1.11) is our starting point as a microscopic many-body theory from which we are
going to derive a version of the Frohlich Hamiltonian (1.1) as an effective low-energy theory
in an appropriate limiting scaling. In order to introduce the main strategy, it is instructive to
view Hy ; as an operator on L?(T%) @ F (here, in the definition of F, we simply replace R?
with T? in (1.2)) and express it via the creation and annihilation operators corresponding to
the functions = — e#*, p € (2n7Z)", forming an orthonormal basis of L2(T%). In this way, we

arrive at the second-quantized version of (1.11):

—-A
Hya :T]wy + Ex(N) + 3 pabay + 3 vy D ah o af-pagant (1.12)
p70 p#0 0.k
—iv~1
—l—u%wp/l,e pyzk:a;+kak.
P

Here w. v. are the Fourier coefficients of the potentials w, v, and Ey(N) is the Hartree energy
SN(N — 1)vg + Npwy. Note that in order to arrive at (1.12), translation invariance is crucial
(we also assume parity invariance so that the Fourier coefficients are real, and hence even
functions of p).

We are interested in a low-energy effective theory of Hy 1, and predict that it should lead
to a version of the Frohlich Hamiltonian if one follows the appropriately adjusted approach
laid down by Bogoliubov [33]. First of all, it is to be expected that for low energies most of
the bosons have very low momenta, in fact, that most of the processes that occur at low
energy involve bosons having zero momentum. Accordingly, we expect that at low energies,
one can replace the operators ay, ag by numbers v/N. The heuristic reason for this is that
most of the bosons are predicted to have momentum zero and thus agao ~ N, and therefore
also aoag =1+ agao ~ N and ay, ag are effectively commuting. After this replacement, one
retains only terms which are at most quadratic in the creation and annihilation operators
(which, after the above replacement, depend only on the non-zero momenta). In the boson-
impurity interaction, one goes even further and retains only the linear terms in the creation
and annihilation operators, neglecting all the scattering terms. At this stage, we take the
simplest choice of (A, 7n) and (u, ) so as to meet two conditions. First, we wish that the v—
dependent term in E' is extensive, i.e., linear in N. Moreover, we want the boson-boson and
the impurity-boson interactions beyond E™ to lead to an N — independent O(1) contribution
to the energy. This leads to the mean-field scaling A = =, ju = ﬁ for the strengths and
1n = v =1 for the ranges. This corresponds to the case of weak long-ranged potentials. This
is physically expected to be accurate at high boson densities, or for large N in our approach,
as the volume of the torus is set to unity in our setting. It has to be noted that since actual
gases used in experiments are typically dilute, the mean-field scaling serves mainly as a toy
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model, against which various other approaches are tested. In this sense, it is a bit artificial, but
has an important theoretical value. We shall henceforth take this limit in our considerations
on the derivation of the Bose polaron model. For a discussion of other scalings, see Chapter 2.

With the mean-field scaling and the Bogoliubov approximation, we arrive at the Hamiltonian

HPeF = vo+\/_w0+m+§(p +v,)a +2(j,ip+ap p)>
p#0
+ Z wpe_ipR(a; +a_,).
p#0

Note that this one does not leave the L?(T¢) ® (®N LQ(T‘Z)> subspace invariant, in contrast

sym
0 (1.12). We see that once the aforementioned approximation is made, we arrive at our goal,
since HPe F — Evo — \/Nwo is unitarily equivalent to the Fréhlich Hamiltonian

HF + > eblb, + Y @, (e PRbf + €Pih,) + EP (1.13)
p#0 p#0

where EB is an explicit constant, the dispersion equals

= /p* + 2v,p? (1.14)

_— [plw,

p = 2

Ve

The operators by, bl are also bosonic, and given by b = ayal + B,a_, where ay, 3, are

appropriate constants chosen such that [bp,bil] = 0pq. Explicitly, a,, = (1 — vp)*l/z with

and the form factors turns out to be

(1.15)

—1+2 P== and 3, = 7. An important thing to note is that
€y > |p| (1.16)

for all p, for some ¢ > 0 (since v is positive, vy > 0). This fact is related to the onset of
superfluidity in the interacting Bose gas at low temperatures [33]. Accordingly, a dispersion
relation satisfying infy, |k|~'e(k) > 0 will be said to be of superfluid type, and this will play an
important role also below.

Contributions of the author

In Chapter 2 we perform a rigorous derivation of the Fréhlich Hamiltonian (1.13) as an
effective low-energy theory of the excitations of Hy ; in the mean-field limit. More precisely,
we compare the low-lying parts of the spectra of Hy; and E¥(N) + H" and show that they
agree for N large, provided that the eigenvalues lie in an energy window which grows not too
fast with V. This is the content of the following Theorem.

Theorem 1.1.1 (M-Seiringer 2020). Let Hy, and H" be defined by Egs. (1.12) and
(1.13), respectively, and let Ex(N) := vy + v Nwy. Assume that v and w are positive
and bounded, and that v is positive definite. Then for all eigenvalues e;(Hy ) such that
ei(Hn1) —eo(Hnq) < & for some € > 1 we have

1/2
le;(Hn,1) — Ea(N) — e;(HP)| < Oy (;) (1.17)
for some constant C,,,, > 0 independent of the parameters £ and N.

6
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This result on the lower part of the spectrum is supplemented by a statement on the eigenvec-
tors, see Theorem 2 in Chapter 2.

The method of proof uses techniques developed for the justification of the Bogoliubov
approximation for interacting Bose gases developed in the mathematical physics literature in
the past few years. The main tool are suitable operator inequalities that compare Hy ; — E™(N)
with HY. From these inequalites, one can draw two important conclusions: first, it holds
that the difference of the two operators is essentially of the order N~1/2N,, where N, is the
excitation number operator N, = 3~ a;fjap. The second conclusion is that this operator is
uniformly bounded in NV on states with sufficiently small energy. This allows us to conclude the
desired statement by the min-max principle. Of course, there is a certain number of technical
issues that need to be taken into account, most of them stemming from the fact that Hy
and HY act on different Hilber spaces and cannot be directly compared. This is handled by a
unitary transformation introduced by Nam, Lewin, Serfaty and Solovej in 2016 [28] as well as
Fock space localization techniques utilized in [48], whose application turns out to be quite
effective in our mean-field case due to the operator inequalities obtained.

1.1.4 The energy-momentum relation at strong-coupling

The next topic is focused on one of the central points of polaron theory. The origin of the
term polaron lies in the physical picture of a quasi-particle emerging in the system composed
of an impurity and a boson field as described by the Fréhlich Hamiltonian. The impurity
is imagined to excite and drag along a cloud of phonons as it moves, and this composite
structure - the particle plus the cloud of phonons attached to it - is viewed as a separate entity,
a quasi-particle termed the polaron. As we shall see, this picture can be translated to the level
of equations and theorems. To this end, let us first note that due to translation invariance,
the Hamiltonian (1.1) commutes with the total momentum operator

Prw = —iVy+ Py, Py = /dk k alay. (1.18)

It therefore makes sense to consider the infimum of the spectrum of H as defined in (1.1) on
the subspace where the total momentum equals P € R?. Thanks to the unitary transformation
introduced by Lee, Low and Pines [10], one can introduce another definition of this quanity,
which involves explicit objects and is hence much easier to manipulate. The Lee-Low-Pines
unitary operator has the form e7% and satisfies

—iPrx —

elpfzaLe e””a,t.

A computation thus shows that H unitarily equivalent to [® dP Hp with

Hp = L(P — Py’ + /Rd e(k)alapdk + \/5/Rd (U(k)ak +ma£) dk.

- 2m
Note that this operator acts on F only. The energy-momentum relation is then defined as
E(P) = inf spec Hp

which is the ground-state energy at fixed total momentum P. This quantity shall be our main
object of interest.
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In order to motivate our further analysis, let us start with the simplest case @ = 0. Assume
for simplicity that the dispersion relation is strictly positive and subadditive, i.e., €(ki + ky) <
6(]61) —+ E(kg) for all k’l, k’g € Rd. Then

E(P) = min{Pz, inf <(P_Q)2+€(Q)>}. (1.19)

2m’ QeRrd 2m

In other words, either the free particle carries the entire momentum and no phonons are
produced, or, once the momentum is too large, the energy is distributed among the particle
and the phonons and partially released in the form of radiation. Note that in the particular
case of optical phonons, the infimum over @ in (1.19) equals unity, and thus the particle
decelerates completely and transfers the entire momentum to the phonon field. For o > 0,
we expect a similar picture and a smoothed out version of (1.19), in the sense that E(P)
should continuously interpolate between the quasi-particle and the radiation regime, see Fig.
1.1. The quasi-particle regime corresponds precisely to the polaron picture and is determined
by a parabolic behavior of E(P), but with the bare mass of the particle m replaced by an «
dependent effective mass. In fact, it is known [71]that E(P) has at least a local minimum at
P =0 and is analytic in its vicinity, and hence that the limit
P2

B 5B = By - Men (1.20)

exists. The number Mg is the effective mass. It can be shown that Mg > m for a > 0.
Thus the energy-momentum relation at sufficiently small P is approximately parabolic with
semi-latus rectum Mg , which corresponds to the dispersion relation of a free non-relativistic
particle having the effective mass M.g. This is precisely the polaron as envisaged physically.
On the other hand, for P large, it is known under certain natural assumptions that [90]

lim (E(P) — Ees(P)) =0 (1.21)

P—o0

where Foi(P) is the bottom of the essential spectrum

Ees(P) = inf (E(P - Q) +¢(Q)) (1.22)

(comp. Eq. (1.19)). This corresponds to the radiative regime, where the part of the momen-
tum is transferred to the phonons, just as in the non-interacting case discussed above.

In this work, we are interested in the opposite extreme of the non-interacting case (1.19),
the strong coupling limit a > 1. We wish to confirm the quasi-particle transition picture as
depicted in 1.1 and use this picture to confirm validity of the semiclassical analysis applied to
the energy-momentum relation. More precisely, define first the transition momentum as the
absolute value of momenta satisfying the equation

Pt2 — inf ((P_Q)2

m B Q€R4 + E(Q)>

1.2
2 Mo (123)

P=P;

We shall consider dispersion relations that are strictly positive, radial and non-decreasing in
|P|. We expect that

1. E(P) — E(0) remains essentially a parabolic curve for momenta |P| < |F;| and
approaches Eo(P) for |P| > |P|;, and undergoes a swift transition between the two
cases for momenta around P ~ P;.
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Figure 1.1: A schematic plot of the expected behaviour of F(P) at non-zero coupling: the non-
interacting case is added for comparison.

2. At large coupling, the parabola approximating E(P) — E(0) in the quasi-particle regime
should be determined by the effective mass coefficient as obtained from the semiclassical
theory of Landau and Pekar.

In order to motivate the second point in more detail, we need to explain the connection
between the strong coupling and semiclassical limits of the polaron problem, which we shall
do next. This connection has been subject to an extensive investigation in the mathematics
literature [2, 85, 60].

1.1.5 Semiclassical theory of the polaron and the strong-coupling
limit
Ground-state energy

The semiclassical approximation boils down to the replacement of the creation and annihilation
operators in (1.1) by complex-valued functions, and taking the expectation value in the electron
variable. This leads to the Pekar functional

G(,9) / V(@) Pz + 2v/a%e [ v(k)p(K)pu(k)dk (1.24)
+/ k)[2dk
with ] '
pol) = (g [ debt) e (1.25)
For a given 1, the minimizing field is po(k) = —\/5@,:’)(“, and the electronic Pekar
functional is
ety = 5 [IVe@P —a [[ [P~ plw)Pardy  (126)

1
dr|z|”

with g(x) = [ %eik'xdkz. In particular, in the Frohlich case g(x) =
We define the Pekar energy:

EP*(a) = inf EPE ().

YEL2(RY),||gl2=1 ¢

9
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The validity of the semiclassical approximation is, among other things, expected to manifest
itself in the fact that for the ground state of HI, we should have

inf spec H =: Ey(a) = i%fE(P) ~ EY%(a) (1.27)

for a large. In fact, one can verify that the Pekar energy is an upper bound for Ey(«) for all
« by taking a suitable product state on L?(R?) ® F, and thus one way to proceed in proving
the above asymptotics is to provide a suitable lower bound. We shall now distinguish between
two cases:

1. the Frohlich case, correspondng to the choice ¢(k) = 1 and v(k) = (2717)3ﬁ ind=3as
discussed above;

2. the regular case, corresponding to €(k) continuous, radial and positive, and with v(k)
satisfying (1 + k%)v(k) € L*(R?).
In the Frohlich case, one has by scaling that
EP*(a) = o®E"*(1), Frohlich case. (1.28)

In particular, the kinetic energy of the electron ||V¢||3 is of the order o and contributes to
the Pekar energy at leading order - the electron maintains its quantum nature. In contrast, in
the regular case, one can verify by dominated convergence that

a—0o0 o €

lim B =—g(0) = —/ ‘v((lz))Pdk, regular case. (1.29)

Here, the kinetic energy of the electron is negligible at leading order for large «, and the
electron behaves at large coupling as a classical particle sitting at the bottom of the potential
well determined by the function g. This conclusion is also valid for the quantum problem, since
—ag(0) is a simple lower bound in the regular case, obtained simply by neglecting the kinetic
energy of the electron and completing the square. The non-trivial problem here is to establish
whether the semiclassical approximation is still valid beyond the extremely large coupling limit,
i.e., at the order of the energy where the kinetic energy of the electron contributes to the
total energy. By expanding the exponential factor in the definition of g, it is not difficult to
predict that the next order correction corresponds to quantum harmonic oscillations in the
well determined by g, with frequency

ol

The validity of this prediction is our first result, which is the starting point for further
considerations concerning the validity of the semiclassical approximation for the energy-
momentum relation in the regular case.

Contributions by the author

For the Frohlich case, the lower bound was obtained by Lieb and Thomas [2], and in Chapter
4 where we discuss its slight improvement based on [66] and present one of the methods of
handling the UV divergence of the form factor. For the regular case, we provide the lower
bound in Chapter 3. Its slightly simplified statement is as follows.

10
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Theorem 1.1.2 (M-Seiringer 2021). In the regular case, for « sufficiently large,
' \v(k)P dw

E > — / + ——-0(1

() o (k) dk 7 0(1)

Both the Lieb—Thomas bound with our extension and the bound in the regular case are
obtained with the use of suitable operator techniques, but there is an important distinction
between them: the bound of Lieb and Thomas is provided on the Hamiltonian (1.1) in the
Frohlich setting and hence is performed on L?(R?) ® F, while our bound in the regular case
we prove a lower bound on E(P) which is uniform in P. The ideas used resemble the ones of
Lieb and Yamazaki [3], which were devised for the Frohlich case, but there they do not result
in a sharp lower bound.

1.1.6 Effective mass in the semiclassical approximation

The semiclassical approximation is thus shown to be valid as far as the ground state energy is
concerned (there are also results about the dynamics, see, e.g., [64, 13, 81]). Our next goal is
to discuss its validity in the effective mass problem, or on the level of E(P) for non-zero P.
To this end, we shall introduce the result by Landau and Pekar [8] concerning the effective
mass of the polaron in the semiclassical approximation. One way to derive this result in a
formal way is to consider the infimum of the Pekar functional (1.24) restricted to the set of
functions (1, ) having total momentum P, i.e., satisfying the condition

PG (=iV)b@)da + [ ple()dp = P (1:30)

A heuristic analysis (see Sec. 3.1.3) leads to the prediction that the when we restrict the

minimization to states satisfying (1.30), the Pekar energy gets increased by a factor 2]\5%
with the Landau—Pekar mass ’
2 k2 |v(k)?
MPek — ﬂ ‘U( ) ‘ppek<k)|2d/€ (131)

o T ) e(k)

where pP*¢(k) equals (1.25) evaluated at the minimizer of (1.26), 1> (for the sake of the
present discussion, we dispense with questions related to their existence, uniqueness, etc.). In
the Frohlich case, due to scaling, we arrive after a formal computation at

204
Pek Pek (14 47 7LP
ME = 2 = ot (132)
while in the regular case, since the electron wave function tends to a delta function as suggested

by Theorem 1.1.2, we expect that

Pek 2 2
lim Mo _ Q/k‘”(k)dk; — MPek (1.33)
e(k)?

a— o0 o - g

The Landau—Pekar conjecture is

Conjecture. For all polaron models described by Hamiltonians of the type (1.1), we have

lim Mot
a—00 M(Eek

= 1. (1.34)

In particular, Mg should diverge with v as @ — oo; in the Frohlich case, the growth should
be proportional to the fourth power of «, and in the regular case we expect a linear divergence.
The Landau—Pekar conjecture is still open. In our work, we are prepared to prove two related
results in the regular case, and provide the first upper bound on E(P) in the Frohlich case
that is compatible with (1.34).

11
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Contributions by the author
The first result concerns strictly the effective mass in the regular case.

Theorem 1.1.3 (M-Seiringer 2021). For polaron models satisfying the assumptions of Theorem
1.1.2 we have that for all « sufficiently large there exists a constant C' > 0 such that

Mg > Cat/*, (1.35)

The lower bound is far from the expected ~ « behaviour; nevertheless, we can conclude that
the effective mass is in fact divergent in all spatial dimensions for a wide class of polaron
models. The first result on the divergence of the effective mass was given by Lieb and Seiringer
[85] for the Frohlich case. Recently, this result has been supplemented by a bound on the rate
of that divergence [53].

The above divergence result is in line with the conclusion that can be drawn from the
Landau—Pekar conjecture, but the actual value of the Pekar mass does not appear in the
proof. In order to give the Landau—Pekar semiclassical calculation a qualitiative evidence for
its validity from a different angle, we turn our attention to the behaviour of E(P) away from
zero but below the transition momentum P, as defined by the condition (1.23). The effective
mass is related to the curvature and analyticity of E(P) at zero, as expressed by

2

2Meff

E(P) = E(0) + +O(P?"), close to P = 0. (1.36)

If the transition picture mentioned above is valid, we expect that another expansion is true at
strong coupling, namely

P2 P
E(P) = E™* 1+ 0| 157 E"*o(1 1 1.37
(P <a>+2M§ek(+ (i7) |+ #rom a1 a3
which can be viewed as a combination of (1.36) and (1.27). The exact value of P, depends
on the form of e. Here, we restrict our discussion to two cases: the optical phonons €(k) = 1
and a superfluid-type dispersion relation satifying

i%fef]? =c>0. (1.38)
As we have seen, optical phonons are found in the ionic crystal (Frohlich) problem, and
a superfluid-type dispersion relation naturally appears in the Bose polaron. Assuming the
Landau—Pekar asymptotics of the effective mass at strong coupling, from (1.23) we arrive
at the conclusion that P, ~ « for € of superfluid type in the regular case and P, ~ o? for
optical phonons in the Frohlich case, so that P, grows with « at large coupling, suggesting
that terms of the order (|P|/|P;|)? can be in fact expected to be much smaller than unity for
a range of P. The last term on the right-hand side of (1.37) describes the order of magnitude
of corrections to the semiclassical approximation for the ground state energy, and can be
expected to be of order unity in all cases, as we shall explain below. For the regular case with
a superfluid-type dispersion relation, the parabolic Landau—Pekar term is thus much larger
than these corrections if | P| > o!'/2. Thus, there is a window of momenta a!/? < |P| < «
where (1.37) makes sense as an approximation for E(P) at large coupling, where the leading
order quanties are calculated entirely using the semiclassical analysis. The proof of this fact is
one of the central results of this thesis.

12
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Figure 1.2: Plot of the lower and upper bounds from Theorem 1.1.3, on a log-log scale. In a window
of momenta beyond the transition momentum, the curves are well-approximated by the prediction
from the Pekar conjecture.

Theorem 1.1.4 (M-Seiringer 2021). Assume that v satisfies the regularity assumptions in
1.1.1 and that € is strictly positive and of superfluid type. Then

lim o~ 2(E(P)—E(O)):Me' (1.39)

al?g|Pl<a

In fact, we have for H regular, for all P with |P| < C« for some C' > 0, independent of P

and «,
dw P? | P|
< - — .
E(P) < —ag(0) + 5 + S N PeK + O( - )
If in addition the dispersion relation is assumed to be massive (i.e., strictly positive) and of
superfluid type, we have for all P such that |P| < C'« with C' > 0 small enough,

dw P2
> _ “~L -
E(P) > —ag(0) + 5 + S NPk

O(1) — O(P*a~?/%).

This proves that in the window of momenta where (1.37) is valid, E(P) — E(0) is, at large
coupling, approximately parabolic with semi-latus rectum determined by the Landau—Pekar
approximation, see Fig. 1.2. It also shows that if the transition picture is correct, then the
effective mass equals the Landau—Pekar mass at leading order in «.

The proof of the lower bound is performed using the operator techniques from the proof of
Theorem 1.1.1, while for the upper bound, we propose a novel trial state for Hp see Chapter

3.
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1.1.7 The energy-momentum relation in the Frohlich case

In contrast to the regular case with a superfluid-type dispersion relation, in the Frohlich case
the expansion (1.37) is not meaningful as it stands, and one has to incorporate the explicit
form of the leading order correction to E¥*%(a). The reason is that for the Landau—Pekar
term 4PMLP to be larger than this correction, one needs P > o?, in particular P > P;. Thus,
in order to proceed, we need to know what to expect from the subleading correction to E,(0)
beyond the Pekar energy.

The theory of quantum fluctuations in the strong coupling limit appears to have been first
considered decades ago by various authors [98, 51]. Although it works the same way for a
general choice of the dispersion relation and form factor, here we restrict ourselves to the
Frohlich case. In short, just as the Pekar theory arises if one takes the trial state for (1.1)
in the form of a pure tensor product ¢ @ ® where ¢» € L*(R?) and ® € F, the quantum
corrections arise if one takes a trial state of the form

Y(z, {a,a})® (1.40)

where ® € F and 1) can be thought to be a function on L*(R¢) that depends parametrically
on a specific combination of the creation and annihilation operators. This structure is analogous
to the Born-Oppenheimer theory of electronic motion in molecules. Since the semiclassical
theory corresponds to a pure product of a suitable ® with the Pekar minimizer ¢)2°% one can
further suspect that in order to arrive at the next order term using the structure (1.40), it
suffices to take

U(z, {d',a}) = v (2) + a(r,) +a'(r2) (1.41)

for an appropriately chosen phonon function r, depending parametrically on x. In order to
motivate a specific choice of r,, assume that the field undergoes a fluctuation changing the
value ¢ to Pk + 7, where % is the field minimizer of (1.26) The function 7 can be
viewed as a perturbation on the level of the Pekar functional (1.26), and thus, by first-order
perturbation theory, the electron wave function changes into

(&} \/a e
¢n($) - wap k(x) + 2’7T2 | |2¢P 5 ( ) (142)
where R is the resolvent of
Pek k
- A, H@WF) Fa |k|( ) e**dk + E™(a /ygpf’ek )[Pdk. (1.43)

r5(y) is then chosen to be the functional derivative of 1), with respect to 7(y), i.e.,

i) = [ (Rt @ (1.44)

so that (1.41) can be formally viewed as an expansion of a general ¢(x, {a',a}) around the
case where the creation and annihilation operators are replaced by the function <. Note that
the eigenvalues of (1.43) are of order o?, so that r,(y) is in fact formally small with respect
to the Pekar minimizer ¢)F°%(z). Taking the expectation value of the Frohlich Hamiltonian
(1.9) on 9 (z,{a',a})®" and retaining only terms linear in 7, leads to a quadratic operator
in the phonon creation and annihilation operators, which can be further diagonalized using

14
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a suitable Bogoliubov transformation. We shall not perform the details of this computation
here, referring to [89]; it leads to the prediction that

Ea(0) = B (a) + ;Tr(\/HPek — 1) 4 o(1) (1.45)

where HYK is an integral operator on L?(R?) with the kernel

1 1

W Rt (149)

(0%

H™ (m,y) = 5(‘T - y) - 4(27‘('2)2

By scaling, the term involving the resolvent R in (1.46) does not depend on «, and the
correction term in (1.45) is indeed of order unity. One can show that the trace term is, in
fact, finite. Thus, we expect that the following expansion is valid in the Frohlich case:

1 P? P\’
E(P) = E™* —Tr(VHP, — 1 D+ -—F5 (1105 ) |- 1.47
In fact, the expectation is that the subleading correction to the quantum fluctuation term is of
order a2, so that there is a momentum window o < |P| < P; ~ o? for the Landau—Pekar
term to be visible on the energy scale related to the expansion (1.47). In this work, we are
able to prove an upper bound on E(P) in line with the expansion (1.47).

Theorem 1.1.5 (Mitrouskas-M-Seiringer 2022). Consider the Fréhlich polaron problem. Then
for every c,e > 0 there exists a constant C. . such that

Tr(VHT* — 1 p?
I'( ) + + Cc,aa_%+€

Pek
E(P) = EXa) + 2 204 MLP

holds for all |P|/a? < ¢ and all « large enough.

In particular,in (1.47), the corrections to the parabolic quasi-particle behaviour should always
be negative. On the other hand, since E(0) < E(P), our result also gives an upper bound on
the ground state energy compatible with (1.45).

Since the quantum fluctuation term has to be included in the analysis, this is arguably
the most challenging part of the thesis, despite the fact that it is only the upper bound, and
that the trial state used has its roots in the one used for the proof of Theorem 1.1.2. The
structure of the trial state is, in our view, the main mathematical novelty of this part of the
thesis. We also believe that it might be useful in other translation-invariant models of quantum
field theory. We refer to Chapter 5 for details: the trial state we use is discussed in Sec. 5.2.2,
and the heuristic idea behind the proof is expounded in Sec. 5.3.2.

Remark about different choices of units in the Frohlich model. In the present Section,
we use the units with the coupling contant under the squre root in front of the interaction
term in order to make it explicitly connected to (1.1). In Chapter 4 and 5 we use the strong
coupling units and rescale all lengths by « so as to extract the leadding order o dependence.
More precisely, we use the unitary transformation U, on L*(R?) ® <®’§ymL2(R3))

3
2

Uoﬂvb(xa Y1, 7yn) =« (n+1)¢(a$a AYy - 7ayn) (148)
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which can be easily extended to L?*(R®) ® F. A computation using the homogeneity of the
function |z — y| =2 shows that

- 1

1 1
H=-A, —/d f —/di
+ o? Y ayay + « y27r2\x—y\2

o 2UIHU, (af +a,).  (1.49)

In Chapter 4 we further redefine a~'a, — a, so that the new operators commute to

[a(f). a'(9)] =

L1 (1.50)

(67

In these units, H is at first sight independent on « and the a dependence is transferred
to the commutation relations, highlighting the connection between the strong coupling and
semiclassical limits. To our knowledge, these units were first introduced in [64]. This is
the choice we adopt in Chapter 4, while in Chapter 5 we keep the standard creation and
annihilation operators.

1.2 Structure of the thesis

The individual chapters that now follow contain the original research papers on the topics
discussed in their entirety. In particular, they start with extensive introductory sections which
discuss the background, motivation and methods of the proofs in much more detail than
presented here, and can also be consulted by readers who are interested in the basic aspects
of the subject of this thesis and not necessarily the proofs, which are, of course, included in
the subsequent chapters.

The thesis starts with the rigorous microscopic derivation of the Frohlich Hamiltonian as an
effective theory of the Bose polaron in the mean-field limit in Chapter 2, which contains the

paper

» K. Myséliwy and R. Seiringer, Microscopic derivation of the Frohlich Hamiltonian for the
Bose polaron in the mean-field limit, Ann. Henri Poincaré 21, 4003-4025 (2020).

devoted to the precise statement and proof of Theorem 1.1.1 along with the supplementary
result on the projections onto the respective eigenspaces.

Chapter 3 takes up the problem of the energy-momentum relation of the polaron at strong-
coupling, which is discussed in the regular setting mentioned above. It contains the paper

= K. Mysliwy and R. Seiringer, Polaron models with regular interactions at strong coupling,
J. Stat. Phys. 186, 5 (2022)

together the detailed statements and proofs of Theorems 1.1.2 and 1.1.3. Since the case of a
superfluid-type dispersion relation plays a central role in this analysis, this Chapter has largely
the Bose polaron as its physical background. In this sense, it is a continuation of the previous
one containing the derivation result, and thus Chapters 2 and 3 can be seen as the first part
of the thesis devoted mainly to the Bose polaron.

The second part of the thesis, comprised of Chapters 4 and 5, is concerned with the Fréhlich po-
laron in a ionic crystal, and the main, and most voluminous part of it, extends the ideas utilized

16



1.2. Structure of the thesis

in the proof of the upper bound on the energy-momentum relation in Chapter 3 to this case.
In this sense Chapter 3 provides a smooth transition between the first part of the thesis, where
mostly the Bose polaron is discussed, to the second one which is focused on the Frohlich polaron.

As already pointed out, the analysis of the Frohlich polaron is more complicated, and this is
so for two reasons. The first one is technical and is related to the UV singularity of the form
factor ~ |k|~! encountered in the Frohlich case. For the most part, this can be handled by the
commutator method of Lieb and Yamazaki [86] and its various extensions. For this reason,
before giving the proof of the upper bound on E(P) in the Frohlich case in Chapter 5, in the
preceding Chapter 4, which contains the unpublished note

» K. Mysliwy, Ground state energy of the strongly-coupled polaron in free space - lower
bound, revisited (2019)

we apply a version of the commutator method and combine it with several ideas developed for
the confined Frohlich polaron [66] in order to provide a slightly improved lower bound on the
absolute ground-state energy of the Frohlich polaron at strong coupling. In this way, we are
able to introduce, on a working example, the ideas behind the UV regularization of the model,
which are then used extensively in the upper bound in Chapter 5.

The second aspect responsible for the increased level of difficulty in the case of the Frohlich
polaron is more subtle, and is related to the fact that we need to incorporate the quantum
corrections to the semiclassical asymptotics of the polaron problem into account as explained
above. This requires a fair amount of work, which is summarized in Chapter 5, which contains
the submitted paper

= D. Mitrouskas, K. Mysliwy and R. Seiringer, Optimal parabolic upped bound for the
energy-momentum relation of a strongly-coupled polaron, arXiv:2203.02454.

Its subject is the proof of Theorem 1.1.5. It is arguably the most technically involved and
certainly the longest paper constituting this thesis. For this reason, this Chapter includes
an exhaustive heuristic section explaining the principal idea behind the proof, as well as a
discussion of the trial state used. The general idea behind the construction of this trial
state is applied already in Chapter 4, and we believe it might be of relevance also to other
translationally invariant models, placing the result in Chapter 5 in a broader context beyond
the polaron model.
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CHAPTER

Microscopic derivation of the Frohlich
Hamiltonian for the Bose polaron in
the mean-field limit

This Chapter contains the work

= K. Myséliwy and R. Seiringer, Microscopic derivation of the Frohlich Hamiltonian for the
Bose polaron in the mean-field limit, Ann. Henri Poincare 21, 4003-4025 (2020)

Abstract

We consider the quantum mechanical many-body problem of a single impurity particle immersed
in a weakly interacting Bose gas. The impurity interacts with the bosons via a two-body
potential. We study the Hamiltonian of this system in the mean-field limit and rigorously show
that, at low energies, the problem is well described by the Frohlich polaron model.

2.1 Introduction and main results

2.1.1 The polaron

The behavior of impurity particles interacting with a large background constitutes an important
class of problems within condensed matter physics [50, 21]. Among these, one of the most
prominent is the polaron problem, where one considers a quantum particle of mass M linearly
coupled to a scalar boson field. For a translation invariant system, this corresponds to the
formal Hamiltonian

P2

H = Y + Z ekakak + Z (gkakeZkR + gka e ZkR) , (2.1)

where R denotes the position of the impurity particle, and k labels the momentum modes
of the field. Moreover, P = —iVy is the particle's momentum operator in the canonical
representation, and a,t,ak are the usual field mode creation and annihilation operators. They
satisfy the canonical commutation relations [ak,al/] = Opw,[ak, arr] = 0. The g are
coefficients quantifying the coupling of the particle to the field, with * denoting the complex
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conjugate, and e is the free field dispersion relation. The natural domain of this Hamiltonian
lies in the Hilbert space H @ F(K), where H is the Hilbert space of the particle and K is
the Hilbert space of a single field mode, with F(K) denoting the symmetric Fock space over
K. K and H are appropriate L? spaces, whose exact specification depends on the underlying
physical situation; our choice thereof is discussed below.

The Hamiltonian (2.1) is commonly referred to as the Frohlich Hamiltonian, as it was introduced
by Frohlich in 1937 [67] in order to describe electronic motion in polar crystals. The polaron
in this context refers to the picture of an electron dressed with the emerging optical phonons
dragged along as it moves. Later, this concept was extended to include other phenomena
related to mobile impurities coupled to excitations of the background, giving rise to interesting
effects in many materials [50, 22, 20] which are still the subject of ongoing research [23, 24].

In this work, we are interested in a rigorous justification of the use of Hamiltonians of the type
(2.1) as an effective description of a full quantum mechanical many-body problem. In the case
of the original Frohlich model this task seems too ambitious due to a complicated microscopic
structure of the background (see, however, [25], where the classical approximation to the
original polaron problem, the Pekar functional, is rigorously derived from a specific model of
an electron moving through a quantum crystal). The applicability of the polaron picture is not
limited to electrons in crystal lattices, however. In fact, recent progress in experiments with
ultracold atoms opened the possibility of studying impurity atoms immersed in an environment
consisting of many bosonic atoms at low temperatures, displaying Bose—Einstein condensation.
As discussed below, at sufficiently low energies the excitations of the bosonic bath correspond
to quantized acoustic phonons, and hence the Bose polaron corresponds to the impurity
atom dressed with these phonons. We refer to [1] for a review of recent theoretical progress
concerning the application of Frohlich Hamiltonians to these systems. As the mathematical
description of cold Bose systems, and in particular the structure of their excitation spectra at
low energies, have recently been studied rigorously in numerous works [29, 27, 28, 26, 30, 31],
we find it natural to provide a rigorous microscopic derivation of (2.1) based on these results.

2.1.2 The N + 1 Bose gas

We consider a system of N bosons of mass 1/2 and one additional particle (of an unspecified
type of statistics) of mass M, all confined to move on the unit torus in d dimensions, T,

Assumption 1 (Assumptions on the potentials). We assume that

1. the bosons interact among themselves via a two-body potential v : T¢ — R which is
bounded, Borel measurable, even and of positive type, i.e., all its Fourier coefficients v,
are non-negative.

2. the additional impurity particle interacts with the bosons via a real-valued two-body
potential w : T — R, which is bounded, Borel measurable and even.

Note that no assumption is made on the Fourier coefficients w, of w. Nevertheless w being
even implies w, = w_, € R. Without loss of generality, we may in addition assume that v
and w are non-negative, since they can be shifted by a constant otherwise.
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The positions of the bosons are labeled by {x;}Y | x; € T? and the position of the impurity
by R € T. The Hamiltonian of this system reads

—Ap
2M

S Bn A Y vlnle—2,) + p > wlvle - R)) (2.2)

i=1 1<i<j<N i=1

where we introduced some coupling () and scaling (7,v) parameters to be chosen. It acts
on L?(T%) ® Hy with Hy being the Hilbert space of square-integrable symmetric functions on
TN, Here, A, denotes the d—dimensional Laplacian in the coordinate y acting on functions
on the unit torus. The coupling parameters A and p determine the strength of the potentials
v and w (for the functional forms of v and w being fixed), whereas 7 and v determine the
respective ranges (relative to the system size). They can be adjusted to consider various
scaling regimes. The usual thermodynamic limit corresponds to the choice 1 ~ v ~ N'/¢ and
A~~~ N?2/4 |n contrast, we consider here the mean-field limit, where the interactions are
weak and extend over the entire system. In particular, we choose A = (N — 1)~} = N~1/2,
and n = v = 1. For systems without impurity, this was the scaling for which the first rigorous
results on the excitation spectrum were obtained [26, 28, 31, 32], and our analysis is based on
them. The choice ;1 = N~'/2 for the impurity-boson coupling turns out to be a natural in
the analysis, compatible with the methods from [26, 28] we use, as explained below (see, in
particular, Remark 1.1). Therefore, from now on we consider the Hamiltonian

“Ap X 1 1
Hy = N A, 4+ —— v(r; — ;) + —= ) w(xz; — R) (2.3)
oM Z} N—le%N ’ JNZ;

on L?(T%) @ Hy, with v and w non-negative 1-periodic functions satisfying Assumption 1.

Motivation of the Frohlich Hamiltonian

With v,, and w,, denoting the Fourier coefficients of v and w, respectively, the second-quantized
version of Hy in (3.1) reads

Ay 1 1 ,
+Eg(N)+) an;ap+ > a;+kaj1—paqak+ > wpe_ZpRa:erak-
2M p#0 2(N - 1) p,q,k€(27Z)% \/N p,kE(2nZ)?
p#0 p#0
(2.4)
We defined the Hartree ground state energy
N
mmw:§%+¢m% (2.5)

which captures the effect of interactions between particles in the p = 0 mode. The sums
run over (27Z)? with p = 0 excluded. Here, a, denotes the usual annihilation operator
Hy — Hy_1 acting as

(ap W) (21,29, ,xN_1) = \/N/Td U(zy,- -, oy 1,2)e P dz. (2.6)

The second-quantized Hamiltonian (2.4) acts on L?(T%) ® F, with F the bosonic Fock space
F over L*(T?), i.e., F := @y H; (with Ho = C). Actually, it preserves L*(T¢) @ H . For
the system without impurity, it was predicted by Bogoliubov [33] that for sufficiently low
energies, the excitation spectrum of Hy should be composed of elementary excitations, which

21



2.

MICROSCOPIC DERIVATION OF THE FROHLICH HAMILTONIAN

are physically interpreted as quantized (acoustic) free phonons. This serves as the basis for
the microscopic explanation of the onset of superfluid behavior in low-temperature bosonic
systems. From the formal perspective, it provides a specific example of the emergence of
an effective quantum field theoretical description of a many-body system. The low-energy
effective theory is predicted to be that of the Hamiltonian

H® =" e,blb, . (2.7)
p#0

Here, bl = oyl + Bpa_, where o, 3, are appropriate constants chosen such that [b,, b}] = d,,.,.
2— 0 .
Explicitly, a, = (1 —7,) Y2 with 7, = 1+ % and /3, = y,,. These algebraic relations are
realized via a suitable unitary (Bogoliubov) transformation. From (2.7) we deduce that, for low
energies, the excitation spectrum is expected to be composed of free bosonic quasi-particles

with dispersion relation e,. In the mean-field scaling A = (N — 1)~! considered here, one
can prove [26] that e, = |/p* + 2v,p?. Additionally, it can be shown that in this scaling the
ground state energy equals %NUO + EB + 0o(1) with the constant E® equal to

1
EP = —5 > (p2 + v, —/p*+ 2p2vp) . (2.8)

p#0
The method employed by Bogoliubov leading to HP consists of the following steps:

1. the operators ay, ag are replaced by the number v N

2. all the terms of higher order than quadratic in creation and annihilation operators that
remain in the Hamiltonian are dropped.

This procedure is physically motivated by the expectation that for sufficiently small energies
there is Bose—Einstein condensation in the system, that is, the p = 0 mode is occupied by an
overwhelming fraction of particles. Whereas this has not been proven for a generic bosonic
system with general interactions, the validity of the Bogoliubov approximation has been
rigorously verified (in the case w = 0) for a variety of assumptions on v [26, 30, 28, 31, 40].
The first such result [26] refers precisely to our conditions on v and, as already mentioned,
the mean-field scaling A = (N — 1)~!, which corresponds to a very weak and long-ranged
potential.

If one applies the Bogoliubov approximation to the Hamiltonian (2.4) with impurity, one
expects that the system is, for small energies, effectively described by the Frohlich Hamiltonian

—Apg 1 »
Hf .= s T > +vp)ala, + 5 S up(afal, +ayay) + 3 we P (al +ay,). (2.9)
p#0 p#0 p#0
By expressing the a,'s in terms of the operators by, bT_p, we see that it equals
Ay t F L —— t B
H" = + Y epblby+ > e PO + b)) + E (2.10)
2M p#0 p#0 VO

which belongs to the class of Hamiltonians defined in (2.1). The Hamiltonian HF acts on
L?(T9) @ F,, where F, is the Fock space over the complement of the normalized constant
function in L?*(T?), describing solely the p # 0 modes of the field. In order to obtain (2.10)
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via a Bogoliubov approximation, we supplemented this procedure by additionally dropping, in
the impurity-boson interaction, all the terms that are of higher order than linear in the creation
and annihilation operators (after first replacing the ay and its adjoint by v/N), whereas we
kept the quadratic terms in the boson-boson interaction. One of elements of our analysis
below is the justification of this additional step while checking that the other steps, known to
be rigorously justifiable in the mean-field case in the absence of an impurity, are still applicable.
It is important, however, to realize that in some instances, especially when the impurity-boson
interaction is strong, additional terms not present in the Frohlich Hamiltonian (2.10) cannot
be neglected [34, 35, 36].

2.1.3 Main results

The interpretation of our main results, as stated below, is that the Frohlich Hamiltonian (2.10)
may indeed be seen as an effective low-energy, large N theory for the original model described
by Hy in (3.1). Our analysis consists of a rigorous justification of the extended Bogoliubov
approximation, based on suitable operator inequalities. It leads to two main theorems, the
first of which concerns the excitation spectrum of Hy.

Theorem 1: convergence of eigenvalues

Let us denote by e;(A) the i—th eigenvalue resp. the i—th min-max value of an operator A,
starting at ¢ = 0. Our first Theorem states that as long as one considers the energy levels of
Hy lying in a not too large window above the ground state, their values are provided by the
corresponding eigenvalues of the Frohlich Hamiltonian if NV is sufficiently large. In particular,
we provide explicit bounds on the size of that window as compared with N.

Theorem 1. Let Hy and HY be defined by Eqs. (3.1) and (2.10), respectively, and let
En(N) = %vo ++v/Nwy. Assume that v and w satisfy Assumption 1. Then for all eigenvalues

ei(Hy) such that e;(Hy) — eo(Hy) < £ for some £ > 1 we have

1/2
lex(Hx) — Ba(N) — x(HF)| < Cut (};) 2.11)

for some constant C,,,, > 0 independent of the parameters £ and N.

Remark 1.1. In the special case of the ground state energy we have
1
inf spec Hy = §NU0 + vV Nuwq + inf spec HY + O(N~V2), (2.12)

The interaction with the impurity thus gives rise to a N'/? contribution to the ground state
energy and, more importantly, leads to an O(1) contribution to the excitation spectrum via the
last term in (2.9). This can be understood as follows. In the impurity-free case, the effect of
the emergence of phonons is reflected as a O(1) correction to the ground state and low-lying
excitation energies, in the mean-field limit considered here. There are only finitely many (even
for large N') phonons that emerge in the system. The Frohlich model describes the impurity
creating and annihilating excitations of the background. The number of the latter being O(1),
we expect that this phonon-impurity interaction should as well give rise to an O(1) correction.
The Bogoliubov approximation suggests that this interaction should scale as ;1 N'/2, hence we
see that ju ~ 1/+/N is consistent with these considerations.
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Remark 1.2. The error bounds are of the form £(£/N)'/2. Therefore, as long as the total
excitation energy satisfies £ < NV, the error made by using the Frohlich Hamiltonian instead
of the original one when computing the energy levels is small compared to the total excitation
energy. The size of this energy window is presumably optimal. In fact, if the condition £ < N
is not fulfilled one cannot expect the onset of BEC anymore, which is an essential assumption
in the Bogoliubov approximation. It is noteworthy that precisely the same error scaling was
obtained in [26] for the pure bosonic system. The effects of the inclusion of the impurity thus
manifest themselves only in the value of the constant C,, ,,.

Remark 1.3. By a direct inspection of the proof, one sees that the result can easily be
generalized to the case of multiple impurities (as long as their number is fixed, i.e., independent
of N). This holds irrespectively of the statistics of the impurities, i.e. they could be fermions,
bosons, or distinguishable (in particular, different) particles.

Remark 1.4. Extending the results to the case of more realistic, short-ranged potentials
remains a challenge. In fact, the w = 0 cases with either A = N%¢ 5 = N'/? (equivalent
to the thermodynamic limit) or A = N?, n = N in d = 3 (the Gross-Pitaevskii limit) were
rigorously analyzed only very recently. The results for the thermodynamic limit concern the
ground state energy only [27, 37, 38, 39], whereas in the Gross-Pitaevskii scaling regime the
emergence of the Bogoliubov spectrum for low energies was shown as well [40].

Remark 1.5. If a contact interaction is used to model both boson-boson and boson-impurity
interaction, one encounters the Bogoliubov—Fréhlich Hamiltonian [1, 41]

s PP (Cp)? i ipR
B = i+ Sl oo S (g Gs) Groa @
P p

where ng is the condensate density and ¢ = (2g9pno)~"/? is the healing length; the parameters

grp and gpp are the coupling constants describing the impurity-boson and boson-boson
interactions, respectively. Additionally, €, = \/02p2(1 + (¢p)?) with ¢ = 1/¢ = \/2gBno
denoting the speed of sound in the bosonic bath. This Hamiltonian displays an evident
ultraviolet divergence, recently analyzed in [41]. By naively replacing v, and w, in (2.10)
with the respective coupling constants gpp and g;p, one arrives at H®F with unit condensate
density. We conjecture that (2.13), resp. some renormalized version of it, arises in place of
HF in scaling regimes corresponding to more realistic interactions of shorter range than the
mean-field limit considered here.

Remark 1.6. Our proof makes use of methods from [26] and [28]. In particular, in the case
w = 0, we reproduce the results of [26], but by utilizing techniques from [28] we are able to
substantially simplify the proof.

Theorem 2: convergence of eigenvectors

In order to compare the two operators Hy and H, which act on different Hilbert spaces, we
utilize an operator introduced by Lewin, Nam, Serfaty and Solovej in [28], which maps Hy to
(a subspace of) F,. We give here a quick review of their construction, as it is important to
formulate our second result.
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The LNSS transform

If {v;}i>0 is an orthonormal basis of some Hilbert space #, then the N-fold symmetric tensor
product of H is spanned by N-fold tensor products

Vi, A Viy ‘= N Z Vo (i) R Vo (i)

oESN

for all choices of indices i; € NU {0} with A/ a normalization constant. Let us fix an element
vp in the basis of H. If one defines HY to be the span of ®é Vo ®s Viy,, s -+ v;, for all
choices of the N — [ indices ¢; # 0, it is clear that

N
Hy = DH.
1=0
For convenience, we further define " by the relation HS, _, = {®@Y ™o} @, H,\. Explicitly,
+ Mo+ + . 1
Hm—®SH, H .—{Uo}.
For every element ¥ € Hy, define the linear operator

U:Hy = FN, U o on

where the ¢; € H;, i € {0,..., N}, are uniquely determined by the above considerations.
The space .FEN is naturally seen to be a proper subset of the Fock space over the orthogonal
complement of vy € H. Moreover, U is unitary. Performing this construction for H = L?*(T¢)
with, for instance, the plane wave basis and with vy = 1 we arrive at a unitary transformation
U:Hy — ]:_EN C F. with F, being the Fock space over the orthogonal complement of
the unit function on T?. This space has a clear physical interpretation of being the space of
excitations from the condensate, and the fully condensed state plays the role of the vacuum.
It is due to the algebraic properties of U, however, that it becomes helpful in the analysis,
as it can be seen to rigorously realize the Bogoliubov substitution of ay, a(T] by v/N. More
precisely, with Q denoting the projection onto the orthogonal complement of the unit function
in L2(T?), one can check that (the annihilation operator is here understood to be the standard
operator in the purely bosonic Fock space)

UW) = 9% | ——1U (2.14)
j=0 (N =)t
for all U € Hy and consequently that for k,1 # 0

UtalaoU = al\/N — N, (2.15)

UtalaalaoU = alay(N — Ny) (2.16)
Utafafagaol = afaj /(N — Ny )(N — Ny —1). (2.17)

The last two identities follow from the first, in fact. We trivially extend this transformation
to an operator L*(T%) @ Hy — L*(T%) @ F:" by tensor-multiplying it by the unit operator
on the impurity Hilbert space. This extended U is again unitary and satisfies (2.15) with aq
defined by (2.6). One should keep in mind that U depends on N. Equipped with the extended
operator U, we now state our second main result concerning the eigenvectors.
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Theorem 2. Let P; denote the orthogonal projection onto the eigenspace of HF corresponding
to energy e;(HF). Under Assumption 1, the following statements hold true.

1. The spectra of both Hy and HF are discrete.

2. For all i such that there exists an eigenstate W, of Hy corresponding to energy e;(Hy)
with e;(Hyx) — eo(Hy) < & where £ > 0 is fixed, we have

Jim (0, U'P,UY;) 2 (rayer, = 1. (2.18)

Remark 2.1. In contrast to the case without impurity, the eigenstates of H are not explicit.
In particular, they display non-trivial correlations among the phonons and are not quasi-free.

Remark 2.2. We have not tried to find the rate of growth of the size of the energy window
in N so as provide the corresponding error for replacing eigenvectors. This rate is probably
much worse than the one from Theorem 3.

Remark 2.3. Theorems 3 and 2 together imply, as N — oo, the norm resolvent convergence
of Hy — Eu(N) towards HF, that is, for any z € C\R,

dim ||(Un(Hy = Ea(N)UL —2) = (H —2)7|| =0 (2.19)

in operator norm. Here Uy has to be understood as a partial isometry, i.e., U]TV is extended by
0 to all of L*(T%) @ F,.

Remark 2.4. Another interesting problem concerns the dynamics of the impurity and the use
of the Frohlich Hamiltonian as its generator. This question has been recently studied from a
physics perspective [35, 42]. From a mathematical point of view, there exist results concerning
the dynamics of a tracer particle immersed in a Bose gas [43, 44], which concern a different
scaling limit than the one considered here and do not utilize the Frohlich description. The
convergence (2.19) can also be reformulated as convergence of the corresponding group of
time evolutions, and hence can be used to determine also the dynamics of small excitations
of the condensate. In the absence of an impurity, more general results are known where the
condensate itself is excited and evolves according to the time-dependent Hartree equation
(see, e.g., [45, 46]).

The remainder of this paper contains the proofs of Theorems 3 and 2. Throughout the text,
the symbol C' denotes a positive constant whose value may change at different appearances.
Moreover, unless stated otherwise, all states on the relevant Hilbert spaces are normalized.
Finally, all operators that are defined as acting on functions of the Bose gas coordinates or
the field modes only are actually everywhere understood as their tensor products with the unit
operator on L%(T%), the latter being the Hilbert space of the impurity particle.

2.2 Auxiliary considerations
In this Section we introduce four preparatory Lemmas that will be needed in the proofs of

Theorems 3 and 2. For their statement, we need to introduce some notation. We shall often
denote the terms on the right side of (3.1), from left to right, by P?/2M, T,V and W. Let P
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denote the projection onto the normalized constant wave function in LQ(’]I‘d), and O =1-7P.
We define the excitation number operator

N
N.=YQ (2.20)
=1

as an operator on H . The sub-index in (); means here that we project onto the orthogonal
complement of the normalized constant wave function in the i-th variable. The second
quantized form of the excitation number operator in the plane wave basis equals

Ny =Y dla, (2.21)
p#0

The first Lemma explores the consequences of the mean-field structure of Hy. In particular,
the ground state energy of Hy is, to leading order in N, equal to Ey(N), and the excitation
number operator is uniformly bounded in NV for states of fixed excitation energy.

Lemma 2.2.1. The ground state energy of Hy, eo(Hy), satisfies the bounds

N N
# + \/NU)(] > 60(HN) > # + \/NU)Q -0k (222)

with 6E = [(27?)'w? + (v(0) — vg) > 0. Moreover, we have the operator inequality
N, < C(Hy — eo(Hn)) + C. (2.23)
Remark 2.5. Below, we will make use of a direct consequence of this Lemma, namely
(U, N, V) <Ce+C (2.24)
for any state U such that (U, HyV) < eq(Hy) + & with £ > 0.
Proof. The upper bound on the ground state energy is obtained by taking the constant wave

function in L?(T%) @ Hy as trial function. We write Hy = % +3T+V+(GT+W); bya
standard argument using the positivity of the Fourier coefficients of v we have

B 1 ol — ) — Nv(0)
V= 2(N — )i,jeg;.,N} (z: — ;) 2(N —1)
o Yoo Nuo)
T o(N 1) Zp:% ;e TN 1)
N N
> S~ m(“(o) — o) (2.25)

since 3°, 20 Up >N eim’i‘Q > 0. Next, we use Temple's inequality, see, e.g.,[47]. Consider a
Hamiltonian H = Hy + Z with non-negative self-adjoint operators Z and H, with ground
state energy satisfying eq(Hy) = 0. Denoting by e, e; the first two eigenvalues of H, we have
clearly (H —eo)(H — e1) > 0. We evaluate this at the ground state of Hy, ¥,. We get

(‘I/(), (H — 60)<H — 61)\110) = (\I/(), (Z — 60)(Z — 61)\110) > 0
and rewrite this, since ¢; > 0, as

2
ey > — T ZW0) | (1 + 60) (W, Zy). (2.26)

€1 €1
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Using the positivity of Z and e; > e;(H,) we finally get

(0o Z2Wy)

e > (Vo, ZWg) — e\ (Fo)
1(41o

(2.27)

Using this for H = —4= + N~Y2w(z — R) with Z = N~Y?w(z — R) and ¥, the normalized
constant function on T¢, we have,

JAN
o (—; N (- R)) > NV - N2t [w? (228)

This leads to

(0, = B(6)9) 2 (0, 70) = (5 00 = )+ 2007 [ 0P, 229)

Using that N, < (27m) 2T, we see that the desired result holds. O

The second Lemma concerns the fluctuations of the condensate in the ground state, which
are seen to be strongly suppressed due to the mean field scaling.

Lemma 2.2.2. For all N > 2 we have the operator inequality
N2 < C(Hy — ep(Hy))* + C. (2.30)

Remark 2.6. Similarly as above, the Lemma immediately implies that if U belongs to the
spectral subspace of Hy corresponding to energy E < eg(N) + £ with £ > 0, then we have

(U, N2U) < C&+C (2.31)

where the constants depend only on v and w but not on N. This will be of importance below.

Proof. Because N, < #(%T) and N, commutes with T', we find it convenient to give a

bound on the operator %N+T, as the latter can be directly linked to Hy. Writing

5 = (Hy = eo(Hy)) + 51+ (2.32)
with N
1 (=A1)  w(z; — R)
Si=——7———=) v(ry—174) — — 2.33
1 N 1 = ( 1 ]) 92 \/N ( )
and
1 1 X Yo—A; P?
S =ey(Hy) — —— v, —x;) — —= > w(r; — ] (2.34)
N—1 2<i§zj§N ! \/NJX_:Q ! ]z_; 2 2M
we estimate the relevant terms. By the Cauchy-Schwarz inequality,
(W, No(Hy — eo( Hx))W) </ (¥, N30/ (8, (Hy — eo( Hy))2 ). (2.35)

Note that (S+.51)V is permutation symmetric in the Bose gas coordinates, so that (¥, N, (S+
S1)V¥) = N(¥, Q1(S + S1)¥), where Q; =1 — P;. Moreover, S is independent of x; hence
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it commutes with Q;. Using the inequality (2.25) (with N replaced with N — 1) as well as
Temple's inequality (2.28) and the upper bound on eg(Hy) in (2.22), we see that

v0+v(0)+w0 N —1[w?

< =:0F'.
SE T TN TN o
Since S commutes with Q; we thus have
N(VQ,SV) <JFE (¥, N, V). (2.36)

The part of N,.S; not containing —A\; /2+N~"/?w(x;—R) is equal to — N (¥, Q v(z; —25) V).
We introduce the short-hand vy, to denote v(z; — z2). We write, following [26]

(\I’, Q1U12‘If) = (\I’, 9 Q2U12‘If) + (‘1’7 Q1P2U12732\I’) + (‘I’, Q1P2U12Qz‘1’)- (2-37)

Observe that (\IJ, Q1P2U12P2\If) = (\117 Q1P2U12P2Q1\IJ)+(\I’, Q1P2U12732731\If), where the last
term vanishes and the remaining one is positive. For the first term, we use (¥, Q; Qov15V) >

—|lv|loor/ (T Q1 QoW). Furthermore,

1 1
(¥, Q1Po112Q0V) > —5(\117 Qov12QoV) — 5(‘1’7 Q1 Pov12 P2 Q1)

[[0]]oo

>
- 2

(¥, QV) + (¥, Q1P Q1)) > —||v]loo(¥, Q1 V)  (2.38)

as Py < 1and (U, Q,V) = (¥, Q,V) due to the permutation symmetry. The remaining part
of S; is bounded as

(xp, Q (‘?1 + \/1Nw(x1 - R)) \11) > —|“’2||°° (;] + (W, Q@))

since w > 0.

We thus have

(0,015 ) < ol (¥, ©1Q2) + (ol + Sl )@, w) + 120 (230

With N?(¥, Q;Q,0) < (¥, N2U), this altogether implies

;(‘If N, TV) < (HvHoo + (W, (Hy — e HN)2\II)) VO, N2 + (0, N, D) + (2°°,)
2.40

where the N-independent constant a equals o = 3||w||o + [|v]|oc + 0E'. As No. < T, with
g = (2m)? being the energy gap of the Laplacian on the torus, this implies

v||? Hy —eo(Hy))?  a?
gNigu Q“’Jr( Y ;( v)) o wlleo + (5 + €+ AN
for any €, A\, > 0. By choosing ¢ = A = k = £, we arrive at the desired result. O]

The third and fourth Lemmas concern HY. They will be of importance when proving the upper
bound on the difference of eigenvalues in Theorem 3.
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Lemma 2.2.3. Let H = % + >0 (P + vp)a}tap denote the particle-conserving part of
the Fréhlich Hamiltonian (2.9). Then there exist positive constants Cy, Cy, Cy such that the
inequalities

N, < CoHp < CiHF + C, (2.41)
hold true on L*(T%) @ F.,.

Proof. Clearly, as v, > 0, one can take Cy = g~' = (27) 2. The particle non-conserving part
of HF consists of the purely bosonic (v-dependent) part V°Pand a w-dependent part W. The
latter can be bounded by
2
W > —eHE — 'S 22l el (2.42)
pF0 Up T P’
for any € > 0. To see this, simply complete the square for a single mode using the inequality
(nal, + n~"wy,e™?) (na, + n~'wye ) > 0, then choose n* = €(p® + v,) and sum over the
modes. It is hence enough to show that the bosonic particle non-conserving part, given by

1
= vp(aLaT_p + aya_,) (2.43)
p#0

VOD —

can be bounded below by —cH{ — ¢ for 0 < ¢ < 1 and ¢ > 0. By Cauchy-Schwarz,

|op]* [op|®
(aL L +aya_,) > —eala, — éfe ala_, — Zfe (2.44)

2

SUup,,_0 Vp v2
supp#)v +1nfp¢0p (p%+2vp )’

for any € > 0. Now take € = \(p?+v,) for some A > (0 and define 1 :=
then 0 <y < 1 (recall that p € (27Z)7) and vy < £ p*(p* + 2v,), 0
,UQ

p? ‘|I‘)Up < pu(p® + vyp). (2.45)

Consequently,
2

v
VOP > (N + )IHIF -y —r (2.46)
4N zp: AP + vp)
By choosing A = *5~, we have A + fx = /it < 1 and the desired result follows. O
Remark 2.7. Note that the above Lemma implies that HY is bounded from below.
The last Lemma relates N7 to (H")2.
Lemma 2.2.4. On L*(T¢) ® F, we have
N2 < C(HY)? +C. (2.47)

Proof. We will show that N,Hf < C(H")? + C, which implies the desired result by the
previous lemma. As [N, ,HE] = 0, we have

1
N Hy ==

1 1 . .
2(N+HE+HEN+) = §(N+HF+HFN+) — §(N+VOD+VODN++WN++N+W),

(2.48)
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with T and VOP defined as in the proof of Lemma 2.2.3. Using the canonical commutation
relations [a,, al] = 0,4, we compute

v
N VOP =3"alvOPq, + 3 Epa;atp. (2.49)
p#0 p#0
Since VOPN, = (N, VOP)T we have VOPN, = 3, alVOPa, + 3,0 Zaya_, and finally

1

1
2(N+VOD +VOPNL) =3 alvOPa, + 5VOD. (2.50)

p7#0
Using (2.46) and the fact that 3°, afHfa, = H{ (N, — 1), we have

1
— 5(J\m/OD +VOPN,) < uHg N, + ‘éﬁHOF +C (2.51)

where ;1 < 1. By Lemma 2.3 and the Cauchy-Schwarz inequality, the last two terms of the
above are bounded by C'(H")? + C.

For W we perform a computation analogous to (2.50), which yields
1 - ~ - 1.~
§(N+W +WNy) =) a,Wa, + §W‘ (2.52)
p#0
By completing the square similarly as in Lemma 2.3, we have
- 1
W > —-AN, — 3 > 7wl (2.53)
p#0

for any A > 0. We obtain

— ;(NM/ +WN,) < AN (NL —1) + WM + ;M + W (2.54)
for any A > 0. By Lemma 2.2.3 and H' < @ + % we can bound
— ;<N+W +WN,) < ACoN, HE + (i + 1)CH)? + C. (2.55)
Finally, using again the Cauchy—Schwarz inequality, we can bound
N, H" +H N, <eN2 + 1(HF)2 (2.56)
for any € > 0. Invoking Lemma 2.3 again, we obtain for any ¢ > 0 and A > 0,
(1 _ Vi— ;C’O(e + 2)\)> NLHE < ((26)) + A)C(HF)? + C. (2.57)
By choosing ¢ and A small enough, we arrive at the desired result. O
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2.3 Comparing Hy and H"

The estimates provided in the previous section concern the relation of the number of excitations
operator N, (or its square) to the Hamiltonians Hy and HF independently. Now, making
use of the LNSS transformation U introduced in Sec. 2.1.3, we give an important estimate
relating UHyU' and HF.

Proposition 2.3.1. There exist positive constants «, 3, independent of N, such that for
every € > 0 and every ® in L*(T%) @ F=" we have the inequality

(@ (Ut - a0 - 8 o) < BT (14 1) o, v ( " «IN) |
(2.58)

The proof of the proposition is divided into two main steps. In step 1, we take care of
the higher-order terms in the creation and annihilation operators that appear in the second
quantization of Hy, but are absent in H". Let

P? 1
re—F
HY ™ = it > pPafa, + V1) > v,(2alayabag + alagaca’, + ayalada_,)
P?AO p#0
—1 R T
Z wpe” P ao + a_pap). (2.59)
VN 520

viewed as an operator on L?(T%) @ Hy.

Lemma 2.3.2. For any € > 0, one has the operator inequalities

— E.<Hy—FEu(N)-HY" " <F, (2.60)
where
E. = W (vo + U@) + ev02]]\>[__11]\7+ (2.61)
" ol 2N -1 Iy VLV, - )
F. = \/NN++€0N_1N++(1+E>2UV_1)U(O). (2.62)

Proof. Using the Cauchy-Schwarz inequality and positivity of v viewed as a two-particle
multiplication operator, we have

+(PRA+Q@PWAR®QA)+ (A QAuPR A+ QX P))
SAP®Q+QEPN(PEQ+QEP)+ (Qe0uQed). (263

By translation invariance ) ® PvP ® P = 0. Moreover, the boundedness of v enables us to
bound

Q® WO®Q<v(0)Q® Q. (2.64)

Therefore, we have the bounds

V>2PRPPRIP+PRIPrORXA+ AR AP RP

+1-a)(PRQ+Q0P)v(PRQ+Q®P)—c w(0)Q® Q (2.65)
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and

VS<PRQPWPRIP+PRIPrOXA+ AR AP RP

+(1+e)(PeQO+Q@P)v(PRQA+Q®P)+ (1+e v(0)Q® Q. (2.66)

Similarly, treating w(x — R) as a one-body multiplication operator parametrized by R, we have
0 <w <PwP + QuP 4+ PwQ + ||w]/Q. (2.67)
Taking into account that

(N=1)"> vpa;agaoap < woN4 (2.68)
p#0

one easily arrives, after computing the relevant second quantization representations of the
operators appearing in the bounds (2.65) and (2.67), at the desired result. Since this is
essentially the same computation as in [26, Sec. 5], we omit the details. O

The operator inequalities in Lemma 2.3.2 quantify the effect of dropping the higher order
terms in the creation and annihilation operators appearing in the original Hamiltonian. As a
second step, we now estimate the effect of the Bogoliubov substitution of ay, ag by VN € R
viaﬂ'gfhe unitary transform U, which replaces the ag, af) by an operator /N — N, acting on
Fr.

Lemma 2.3.3. We have the following inequality for all ® € L*(T?) ® ]-"EN:

o/ (@, NT®) + 5’| 2|

O UHMTUt —HF )| <
‘( I N ) )‘— (N—l) i

(2.69)
where the positive constants o/, 3’ do not depend on N.

Proof. By using the algebraic properties (2.15)—(3.27) of U we see that the expressions to
estimate are the following. First, using (2.15),

(@, [NTV2Y wpe PPU (afao + apal)Ut — > wpe P (al +a_,) | D)
p#0 p#0
4 N — N N —N. 4
=13 (®, w, (aLelpR (1 -V *) + (1 -\ +) apelpR> )
p#0
o, N2
< e—l(N;) > Jwy|* + €(@, N4 @) (2.70)
p

which gives an expression of the type claimed Proposition 2.3.1 for ¢! = N2/(N —1). In the
above, we used the Cauchy-Schwarz inequality

AB + BAT < eATA + 71 B? (2.71)
for A =ale " and B = w,(1 — /(N — N,)/N), and used the bound
B> =w?N"'(VN +/N — N;)2N? < w2N? /N2,
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Similarly, from (3.27), we arrive at the second term to estimate:

N—N,)(N—-N, —1)
1 \/( + +
> (@, (vpa;a_p ( N1 — 1) + h.c.)®)
p#0
o, (N 1)%®
<e ') |vp\2( (N + 2) ) + > €(?, a;aipa_papq))
p#0 (N-1) p#0
(@, (N, +1)20) (@, N, (N, —1)9)
< 2.72
s¢ N -1 + N -1 ( )
for 71 = N — 1. We used (2.71) for A = afa’, and
VIV - NV - N, -1
B =, -1,
N -1
whose square is bounded by v2(5Et)2. Additionally,
> a;aipa_pap <) a;r,NJrap = N7 — N,. (2.73)
p#0 p#0
Similarly,
‘(CID, [(N - 1)’1va(aLapa(T)a0 + h.e)UT — QaLap} @)‘
N-N (@, Ny (N, — 1)®)
— ‘(@, (vpahay (N_; — 1) + h.c.)@)‘ < vy *N _*1 : (2.74)
By combining these inequalities, we obtain the desired bound. O]

The main result of this section, Proposition 2.3.1, is a direct consequence of the last two
Lemmas.

2.4 Proof of Theorem 1

For brevity we denote Hy — En(N) by Hy.

2.4.1 Lower bound

Let £ > 0 and consider i such that e;(Hy) — Eg(N) < £. Let G be the span of the i+ 1 lowest
eigenvectors of H); (their existence is shown in Theorem 2; its proof relies on compactness
arguments and does not exploit Theorem 3). For any normalized ¥ € G, (V, H V) < ¢;(Hy).

For W € G, let ® = UV € L*(T%) @ F=". With the choice € = /¢/N in Proposition 2.3.1

it follows, by additionally invoking Lemma 2.2.2, that (®, UH)\UT®) > (&, H @) — Céfj\/;
for some C' > 0. Thus clearly e;(Hy) + C&/2N"Y2 > maxyeq(¥, UHTUW) and, by the
min-max principle,

ei(Hy) + CEPN"Y2 > ¢y (HR). (2.75)
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2.4.2 Upper bound

For the upper bound, we use Fock space localization. It is quantified by the following result
[28, 48].

Proposition 2.4.1. Let A > 0 be an operator on F with domain D(A) such that for the
projections P; : F — H; we have P;D(A) C D(A) and P;AP, = 0 for |i — j| > o for some
constant o > 0. Then, if f,g € C®(R,Rx¢) with f>+¢*=1 and f(z) =1 for |z| < 1/2
as well as f = 0 for x > 1, then we have the inequality

Co3 & - - Ogd 2 _  _
— 2 2 BAP S A~ fuAfu — guAgu < 555 >0 BAP, (2.76)
7=0 =0

for all M € N. Here f); denotes the operator
[e.@] ] _
fu =Y f () P (2.77)
J=0 M ’
and analogously for g;.

For the proof, which is based on an IMS-type argument, see [28, Appendix B]. Proposition 2.4.1
can be used to quantify the error made by constraining the states on Fock space to contain
only up to M particles. From the Proposition, we deduce

Lemma 2.4.2. We have

C
HY — fuHE far — guH gy > —W(HF +O) (2.78)

for all M € N.

Proof. We apply Proposition 2.4.1 for A = H" — ¢q(HY). From Lemma 2.2.3 it follows
eo(H) > —Cy/C and further that Y, P;(HY — eo(HY)P; = HE — eo(HY) < C1Cy 'HY +
(CoCyt — eo(HY)), which leads to the right hand side of the claimed inequality, with o = 2.
Using f2, + g3, = I, we have A — fy Afy — guAgy = HY — fuHY for — gy HY gag, which
yields the left hand side of the desired result. m

Lemma 2.4.3. Let Y C L*(T%) ® F, be the spectral subspace of HY corresponding to an

energy window [eq(HY), eo(HY) + &] for € > 0. Then dim fyY = dim{fy¥ : ¥ € Y} =
dimY for N large enough and % small enough.

Proof. Suppose dim fyY < dimY’, in which case there exists ® € Y with ||®|| = 1 such
that fy® = 0. In particular, & = gy ®P. From Lemma 2.2.3 we thus conclude that

eo(H") + & > (®,H ' ®) = (&, gyH gy P) > C(®, gy Ny gy®) — C > CN - C, (2.79)

which is a contradiction for large N and small {/N. O]

Let us now take Y C L?(T%) @ F, to be the spectral subspace of H corresponding to
energies £ < ¢;(H), and let 1 < & < N. The bound (2.75) together with the upper bound
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of Lemma 2.2.1 implies that ¢;(HY) < C¢, and hence also (®, (H")*®) < C¢* for k = 1,2
for any ® € Y. By Lemma 2.4.2 and Proposition 2.3.1 (with the choice ¢ = {/{/N) we have

F / roo O oo InNZ fy £
H" > fNUHNUT fx + eo(H )9v — 2 (H +K)—CW—C ~ /v N+ S (2.80)

By taking the expectation value in any normalized ® € Y, we obtain, by Lemmas 2.2.3
and 2.2.4 and the simple inequalities N¥ > fyN* fy for k = 1,2, the bound

1/2
Ce¢ (;) +ei(HY) > (0, [NUHNUT fn®) + eo(HY)(P, g3 P). (2.81)
Since ¢?(x) < 2z, we have g < 2= < CHLAC by | emma 2.2.3. For Y € ® we thus have
(0, g3 ®) < SSEC. Hence 1 > (U, f30) > 1 — 5E€ > 0 for large N and £/N small enough.
By Lemma 2.4.3 and the min-max principle, the maximum over Y of the right hand side
(2.81) is at least as large as ¢;(HYy) + O(£2N~1). This allows us to conclude that

1/2
Cc¢ (E) + e;(HY) > e;(Hy) (2.82)

for some C' > 0, which is the desired bound.

2.5 Proof of Theorem 2

2.5.1 Existence of eigenvectors

We shall now conclude the existence of eigenvectors of Hy and HF by showing that these
operators have compact resolvents. By the definition of compactness and the spectral theorem
one easily sees that if A > B > 0, then the compactness of B~! implies the compactness of
A~1. Since the particles are confined to the unit torus, for any € > 0 the operators 7" + ¢ and
P2 + € are strictly positive and have purely discrete spectra with eigenvalues accumulating at
infinity; therefore, they have a compact inverse. The same observation applies to the operator

P2
Ho 1= o + %epb;bp (2.83)
p

since limp,|,o €, = 00 and inf, e, > 0. Since Hy > T + %, we conclude that Hy has
compact resolvent, which, by the spectral theorem, implies that the spectrum of Hy is discrete
and eigenvectors exist. On the other hand, by completing the square, as in Lemma 2.2.3, it is
easy to see that

HF > cH, —d (2.84)

for appropriate constants ¢, d > 0. The existence of eigenvectors of HF, along with the fact
that its spectrum is discrete, follows now from precisely the same reasoning as above. This
proves the first part of Theorem 2.

2.5.2 Convergence of eigenvectors

Fix £ > 0 and take any i such that e¢;(H}) < &, uniformly in N. Recall that from the
proof of the lower bound in Theorem 3, we have Y°!_ge;(H") < X' _((UV; HUY;) <
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' _o€;(Hy)+ cy with limy ¢y = 0 for i fixed. The upper bound (2.82) implies further that
ej(Hy) < e;(HF) + cy where again ¢ goes to zero as N — co. Thus,
lim Y (UV;, HUT;) = e;(H). (2.85)
j=0 j=0
We first show the convergence for ground states. Recall that IP; denotes the orhogonal projection
onto the eigenspace of H corresponding to energy ¢;(HY). By writing U¥, = ay + by,
ay € ranlPy and by L ap, we have
(U, HFU W) > || W e0(HF) + <\P€i£1fp (W, HF W) — eO(HF)) lon 2. (2.86)
erlPy
By using (2.85) for i = 0 as well as the fact that infycyep, (¥, H W) > eo(H") by the
discreteness of the spectrum of HF, we have limy_,o ||by|| = 0, which is the desired result
for the ground states.

For higher eigenvectors, we apply a reasoning similar to the one in [49, Sec. 5]. Let us take
any k > 0 such that ey, (H) > e, (H"). Consider the operator H := HFP; + e, (HF)(1 — Py)
where P, denotes the projection onto the &+ 1 lowest eigenvectors of the Frohlich Hamiltonian
HF. H acts on L*(T%) ® F, and has spectrum {eo(HF),...,ex(HF)}. Therefore, by the
min-max principle,

k k
SOV, HUW,) > 3 ey (HF). (2.87)
i=0 =0

Clearly, HF > HP;, + e, (H)(1 — P;) so that

k k k
Y (UVLHU) > e (HY) + (epa (HY) — e (H)) D [[(1=BR)U[?,  (2.88)
=0 =0 =0

which can be rewritten as

i(w PUW,) > k41— =2 o (6(E1) — (¥ UHTU,) (2.89)
) i) 2 k+1— .
i=0 ’ en+1(H") — e (HF)

Note that the last term converges to zero as N — oo by (2.85). Take now [ to be the largest
integer such that ¢;(HF) < e, (H"). The dimension of the eigenspace corresponding to e, (HF)
therefore equals £ — [. We have the simple identity

k k l k l
ST (UYL PUY) =Y (U, BLUY)+Y (UT, PUY)-> (U, PUY) - (U, PLUY,)
=0 =0 =0

i=l+1 i=0

(2.90)
(note the presence of both tilded and untilded operators). For the first two terms, we
can use (2.89) for a lower bound. Moreover, since the WU; are orthonormal, we have
Sk UV, PUY,) < TrP, = 1+ 1. The last term in (2.90) is trivially bounded from
below by —(I + 1). We thus conclude that

k

k—1>> (UV,PUV;)>k—1—Cy— Dy, (2.91)
i=l+1

where the quantities Cy > 0, DN > 0 can be read off from (2.89) and vanish as N — oo,

because of (2.85). Therefore, >°F ,  (UW;,P,U¥;) — k — [, but as each individual term in

the sum is < 1, we must have lim(UV,;P,UW,;) = 1 for every eigenstate of H} with energy

erx(H)y ). This is precisely the convergence result stated in Theorem 2, whose proof is now

complete.
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CHAPTER

Polaron models with regular
interactions at strong coupling

This chapter contains the paper

» K. Mysliwy and R. Seiringer, Polaron models with regular interactions at strong coulpling,
J. Stat. Phys. 185, (2022).

Abstract. We study a class of polaron-type Hamiltonians with sufficiently regular form factor
in the interaction term. We investigate the strong-coupling limit of the model, and prove
suitable bounds on the ground state energy as a function of the total momentum of the
system. These bounds agree with the semiclassical approximation to leading order. The
latter corresponds here to the situation when the particle undergoes harmonic motion in a
potential well whose frequency is determined by the corresponding Pekar functional. We show
that for all such models the effective mass diverges in the strong coupling limit, in all spatial
dimensions. Moreover, for the case when the phonon dispersion relation grows at least linearly
with momentum, the bounds result in an asymptotic formula for the effective mass quotient, a
quantity generalizing the usual notion of the effective mass. This asymptotic form agrees with
the semiclassical Landau—Pekar formula and can be regarded as the first rigorous confirmation,
in a slightly weaker sense than usually considered, of the validity of the semiclassical formula
for the effective mass.

3.1 Introduction and main results

3.1.1 The model

The polaron problem concerns the motion of a quantum particle of mass m exchanging energy
and momentum with a large environment modeled by a bosonic field. The model has a long
history tracing back to the thirties [77, 67, 9, 4] but due to its basic character it remains
a model of reference in many problems, and is still under active investigation in condensed
matter physics; we refer to [50, 1] for an overview and further references. The models under
study here are defined by the Hamiltonian

1 . N ,
= f ik-x t —ika
H = _QmAI + /Rd e(k)agardk + J&/Rd (v(k)ake +v(k)a,e ) dk. (3.1)
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This operator acts on L*(RY) @ F with F the bosonic Fock space over L?(R?), and with
ak,aL the usual annihilation and creation operators. The phonon dispersion relation € is a
positive function, v quantifies the interaction of the particle with the field modes and is referred
to as the form factor, and « is a positive coupling constant, traditionally appearing in (3.1)
under the square root. We assume that infjcga €(k) > 0 and v € L?(R?), in which case (3.1)
is well-defined as a self-adjoint operator on the intersection of the domains of A, and the
field energy j’e(k:)a%akdk, respectively. Moreover, we can then readily define two functions
naturally related to this Hamiltonian: the Pekar kernel

h(z) = ekl (3.2)

1 / v(k)
(2m) 42 Jre | fe(k)
and the position space potential

n(x) := (271‘1>d/2/]Rd v(k)e™*dk. (3.3)

We shall impose further regularity assumptions on h and 7, namely that A is in the Sobolev space
W22(R9) and that 7 is in W2(R?). Equivalently, the functions k + v(k)(1 + k?)e(k)~1/2
and k — v(k)(1 + k*)'/2 are in L2(R?). For simplicity, we shall also assume that the form
factor and the dispersion relation depend on |k| only, and that the latter is a continuous
function of |k|. If all these conditions are satisfied, we call H regular.

Our main interest lies in the strong-coupling limit of very large «, and its connection to
the semiclassical limit described below. This problem has been studied in the mathematical
physics literature [2, 58, 66] in the special case of the Fréhlich model corresponding to d = 3,
v(k) = (v2r|k|)~! and €(k) = 1 in appropriate units. It corresponds to the original polaron
problem addressing the important problem of electronic conductivity in ionic crystals. Our
goal here is to analyze the strong-coupling limit in the regular case, where, on the one hand,
one does need to worry about the UV divergences as in the Frohlich model, but at the same
time the useful scaling properties found therein are lost. We believe that performing the
strong-coupling analysis for polaron models other than the original Fréhlich Hamiltonian may
be of relevance as various versions of the polaron problem, with more general choices of the
form factor and the dispersion relation, are being considered in the literature, mostly in the
context of the physics of cold atoms, e.g. in the Bose polaron model and its analog, the
angulon model [1, 5, 19, 34, 16]. The rigorous results obtained, even if proved for simplified
versions of the problem, may be practically useful e.g. as a reference point for numerical
calculations. At the same time, the regularity enables us to prove new results concerning
the validity of the semiclassical approximation to the effective mass, which constitutes an
outstanding open problem. Our result on the effective mass is applicable in the case of a
dispersion relation growing at least linearly in |k| as in the case of the Bose polaron, thus
excluding the Frohlich polaron, although we expect that our methods can serve as a starting
point in future investigations on this problem also in this case.

3.1.2 Basic considerations and definitions

Because of translation invariance, the Hamiltonian (3.1) commutes with the total momentum

S v / k alay dk (3.4)

—_—
=:P;
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and it can be cast, using a transformation due to Lee, Low and Pines [10], in the unitarily
equivalent form

1
o (ZiVa = P’ +F +/aVv (3.5)

where F = [ e(k)aLardk and V = [(v(k)ay + v(k)a})dk. This can be easily diagonalized in
the L? part of the domain, so that one has the fiber decomposition H ~ [, HpdP with a
family of Hamiltonians acting only on Fock space

1
Hp := %(P — P+ F++aV (3.6)

describing the system moving with momentum P € R?. In this work, we are concerned with
the ground state energies at fixed momentum,

E(P) :=infspec Hp (3.7)
and the absolute ground state energy

Ey = inf spec H = ir]%fE(P). (3.8)

The following terminology concerning the dispersion relation will be useful below.

1. We say that € is massive if A := infy e(k) > 0.
2. ¢ is subadditive if e(ky + ko) < e(ky) + e(ky) for all ki, ky € RY.

3. Moreover, we say that € is of superfluid type if

o €(k)
klengd T c¢>0. (3.9)

The number c is called the critical velocity.

Prime examples of the above are optical phonons (with constant dispersion relation) for a
massive and subadditive field and acoustic phonons (where €(k) is linear in |k|) for a field
of superfluid type. Physically, the first case is encountered in the original Frohlich polaron
model, while a superfluid-type field is found in the Bose polaron. If the dispersion relation is
massive and subadditive, E(P) is an isolated, simple eigenvalue for P? < 2mA. Moreover,
infp E(P) = E(0), and E(P) is an analytic function close to P = 0 [71, 90]. The effective

mass is then defined as .
1. (E(P)-E0)
In other words, E(P) ~ E(0) + % for small P, and the system is envisioned as behaving,

for sufficiently small momenta, like a free particle of mass Mg called the polaron, whence the
entire model bears its name. We also introduce the function

M(P) = ; (W) (3.11)

which we call the effective mass quotient. It is well-defined for all P s.t. E(0) # E(P), and can
be viewed as a global measure of the curvature of E(P), in contrast to Mg = limp_,o M (P)
which quantifies this curvature locally at P = 0. The validity of the polaron picture can be
also expressed as a statement that M (P) is asymptotically a constant function for sufficiently
small momenta. We find this picture useful below, where we shall consider both the case of P
vanishingly small as well as admitting values from a specified range.
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3.1.3 Motivation and statements of the results

We shall provide bounds on the above quantities in the limit of large o«. These bounds agree
with the semi-classical approximation, which we now briefly recall. To do so, let us first observe
from (3.6) that the presence of the particle induces non-trivial correlations between the modes
of the field; if these are ignored, the problem is easily solvable. Indeed, in the case m = oo,
the spectrum of Hp is equal to that of the operator F — af|h||?, with ground state energy
—a/|h]|?. This corresponds to a free bosonic field fluctuating on top of a classical deformation
profile induced by a point impurity. The ground state is simply the coherent state |¢) with

arle) = —\/a@w) Vk € R%. (3.12)
e(k)

The evaluation of H on pure tensor products of the form 1) ® ¢, where ¢ is a coherent state,
amounts to replacing the creation and annihilation operators by complex numbers, which is
equivalent to treating the boson field in a classical way. In fact, as is well known (we reproduce
the argument in the proof of the upper bound in Theorem 3 below), this coherent state ansatz
is optimal over all product trial states. In other words, for polaron models, the adiabatic limit
(corresponding to a product trial state) and the strong-coupling limit coincide. The adiabatic
limit can certainly be expected to be asymptotically correct if the mass of the particle is large.
At the same time, it is well known that the adiabatic limit is asymptotically correct as o — oo
in the Frohlich case, indirectly through energy estimates [2] and also as far as the dynamics is
concerned [81, 13]. If we were, therefore, to assume that the same conclusion is valid in more
generality, our regular case included, we expect that

lim —° = —||A% (3.13)

Moreover, one can readily postulate how the next order correction should look like: since the
leading order corresponds to the picture of a classical point particle situated at the bottom
of a potential well created by the phonons, the next order correction should stem from the
zero-point oscillations in this well. If we replace the annihilation operators in H by the numbers

—\/51’((:)) (and a], by its complex conjugate) and expand the e?*** factors to second order, we

arrive at the one-particle Schrédinger operator

A, mw? 5
where
2a
w =[] VA, (315)

with well-known ground state energy % — a|h||>. We hence expect the subleading term to
be dw/2, and thus of order o'/2. That these considerations are correct is the content of our
first theorem.

Ground state energy asymptotics

Theorem 3. Let H be regular. Then we have

d
— af|h))? + %ku > infspec H >

da d|[Vnl*  d [[AR|? (310)
> —al|h|?+ 4/ —]|Vh| — = .
> —alh] oIVl 2 VA2 8m|[Vh|?
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In particular, for Ey = inf spec H, (3.13) holds, and

o [d
lim a2 (Eq + al|h]]?) = 5 [Vhl. (3.17)

Remark 3.1. As recalled in detail in the proof, the semiclassical limit naturally gives rise to
the Pekar functional

£2%(w) = o [ IVe)Pdr —a [[ W) Pole —y)lwt) Pdrdy,  (319)

where | (k)|2
v - _
IR — 1
() e dk = (hx h)(x), (3.19)
and
Ey < EP* .= inf EPek(y). 3.20
- s o™ W) (3.20)

In the Frohlich case, where g(z) = ﬁ one has inf EY () = a?inf EF*(Y) = a?ePk, in
particular the contribution of the kinetic energy [ |V|? to £2° is not negligible in this limit.

Existing results [2] show that in this particular case
Pk > 07 2Fy > P — O /P (3.21)

for some C' > 0 and « large. If instead of R one considers a sufficiently regular subset
thereof (suitably rescaled to be of linear size «™!), with the corresponding modification of n
involving the Laplacian on €2, then also the subleading correction to Ej, being of order o, has
been rigorously established [66, 7]. Adapting some of the methods in that proof to improve
the control on the UV divergence of the model, the exponent —1/5 in the lower bound (3.21)
can be slightly improved to —20/73 [6].

In our case, we lose the scaling properties of the original Frohlich model, and the semiclassical
energy is a more general function of «; our result captures the first two terms that emerge
from the expansion of the kernel (3.19) of the Pekar functional around its maximum.

Remark 3.2. It can be argued that the O(1) correction in (3.16) is optimal as far as the
order of magnitude is concerned. These O(1) corrections can be attributed to two sources:
the quantum fluctuations of the field and a purely classical effect of anharmonicity of the
actual potential well that accompanies the particle’s motion. We do not know how to obtain
the sharp O(1) correction to Ej, however.

Remark 3.3. While the lower bound in Theorem 3 holds for all values of the parameters in the
problem, it is optimal only in our case of interest, i.e., for large a with m fixed. However, our

analysis leads to a distinct result in the opposite regime with m large at « fixed. In this case
a_|[VA|*
m [[Vn]|?

exact ground state energy at |nf|n|te mass —a/||h||? in the lower bound. Perturbation theory

predicts here —a/|Al|? + 2 [ “LWEdk + o(m™1). Clearly |VA||* < | Vy||? (f kLR dk),

with equality in the case a constant dispersion relation, but even in this case the resultlng
correction is off by a factor of two with respect to the result from perturbation theory.

our technique yields a positive term - as a leading-order finite mass correction to the

The proof of Theorem 3 will be given in Section 3.2.1. The upper bound relies on a
straightforward expansion of the kernel of the Pekar functional. For the lower bound we closely
follow the approach of Lieb and Yamazaki [3] in their analysis of the Frohlich model. In the
regular case considered here, the obtained bounds turn out to be sharp, however.
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Divergence of the effective mass

Our further results concern the effective mass problem (for other rigorous work concerning this
problem, we refer to [14, 59, 15, 85] and references therein). First, we present a generalization
of [85] by showing that the effective mass diverges as v — oo, in all spatial dimensions, and
for all regular polaron models with massive fields. This is to be expected from the fact that
the strong-coupling limit and the adiabatic limit coincide: while the particle’s mass is fixed,
the relevant dynamical degrees of freedom behave like a free particle with very large mass,
which leads to the effective separation of timescales of the field and of the particle.

Theorem 4. Let H satisfy the assumptions of Theorem 3, with a dispersion relation that is
massive and subadditive. Then there exists a constant C' > 0 s.t. for all « > 1 we have

Mg > Cal/, (3.22)

Remark 4.1. The assumption of subadditivity of € is only used to ensure the existence of a
ground state of Hj, which is proved in [90].

Remark 4.2. We emphasize that the result holds regardless of the spatial dimension, assuming,
of course, the required regularity of H. On the other hand, in the physics literature the effective
mass of a polaron has been investigated numerically also for various different polaron-type
models [16, 18, 34], and it appears that for some of these models one can expect different
behavior of the effective mass in different dimensions.

Our proof takes the formula for the inverse of the effective mass from second-order perturbation
theory as a starting point, and provides an upper bound on this quantity. The proof of this
bound relies heavily on Theorem 3. It can be shown that the same conclusion can be reached
with the method from [85]. The regularity enables us to simplify the argument, and also to
provide an explicit estimate on the rate of the divergence. However, based on the semiclassical
analysis, we expect that the effective mass should actually, in the regular case, diverge much
faster, namely linearly in a. We perform this semiclassical analysis subsequently (see also [5])
before stating our last result, which addresses the effective mass quotient at non-zero P.

Semiclassical analysis of the effective mass

As discussed above, the behavior of the system at strong coupling can be expected to be
inferable from the semiclassical functional

o [ (0P + 2/ [v)eps@)in+ [ wlle@)d  (323)

with py(p) = [ | (z)?e?*dz and ¢ : RY — C the classical field, which carries momentum
[ ple(p)|*dp. We wish to minimize (3.23) under the constraint that the total momentum of
the system be P. With u a Lagrange multiplier (which can be interpreted as the velocity), the
relevant functional to be minimized is thus

Ml o,0) = [ elolo)Pdp+ o [#10()Pdpt

+2vasie [v@e@os®dp+u- (P~ [p(le®P + [60)) dp)
(3.24)
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We expect continuity and accordingly © — 0 as P — 0; we also suppose that to leading
order in |u|, the particle moves with velocity u while maintaining its waveform, i.e., the ¢
minimizing (3.24) is approximately

—

Yu(p) = eyl (p) = L (p — mu) (3.25)

where 1 minimizes (3.18). Plugging this into (3.24), we minimize with respect to the field,
with the result that

e (p)v(p)
—/ o 3.26
oulp) = —vale SEE (3.26)
with pLek = pyrex. Accordingly, the Lagrange multiplier u has to be chosen such that
o) Plpe(p)
P:mu+a/p (3.27)
(e(p) —u-p)?
Expanding this to leading order in u, we have
20 Hv(P)Plpa™ ()]
P= — [p : 3.28
(s 20 [0l (3.29)

We further evaluate the energy Hp (1, ¢u, 1) and expand it to second order in P, with the
result that

pek I 0o WAl -

with E°k defined in (3.20). We are thus led to the definition of the Pekar mass formula

M = 20 [ B @) PRz — ) 0 (o) Pdndy = /pQ'“”e())‘ b (330)

where R(z) = [E 5 ) civa gy, Pk minimizes (3.18) and Pk is the corresponding mini-
mizing field. If we evafuate the above expression for the original Frohlich model, in which case
PPk (1) = a®2YP(ax) and R(x) = 476(z — y), we obtain the celebrated Landau—Pekar
mass formula [8]
8 .

wre = STngpae (@31
In the regular case we expect, given Theorem 3, that [yF°k
and accordingly that

|? tends to a d-function as o — o0,

o 2 1 olu(p)l?
1 Pek _ < 2 . Pek
Jim a7 M = d/p )’ dp =M (3.32)
holds true. This leads us to the following
Conjecture. Let H be regular. Then
lim o~ My = MP* = /p ‘” (3.33)
a—00
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This conjecture generalizes the one for the original Frohlich model, where one expects that
limg o0 Mg = & |[01° |7, c.f. Eq. (3.31), as suggested by a calculation by Landau and
Pekar [8]. A proof of this prediction remains an outstanding open problem. In the physics
literature one also encounters discussions beyond the Frohlich case that lead to Conjecture
3.1.3 [5] (see also [19, Eq. 12]) and also to the linear dependence of the effective mass on «
at strong coupling [1].

While we are unable to prove Conjecture 3.1.3, we are able to prove a related result that can
be regarded as a confirmation of the validity of the semiclassical approximation in the effective
mass problem. Recall the definition of the effective mass quotient in (3.11). Instead of the
limit limg,_,oo ! limp_o M(P), we consider the combined limit

o — 00, |P|—=o0o with |P|/a—0, |P|/a'?— . (3.34)

which we denote as
lim
a— 00
al?g|Plka

Then we have

Theorem 5. Let H be regular, and assume that € is massive and of superfluid type. Then

lim o 'M(P)= M"* (3.35)
a—r00
a1/2<<\P\<<a

with MY% defined in (3.32). In particular, we have for H satisfying the assumptions of
Theorem 3 and for all P with |P| < C« for some C' > 0 independent of P and «,

E(P) < —aHhH2+d—w+P72+O(]P]ofl) (3.36)
- 2 2aMPek ’ '
where w is defined in (3.15). If in addition the dispersion relation is assumed to be of superfluid

type, we have for all P such that |P| < C'a with C" > 0 small enough,

P? 2 NIE:
BP) > —afhl?+ % dIval? A

_ _ _ PQ —3/2 P3 —2. .
2t S 2| VhE sm|vaE O HIP e (3.37)

Note that (3.36) and (3.37) are non-zero momentum analogs of the bounds in Theorem 3. In
combination, they readily imply (3.35). We conjecture that (3.35) holds without the restriction
that |P| > al/? (and hence, in particular, in the case when P — 0 before o — 00).

Since the limit (3.34) may at first sight appear artificial, let us briefly explain its origin. Theorem
5 states that E(P)— E(0) is, for large «, and in a suitable window of momenta, asymptotically
a parabolic curve with a coefficient determined by the semiclassical approximation. This can
be regarded as a statement on the global curvature of E(P) — E(0), in contrast to the local
curvature at P = 0 described by the effective mass. The size of the window of momenta for
which this asymptotic form holds depends on a: the lower margin |P| > a'/? ensures that
we look at E(P) in the regime when the kinetic energy of the center-of-mass motion is much
larger than the O(1) energetic error determining the accuracy of our knowledge of the ground
state energy, as expressed in Theorem 3 and the bounds (3.36) and (3.37). The upper margin
|P| < « is natural in view of the following discussion. Typically, one can expect that E(P)
has a parabolic shape for sufficiently small momenta, and this parabolic shape is in general
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lost when E/(P) approaches the bottom of the essential spectrum Eg(P). There is a formula
for the latter [90, 71],

Eess(P) = inf (E(P — k) + €(k)) , (3.38)
and in particular Ee(P) < E(0) + ¢(P). Hence E(P) ~ E(0) + % certainly ceases
to be valid for P2 > Mge(P). Since €(P) > c|P| by assumption, this is thus the case if
|P| Z Meff ~ Q.

Theorem 5 may be regarded as our principal novel contribution to the existing literature.
Its proof utilizes, in particular, a new trial state in order to obtain the upper bound (3.36),
which is essentially the extension of the very simple bound F(0) < inf,, E£°(1)) to non-zero
momenta. The lower bound relies, on the other hand, on an extension of the techniques used
in the lower bound of Theorem 3, and is thus also ultimately rooted in [3].

In the remainder of the article we give the proofs of our results. The symbol C' denotes a

positive constant, independent of o and P, whose exact value may change from one instance
to the other.

3.2 Proofs

3.2.1 Proof of Theorem 3
Upper bound

Proof. For any normalized ¢ € F, we have

(dlatarl®) > (Glaxlo)l* vk € R? (3.39)
with equality if and only if ¢ is a coherent state, i.e., an eigenstate of all the a;. Thus
inf (¢ ® ¢|H|¢ ® ¢) = inf H(1), p) (3.40)
. o

where H is the cIassicaI functional

(o) = 5 [ V() Pde + 2va%e [op)eps)p + [ @lel)Pdp  (341)

with p,(p) = [ [¢(x)|?eP*dz. Minimizing with respect to the field ¢ and passing to position
space, we obtain the Pekar functional

£ (w) = o [ IVe@)Pdr — o [[ W) Pole — o) Prdy,  (342)

with g(z) = f'” B eikadk. Since H is isotropic, g(x) = f'g(k cos(k - z)dk. By the

elementary mequallty cosx > 1— % we have
£ (1) < —allhl* + La(¥) (343)

with the functional

£aw) = o [190@ e + DI @) 20— g2 o) Pdady
- L 10 + O‘”th” ( [ @ - ( / x|¢<x>|2dx)2)  (3a9)

It follows from the Heisenberg uncertainty principle that the infimum of £, equals dw/2, with
w in (3.15). This leads to the claimed upper bound. O
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Lower bound
Proof. Our starting point is the inequality, valid for all A € R and all R € R?,

\/&)\[Pf + R, {V, Pf + RH (Pf + R)2 — 2m>\2a[Pf + R,V]2 (345)

1
< —
- 2m

which can be easily proved using the Cauchy—Schwarz inequality (the minus sign on the
right-hand side stems from the fact that [P, V] is anti-hermitian). We have the identity

NP;+ R, [V, Py + R = A[P;, [V, P = —A / K (v(k)a) + v(k)ay) dk.  (3.46)

We conclude that for all P € R?, the operators Hp in (3.6) are bounded below, uniformly in
P, by

Hp > H) :=F + aW, + 2mA’a[P;, V]? (3.47)

with
W, = / (1= M) (v(R)ay + o(F)al) dk. (3.48)

Given that H is unitarily equivalent to [, HpdP, this clearly implies that
inf spec H > sup inf spec H). (3.49)
A

Let

wy(k) == (1 = AE*)v(k) (3.50)

and observe that our assumptions on v and ¢, i.e., h € W22(R%) and € massive, imply that
wye ! € L?(R?). We may thus apply the unitary shift operator U with the property that

UarUT = a, — /a™25 for all k € R? to H,. We obtain

U (F+VaW,) U =F — al|h]]* + 2Xal|VA[* = Xa|| A, (3.51)

Furthermore
ULP;, VUt = / ku(k) (a(k) — o' un(R)e(k) ) dk — / k (o(B)al, — o Pws(k)e(k) ™) dk
— [P}, V] (3.52)

since [ kv(k)wy(k)e(k)~'dk € R. We are thus left with providing a lower bound to the
operator

F + 2mA\*a[Py, V]2 (3.53)
Since n € W12(R?) by assumption, we can introduce the bosonic operators, for i = 1,...,d,
d
with [b;, 0] = &;;. Then
2 d
P v = VRS 0, iy (3.55)
i=1
- vl
n
= IVh|E (3.56)
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We claim that .
F>ES blb,. (3.57)

=1

To prove this, it is enough to show that for every one-phonon vector ® € L?(R%)

2

/ e(k)|® (k) [2dk > (3.58)
For any ¢ € L?(R%) and d orthonormal functions ¢; we have by Bessel's inequality
5 2
G (3.59)

Using this for 1)(k) = \/e(k)®(k) and ¢;(k) = (d~/2||Vh]|) " k; -2 \/_ yields (3.58). Moreover,

since
(b; — b)) = (b; + b})? — 4blb; — 2 > —4blb; — 2 (3.60)

we conclude that (3.53) is bounded below by —4m\?a||V7||? provided that
d 1
A< A= = . 3.61
A= o \ 8ma|VR|2  2mw (361)

inf spec H > —al|h||* + a sup <2/\|]Vh||2 — N||AR|* - 4m)\2\|V77||2) . (3.62)
[AI<X0

In particular,

The choice A = )¢ yields the lower bound in (3.16). This choice for A is in fact optimal as
long as

d_(4m||Vn? + | AR\
> = — . 3.63
oz onim g (M 369
For a < a,, the optimal choice of X is rather A = ||V h||?(4m||Vn||*> + ||AA]|*)~!, which
yields the improved lower bound mentioned in Remark 3.3 in this case. O]

3.2.2 Proof of Theorem 4

Proof. Under the stated assumptions on v and ¢, there exists an isolated eigenvalue at the
bottom of the spectrum of Hj, and a unique corresponding ground state ¢ [90]. Using
second-order perturbation theory and rotation invariance, one arrives at the formula

11 1< solP 1
oMy  2m  dm? "H, — E,

Pyl¢o) (3.64)

for the effective mass M. defined in (3.10). Note that (¢o|Pr|¢po) = 0, hence QPy|¢o) =
Py|¢o), where @ is the projection onto the orthogonal complement of the ground state of
Hy, and Hy — Ej is strictly positive and invertible on the range of (). Therefore, by the
Cauchy-Schwarz inequality,

m 2 (o] Plo)?

Mg — =1- dm (0| Pr(Hy — Eo) Py|do)”

(3.65)
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We exploit the fact that ¢ is the ground state of H and arrive at the identity

1
(@0l Py(Ho — Eo)Pyl¢o) = 5(¢ol[Fy, [Ho, Pr]|¢o). (3.66)
A simple computation shows that the double commutator equals
1 _
5 [Py, [Ho, Py]] = W / K (v(k)ar, + v(k)a}) dk. (3.67)
Define for A > —5- and € R
H(A, 1) := Hy + )\Pf + uW,  Eg(\, p) = infspec H(A, p). (3.68)
By the variational principle,
Eo(A, 1) < Eo + Mol PF|do) + 1{po|W|go). (3.69)
We have the lower bound
2
pk?\ " Jo(k)[?
Eo(0 >_/ - 22 UL g 3.70
0( 7:u’) - o ( 2 ) €(l€> ( )

which is finite because of our assumption h € W22(R¢). Combining the last two inequalities
with the upper bound on Ej from Theorem 3, we conclude that for all negative u

dmw v dw
(0| W|po) < — M/k;4| ,u’17. (3.71)
Optimizing over p < 0 yields the bound
d 2
(90l W|do) < ﬂ;w (1+Ca™) (3.72)

for C' = || Ah||m=Y4(d/2)"/4||Vh||=3/2.
In a similar fashion we conclude from (3.69) that for all A > —5=

’” dk — di’ (3.73)

Mol P7|¢o) > Eo(A,0) — Ey > Eg(),0)

where we again used the upper bound from Theorem 3. Now, a lower bound on Ey(A,0) is

provided by Theorem 3 for a particle with mass m :

ok 4Vl d(1+2xm) | AR|?
dk: —\/1 23m — . 3.74
/ RS AE sm Jvap G

In particular, for any A > 0,

(dol Pfldo) = 2 - 3 C—— (3.75)

dmw+<dw (\/1+2m)\—1 )) 1+ A
A

for suitable C' > 0. For small A, the second term on the right-hand side behaves like wA,
hence the optimal choice of X is of the order w2 ~ a~1/4, and we arrive at the bound

d
(o] P7| o) = % (1 — Ca_1/4) for a > 1. (3.76)

Combining (3.65), (3.72) and (3.76), we arrive at the claimed lower bound on the effective
mass. O
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3.2.3 Proof of Theorem 5

Lower bound

Proof. Recall our assumption e(k) > c|k| for some ¢ > 0. Pick u € R? with |u| < ¢, and

write )
pP—P
Hp=pouy_ T2y L= Prmu)

5 5 + F, ++VaV (3.77)

where }
F, = / (e(k) — u - k) alardk. (3.78)

We proceed as in the proof of Theorem 3 and use (3.45), this time for R = P — mu. This
gives the lower bound

E(P) > P-u—Zu® —al|h,|?

+sup [inf spec{F,, + 2maX’[Py, VI’} + 2Xa || Vh|” = NalAh,|?]  (3.79)
AER

with

ho (2 e*rdk, (3.80)

- 1 / v(k)
@2m)*2 ) Je(k) —u- k

Without loss of generality, we can assume that P = | P|e;, where e; is the unit vector pointing
in the first coordinate direction, and we shall also pick u to point along e¢;. The functions

T ek —uk o Jelk) — fulky

(3.81)

are then orthogonal, and

wie L B o(k)P > K2kt o (k)|
ot =5 ey Rt /e(k)z(e(k)—|u|k1)dk

S i G =) )

where we used €(k) > c|k| > c|k1]| in the last step. Bessel's inequality

2

2 : 1 XTI AY
[t =S| o [ SRk (3.83)
thus yields
2 -1 d
i "

with E defined in (3.56). Arguing as in the proof of the lower bound in Theorem 3, we
conclude that

inf spec{F, + 2ma?[P;, V]2 } > —4mA’a| V| (3.85)
as long as
u? |
A< (1 . 3.86
W () (3.8
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We choose the maximally allowed value of A (i.e., equality in (3.86)), and arrive at the lower
bound

E(P)>P-u-— %uQ — oz||hu||2

w7 ad d[Val2  d (| Ah|?
14+ — —|IVh||* = = S ul_ 3.87
*( +c<c—|u|>> Vo V0™ = 31T ~ 8 onpr 8

We are left with estimating the norms appearing in (3.87). We have

2_ [ Jv(R) (u k)? 2 4 2
[ —/ "0 <1+€(k)(€(k)_u_k)>dk§Hh|| T e

where we used the definition of MYk in (3.32) and e(k) > c|k|. Similarly,

Pek

(3.88)

|AR,||? = / W (1 T (S(L@kz — k)> dk < ||AR|)” (1 + M) . (3.89)

For the remaining term, we simply bound

e = [EEOE (1 S Y a e @

We are still free to choose u (subject to the constraint |u| < ¢) and the leading terms to
optimize are simply P - u — au>M¥Y°¢ /2. We therefore choose

P
u = m (391)

which yields the desired bound (3.37). O

Remark 5.1. By choosing u simply O(1), the bound (3.87) implies that under the same
assumptions on v and ¢, there exist v > 0 and F,, € R such that for all P € R?,

E(P) > ~|P| + F.. (3.92)

From this and from the analyticity of E(P) in a neighborhood of its global minimum at P =0
one can deduce that there exists a P* > 0 such that

E(P) = E*(P), YP:0<|P|< P, (3.93)

where E* denotes the convex envelope of FE, i.e., the largest convex function not exceeding E.
One can verify that

E*(P) = sup (sP—l— inf (E(Q)— sQ)) ; (3.94)
s€Rd QER4
using the Lee-Low-Pines transformation, this can be cast into the form
E*(P) =sup (s- P+infspec (H —s- Pt)) (3.95)
scRd

where P,y = —iV,+P;. In particular, for any ¢ € L*(R?) and any L?-normalized ¢ € H'(R?)
we have E*(P) < sup, Hp(¢, ¢, s), where Hp(1, ¢, s) is defined in (3.24). Choosing

p-P

v =9 plp) = 0h*(p) (1 + W) (3.96)
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one easily arrives at

P2
E*(P) < EP** + s VPE R?, (3.97)
and hence
P2
E(P) < E" 4 o VP with [P] < P, (3.98)

where ETk is the infimum of the Pekar functional (3.18), and M!*°* is given by the Pekar
mass formula (3.30). If we knew that |P*| ~ «, we could already deduce the main statement
of Theorem 5, Eq. (3.35). Without this knowledge, we need to find an upper bound directly
on E(P) by using an appropriate trial state for Hp, with is the topic of the next section. The
resulting bound holds for all |P| < «, and is hence sufficient for our purpose. Let us also
emphasize that for the upper bound in (3.98) via the equality (3.93) the superfluid property of
e is crucial. In fact, for a constant dispersion relation (and hence, in particular, in the Fréhlich
case) E*(P) = E(0) and hence P* = 0. On the other hand, the proof of the upper bound
that we shall now give holds for all regular polaron Hamiltonians, without the restriction that
€ be superfluid.

Upper bound

Proof. The trial state: Let 1 € L*(R?) be real-valued, with Fourier transform in H!(R?),
and let ¢ € L?(R?). We denote by |©) the coherent state corresponding to ¢, satisfying
axlp) = p(k)|g) for all k € RY. Explicitly, @) = e (9)=a(9)|Q2) with |Q) — the vacuum on F.
We choose a trial state (on F) of the form (comp. [11, 12])

[6p) = ¥(P — Pf)|o). (3.99)

This state corresponds to the P-momentum fiber of the product state ) ® |p). It appears
that this particular form of a trial state for Hp was first considered, for the case P = 0, by
Nagy [11], who in this way obtained the bound E(0) < EF°k directly on F. This form is also
behind the intuition of the trial state in [12], where its linearized version is considered. In these
cases ¥ and ¢ were chosen to be the momentum space minimizers of the Pekar functional.
We shall rather choose functions related to the ones mentioned in the preceding Remark, i.e.,
(3.96), in particular ¢ will have an additional explicit P-dependence. Thanks to the regularity,
we can sligthly simplify their form using the intuition from Theorem 3, which facilitates the
computations. Note that (3.99) induces non-trivial correlations between different modes of
the field, in contrast to the full product state. One of the main points of the analysis below is
to show that these correlations lead to subleading corrections to the desired energy expression,
which naturally appears for our choice of ¥ and . We proceed with the details and start by
rewriting the expected value of the energy and the norm of our trial state in a suitable way.

Preliminary computations: We have the identity

apt(P — Py) = 0(P —p— Py)a, (3.100)
whence we deduce the relations
V(P = POVE(P = Py) = [ dp v(p)é(P = Py = p)U(P = Py, +he.  (3.101)
as well as
(P = POFY(P = Py) = [ e(p)alu(P — Py — p)*a,dp. (3.102)
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Consequently

<<Z5P|HP|<Z5P> = 271n

(PI(P = Pr6(P = Pr?le) + [ dp emle)Plelé(P - Pr = p)le)

+2vaRe [ dp o(p)p(p)(plé(P — Py = p)i(P = Pp)le). (3.103)
Define
Gyp(R) = (ol (R — Pr)*|p). (3.104)
In particular, (¢p|¢p) = Gy,(P). Using the properties of the Weyl operator ¢ (¥)=(#)  we
compute
(ele= i) = exp ([ o) (e ~ 1)dp) (3.105)
and obtain ]
GonoF) = (5 / dz py(z)ef @-FO+ifa (3.106)
where .
pulw) = [ (k) e~ dk (3.107)
and ‘
F(@) i= pola) = [ lo)Pedp. (3.108)

In a similar fashion, we obtain

1
GELR.S) = (plg (R = P)u(S = PPl = (s [ D B = 8)eel -0y
(3.109)
with
pilwsy) = [o(Rye(k — y)e*=dk. (3.110)
Finally,
1 1 Pr F(o)—
o VAP = PP = PrPle) = (5o [ mu(e)e e @M Odr - 3am)
where .
o) = 5 / k2 (k)2e~ 2 dk. (3.112)
We shall now specify our choice of 1 and . We choose
(k) = e 2w (3.113)
where w is defined in (3.15). With this choice of 1, we have
po(z;p) = (mw) ™/ e Tt e e (3.114)
po(2) = 72 (0) = (mmw)"? e~ 5" (3.115)
and )
Ty(x) = (mmw)®? (al:f - mgf) e (3.116)
For ¢, we choose L
vau(p) p-P
= — 1+ ——1. A1
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In particular, by the definition of MY in (3.32),

[ pleo)ap =P (3.118)
and ) P2
[ ewlewar=a [ PP 5 T (3119)
Furthermore, for this choice of ¢ we have
ReF(v) =al(z)+ ;Kp(l’) (3.120)
where )
J(x) = / |1e)((]]32| cos(p - x)dp (3.121)
e L )P
— vip 2
Kp(z) == A / oyt (PP cos(p2) dp (3.122)
as well as

JmF(z) =—P-x— M2Pek / ’16}((}}3“; (p-P)(sin(p-z)—p-z)dp=—P-x+ A(z) (3.123)

where we used (3.118). As a consequence,

Gypo(R) = Nq / e~ Wt RF (@) Gil(R=P)a+A@) gy

. (3.124)
= Na/e_T‘UIQemEF(I) cos((R—P)-z+ A(z)) dz

where ]

Ny = @n) (maw)?? e~ FO), (3.125)
We finally evaluate
' me R-295)-

GEZL(R, S) = N, / e~ 2 (R=8)% o= fa® el (x) (g (A([L’) +(R-P)-z— E=9)e 5 ) dzx.
(3.126)

In the next step, we perform an asymptotic analysis of the integrals appearing in the definitions
of G, G® for large values of a.

Estimation of the weight integrals: Let

[:=N, / e~ Fwa? RF@) gy (3.127)

since RelF'(z) < Rek(0), this integral is well-defined. We can hence introduce the probability

measure B ()
Na —TL{JZ’ 4 xX
m(z)dr = ‘ 7 € dx. (3.128)

Note that all moments of this distribution exist. We denote the expectation value with respect
to this distribution by (-), which should not be confused with the usual Dirac notation also
employed here. The following lemma shows that m(x) is essentially a Gaussian distibution
with effective support on a lengthscale = ~ a~'/? dictated by the F(x).
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Lemma 3.2.1. For all v > 0 there exist positive constants C\",C\") such that for all o large
enough and all P with |P|/a small enough we have

CMa /2 < o= / |z|"e” T R @ gy < Of o D2, (3.129)

Proof. As cosz <1 — *x + —x , we clearly have, with J defined in (3.121),
J(x) < J(0) — Xa? + 0|z|* (3.130)

with A = ﬁ Ik %dp and 0 = 24d Ik % dp. These integrals are finite by our assump-

tions on v and €. Moreover the function Kp, defined in (3.122), satisfies Kp(z) < Kp(0)

and hence
ReF(x) < F(0) — ara? + af|z|*. (3.131)

Let us choose € such that 0 < e < A, and let § = \/%. We have that J(z) < J(0) for any x

with |z| > §. By the Riemann—Lebesgue Lemma, J is continuous and vanishes at infinity. It
follows that there exists & > 0 such that

J(x) < J0)—=¢& Vr:l|z| >4 (3.132)

Note that since J is independent of o and P, so are 6 and £&. From (3.132) and from
Kp(z) < Kp(0) we conclude that

ReF(x) < F(0) —aé Vz:l|z|>o. (3.133)
We thus obtain the upper bound

_m 2 _m 2 _m 2
/|ZE|T6 TwT emeF(a:)dx:/ |ZE|T€ TwT emeF(@dm—k |l,|7"6 W efﬂeF(x)dx
|z| <6 Jlz|>d

<O [ fafremeoantfurtay g (POt [ ety (3.134)
R4 R4
—(r+d)/2 (r+d)/2
=FOc, ((a(/\ —e)+ T) + e‘“g( 1 ) )

where C, = fpa |u|"e™ " du = 27921 ("£4
bound follows.

)/T(£). Since w ~ /a and & > 0, the desired upper

For a lower bound we simply use cosx > 1 — %mz, and consequently

P2
ReF(x) > F(0) — <oc)\ + au) z? (3.135)
where . ()2
4|V\P
=— ———dp. 3.136
"= Saam)e / | T ( )
Thus we can directly bound
N F(0)
/ |z|"e~ T R @) gy > ¢ G . (3.137)
2

(a)\ + %Q/L + %w)

Again, since w ~ y/a, and since |P| < C'a by assumption, we arrive at the desired conclusion.
O
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The lemma implies the bounds

C () ., C( r) .
ﬁ 2 < (Ja|"y < i /2, (3.138)
2

With these preliminary computations and results at hand, we shall now estimate the various
terms in (3.103), as well as the norm of ¢p.

Bound on the norm: Note that for all R € R?

Guo(R) = N, / e~ Hw” MF@ o5 (R — P) o+ Az)) de < I (3.139)

with I defined in (3.127). Since (¢p|pp) = Gy o(P), Gy (P) is positive. Using cosz >
1 — 127 again, we have
Gypo(P)>T—-T (3.140)

where

1 y
J = 5Na / e~ 7 RF@ A ()2 da. (3.141)

Since |sinz — x| < C|z|® and [ ‘Z((p)L |p|* dp is finite, we have

|A(z)| < CA\PH:EP (3.142)
for some constant C'y > 0, independent of P and «. Therefore

.7 C? P? P2
S A () < (3.143)

by (3.138). Hence, if a is large and |P| < «, J/I is small and we can conclude that

1 1 1 P2
Grlor) ~ GunlP) = f(”c ) (3.144)

for suitable C' > 0. This bound on the norm is sufficient for our purpose.

Bound on the field energy: Using the definitions, we can express the expected value of the
field energy in our trial state as

orlllie) _ | e(p)|¢(p)\2w dp (3.145)

Using now (3.139), (3.140) and (3.143), we have

Gw w(P_P) P?
—2ry L1+ C— 3.146
de(P) = a3’ ( )
and hence <¢ Flop) o(p) P2 P2
P P p
— .14
orton =) s 2anra TG (3.147)

for |P| < o, where we used (3.119).
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Bound on the interaction energy: We have

(@p[VIor) = 2% [ v(p)p(p)GE,(P — p, P) dp. (3.148)

By plugging in (3.114), we obtain

1

(r1Vlér) = 2Ny [[ vp)p(ple 7o e cos (A() = 225 ) P dadp. (3.149)

Let V denote the above expression without the coupling between p and z under the cosine,
i.e.,

V= 2Na/v(p)cp( Je TP dp/ —I RE (@) oo5 A(x) da. (3.150)
Using the definition of G, and plugging in our choice of ¢, we obtain
~ p2
V= —2G, ’”(53 e~ T dp. (3.151)

Note that the contribution of the P-dependent part of (o vanishes here by rotation invariance.
By e > 1 — x and the definition of w in (3.15), this gives

<¢P|¢P |v<(]10? (3:152)

We are left with estimating the difference |G (P) "' ({(¢p|V|¢p) — V)|. We apply the
elementary inequality

< [cos(A(z))|| cos(p - x/2) — 1] + | sin A(z)|| sin(p - /2)]

Cos (A(m) - pr) — cos A(x)

(3.153)

where we used |cosz — 1] = 2|sin® z/2| < 2%/2. Recalling our choice of ¢ in (3.117), this
gives
VaG(P) ™ ((¢p|VIgp) = V) < Lo+ I + 11, + 11, (3.154)

with the following terms to estimate:

QO(N // ‘U p 6 4mw 2 _7332 ERQF(QP) (p XL’) dwdp
8

e(p)
p|Up)|2 me 42 ReF(x p? mw2 2 p?
_4Id/ ) dp/$e4 T @) gy 1+OE: 8(:13>1—I—C¥
(3.155)

where we have used (3.144), the rotation-invariance of |v|? /e, and the definition of w in (3.15);

2No ([ |P-pl o) 1 mepe gip) (P 2)°
I — / Ly 22 ReF(x)
TGP )] MPRe(p )2 cmme e g v

< Pz p|? \v P2 !PI
= 4M[Pek / HC ?
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by (3.138);
2aN lv(p)? hop? - e ( |p|| |
/ o @A) L G
) (3.157)
< CualP| (|z|*) /|p||v<)‘dp 1+CP— < CB
(p) a’ a
by (3.142) and again (3.138); finally
2No (1P -pl o) e —mes2 e |PH |
h=cop || s o e @) A () P2 g dp
(3.158)

o ([0 (1) <ot

Combining all the estimates, we conclude that in the regime of large o and small |P|/a we

have )

(¢p|V]op) _ lv(p mw 1Pl
Vs < 2/ =4 () + O (3.159)

Bound on the kinetic energy: By pluggmg (3.116) into (3.111), we see that the first term in

(3.103) is given by

1 (@pl(P = Pr)*[op) _ dw  mw? (z* cos A(x))
2m {¢pl¢p) 4 8 (cosA(z))

where (¢pp|pp) = Gy ,(P) = I(cos A(x)) and, in particular, 0 < (cos A(z)) < 1. We have,
by (3.142),

(3.160)

(z% cos A(x)) > (2%) — CP*(|z|®), (3.161)
and thus (22 cos A(2))
W2<x>—0P<x>2<x>—0P0f (3.162)

using (3.138). In particular,

1 (¢p|(P = Pf)’|¢p) _ dw mw?(2?) P
e (Grlon) < -5 t0s (3.163)

Upon adding (3.163), (3.159), and (3.147), we arrive at the claimed upper bound. O
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CHAPTER

The ground state energy of the
strongly coupled polaron in free space
lower bound, revisited

This chapter contains the unpublished note

» K. Mysliwy, The ground state energy of the strongly coupled polaron in free space -
lower bound, revisited. (2019)

Abstract

We provide a better error estimate for the Lieb and Thomas lower bound to the ground state
energy of the Frohlich polaron in the limit of strong coupling, directly adapting a method
recently used in the proof of the ground state asymptotics of the confined model.

4.1 The Frohlich Hamiltonian

When an electron is moving through a polarizable crystal, it starts to interact with the emerging
instanteneous dipoles. In the classical picture, this creates a cloud of screening charge which
is dragged along with the electron. In the quantum point of view, this cloud gives rise to a
quasi-particle called the polaron, and the actual dipoles themselves amount to a phonon field
with a dispersion relation corresponding to the optical branch. This heuristic picture leads
to the model of a single quantum particle interacting with a scalar boson field. Because the
electrostatic potential from a dipole scales as the square inverse distance from the dipole, in the
simplest case of a linear electron-phonon coupling, we have the following (formal) Hamiltonian

H=p"+N-Va [ 't he, 4.1
P’ va | dys———s W% B (4.1)
acting on L*(R3) ® F, where F is the bosonic Fock space over L*(R?). Here x € R? is the
electon’s coordinate, p? is the electron’s kinetic energy operator, N is the number operator
on F, and the aL are the bosonic creation operators (operator-valued distributions) on F
creating a dipole at y € R3, and a > 0 is the coupling constant. Typically in the literature
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one passes to the Fourier space, in which the Fréhlich Hamiltonian arises

1 .

H=p>+N- (55?)3 s dkme’kmak + h.c., (4.2)
with [ax, al,] = 6(k — k), and the k's label the momentum modes of the phonon field.
In this work, we will be concerned with the question of the ground state energy of (4.2),
E(a), in the case of the strong coupling limit, i.e. a>> 1. Despite the fact that (4.2) has
been proposed almost a century ago, the question of the ground state energy asymptotics is
still an object of intensive studies when it comes to proving rigorous statements. It has been
first suggested in calculations by Pekar and Feynman [9, 4] and then proven by Donsker and
Varadhan [58] that lim E(a)/a” = e where eP*k ~ —0.109/(1672) is the Pekar constant,
which arises if the semiclassical approximation is applied to the problem, wherein the creation
and annihilation operators are treated as complex numbers. In 1997 Lieb and Thomas [2] have
given a very nice proof of a lower bound to the ground state energy in this form, which came
along with the first known error estimate, which scales as o”/®. This estimate is far away
from the conjectured behaviour of the first order correction to the ground state energy, which
should reflect the effects of quantum fluctuations of the phonon field on the energy and is
believed to be smaller than the leading term by a factor of a~2. This has recently been proven
rigorously by Frank and Seiringer [66] for the case of the confined model, that is, for the case
when the electron and the field are confined to move in a set €2 being an open, bounded subset
of R? with a sufficiently regular boundary, and under some natural assumptions on the Pekar
functional, an object which naturally appears in the discussion. These assumptions have been
recently verified for the case of {2 being a ball in R? by Feliciangeli and Seiringer [60].
The proof of the conjecture about the next order term in the functional form of the ground
state energy in the case of 2 = R? remains an open problem, however. While in our work
are still far away from providing that proof, we at least slightly improve the error bound of
Lieb and Thomas, using some techniques that were developed by Frank and Seiringer for the
confined case, but which can be (in contrast, however, to some of their results which do rely
on the boundedness of ) easily adapted to Q = R3.

4.1.1 Notation and units

We mentioned that the problem is physically linked to quantum fluctuations of the phonon
field because the Pekar calculation, and also the Lieb and Thomas proof relies on a c-number
substitution in place of the non-commuting creation and annihilation operators. The subleading
term should hence reflect the effect of the a,a' being actually non-commuting objects. This
fact of itself motivates our choice of units, in which the « is incorporated into the length
scale of the problem, and then into the creation and annihilation operators [64] These new
operators, for f, g € L? commute to

ap,a)) = 22 (4.3)
explicitly displaying the relation between the semi-classical and strong coupling limits. The
Hamiltonian is therefore unitarily equivalent to o*H with

1 .
H=p>+N-(2r)? /3 dkmemak + h.c; (4.4)
R
with p? = —/A\ps being the Laplace operator acting on the electronic coordinates. For some

orthonormal basis of L*(R%), N = [ps ajardk = 3, al(¢;)a(¢;) with spectrum {5},
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It is understood that in general k stands for the phonon momentum variable and x for
the electron’s position. We denote the characteristic function of a subset A C R? by y 4.
For h(-) being an L2-function of the phonon variables, we denote h,(k) = h(k)ei** and
a(f,) = (27)72 [ dkf(k)e™a, and similarly for a'(f,). Even though

vi= k| (4.5)

and

Wy 1= UpX|k|>K (4.6)
for any K > 0 are not in L?, we will continue to use this notation for the corresponding
operators which appear in the definition of H. Actually, the fact that v, ¢ L?*(R®) causes
concern about the domain of H, in particular whether it is densely defined ot not. This
question was tackled by Griesemer and Wiinsch in 2016 [74] and some ideas used in this work
were first developed there. Finally, we use the notation that a < b means that a < Cb for
some constant C' > 0 independent on the parameters on which b or a possibly depend. Having
established the notation and conventions, we are now free to pass to the section containing
the main ideas and results.

4.2 Auxiliary considerations, main result and proof
strategy

For K > 0, write the Hamiltonian as
H:p2+N,+N+—V+—Vf (47)

with N_ = [, _x afardk, Ny =N —N_, V, = a(w,) + a'(w,) and V_ = a(v, — w,) + h.c..
Denote then
Hy :=p? + N_ — V.. (4.8)

Since we are interested in the lower bound, we can drop the N due to its positivity. The paper
of Lieb and Thomas [2] (in fact, only sections II-IV) can be applied to provide an estimate on
Hp, which we will state in the form of a theorem.

Theorem 6. For any E > 0, P > 0 and K > 0 and § > 0 sufficiently small, we have

PPK K
5E " Pa2p

inf spec Hx — ™ > ¢,6 — E + ¢, (4.9)

where the c;'s are negative constants independent of «.
The method used in the proof consists of the following steps:

1. First, one localizes the electron in a cube of side length ~ E~1/2. By the IMS localization
formula, this gives rise to an error of order E, as given above.

2. The phonon modes are already localized into a ball of radius K, which is later divided
into cubes of side length P, called blocks, and labelled by B;. Within each block, one
chooses some arbitrary point kp. Using |e** — e®*57| < |(k — kp)x| < PE~Y? and the
obvious positivity of (v/da| — 6~ /2|k|~ (e’ — e*57))(h.c.) for any &, one replaces Hj

with Hje = p* + 3, [ dk(1 — )atay + ake‘;sz + he.) at the energy penalty ~ P;—EK.
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3. One introduces Ap, = [, dkay|k|™'/\/[5, dk|k|~* with A}, Ap, < [ afardk . Then
by replacing a; with Ap in the Hamiltonian, one can apply a coherent-state Ansatz and
choose kg optimally in each block. This directly leads to the Pekar functional (with
coefficients altered by ~ §), whose minimization leads to ePek as desired. The —aé(—;g

term stems from the application of the coherent state ansatz, which replaces A};AB

with |A|*> —1/a?, where A is the corresponding c—number substitute, and the a2 term
is rooted in the commutator. This —a~2 term appears one per block, and the total
number of blocks is of order K3/P3. In this way, we arrive at the statement of the

Theorem.

We are therefore left with the interaction term V., which describes the interaction of the
electron with high-momentum modes of the phonon field. Giving an estimate to this part of
the energy is essential both from the physical and mathematical perspective. In fact, it is the
V., which contains the part of v, not in L2, raising problems concerning the domain of H. On
the other hand, physically, one expects that the electron has to be localized on the lengthscale
of the wavelength of the phonon mode to effectively interact with it. This localization increases
the kinetic energy, which, by the uncertainty principle, becomes larger with the localization
accuracy. It is therefore expected that the high momentum modes contribute only negligibly
to the ground state energy.

Assuming that the effect of the interaction with high-momentum phonon modes decays
according to a power-law decay in the cut-off parameter K, we have now the simple

Theorem 7. Assume that inf spec H > inf specHy — 35 holds for some 3 > 0 and ¢ > 0.
Then
inf spec H — e > —af (4.10)

with € = 11’;‘59 and « sufficiently large.
Proof. The proof is elementary. Invoking Theorem 2.1, we get for any £ > 0,P > 0, K > 0
and 6 > 0 sufficiently small,

P’K K3

inf specH — " > ¢, — E
nt spec e C1 + SE +63a2P3

—cK". (4.11)

Now, we optimize over E, P, K and §, assuming that K ~ a®, P ~ a?, E ~ af and § ~ a“.

Since the function in question behaves like —y* — 4y~ for y € {E, §, K, P} for the relevant
exponents a > 0,b > 0, at the optimum we have that y~! ~ y=*~1. We conclude that at
the optimum, every term is of the same order. After imposing this condition, we get a set of
linear equations on the exponents

—brk=—2—-3k—3p=d=kKk+2p—d—€e=ce.

It yields € = 11—644/29’ and, consistently, that 0 < 1 and K > 1 if a > 1. O

Remark 7.1. The original method of Lieb and Thomas, based on the Lieb—Yamazaki estimate,
leads to 3 = 1, which gives e = —1/5. We will improve the ultraviolet regularization scaling
law to 3 = 5/2, yielding ¢ = —20/73, which is slightly better, although still by a factor a12%/73
larger than expected.

Remark 7.2. In the limit where 5 becomes arbitrarily large, the best estimate we can get is
—4/11, effectively squaring the Lieb and Thomas correction but still being off the mark by

64



4.2. Auxiliary considerations, main result and proof strategy

a1 This is the best one can do by using a power-like estimate on the interaction with

high-momentum modes and combining it with the Lieb and Thomas method. To attack the
ground state energy asymptotics in full space, we need additional ideas.

Remark 7.3. In the case of the confined model, the IMS localization error disappears as
the electron is localized in a fixed volume €2 from the very beginning. Then repeating the
remaining steps, we have

P’K n K3
c
) > a2P3

Performing the optimizing procedure now, we get that the error term scales as a“? with
€ = 8;%. This gives asymptotically an error of order o=/?; the original LT ultraviolet
regularization leads to a*/!7 whereas 3 = 5/2 yields a=2%/5%. Confining the electron makes

the LT result closer to the expectations, but is still not sufficient.

inf spec H — eP% > ¢,6 + ¢y|Q)*/? —cK". (4.12)

As announced, we shall improve the (unconfined) error bound by proving that one can take 3
larger than unity. The essential technical result is hence the following.

Theorem 8. For any K > 0 and a > 1, we have

inf spec H > inf spec Hy — const.(K %% 4 o 'K =3/2 o 2K 1), (4.13)

Taking now K ~ o" with 0 < k < 1, which is consistent with the statement and proof of
Theorem 7, we see that the leading term is K52 Therefore, given the above considerations,
it directly leads to the main result:

Corollary 4.2.1. For the Fréhlich Hamiltonian in free space, we have the following lower
bound for the ground state energy asymptotics

Pek

inf spec H > ¢ — const.a 20/ (4.14)

for a > 1.

4.2.1 Overview of the proof

As we see, the main point is to provide a power-like ultraviolet regularization estimate. Recall
that the ultraviolet cutoff problem in the original proof of Lieb and Thomas was handled using
the identity

-Vi=> [pj, a <’];T2w$) - h.c.] . (4.15)

J

Using this, one readily applies the Cauchy-Schwarz inequality to get the bound

¢ 3
—?po ~ Ny — (4.16)

-V

for & > 0. The cutoff thus gives rise to an error of order K !, which effectively sets the scale
of the entire error estimate. The method of Frank and Seiringer, which essentially amounts

to replacing %vm — k—lg,vx and differentiating it three times, enables one to replace the above

bound by
Vi z - (P N1) K (4.17)
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which goes along with a better error in the cutoff parameter ~ K%/, but one is faced with
the appeareance of the square of the non-interacting Hamiltonian. This can be handled,
however, by an appropriate unitary transformation. It effectively replaces (4.17) with

V, > —(H? + C*)K~/? (4.18)

for some C' > 0, which can be chosen to be independent of a. Now, if ¥ is a state in the
domain of H such that (¥, HWV) is sufficiently close to infspec H, then (¥, H?¥) can be
chosen to be of order ()2, independently of o. This observation immediately leads to

inf spec H > inf spec Hy — const. K /2, (4.19)

and the way towards the final estimate is now cleared: we can apply the remaining steps of
the Lieb and Thomas proof to Hg, now equipped with a better error estimate for the UV
cut-off, which scales as K~°/2 and not as K ! as before.

The remaining sections are devoted to the proof of Theorem 2.3. We directly adapt the results
of Frank and Seiringer, which were originally obtained for the confined model, to the case
of Q = R3. This actually requires only minor modifications, which in many cases amount
merely to notational adjustments. In fact, most of the material is actually easier to handle
in the unconfined case. However, we work it out here in detail to make the presentation
self-contained. The section is split into two parts: first, we demonstrate the triple commutator
method and a subsequent proof of (4.17). Secondly, we apply the Gross transformation to the
original Hamiltonian, estimate the additional terms which arise, and finally prove (4.18). As
already pointed out, this immediately yields the main result, Corollary 2.1, thus establishing a
new error estimate on the subleading term in the lower bound to the ground state energy of
the strongly-coupled polaron in free space.

4.3 The ultraviolet cutoff

4.3.1 The triple Lieb—Yamazaki bound
As announced, this section gives rise to the following

Proposition 4.3.1. For any K > 0 and « large enough, we have
Ve z - (PN 1) (K52 4 a 'K, (4.20)
Proof. Clearly, with p = —iV,,

gl () ()]

It is convenient to rewrite the above commutator as a multi(anti)linear expression in the p's

and B,y = af (’“j’k‘f‘rﬁ’“ wx> —a (kjllj‘rﬁkt wx>, which makes it ready for a direct application of the
Cauchy-Schwarz inequality in the form

1
AC 4+ CTAT < eAAT + ~CTC (4.22)
€
for any A, C' and arbitrary € > 0. We get

Vi =" (prps[pt, Brst] + [Pt Bratlprps) — 2 (prpsBrapr + peBlapeps) - (4.23)

rst
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4.3. The ultraviolet cutoff

The second term is obtained by renaming the indices, which is possible by the invariance of
B, under this operation. This term is bounded by

1
- (prpsBrstpt + ptB;rstprps) g Epng + EptB’r‘stBT‘Stpt (424)

for any € > 0. On the other hand, for any ¥ € F, f € L? and B = a'(f) — a(f),

(0, B'BY) = ||BY|* < 2(|la(f) ¥ + [la" (f)¥|]*)

< 4P, a (fa(f)P) +2(T, [a(f),a'()]T) < |IFI15(T, 4N + 52 v).

Using this, we obtain
2
BlyBr S KN+ ). (4.25)
(8%

In exactly the same way one can handle the first term; by defining >, [ps, Brst] = C,s we get
for any p > 0 that this term is bounded by up?p? + 102 and

rs!

k.k k.k 2
2 s rivs 2
et <t (i) o (i) + o (420)

However, here the norm scales as K ~3/2, which is not dangerous in the term stemming from
the commutator, as it gets multiplied by a=2. The bare term has to be improved, however,
if we wish to maintain the better K~°/2 decay rate. This can be done using the following
lemma, which will be useful also afterwards.

Lemma 4.3.2. Let f € (L2 N L®)(R3). Then a'(f,)a(f.) < (3(2m)2/3||£]|%3] £11¥%)p*N

Proof. It is enough to restrict ourselves to the one-particle sector of the Fock space C ®
L*(R3) ~ L*(R?). Then for all ¥ € L*(R?) ® L*(R?),

la(H WP = [ dp| [ akf(R)o(p— k. k) (4.27)

here, we have written down the integral in the x—space, absorbed the ¢?** factor into the W,
and used the Parseval's identity (® stands for the Fourier transform of W(x, k) regarded as a
function of ). Now we use the CS inequality to bound the above by

2 |f(k)’2 2 2
lotryul < fan ( f as PO ([ asi = Pioto - k1)) <
—kq’|2> (U, p*NU). (4.28)

< (S%p/dk\’/f( )

The prefactor is now estimated directly:

J WP —al = [ kPR —p 7 [ k)P~ b

||f||2

< || f?]|ocdmR + 2 (4.29)

where B(z, R) is the ball of radius R centered at x € R®. Optimizing over R, we arrive at
the statement of the Lemma. O
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Using the lemma for f, = ’T;;"Z w, we get af (’T};f‘; wx) a (’Tzfﬁf wl,) < K~°p°N since in this case

1 flloc ~ K3 and || f|l2 ~ K~3/2. We have thus gained an additional power in the decay rate
at the cost of the electron’s kinetic energy. This conforms with the physical interpretation of
the cutoff decay rate given in the introduction.

Finally, after taking e = 2K /2, 11 = 6(K /2 + 2o~ K~3/2), summing over the indices, and
combining the above inequalities we get

Ve S K P2(|p)* + 3p2(N +2a72) + (K52 o ' K32)(Ip|* + p°N +1/2).  (4.30)

Since p? and N commute, are positive and self-adjoint, we can treat the above operator term
as an ordinary polynomial, which can be bounded by the one given in the statement of the
proposition for « sufficiently large. n

4.3.2 The Gross transformation

The operator inequality given in Proposition 3.1 is not sufficient for our purpose, as in principle
(U, (p* + N)2U) is infinite if ¥ is in the domain of H. Our goal will be to replace the
non-interacting Hamiltonian there by H. Then also (4.19) will be true. We will achieve this
result by (4.18). To get there, we need

Proposition 4.3.3. Let ¥ be in the domain of p* + N, being a dense subset of L*(R3) @ F.
Then for any € > 0 there exist constants K' > 0,C' > 0 and a unitary transformation Uk ,,
parametrized by K’ and «, such that

(1+Ol(* +N)W|| + C||¥|| > ||Uk JHUR o %[ > (1= )[|(p> + N)¥|| - C||¥||, (4.31)

assuming that « is sufficiently large.

Proof. Consider some function of the phonon variables, f, such that f, € LQ(R3) and
(for0fs) = [ k| f(E)|2dk = 0. Take

U = ¢**(alfe)=al(f2)) (4.32)
Using the easy to prove formulae, valid for any i s.t. (h, f,) < oo,
UayU' = ay + (h, f,) UdU' = a}, + (f., h), (4.33)
as well as
.Ul = (=iVU),  (=iVea)(f) = —a(pfs), (=iVea)(fa) =al(pfa)  (4.34)
and the formula

deA @)
dx

1

:/ 4@ A ()14 gy (4.35)
0

one finds

UHU' = p* + N+ o'(a' (pf.) + a(pf.))? + 20°pa(pf.) + 20°a’ (pf)p+
+a<052p2fx + fx - Ux) + aT<a2p2fx + f:r - U:v) + Hfa:”% - 2Re(vza fm) = p2 + N + ‘77

we see that the proposition will be true if we find f, and C' such that

VO[] < ell(p® + N)¥|| + O]
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etke
for all ¥ € D(p? + N). Take any K’ > 0 and consider f, = m% with

k<K' ezkac B

angfx+fx_vx: ‘k’| = YGz-

Writing down the relevant integrals, we readily have the following estimates:
9=\ S K, |Ifoll3 S @™ K™ (4.36)

and
(Va, fo) S 2K pfally S o 'K (4.37)

We are now able to estimate every term in V. We have, by similar computations as in
Proposition 3.1

JIN+ @MJH < S||(N 4+ 2)0|| + 6 K'||W]| (4.38)

I(a(g2) + a'(9.)) 2] < [all2
for any 0 > 0. Similarly,
a*|l(a’(pfe) + alpfe))? ]| S KH|(N+a™?)@]|. (4.39)
The cross-terms give, by pafa}p SPPN+aD|f]13 S (p* + N+ a2)?|f]3
?|la¥(pfo)p¥|] S K'7V2)|(0° + N+ a7?) 0], (4.40)

The term a?pa(pf,) requires a bit more work. "Commuting the p through", we get that it can
be bounded using the former estimate, and an estimate on a?a(p?f,). p*f. ¢ L?, however,
so we split it as

) 1 1 eikm
a2p2fx =Gz — fac + ezkac T + . (441)
Bl K2 k2] K2+ |k

Then we estimate term by term. The g, and f, estimates are exactly as above, the operator
estimates included. Clearly, j, := |k|™' — (K% + |k|?)~Y2 < K'|k|~ (K" + |k|*)~/2 with
the square of the L? norm of the latter bounded by ~ K’. We are left with an estimate of
the last term. We can use the Cauchy-Schwarz inequality in the same way as in Lemma 3.1
and estimate

1
)|k = pf?

The integral can be shown to be bounded by ~ [ dk(K" + |k|*)~!k|™ ~ K'~!. Indeed, we
split it into an integral over the set A, := {k : |k — p|* > |k|*} and its complement. On A,
the bound holds clearly; on the complement, we bound it by [dk(K"™ + |k — p|*) "k — p| 2
and translate the coordinate system. Consequently,

la((K"? + k)72 ) 0| < J (s%p/dk(K,2 e ) (U, Np20).  (4.42)

la((K" + k)~ 2™ w|| < K'V2)|(p° + N) . (4.43)
The remaining estimates are

la(ge) || < K" 2|INY20 | < 6| INW|| + 6~ K[| ]l (4.44)
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la(f)¥|| S @ K"~ VNU[| < §||NW[[ + 5 a K| ]| (4.45)

and
la(jo) Wl < OlINW|| + 0~ K| || (4.46)
so that remaining part of a(p?f,) is bounded by 6||NW|| + 6 ' K’(1 4 1= )||¥||. Putting

it all together we see that the p?> + N terms are multiplied by §, K’~'/?, K'~', and the bare
U terms -by 6 1K’(2 + K'~*a~2). It therefore suffices, assuming o > 1, to take d ~ € and
K’ ~ €72, and hence also C' ~ ¢ 1. O

Equipped with the last statement, which establishes a link between the domains of the
interacting and non-interacting Hamiltonians, we now use the obvious fact that A < 0 —
BAB' <0 for any B . Then from Proposition 3.1. we have

UV U 2 —U@p? + NPUH (K2 a7 K32) (4.47)

For the choice of f, as in Proposition 3.3, we have UV, U = V| + (w,, f,) as the inner
product is finite. Now, it is easy to see that (wy, f.) < a 2K~ for the chosen K’ and any
K > 0. Combining this with Proposition 3.3 by taking U = UTW’ for U’ in the domain of H,

as well as some ¢ € (0, 1), we conclude U(p* + N)*U' < 7257 (H* + C?) and hence

— Ve 2 —(H 4+ C?) (K2 + a7 K7%%) —a 2K (4.48)

We can now always choose U’ such that both (¥, H, U’) is arbitrarily close to inf spec H and
(¥’ H2¥') can be bounded by a constant independent of ¥’ and «.. Choosing such ¥, we
have finally

inf spec H > inf spec Hg — const.(K 2 + o ' K32 4 72K ") (4.49)

This is precisely the result that has been claimed.
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CHAPTER

Optimal upper bound for the
energy-momentum relation of a
strongly coupled polaron

This chapter contains the submitted paper

= D. Mitrouskas, K. Mysliwy and R. Seiringer, Optimal parabolic upped bound for the
energy-momentum relation of a strongly-coupled polaron, arXiv:2203.02454.

Abstract. We consider the large polaron described by the Frohlich Hamiltonian and study its
energy-momentum relation defined as the lowest possible energy as a function of the total
momentum. Using a suitable family of trial states, we derive an optimal parabolic upper bound
for the energy-momentum relation in the limit of strong coupling. The upper bound consists
of a momentum independent term that agrees with the predicted two-term expansion for the
ground state energy of the strongly coupled polaron at rest, and a term that is quadratic
in the momentum with coefficient given by the inverse of twice the classical effective mass
introduced by Landau and Pekar.

5.1 Introduction

5.1.1 The Model

The large polaron provides an idealized description for the motion of a slow band electron
through a polarizable crystal. The analysis of the polaron is a classic problem in solid state
physics that first appeared in 1933 when Landau introduced the idea of self-trapping of an
electron in a polarizable environment [77]. Since it provides a simple model for a particle
interacting with a nonrelativistic quantum field, the polaron has been of interest also in field
theory and mathematical physics. In particular the strong coupling theory of the polaron
and Pekar's adiabatic approximation have been the source of interesting and challenging
mathematical problems.

Following H. Frohlich [68] the Hamiltonian of the model acts on the Hilbert space

H = L*(R? dz) ® F, (5.1)
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with F the bosonic Fock space over L?(R?), and is given by
H, = —A, +a ?N+a '¢(h,). (5.2)

Here = € R? is the coordinate of the electron, N denotes the number operator on Fock space,
and the field operator ¢(h,) = a'(h,) + a(h,) with coupling function

1

hy = - 5.3
accounts for the interaction between the electron and the quantum field. The creation and

annihilation operators satisfy the usual canonical commutation relations

la(£).d'(9)] = (flg) .. [a(f).al9)] = 0. (5.4)

Since we set i = 1 and the mass of the electron equal to 1/2, the only free parameter is the
coupling constant o > 0.

By rescaling all lengths by a factor 1/« one can show that a?H,, is unitarily equivalent to the
Hamiltonian

HPlror — AL+ N+ Vao(h,), (5.5)

which is more common in the polaron literature and also explains why o — oo is called the
strong coupling limit.

The Frohlich Hamiltonian defines a translation invariant model, i.e., it commutes with the
total momentum operator,

[Hy, —iV, + P;] = 0 (5.6)

where Py = dI'(—iV) denotes the momentum operator of the phonons. This allows the
definition of the energy-momentum relation E,(P) as the lowest possible energy of H, when
restricted to states with total momentum P € R3. To this end, it is convenient to switch to
the Lee—Low—Pines representation

H,(P) = (P; — P)* +a >N+ a '¢(hy), (5.7)

where H,(P) acts on the Fock space only [79]. The Frohlich Hamiltonian H, is unitarily
equivalent to the fiber decomposition [i53 H,(P)dP, which follows easily from transforming
H, with ¢fr® and diagonalizing the obtained operator in the electron coordinate. The
energy-momentum relation is then defined as the ground state energy of the fiber Hamiltonian,

EL(P) = info(H.(P)), (5.8)

which by construction satisfies £, (RP) = E,(P) for all rotations R € SO(3). It is known that
E,(0) < E,(P) and hence E,(0) = inf o(H,) (in fact it is expected that E,(0) < E,(P) for
all P # 0 [59]). Further properties, such as the domain of analyticity, existence of ground states
and the value of the bottom of the continuous spectrum, were analyzed in [69, 97, 90, 71, 57].

The aim of this work is to analyze the quantitative behavior of the energy-momentum relation
for large coupling & — oo. Our main result provides an upper bound for E,(P). The upper
bound consists of a momentum independent part coinciding with the optimal upper bound for
the ground state energy of the strongly coupled polaron at rest, and a momentum dependent
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part. In more detail, the momentum independent part is given by the classical Pekar energy
and the corresponding quantum fluctuations that are described by the energy of a system of
harmonic oscillators with frequencies determined by the Hessian of the corresponding classical
field functional. This part agrees with the expected asymptotic form of E,(0), see (5.25).
The momentum dependent part, on the other hand, describes the energy of a free particle
with mass M (a) = % [ |V¢|?, where ¢ denotes the self-consistent polarization field, which
coincides with the classical polaron mass introduced by Landau and Pekar [78], see (5.24). As
will be explained in Section 5.1.3, our result confirms the heuristic picture of the polaron (the
electron and the accompanying classical field) as a free quasi-particle with largely enhanced
mass. To our best knowledge, the upper bound we present in this work is the first rigorous
result about the connection between the energy-momentum relation E,(P) and the classical
polaron mass M («).

Starting from the works in the 30's and 40's [77, 78, 67] there has been a large number of
publications in the physics literature that studied the ground state energy F,(0) and the
effective mass, that is, the inverse curvature of E,(P) at P = 0. For a comprehensive
summary of the earlier results, we refer to [87]. More recent developments are reviewed in
[50]. Mathematically rigorous results for the leading order asymptotics of E,(0), for « large,
were obtained by Lieb and Yamazaki [86] (with non-matching upper and lower bounds) and
by Donsker and Varadhan [58] as well as Lieb and Thomas [2]. The effective mass has been
studied in [96, 59, 62, 85, 84, 53]. Further improvements have been obtained for confined
polarons or polaron models with more regular interaction [66, 63, 93]. For completeness, let
us also mention recent progress in the understanding of the polaron path measure [92, 52]
as well as the increased interest in the analysis of the Schrodinger time evolution of strongly
coupled polarons [73, 81, 82, 88, 61, 64, 65].

5.1.2 Pekar functionals

The semiclassical theory of the polaron has been introduced by Pekar [94]. It arises naturally
in the context of strong coupling, based on the expectation that the electron and the phonons
are adiabatically decoupled, similarly as the electrons are adiabatically decoupled from the
heavy nuclei in the famous Born—Oppenheimer theory [55, 54]. With this in mind, one can
minimize the Frohlich Hamiltonian over product states of the form

Vo = u® e () Q) (5.9)

where u € H'(R?) is a normalized electron wave function, Q = (1,0,0,...) the Fock space
vacuum and ¢ (@V)() the coherent state, up to normalization, that is associated with a classical
field av € L?(IR3). A simple computation leads to the Pekar energy functional

(Wl HaWo) — (=AY + ol (5.10)

dlu) = S

with polarization potential
v(y)
Vi(z) = —2Re(v|h,) , = - R /7d. 5.11
(x) e (vlh.) | o g (5.11)
By completing the square, one can further remove the field variable and obtain the energy
functional for the electron wave function,

€(u):1nfguv /|u )P dz — yy /|U|I’

vEL

)2 u(y

dxdy, 5.12
— (5.12)
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which is known [83] to admit a unique rotational invariant minimizer ¢» > 0 (the minimizing
property is unique only up to translations and multiplications by a constant phase). Alternatively,
one can minimize the Pekar energy functional w.r.t. the electron wave function first. This
leads to the classical field functional

F(v) = inf G(u,v) = infspec(—A + V") + ||v]|32 (5.13)

lull f2=1
whose unique rotational invariant minimizer is readily shown to be

o(2) = —(V|h(2)0) , = WLy, (5.14)

2mz —yl2
The corresponding classical ground state energy is called the Pekar energy
e’ = E() = Fp), e’ <0, (5.15)

and by the variational principle it provides an upper bound for info(H,). The validity
of Pekar's ansatz was rigorously verified by Donsker and Varadhan [58] who proved that
limg_, oo inf o(H,) = € and subsequently by Lieb and Thomas [2] who added a quantitative
bound for the error by showing that

inf o (HEY) > P 4 O(a™1/%). (5.16)
Given the potential V¥ for the field ¢, one can define the Schrédinger operator
PP = A V() - AR PR = P2, (5.17)

with APk = inf o(—A + V¥®(x)) < 0 and 9 the corresponding unique ground state. It follows
from general arguments for Schrodinger operators that AP¢* has a finite spectral gap above
zero, and thus the reduced resolvent

R = Qu(h™™)7'Qy with Qy = 1—Py, Py = [){¥], (5.18)
defines a bounded operator (P, denotes the orthogonal projection onto the state 7).

The last object to be introduced in this section is the Hessian HFk of the energy functional
F at its minimizer ¢, defined by

(v|H"v) , = lim i(Jf(gp +ev) = F(p)) Vo€ LA(RY). (5.19)

L? e—0 g2
In the following lemma we collect some important properties of Hk.
Lemma 5.1.1. The operator H"* has integral kernel
H™(y,z) = 6(y — 2) — 4Re (¢|h.(y) Rh.(2)0)

and satisfies the following properties.

(5.20)

L2
(i) 0 < HPx <1

(i) KerHY® = Span{d;p : i =1,2,3}

(iii) HP®< > 7 > 0 when restricted to (Ker H'¥)+

(iv) Trpz(1 — VEPF) < oo,

The proof of the lemma, in particular Item (ii), is based on the analysis of the Hessian of the
energy functional £ [80]. The details are given in Section 5.4.
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Figure 5.1: The energy-momentum relation E,(P) is expected to have two characteristic regimes:
The parabolic quasi-particle regime for small momenta (dark area) and the radiative regime for large
momenta (light area). For the transition between the two there is no concrete prediction. The dashed
lines denote the quasi-particle energy (5.21) and the bottom of the continuous spectrum (5.23).
Their intersection defines the momentum scale P.(«) that is proportional to « for large coupling.

5.1.3 Motivation and goal of this work

In this work, we are interested in the behavior of the energy-momentum relation E,(P) for
large values of the coupling «. In general, E,(P) is expected to interpolate between two
distinct regimes (see for instance [72, 70, 99, 97]): The quasi-particle regime and the radiative
regime. The former corresponds to small momenta, and the expectation is that the system
behaves effectively like a free particle with energy

ff i

ES(P)=FE.0) + ——— 5.21

(P) = Eal0) + g (5.21)
where the effective mass is determined by the inverse curvature of E,(P) at P = 0 (which is
known to be well-defined),

M (a) = ;lim (Ea(mpg Ea(o)) | (5.22)

It is easy to verify that M°(a) > 1/2 (the mass of the electron in our units), and one can
further show that the inequality is strict if & > 0, so that the emerging quasi-particle is heavier
than the bare electron. The heuristic idea is that the electron drags along a cloud of phonons
when it moves through the crystal and thus appears to be heavier than it would be without
the interaction. The radiative regime, on the other hand, describes a polaron at rest and
an unbound/radiative phonon carrying the total momentum P. It is expected to be valid
for large momenta and it is characterized by a flat energy-momentum relation that equals or
approaches the bottom of the continuous spectrum [90],

inf Oeont (Ho(P)) = Eo(0) + a2 (5.23)

The two regimes cross at |P| = P.(«) := /2Mf(a)/a which marks a characteristic
momentum scale of the polaron. While the quasi-particle picture is expected to be accurate
for |P| < P.(«), the radiative regime should hold for |P| 2 P.(a) (see also Remark 2
below). Between the two regimes there is no concrete prediction for the behavior of E,(P).
A schematic plot is provided in Figure 5.1.

One aspect of this work is to show that the quasi-particle picture is mathematically rigorous,
insofar as it provides a parabolic upper bound on E,(P) that coincides with the expected form
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of the quasi-particle energy in the limit of large coupling. Since the quasi-particle energy (5.21)
is determined by the values of £,(0) and M*T(«), it is instructive to recall two long-standing
open conjectures concerning their behavior for & — 0o. As explained in the previous section,
the phonon field behaves classically for large coupling, and thus it is expected that M°(q)
should asymptotically tend to the expression that follows from the corresponding semiclassical
counterpart of the problem. This semiclassical theory of the effective mass was introduced by
Landau and Pekar in 1948 [78], and, based on this work (see also [96, 62]), it is conjectured
that

eff
im M)

a—0o0 e

2
= M"™ with M"Y = gHV@H%z. (5.24)

Although this problem is many decades old, the best available rigorous result is that M°f(«) is
divergent [85], with a recent proof that it diverges at least as fast as o®/° [53]. Regarding the
ground state energy F,(0) the prediction from the physics literature (see e.g. [51, 89, 98, 75])
is that

1
E,(0) = e + ﬁTrLz(v HPk — 1)+ O(a™?7%) as a — oo (5.25)
o

for some § > 0 (in fact it is predicted that 6 = 2 [75]). Compared to the semiclassical
expansion this includes a subleading correction of order a2, which we call the Bogoliubov
energy, and which arises from quantum fluctuations of the field around its classical value. For
a nice heuristic derivation of this correction, we recommend the study of [89]. Now inserting
(5.24) and (5.25) into (5.21), and based on the expectation that the quasi-particle regime is
restricted to |P| < /2M*°f(a)/a ~ a, it is clear that the Bogoliubov energy needs to be taken

into account in order to see the quasi-particle energy shift given by P?/(2a*M') < a~2.

Mathematically, the validity of (5.25) has been established only for confined polaron models
[66, 63]. The corresponding upper bound for the unconfined model is a corollary of our main
result.

As a summary of the above we arrive at the following claim.

Conjecture. Let MY be the Landau—Pekar mass defined in (5.24). There exists a continuous
function f : [0,00) — [0, 00), satisfying f(s) — 1 as s — oo and

S

f(s) = Saer O(s®) as s—0, (5.26)
such that for all P € R3
1
lim o (Ea(aP) = P T (VP 1)> _ (P?). (5.27)

Our main result, Theorem 5.2.1 below, provides an upper bound for E,(aP) that is compatible
with the conjecture in the quasi-particle regime. To be more precise, our result implies that
the left side of (5.27), with the limit replaced by the lim sup, is bounded from above by
P?/(2M"F) for all P € R3. This shows that the corrections to the quasi-particle energy are
always negative, a conclusion that is not entirely obvious a priori.

Remark 1. An immediate consequence of the conjecture would be that

L im 1im oﬂ(E“(O‘P) _ E‘”(()))l = M (5.28)

2 P—0a—00 P2

which is to be compared with (5.24) where the limits are taken in reversed order.
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Remark 2. Even though our analysis is focused on the quasi-particle regime, let us mention an
interesting problem concerning the radiative regime. The question is whether E,(P) enters
the continuous part of the spectrum, i.e. whether the spectral gap closes at some finite
momentum, or not. The answer may in fact depend on the dimension and possibly also on
the value of a. It is known that in two dimensions E,(P) remains an isolated eigenvalue for
all P, meaning that the curve approaches inf oconi(H,(P)) only in the limit |P| — oo [97].
To our knowledge in three dimensions the question is not completely settled. While for small
momenta it is known that £, (P) corresponds to a simple eigenvalue [97], there is indication
from results obtained for weak coupling that E,(P) agrees with the bottom of the continuous
spectrum when | P| is sufficiently large [57].

5.2 Main Result

We are now ready to state the main result.

Theorem 5.2.1. Let E,(P) = inf o(H,(P)), M"Y = 2||Vy|%. with ¢ defined in (5.14)
and choose ¢ > 0. For every ¢ > 0 there exists a constant C,. > 0 such that

o Trpz(VHPek — 1) P? 5.
Bo(P) < e+ 202 + o T Cec 2" (5.29)

for all |P|/a < ¢ and all « large enough.

Since the operator v HPk — 1 is trace class, non-zero and non-positive (see Lemma 5.1.1), the
second term on the right side is finite and lowers the energy. It corresponds to the predicted
quantum corrections of the ground state energy of the Fréhlich Hamiltonian [51, 89, 98, 75].
Since E,(0) = inf o(H,), our theorem implies a two-term upper bound for the ground state
energy of the Frohlich Hamiltonian that agrees with this prediction. For momenta in the range
a~it3s < |P|/a < ¢, the last term in (5.29) is subleading for large o when compared to the
momentum dependent term. In this region the upper bound describes a quadratic dispersion
relation for a free quasi-particle with mass a* M. The upper restriction on the range of |P|
is natural, since for |P|/a > V2MU"P the right side of (5.29) would be larger than the value
of the bottom of the continuous spectrum (5.23). The lower restriction |P|/a > o473, on
the other hand, could in principle be improved by deriving a better error term in (5.29).

The derivation of a matching lower bound is, of course, more involved. To our knowledge
the best known parabolic lower bound is still the one obtained by Lieb and Yamazaki [86] in
1958 stating that E,(P) > ¢ + ¢, P?/(2a* MY) with ¢; ~ 3.07 and ¢, ~ 0.11. Even
for P = 0 it remains a challenging problem to improve the Lieb—Thomas bound (5.15) such
that it includes the quantum corrections of order 2. Progress in this direction has been
achieved in [66, 63] for simplified polaron models in which the electron and the quantum field

are confined to suitable finite size regions.

In the next two sections we provide the definition of our trial state and formulate our main
statement as a variational estimate. The remainder of the paper is devoted to the proof of
the variational estimate. A sketch of the strategy of the proof is given in Section 5.3.2.

5.2.1 Bogoliubov Hamiltonian

In this section we introduce and discuss a quadratic Hamiltonian defined on the Fock space.
For its definition we set Iy and II; to be the orthogonal projectors onto Ker HY*k = Span{09;¢ :
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i=1,2,3} and (KerH"®*)+, that is
Ran(Tlp) = KerH"™, Ran(Il}) = (KerH"™)*. (5.30)

Even though we will not make explicit use of it, it is convenient to keep in mind that the
decomposition L?(R?) = Ran(Ily) @ Ran(II;) implies the factorization

F=F®F with F,=F(Ran(lly)) and F; = F(Ran(Ily)). (5.31)

For technical reasons, which are explained in Section 5.3.4, we introduce the Bogoliubov
Hamiltonian Hx with a momentum cutoff K € (0, o0]. Setting N; = dI'(Il;) (the number
operator on F;) we define

Hy = Ny = (¢[(hl.) Ro(hi i) (5.32)

r?’
where the new coupling function

Bl 211 h ith h 1 MV e (533
ko) = [ a2y 2)hca(e) with hucaly) = 5 [ S (>33

results from the coupling function h, by removing all momenta larger than K and then
projecting to Ran(Il;). The second term in (5.32) defines the quadratic operator given by

(v|o(hi.) Ro(hic ¥ ,
— [[ dya= (| (ke Y@ R ) ()0) (0l + el +a). (5.34)

By definition Hy acts non-trivially only on the tensor component F;. Below we will show that

Hy is bounded from below and diagonalizable by a unitary Bogoliubov transformation. For
the precise statement, we need some further preparations.

For K € (0, 0] we introduce HE® as the operator on L?(IR®) defined by

Hp | Ran(Il}) = II; — 4T (5.35a)
Hy | Ran(Ily) = 0 (5.35b)

where Tk is defined by the integral kernel
Ti(y,2) = Re (|hjc (y)Rhjc. (2)0) ,. (5.36)
By definition HE®< = [Pk see (5.20). Moreover we set O = (HL*)Y/* and

-1 -1 _
Ak [ Ran(ITy) = GK;L@K Bk [ Ran(Il;) = ®K2®K (5.37a)

AK [Ran(Ho) = HO BK [Ran(Ho) = 0. (537b)

The next lemma, whose proof can be found in Section 5.4, implies some useful properties of
these operators, among others, that there is a constant C' > 0 such that

sup (HAKHOp + ||BK||HS) <C (5.38)
K>Ko
for some K large enough.
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Lemma 5.2.2. For K large enough there exist constants 3 € (0,1) and C' > 0 such that

(i) 0 < HE** <1 and (H** — 3) | Ran(Il;) > 0
(ii) (Bx)? < C(1 — H™)

(iii) Trp2(1 — HP*) < C
for all K € (Ky, 00]. Moreover for all K € (K, o)
(iv) Trp2((—iV)(1 — H*)(—iV)) < CK.

Up to normal ordering the Hamiltonian Hy corresponds to the second quantization of HEk.
From the properties of the latter we can deduce that H is diagonizable by a unitary Bogoliubov
transformation. To this end we introduce the transformation

Upa(f)UL = a(Agf) +a’(Bxf) forall f e L*(R?). (5.39)
That this transformation defines a unitary operator Uk for all K € (K, 00| is a consequence
of (5.38). This is known as the Shale-Stinespring condition and we refer to [95] for more

details. Also note that Ux does not mix the two components in F = Fy ® F;.

Lemma 5.2.3. For K € (K, 00| with K large enough and Uk the unitary operator defined
by (5.39), we have

1
U H Ul = d(y/ HE*) + iTrLz(\/Hlféek — L) (5.40)

with HY® defined by (5.35a) and (5.35b).

The proof is obtained by an explicit computation and postponed to Section 5.4. From this
lemma, we can infer that the ground state energy of H is given by

inf o(Hy) = ;Trp(\/ﬁ ~I0) = ;Trp(\/@ ~1) + 2 (5.41)

where we also used II; = 1 — IIy and Trz2(IIg) = 3. Moreover, since HL® < II; we have
inf o(Hg) < 0 and from Item (iv) of Lemma 5.2.2 we find that inf o(Hg) > —oo uniformly
in K — oo.

For the ground state of H;; we shall use the notation
Tx = ULQ, (5.42)

where it is important to keep in mind that the state Y, has excitations only in F; (i.e., no
zero-mode excitations) since Ul acts as the identity on Fy, see (5.37b).
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5.2.2 Trial state and variational estimate

As starting point for the definition of our trial state consider the Fock space wave function
obtained from the fiber decomposition of the classical Pekar product state ¥y, ,, that is

WEH(P) = [ doeiltPirg(z)er g, (5.43)

Testing the energy of H,(P) with UPek(P) one would in fact obtain that E,(P) is bounded
from above by

Pek i + P72
2&2 O[4‘]\4LP

For E,(0) this provides already a better bound compared to the semiclassical approximation
for inf 0(H,). The improvement comes from taking into account the translational symmetry
and can be interpreted as the missing zero-point energy of three quantum oscillators (that
turned into translational degrees of freedom). As a side remark, we find it somewhat surprising
that fiber decompositions of this form have been employed very rarely in the polaron literature,
exceptions being [76] and [11]. We think they could be of interest also for other translation-
invariant polaron type models.

e +o(a™?). (5.44)

To obtain the desired bound for E,(P), we need to add several modifications to the integrand
in (5.43). On the one hand, we have to replace the classical field by a suitably shifted ¢p
in order to get the correct momentum dependent term (note that (5.44) is missing a factor
1 in the quadratic term). The missing part of the rest energy (compare with (5.41)), on
the other hand, is caused by two types of correlations that need to be added to the Pekar
product state. First, we include correlations between the electron and the phonons. This is
done in the spirit of first-order adiabatic perturbation theory. Second, we rotate the vacuum
by the unitary transformation (5.39) that diagonalizes the Bogoliubov Hamiltonian (5.32). As
discussed, the latter describes the quantum fluctuations of the phonons around the classical
field. For technical reasons, briefly explained in Section 5.3.2, we also need to introduce

suitable momentum and space cutoffs in the trial state.

Explicitly, we consider the family of Fock space wave functions ¥ ,(P) € F, depending on
the coupling «, the total momentum P € R?® and the cutoff K € (K;, ), given by

Via(P) = / dg ¢/ (Pr=P)r gallagr)maloer) (G5 — 071G ) (5.45)
where
) . 1 p 2 2
Yp = %0+Z£P with fP = a2 MLP (PV)QD, M = §‘|v<)0‘|L27 (546)
and

G%, = ¥(@) Tk, Gk, =ua(@)(Ro(hi ))(2)Tx and Tg =UkQ. (5.47)

Here u, : R* — [0, 1] is a radial function, satisfying
1 Viz|<a _
o = _ and Vg |re + [|Augll e < Ca™t 5.48
ua(2) {0 M Vaall + [Bugli= < Ca™' (548)

for some C' > 0. For completeness, we recall that ¢» > 0 and ¢ are the unique rotational
invariant minimizers of the Pekar functionals (5.12) and (5.13).
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Remark 3. Writing G, we think of these states as elements in L*(R?, F) and of

(Ro(hk)0)(@) = [[ d=dy R(w, y)hic, (2)(y) (al + a.) (5.49)

as an x-dependent Fock space operator. Via the isomorphism L?(R3, F) ~ J#, we can view
G . also as a wave function in 2. In this case we shall write

G = v @Yk, Gi = uaRp(hj )@ Y. (5.50)

)

For the introduced trial states, we prove the following variational estimate, where H,, denotes
the Bogoliubov Hamiltonian (5.32) for K = oc.

Proposition 5.2.4. Let Vi ,(P) € F as in (5.45), choose c¢,¢ > 0 and set r(K,«a) =
K=2a72 4+ /Ka™3. For every ¢ > 0 there exists a constant C. > 0 (we omit the
dependence on ¢ and ¢) such that

Vic.a(P)|Hao(P) ¥k oP) inf o(H.o) — 3 P?
< >]-' < ePek+ 11. U( 2) 2 4 — —I—C’gfr(K,oz)
(Vica(P)|[WralP)), a 204 M
(5.51)
for all |P|/a < ¢ and all K, « large enough with K /o < ¢.
With (5.41) and HL® = HP°k we can rewrite the term of order a2 as
: 3 1
info(Hx) = 5 = 5T (VHPE —1). (5.52)

Choosing K now proportional to « optimizes the asymptotics of the error in (5.51) and proves
Theorem 5.2.1.

5.3 Proof of Proposition 5.2.4
We recall the definition of the field operators
o(f) = al(f) +alf), =(f)=o(if) (5.53)
and the Weyl operator
W(f) = e = d(D=al) — gal () goth) o2 WIpz. (5.54)
The Weyl operator is unitary and satisfies

W) = W(=f), W(HW(g) = W(gW(f)e ™oz = W(f+g>e“m<g'f>L(2- )
5.55
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5.3.1 The total energy

The proof of Proposition 5.2.4 starts with a convenient formula for the energy evaluated in
the trial state. For the precise statement, we introduce the y-dependent function in L2(]R3),

wpy = (1—e"V)pp, (5.56)

and the y-dependent Fock space operator

| | 2 1 . ,
Apy = iPry +igp(y), gr(y) = _MLP/O ds (ple "V (yV)*(PV) ) 2. (5.57)
Since gp(y) is real-valued we have (Ap,)" = —Ap,,. We further consider the Weyl-transformed

Frohlich Hamiltonian,

Hop = W(ochp)T(Ha — epek)W(awp) = P £ a?N + a o (hy + ¢p), (5.58)

where we recall hP% = —A + V¥ — \Pek and denote the shift operator acting on L?(IR?) by
T, = e’V with y € R3.

Lemma 5.3.1. For Vi ,(P) defined in (5.45) we have

2

204 MLP

(Wi P) Ho(P)¥ca(P)) | = (ePek + ) N+E+GHK (5.50)

where N' = ||V o(P)||% and

£ = / dy (G| Ho p Ty r oW (g, )G ) (5.60a)
9 N

G == / dy Re (G%|Ho pTye oW (awp, )Gl ) (5.60b)
1 —

K= / dy (G| Ho p T, P W (awp, )G ) | (5.60c)

For the proof we recall that the Weyl operator shifts the creation and annihilation operators
by complex numbers,

W(g)'al (HW(g) = a'(f) +{glf)rz, W(g)'a(HW(g9) = a(f) +{glf)r2,  (5.61)

and, as a simple consequence,

W(g)'e(H)W(g) = é(f) +2Re(flg) ., (5.62a)
W(g)'NW(g) = N+ ¢(g) +llgll72, (5.62b)
W(g)'PsW(g) = P —al(iVg) — a(iVg) — (giVyg) . (5.62¢)
Moreover we need the following identity.
Lemma 5.3.2. Let pp = ¢ + i&p with {p defined by (5.46). Then
Wi (app)e =PV (app) = ePvW (qwp,,). (5.63)
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Proof of Lemma 5.3.2. We first observe that
e Prugt(fletry = al(e V) (5.64)
which follows from Le="FrvqT(els=DWV f)eisFrv = (. In combination with (5.55) this leads to
W (app)e W (app) = eIV (a(l — e ¥V )pp) exp (z’a2 Im(gop\e’vapﬁz). (5.65)

Recalling ¢p = ¢ + i—775 (PV)p, we compute

= MLP <(p‘eny(Pv)90>L2
2

= _]\/[QLP<¢|(QV)(PV)SO>L2 - W/Ol ds (ple Y (yV)}(PV)p)2  (5.66)

o Im(pple™ op) 2

where we inserted e ¥V = 1 — (yV) + 3(yV)? — [y dse *V(yV)? and used that, due
to rotational invariance of ¢, (p|(PV)p)2 = 0 = (p|(yV)*(PV)p)2. Also because of
rotational invariance,

Py Py
GV = ~ LD vz, = - T (5.67)
and thus, a?Im{pple ™V p) 2 = Py + gp(y). O
Proof of Lemma 5.3.1. The norm squared is given by
' 2
N = H /dx el(Pf*P)“W(ozgz)p) (G(I)w — OflG}(’x) .
= > a” / / dyda (G, W (app) e P0DW (app) G, )

i€{0,1}

—2a ' Re // dydz <G?(7x|W(agpp)Tei(Pf’P)(y’x)W(awp)G}gﬁf. (5.68)

Shifting y — v+« and writing the z-integration as an inner product in the electron coordinate,
cf. Remark 3, we can proceed for i, j € {0, 1} with

// dyda (G, W (app) e DWW (app) G, )
— [ dude (G W ) PP W () G
- / dy (Gic|W (app) e T PWW (app) TG )

- / dy (GiclersW (awp ) T,G ), (5.69)

]:

where we applied Lemma 5.3.2 in the last step. Similarly for the energy
(Vica(P)|Ha(P)Ua(P))

_ Z a—Qi/ dydx<GZ'KJ|W(aspp)Te—i(Pf—P)xHa(P)ei(Pf—P)yW(agpP)G%,y>

i€{0,1}

—2a7 ' Re // dydx<G[}<@\W(agoP)Te”'(Pf’P)xHa(P)ei(Pf’P)yW((xwp)G}(,Qf (5.70)

f
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where we also used self-adjointness of H,(P). Next we invoke
e =P (P) = ( — A, +a ’N+ a*1¢(hx))e*i(Pf*P)x (5.71)
to proceed for i,j € {0,1} with

/ dydz (G, |W (app)'( = Ay +a >N + Oz_1¢(hx))6i(Pf_P)(y_x)W(a¢P)G§<,y>f
_ /dy GZ}(|W(O‘/SDP)THaei(Pf_P)?JW(O_/SDP)TZ/G%(>,

= /dy W (app) H W (app)es W (awp, )T, GK> . (5.72)
Using (5.62a), (5.62b) and —2Re(pp|h,) 2 = —2Re(plh,) 2 = V?(x) we have

W(app) HaW (app) = =Dy + V¥(2) + o 7*N+ o™ 6(ha + op) + ||opllz2
= Hop + €™+ lloplz: — ol (5.73)

where we added and subtracted e = APk 4 ||||2,. It remains to compute

1 p?
lepll: = llelz: = m||(PV)SO||%2 = Soi1/P (5.74)
since ||(PV)g|2: = Z2[|[ V|22 = Z2M™ because of rotational invariance of . With (5.73)

inserted into (5.72), the stated formula for the energy follows from (5.68) and (5.70). O

5.3.2 A short guide to the proof
Heuristic picture

Given Lemma 5.3.1, the remaining task is to show that (£ + G + K)/N coincides, up to small
errors, with the energy contribution of order a=2 in (5.51). Although our proof is somewhat
technical, the main idea is a simple one, and we explain the corresponding heuristics here in
order to facilitate the reading. The main point is that the integrals appearing in the terms
given in Lemma 5.3.1 turn out to be, as &« — oo and |P|/a < ¢, sharply localized around zero
at the length scale of order a™!. In this regime, as formally wp,(z) ~ yVo(z) for y small,
the Weyl operator W (awp,) effectively acts non-trivially only on the F; part of the Fock
space (at this point it is convenient to recall the factorization (5.31)). Moreover, we shall
show that e”v can be effectively replaced by the identity operator and it suffices to consider
T, ~ 1+ yV. Since our trial state coincides with the vacuum on F, we thus expect for |y|
small that

Ty W (awpy )G = 2 (14 V) e @F9GL, i=0,1  (575)

with A = £||[Vg||7.. (Since T, acts on the electron coordinate, it commutes with e”rw

and W(awp,)). Taking this approximation for granted, and considering only the term with
i=7=01in (5.69), would lead to

N =~ /dy <G?(]TyeAPv?/W(awp7y)G?{>% = /dye’)‘azy2 + Errors. (5.76)
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With the above replacement, and keeping only the terms of order a2 (relative to the factor
from the norm), the energy terms are found to be given by

& = i<w<§§>“I”K|I\hzw§§>“f;< /dye’MQy2 + Errors (5.77a)

+ - / dy e () @ T| (6(h + ) (1 + (yV)al (V)o@ Tic) . (5.77b)

G = —g Re (v @ Tlo(h Juo Ro(hic, )i © Tie) , [ dye?™ + Erors (5.77¢)
1 2,2

K = (0@ Tlo(h) Ruah™ ua Ro(hl )b © Tic) , / dye " 4+ Errors. (5.77d)

From here the Bogoliubov energy is obtained by setting u, = 1 and K = oo in the leading-order
terms, and using RhY**R = R, since this would imply (omitting the errors)

(5.772) + (5.77¢) + (5.77d) = (¢ @ Too|(Ny — p(h})Rp(hL, )0 @ Too>f;2 / dy o

f
_ info(H / dy eV (5.78)

The remaining —% term stems from the part of the interaction involving the zero modes. In
(5.77b), the term not involving ¥V vanishes due to (1)|h.1)) 2 = —p. Moreover, (1)|h.V)) 2 =
—3V¢ using Vh. = —(Vh). via integration by parts (in the sense of distributions). Thus,
since [af(yV), Ul ] =0,

(5:776) = [ dye ™ (Qlo((wlhy V)l (19)2)
. _1 —/\oc2y2 2 _i —)\azyz
_ Q/dye lyVeol|2 = 2a2/dye . (5.79)

Equations (5.78) and (5.79) now add up to the desired energy of order a2, see (5.52). Note
that for estimating the error induced by replacing e7+ by unity we require the momentum
cutoff K in the definition of the trial state, see Lemma 5.3.14.

The main issue in (5.75) is that while for small enough y one can use the first-order approx-
imation W (awp,) = W(ayV), for y large, on the other hand, the higher-order terms in
wp, begin to play an important part, ultimately killing the Gaussian factor. Writing

(Gl Ha(P)e oW (awp, )T, G ) (5.80)
— e_T”wP,yHZQ <G7}(|Ha(P)eAP’yeaT(awP’y)e_a(awP’y)TyG%(>jf, Z,] — O, 17
we notice that, since
[wpy 72 = 2/dk [P (k)]*(1 = cos(ky)) = 2llepll72 for [y — oo, (5.81)

the prefactor should lead to a y-independent, exponentially small constant. In order to make
use of this exponential decay in «, however, we need to ensure that

‘<GZK |H,(P)eAr eaT(awPﬁy)e’a(awP’y)TyG]}J%‘ < Ca"g(y) (5.82)

is polynomially bounded in o with some integrable function ¢(y), WhichNheuristicaIIy can be
expected to be true since the average number of particles in the state H,(P)G; is of order
one w.r.t. a. To obtain the required integrability in y is also the reason for introducing the
cutoff function wu,, in the definition of G..
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Outline of the proof

Although the replacement (5.75) illustrates the main idea behind extracting the leading order
terms, in our proof we do not directly perform this replacement and estimate the resulting
error. Instead, when taking inner products, we commute the exponential operators e (owp)
and e~@wr) in W (awp,) to the left resp. to the right until they hit the vacuum state in
G%. This involves the Bogoliubov transformation, cf. Lemma 5.3.10, and gives rise to a
slight modification of wp,, which we denote by wp,. These manipulations naturally lead
to a multiplicative factor exp(—%QH@T)RyH%Q) which, as we shall see, indeed behaves like the
Gaussian function in (5.75) for |y| small and tends to a constant exponentially small in «
as |y| — oo. In Lemma 5.3.4 we prove the large o asymptotics of integrals of the type
J9(y) exp(—%2||@p7y||iz)dy for a suitable class of functions g. The major part of the proof,
apart from extracting the leading order terms, is to establish that the resulting error terms in
the integrands are, in fact, functions in this class. This is, for the most part, achieved by use
of elementary estimates combined with the commutator method by Lieb and Yamazaki [86]
in the form stated in Lemma 5.3.8. As already mentioned, for certain terms this makes the
introduction of the space cutoff u, and the momentum cutoff K necessary, while for others,
it is enough to use the well-known regularity properties of v, the relevant consequences of
which are summarized in Lemma 5.3.6.

In the next two sections, we state the remaining necessary lemmas. The main proof is then
carried out in Sections 5.3.5-5.3.9.

Throughout the remainder of the proof we will abbreviate constants by the letter C' and write
C; whenever we want to specify that it depends on a parameter 7. As usual, the value of a
constant may change from one line to the next.

5.3.3 The Gaussian lemma

We recall that wp, = (1 — e7¥V)pp and O = (HE¥)Y/* and set

wh, = Mowp, € KerH 5.83a
P,y Y

wp, = Mwpy, € (KerH™)* (5.83b)

Wpy = w?;’y + O Re(w,lo,y) + 0 Im(w}%y). (5.83¢)

Remark 4. Note that (y, z) — Re(wp,)(2) is even as a function on R, while Im(wp,)(z) is
odd on the same space. Since Il and ©x have real-valued kernels that are even as functions
on RS, they preserve the parity properties just mentioned. That II, has the desired properties
follows directly from its explicit form. To see this for O, it is enough to check this for HLek,
which can be easily done using the fact that the resolvent R commutes with the reflection
operator, which, on the other hand, follows from the invariance of AF** and II; under parity.
Thus (y,z) — Re(wp,)(2) is even as a function on R® for i = 0,1 while the corresponding
imaginary parts are odd on the same space. These facts will be of relevance below where they
lead to the vanishing of several integrals.

The following lemma is proven in Section 5.4.
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Lemma 5.3.3. Let A = {||V¢|2. and Ky > 0 large enough. For every c > 0 there exists a
constant C' > 0 such that

[why 72 + @b, 72 < C(a™” +y") (5.84a)
lwp, 22 — 22002 < C(a72* +y* +4°) (5.84b)
lpyl3: — 207 < Ca2? +y* +1°) (5.84c)

for all y € (Ko, o] and o > 0.

For 0 < ¢ < 1 and n > 0 we introduce the weight function

201=8) |7 |2
no Wpy||72
nsy(y) = exp ( — 2” ol ) (5.85)

where, for ease of notation, the dependence on «, P and K is omitted. Using the arguments
laid down in Remark 4, it is easy to see that ns,(y) is even as a function of y. Moreover in
the limit of large v the dominant part of the weight function when integrated against suitably
decaying functions comes from the term in the exponent that is quadratic in y, cf. (5.84c).
This is a crucial ingredient in our proofs and the content of the next lemma.

Lemma 5.3.4. Let 1y > 0, ¢ > 0, A = §||Vel|l7. and ns,(y) defined in (5.85). For every
n € Ny there exist constants d, C',, > 0 such that

/IyI”g(y)

for all non-negative functions g € L>*(R3) N LY(R3), n > ny, § € [0,1),
K, « large enough.

—pra2(1=9) ”gHLOC —do—20+1 n
ney(y) —e ™ ldy < C, Sarma e T ° ¢ - ["gll,: (5.86)

At first reading, one should think of n =0, 0 = 0, n = 1 and g a suitable a-independent
non-negative function. In this case the integral involving the Gaussian is of order a2 whereas
the term on the right hand side is of order a~* and thus contributing a subleading error. The
proof of the lemma is given in Section 5.4. As a direct consequence that will be useful to
estimate error terms, we find

Corollary 5.3.5. Given the same assumptions as in Lemma 5.3.4, for every n € Ny there
exist constants d, C,, > 0 such that

||g||L°° — a*%*l n
Sl g@)nsa(w)dy < Cog s e g (5.87)

for all non-negative functions g € L>=(R3) N LY(R3), n > ny, § € [0,1),
K, « large enough.

Proof of Corollary 5.3.5. Since
J el = a0 faylypre = GO0, (588)
the statement follows immediately from Lemma 5.3.4. O
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5.3.4 Further preliminaries

Estimates involving the Pekar minimizers

Lemma 5.3.6. Let ¢y > 0 be the rotational invariant unique minimizer of the Pekar functional
(5.12), and let

H(z) = ($|Tew),, = (¥ *¥)(a). (5.89)

We have that v, V| and H are LP(R?, (1 + |z|™)dx) functions for all 1 < p < oo and all
n > 0. Moreover, there exists a constant C' > 0 such that for all x we have

|H(z) — 1] < Cz*. (5.90)

Proof. As follows from [83], ¢)(z) is monotone decreasing in |z|; moreover, it is smooth and
bounded and vanishes exponentially at infinity, i.e. there exists a constant C'0 such that
Y(z) < CeI#1/C for all || large enough (for the precise asymptotics see [91]). This clearly
implies the statement for ). It further implies that all the derivatives of 1) are bounded. Hence,
in order to show the desired result for |V1)|, it suffices to show that [ dz|z|"|Vi(z)| is finite
for all n > 0. Since 1 is radial, i.e. there is a function ™ : [0,00) — (0, 00) such that
Y(x) = ¢"4(|z|), and monotone decreasing, we have

oo deprad(y T
/dx|m[”|vw(aj)| - —47/0 dO™r) g, (n+2)/ |¢|(I|)|\I|"dx

dr
n+2

< e (Rl + " e ) (591)

for all Ry > 0. Clearly H is bounded, and hence, by \x +y[* < 20 (Ja™ + |y|™), we can
easily bound

J el H(z)de < 27l 1l (5.92)

from which the statement follows also for H. To show (5.90), use the Fourier representation
/W % cos(kx)dk (5.93)

together with H(z) <1, cos(kz) > 1 (’” and Vo € L2 O

The next lemma contains suitable bounds for the potential V¥ and the resolvent R introduced
n (5.11), (5.14) and (5.18).
Lemma 5.3.7. There is a constant C' > 0 such that

1
(V92 < C(1—-A), V¥ < S(=A)+C and IVRY?|,, < C. (5.94)

Proof. For the proof of the first two inequalities, we refer to [82, Lemma I11.2]. The bound
for the resolvent is obtained through

[NIE

1 1 1 1 1 1 ]_ 1
0 < R2(—~A)R® < R2h"™ Rz — R2(V¥ — \'**)R2 < CR + §R§(—A)R . (5.95)
where we made use of the second inequality in (5.94). O
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The commutator method

In the course of the proof we are frequently faced with bounding field operators like ¢(h,).
From the standard estimates for creation and annihilation operators, we would obtain

la(H)¥le < 12NV, Nt (F)Plr < [l (N+1)YV20]0, ¥ e 2, (5.96)

which is not sufficient since hy(y) is not square-integrable. With the aid of the commutator
method introduced by Lieb and Yamazaki [86] one obtains suitable upper bounds by using in
addition some regularity in the electron variable of the wave function W. For our purpose, the
version summarized in the following lemma will be sufficient.

Lemma 5.3.8. Let hi. for K € (1,00] as defined in (5.33), let A denote a bounded
operator in L?(R®) (acting on the field variable) and a* € {a,a'}. Further let X,Y be
bounded symmetric operators in L*(R3) (acting on the electron variable) that satisfy Dy :=
|1 X opllY Mlop + VX opllY [lop + [[ X llopl| VY [Jop < 00. There exists a constant C' > 0 such
that

1 Xa®*(Ahg. )Y U] < CDol|(N+1)Y20| (5.97a)
. C'D,
X a® (Ahay = Ahico) Y r < 2| (N1 (5.97b)

forally e R3, U € s and A > K > 1.

Remark 5. Note that Ahk, 4, = T,(Ahk.) and in case that A has an integral kernel,
(Ahica) () = [ duA(zwhica(w) (5.98)

Proof of Lemma 5.3.8. To obtain the first inequality, write hx. = (hx. — hy.) + hy. and
apply the second inequality (with A and K interchanged) to the term in parenthesis. The
bound for the term involving h; . follows from (5.96), as

la®(Aha,.1y) Y V1% = /dx||a'(Ah1,m+y)(Y‘1’)(x)H3r (5.99)

< /dxllAhl,x+y!\iz 1IN+ )2V 0) ()7 < Aol 2 1Y 120 (N + 1)1 2] 5.

ol
To verify the second inequality, write the difference as a commutator

. . ) 1 g keik(z—2)
hag(2) — hio(2) = [=iVa, jrae(2)],  Jraw(z) = @) / de
K<[kl<A

(5.100)

and use that V and A commute (they act on different variables). Then similarly as in (5.99)
we obtain

[Xa*([V, Ajk a4+ DY Vo < IXVa (Ajka19)Y Ve + 1 Xa* (Ajka+9) VYV 2
< XV loplla®(Ajxa+0)Y Yl + [ X loplla® (Ajxa+4) VY ¥ 2
< [ Allop (11X llop 1Y llop + IX NoplI VY llop) [lzen.ll2 (N + 1)/ %[, (5.101)

The desired bound now follows from sup, - [ljx.a0ll32 < C/K. O

89



5.

ENERGY-MOMENTUM RELATION OF THE FROHLICH POLARON AT STRONG COUPLING

A simple but useful corollary is given by

Corollary 5.3.9. Under the same conditions as in Lemma 5.3.8, with the additional assumption
that Y is a rank-one operator, there exists a constant C' > 0 such that

/ dz | X (Ah. ) (2)Y |2, < CD? (5.102a)
» _ CD§
[ 4= 1 ((Ahico)(2) = (A )Y IR, < = (5.102)
for ally € R3 and A > K > 1.
Proof. Since Y has rank one, we can use
[ dz1X (A (2wl = I1Xa! (Ahi,)w & QU (5.103)
for any w € L?(R3), and similarly for (5.102b), and apply Lemma 5.3.8. O

Transformation properties of Uy

The next lemma collects relations for the Bogoliubov transformation Ug defined in (5.39).
Its proof follows directly from this definition and the fact that ©x = (H'%)/* is real-valued.
We omit the details.

Lemma 5.3.10. Let f € L*(R3), fO =Tlof, f* = I, f with II; defined in (5.30) and set

[ =+ Ok Re(f) +iOx Im(f*) (5.104a)
f = f240,Re(f") +iO Im(f1). (5.104b)

The unitary operator Uy defined in (5.39) satisfies the relations

Uga(f)U = a(f°) + a(Ax f) + o (Bi 1) (5.105a)
Uka(HUx = a(f°) + a(Axf') = al (Bx [T) (5.105b)
Urd(NUg = 6(f), Upn(f)Uk = n(f) (5.105¢)
UW (f)UL = W(f). (5.105d)

The following statements provide helpful bounds involving the number operator when trans-
formed with the Bogoliubov transformation.

Lemma 5.3.11. There exists a constant b > 0 such that
Uy (N+ 1)”U}( < 0"n"(N+1)", [U}((N +1)"U, < 0"n"(N+1)" (5.106)

for alln € N and K € (K, oo] with K, large enough.

Proof. With b replaced by bx = 2||Bk||fig + |[Ak||2, + 1, both estimates follow from [56,
Lemma 4.4] together with (5.105a) and (5.105b). That bx < b for some K-independent
b > 0 is inferred from Lemma 5.2.2. O
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In the next two statements we denote by 1(N > ¢) (resp. 1(N < ¢)) the orthogonal projector
in F to all states with phonon number larger than (resp. less or equal to) c.

Corollary 5.3.12. Let Ty = ULQ and Y7 = 1(N > o®)Yx for § > 0. There exist
constants b, Cs, > 0 such that

(Tk|(N+ 1)nTK>}. < b'n" (5.107a)
(TRIN+1)"T%) < Cina™. (5.107b)

for all n € Ny and all K € (Ky, 00| with K large enough.

Proof. The first bound follows directly from Lemma 5.3.11. The second one is obtained from

(TRIN+1)"%) . < IN"(N+ )" Y7 N Y7

A

< (N4 D)™™ Y gllr ™ < (2(n +m)b)"™™a™™  (5.108)

with m > 20/6. O

Lemma 5.3.13. Ford > 0 and k = 1/(16eba’) with b > 0 the constant from Lemma 5.3.11,
the operator inequality

1(N < 2a°) Uk exp(26N)UL1(N < 20%) < 2 (5.109)

holds for all K, « large enough.

Proof. We write out the Taylor series for the exponential and invoke Lemma 5.3.11,

2K)"™

. o
1(N < 26Ul e MU 1(N < 20°) = ) nl

<y !
<y Bl

1(N < 20°)UL (N + 1)"U, 1(N < 2a°)

(5.110)

where we used 1 < 20 in the last step. The stated bound now follows from the elementary
inequality n! > (2)". O

The reason for introducing the momentum cutoff in Hy is to obtain a finite upper bound for
the norm of the state Pr|Y ). This is the content of the next lemma, whose proof is given in
Section 5.4.

Lemma 5.3.14. Let Py = fdkkazak and K large enough. There is a C > 0 such that
<Q|UK(Pf)2U}(Q>f < CK (5.111)
for all K € (K, 00).
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5.3.5 The norm
In this section we provide the computation of the norm N = || Uk, (P)|/%.

Proposition 5.3.15. Let A = | V|2, and ¢ > 0. For every € > 0 there exist a constant
C. > 0 (we omit the dependence on c) such that

3/2
v (5)

for all |P|/a < ¢ and all K, « large enough.

< C.VEKa (5.112)

Proof. It follows from (5.68) and (5.69) that N' = Ny + N; + N> with

Ny = /dy (GY[T,e oW (owp,)GY) (5.113a)

N = —a/dy Re G%‘TyeAP’yW(awp,y)G}J% (5.113b)
1

Ny = §/dy <G}<‘TyeAP’yW(awp7y)G}<>%. (5.113c¢)

Term Ny. This part contains the leading order contribution (ﬁ)fm. With H defined in
(5.89), let us write

Ny = /dyH TK‘W awpy)TK>

+ /dyH Yy <TK‘ €AP’y — 1)W(OéwP7y)TK>]__ :./\[01 —|—./\/-02. (5114)

In the first term we use |Tx) = Ul |Q) and apply (5.105d) to transform the Weyl operator
with the Bogoliubov transformation. This gives

UxW (qwp, UL, = W(aiwp 5.115
Y Y

with Wp,, defined in (5.83c). From (5.54) and (5.85), we thus obtain

Nor = /dyH Q‘W Qp,)S) >f = /dyH(y)noJ(y). (5.116)

Since ||H||z: + ||H||z~ < C, cf. Lemma 5.3.6, we can apply Lemma 5.3.4 in order to replace
the weight function ng1(y) by the Gaussian e=2*¥* More precisely,

|/‘dyH(y)n071(y) —/dyH(y)e_’\o‘Zy2 < Ca™ (5.117)

for all |P|/a < ¢ and all K, « large enough. Then we use |H (y) — 1| < Cy? in order to obtain

-\ 32
|N01 - (w)

To treat Vs it is convenient to decompose the state T into a part with bounded particle
number and a remainder. To this end, we choose a small § > 0 and write

< Ca™. (5.118)

Tk = T +7T7 = IIN< )Tk +1(N > a)Tk. (5.119)
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Inserting this into Ny, and using unitarity of e“7v and |H||;: < C, we can estimate
Noal < [ dy H@)|(TE|(e*" = W (awp,) Tic) | + CITZ 5 (5.120)

By Corollary 5.3.12 for n = 0, || Y| < Csa™1%. In the remaining expression we use (5.115),

<T;<<] (AP — 1)W(awp,y)rK>f _ <T§’(6Am _ 1)U}W(awp,y)9>f, (5.121)
and insert the identity
1
_ kN _—kN . -
1 = e"e with Kk = Toobad (5.122)

on the left of the Weyl operator (where b > 0 is the constant from Lemma 5.3.11). After
applying the Cauchy-Schwarz inequality, this leads to

‘<T[<(’(6Apvy — 1)W(ozwp,y)TK>F‘
< ||eNUg (e Py — DY %] #lle™™ W (aiip,)Q 7 (5.123)
In the second factor we then employ
a2 e 2 ~
le= W (atop, )07 = ¢ 7 roliz e @mr) et (5.124)

and use e"NaT(f)e™N = af(e7* f) to write

~ e~ a2e—2K 1’1}’ _
e~ (apy) Ny — ol ravry)() — 7| P’yHZLZ’W(e*“awP,y)Q- (5.125)
Combining the previous two lines we obtain
—kN ~ 042 —2R\ ||+ 2
e W (@i, ) = exp (= 51— ) @r, 32 ) < nsy(9) (5.126)

for some a-independent 1 > 0 and « large enough. To estimate the first factor in (5.123), we
apply Lemma 5.3.13 (note that (e??v — 1)T% € Ran(1(N < 2a?)))

le™ Uk (e 4rv = )T < V2| (e = 1) Tk (5.127)
On the right side we use the functional calculus for self-adjoint operators

e = )Ykl 7 < [ Apy Yillr < (WP Tkllz +19p()] < C(VEIy +alyl*),
(5.128)

where in the last step we applied Lemma 5.3.14 and used

lgp(y)| < Calyl?, (5.129)

which is inferred from (5.57) using ||Ag||;2 < co. Returning to (5.123) we have shown that
Noal < © [ dy H(y) (VEIyl + alyl)nsy(y) + Csa™, (5.130)

and hence we are in a position to apply Corollary 5.3.5. This implies for all K, « large

INoo| < C(\/Ea_‘l(l_é) + a_6(1_5)+1> +C5a™0 < s VEa 1079, (5.131)
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Term N;. We start by inserting (5.50) for G}, in expression (5.113b). Since the Weyl operator
commutes with u,, R and Py, = |¢) (1|, we can apply (5.62a) to obtain

W(awpy)Gie = uaR(¢(hl.) + 2alhi.| Re(wp, )2 ) PaW (@wpy )G, (5.132)

where we used that hg, is real-valued. Note that (hx.|Re(wp,))r> is a y-dependent
multiplication operator in the electron variable. With (T,erv)" = T_ e~47v and (5.119), we
can thus write

N = —2 /dy Re <R1,yw ® (Tf{ + T;)‘W(awp,y)G%>% =N=+N7,  (5.133)
where we introduced the operator Ry, = R}, + R} , with

R}, = Pyod(hj . )RuaT  Pye P, (5.134a)

R}, = 20Py(hi | Re(wp,)) ,RuT Pye "o, (5.134b)

Using Lemma 5.3.8 in combination with ||V Py|lop + ||V RY?||op < o0, see Lemmas 5.3.6 and
5.3.7, we can bound the first operator, for any ¥ € 7, by

1R, ¥l < CIN + 1) 2ua Ty Pye™ 508 < ClluaTy Pyllop| (N + 1) /20|

g
(5.135)

To estimate the second operator, we write out the inner product, use Cauchy—Schwarz twice,
apply Corollary 5.3.9 (with A =1, X = R and Y = P;) and use (5.84a),

IRY U5 = 4042\!/0'2 Re(wp, (2)) Pyl (2) RuaT-y Pye™ 70|,

IN

10 [ dufuwh, ()2 [ dz | Puhic. (2RI, luaTy Poe™ 70|,
< Ca?lwpy 72 llual-y Pye™ 7 0|3,
< Ca?(y" + a7 [JuaTy Py, 12115 (5.136)
Combining the above estimates we arrive at
1Ry Wl < ClluaT-yPyllop(1 + o) [(N + 1) 20| . (5.137)

Since 1(z) decays exponentially for large |z|, the function f,(y) := ||uaT_yPy|op satisfies
1/2
I " fallpr < /dy |y\”</d:c (x —|—y)2ua(x)2> < Cpa®™ foralln € Ny. (5.138)
With this at hand we can estimate the part containing the tail. Invoking Corollary 5.3.12

C
NPT S I+ D257 [ dy fuly)(1+ay?) < Cia™® (5.130)

To estimate the first term in (5.133), we proceed similarly as in the bound for NVgy. We insert
the identity (5.122), apply Cauchy-Schwarz and employ (5.126). This leads to

2 _ e _
NEL < 2 [yl U (e Ry © T5) 7 e W (adip, )2l

2
< 2 [ ay e U (e Ry © TR o). (5.140)
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In the remaining norm we use the fact that R, , changes the number of phonons at most by
one, and thus we can apply Lemma 5.3.13 and (5.137), together with (5.107a), to get

[T (e 70 Riyte © Tl < VEI R, @ Tills < Cla@)(1+ay?).  (5.141)

With Corollary 5.3.5, (5.138) and || f,||z> < 1, this leads to

N < g / dy fo(y) (1 + ay’) nsn(y) < Ca™' 72079, (5.142)

Term N,. The strategy for estimating this term is similar to the one for ;. Proceeding as
described before (5.133), one obtains

1
Mo =5 / dy (Royt @ (Y5 + T3 ) |W(awe,)G) , = Ny + Ny (5.143)
with Ry, = R;, + R3, and

Ry, = Pyo(hy. )Re *Pvu T yu R(hic.) Py, (5.144a)
Ry, = 2aP¢<hK,.|Re(w;y)mRe—AP’yuaT_yuaRqs(h}{,)Pw. (5.144b)

It follows in close analogy as for Ry, in (5.134a)—(5.134b) that given any ¥ € 7,
|Roylloe < ClluaTytallop(1 + ay?) (N + 1)L, (5.145)
and since ||uaT_yuallop < 1(|y| < 4cr), we can use Corollary 5.3.12 to estimate
C -
NI < SIN+ DT [ dy1(yl < 4a)(1+ay?) < Cya™, (5.146)
To bound the first term in (5.143) we proceed similarly as for Ny,
NG| < 0472/(’3/ le™ Uk (Raytp ® TR)|7 [le™ W (aivp, ) Q|7
V2 C
< Y5 [ dy Ryt & Tilloe msny) < — [ dy 11yl < 40)(1+ ay) msy ().
(5.147)

The last integral is estimated again via Corollary 5.3.5, and thus |N;°| < Ca=5+%,

Collecting all relevant estimates and choosing § > 0 small enough completes the proof of the
proposition. O

5.3.6 Energy contribution £

In this section we prove the following estimate for the energy contribution £ defined in (5.60a).

Proposition 5.3.16. Let Ny = dI'(II;) and choose ¢ > 0. For every ¢ > 0 there is a constant
C. > 0 (we omit the dependence on c) such that

’5 - ;2 <<TK|N1TK> 3) N

S5 < C.VEKa ™5t (5.148)

for all |P|/a < ¢ and K, « large enough.
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Proof. Since G% =1 ® T, h¥%* = 0 and NYx = N; Tx, one has

£ = /dy <G9<|(of2N1 +ato(h. + @P))TyeAp,yW(gwpﬁyMGgQﬂ =& +&, (5.149)
where both terms provide contributions to the energy of order a2

Term &;. Recall that H(y) = (¢|T,) 2 and use this to write

1
&=~ / dy H (y) (TN W (0wp,) Tic)
1
+ OT /dy H(y)<TK|N1(€AP’y — 1)W(Oéwp7y)TK>}_ = 511 + 812. (5150)
With (5.115), (5.55) and (5.85) it follows that
W(awp,) T = UkW (aiip,)Q = ng,(y)U e Pl O0r0)Q, (5.151)

and since e*' (““*) commutes with UxN,U% and e BT e = T (we use Ugal (fO)UL =
at(f9) for f° € Ran(Ily)), this leads to

1 ~
En = — / dyH(y)no,l(y)<Q|UKN1U}<6“<WWQ>I. (5.152)
Because UKNlU}( is quadratic in creation and annihilation operators, we can expand the

exponential in the inner product and use that only the zeroth and second order terms give a
non-vanishing contribution,

& = ;2/dyH(y)no,l(y)<TK’N1TK>f
+ %iz / dy H(y)no,l(y)<TK|N1U}af(aw}3,y)af(aw;y)@f = &1 + &1z (5.153)
Next we add and subtract the Gaussian to separate the leading-order term,
Emn = O; [y Hiy) e (TN Tic)
+ ;2 / dy H(y) (noa(y) — e—m?y2)<”nyNlTK>f = &£9, + & (5.154)
In €19, we use |H(y) — 1] < Cy? and Corollary 5.3.12 to replace H(y) by unity at the cost of

an error of order a~". In the term where H(y) is replaced by unity, we perform the Gaussian
integral and use Proposition 5.3.15 and again Corollary 5.3.12. This leads to

el N (TNt | < CvRane (5.155)
The error in (5.154) is bounded with the help of Lemma 5.3.4,
il < 5 [ A H@)nai ) — e < Ca (5.156)
In £12 we use the Cauchy-Schwarz inequality, Corollary 5.3.12 and Lemma 5.3.3, to obtain
(T kN UL al (aip, )al (aih,)) |

< N Tkl ol (o, )a! (0h, )2 < 207, 3 < CoP(y' +a7").  (5.157)
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With ||| - "H ||+ < C,, we can now apply Corollary 5.3.5 to obtain

Enal < C [dyH)' + 0 moa(y) < Ca™. (5.158)

In order to bound &5 in (5.150), we decompose Y j = T3 + T3 for some § > 0, see (5.119),
and then follows similar steps as described below (5.121). This way we can estimate

] < 25 [ dy HO)Ie V(e ~ DNl nsa(y) + N TRl [ dy Hy).
(5.159)
While the second term is bounded via (5.107b) by Csa~'2, in the first term we apply Lemma
5.3.13 and use the functional calculus for self-adjoint operators,

e U (e= 4Py — DN TRz < V2[[(e v — DN T 7
< V2||(Pry + gp(y))N1 T 7. (5.160)

Since Py changes the number of phonons in F; at most by one, we can proceed by

I(Pry + 9p () Ni TR 7 < (0 + DI(Pry + gp(y) Tillr < Ca’ (VK Ly + alylz)57161)

where we used 1 < o, Lemma 5.3.14 and (5.129) in the second step. We conclude via
Corollary 5.3.5 that

C
E1a| < E/dyH(y)(\/?m + alyP)ns,(y) + Csa™'? < Cs VKo™, (5.162)

Term &,. Here we start with

& — ofl/dy <TK|LLyW(ozwp,y)TK>f

+a! / dy (x| Lay(e*™ — DW(awp,) i) = En + En. (5.163)
where
Liy = ($le(h + ¢p) 1) , = o(ly) +7(j,) (5.164)
with
ly = Hy)e+ (UIhT) o Jy = Hy)e, (5.165)

and &p defined in (5.46). We record the following properties of [, and its derivative. The
proof of the lemma is postponed until the end of the present section.

Lemma 5.3.17. For k = 0,1 and for all n € N,
sup [V, 12 < oo, [ Jol"|9*T 2dy < oo (5.166)
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Note that, by Lemma 5.3.6, j, clearly has these properties as well. We proceed by writing
521 = 531 —l— 52131 With

& = ot [ dy(Txlo(l,)W (awp,)Tx),

ot [ dy (Yxlr(G,)W (awe,) Tic)

(5.167a)

P
Ea1

. (5.167b)

and estimate the two parts separately. Using the canonical commutation relations and (5.105c),
we evaluate

& = [ (yfiry), 01 (v)dy

= / (<l2|wopjy>L2 + <l;|13ne(u}1137y)>L2 + i<l;|@}-{21m(wby)>L2>no71(y)dy (5.168)
where we used that [, is real-valued. Note that [_,(—z) = [,(z). As discussed in Remark

4, ng1(y) is even, and using the arguments therein one can conclude that ©*Im(wp,,) and
Im(w',) are odd functions on R® since (y, z) — Im(wpy)(2) is odd on this space, and hence

[ (Bim(,) Lnos()dy = [ (BIOmMwh,)) Lnoi(y)dy = 0. (5.169)
Thus, with Re(wp,) = wy,, and with
v(y) == (Llwoy) ., (5.170)
we finally have
&y = / (I9 + 13| Re(wh,) + Re(wp,)) ,no1(y)dy = / v(y)no(y)dy.  (5.171)

Note that v € L* N L> since y + ||1,|| .2 is, while ||Jwo || 12 is uniformly bounded in y. Because
of p(z) = —(Y|h.(2)¢) 2 and V h(x — z) = =V h(xz — z) we have by integration by parts

Vo = =2(Vilhg) . (5.172)
Thus
by = —5uVe +e(Hl) ~ 1)+ (YT 6 —y99)) . (5173)

Since v is a smooth function with uniformly bounded derivatives, there exists a C' > 0 such
that for all y

1Tyt = =y Vil < Cy?. (5.174)
Moreover, for k = 0,1 and every z € R?,
z = (h(2)VE)(z) € L'(R3,dz) and 2z ||h.(2)V*|2 € L2(R3,dz).  (5.175)

The first statement follows easily from Lemma 5.3.6; to show the second one, use

/dz| |1 ! (5.176)
u—z

2o—2z2  7m|u—v

98



5.3. Proof of Proposition 5.2.4

and apply the Hardy-Littlewood—Sobolev inequality. This, together with (5.90), shows that
there exists a function f in L?(R3,dz) such that

() + GuVe(e)l < F) (5.177)
Now let
by(2) = woy(2) — yVip(z) — /0 "ds /0 "t (y V)2 — ty) (5.178)

and note that ||b,[|2. < y*||Ae||2. which is finite since Ap € L. This equation, together
with (5.177), implies

< C(lyl* + Iyl (5.179)

1
v(y) + 5 Vel

From this, and from v € L' N L™ it is also easy to deduce that | - |[7?v € L' N L>®. We can
thus write

[dyvnoaty) = [dyvle " + [dylyl 2oy (nosy) = =) (5.180)
and use Lemma 5.3.4 for g = | - | 7%|v| to bound

‘ / dy |y v (y)y*(noa(y) — e *™)| < Ca™®. (5.181)

Using (5.179), the definition of A\ = || V|2, as well as [ y2e " dy = 37%/2, we further have

that
3 T \3/2
—aZ\y? —6
‘/dyv(y)e v+ 502 <W> < Ca (5.182)
which finally gives the estimate
3
531 + (22>N‘ S C’E\/?OZ_M—6 (5183)
«
using Proposition 5.3.15.
In a similar fashion as for £9,, we obtain
P 1 » 0
& = e [ (iPVelul,), Hunoa(y)dy. (5.184)

Explicit computation, using Iy = W S22 10:0)(0ip| and (p| V)2 = 0, gives
L2

1 o (o * Vo) (y) 2 Vo(z)
—wp,(2) = ——=—2—=Vo(z) + \Y —(VpxV —_—
(5.185)
Note that the real part of the above is odd as a function of y and hence
[ (VelRe(wh,)), no.(m) H(y)dy = 0, (5.186)
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and, taking rotational invariance of ¢ into account, we arrive at

P2

P _
‘921 - a4(MLP>2

[ (1613 = (V5 V) (1) moa(v) H (y)dy. (5.187)

Further note that |[|[Vy||2. — (Ve * Vi) (y)| < Cy? and thus, by Lemma 5.3.6 and Corollary
5.3.5, one obtains

P2 C
&l < O < —. (5.188)
This completes the analysis of ;.

In order to estimate the term &y, we proceed as before by splitting T = T + T7. Using
(5.96) we can estimate

ot [ dy (TRAG(,) + 7)) (™ = W (@wpy) Yic)

< Ca’l/dy(Hlylly ) [N+ D2 Y7 ]|F < Csa™ (5.189)

where we used Corollary 5.3.12 and Lemmas 5.3.6 and 5.3.17. The term involving Y5, we
split again into two contributions,

&), =at / dy<T§|¢(1y)(eAm _ 1)W(oewp7y)TK>F (5.190a)
&L = ot / dy (T7lm(j,) (e — 1)W(awp,y)TK>F. (5.190b)

To bound the first one we proceed as in (5.159), i.e. use Lemma 5.3.13 and the fact that
¢(l,) changes the number of phonons at most by one. This leads to

€8] < a7t [ dy e V(e s = 1)o(1,) i 5 nsn(y)
< V3o~ [dy (e — 0005 7 naa(v) (5.191)
Furthermore, we have

le™ 70 = Do) 7 lr < [Aryol,) Y5 < 190, Ary Tl + [ Apy, (1) TR L2
< Ca®” (Il 2ll Ay Cicll5 + 99, 12) (5.192)

where we used [iPry, ¢(f)] = m(yVf) and T = 1(N < o’)Tx. Note that in order to
estimate the remaining expression, it is not sufficient to directly apply Corollary 5.3.5. To
obtain a better bound, we first replace n;,(y) by e~ma? "y 304 then, for the part containing
the Gaussian, we use that ||l,||;2 and ||V{,||;2 provide additional factors of |y|, as is shown
below. More precisely, with Lemma 5.3.17 and the aid of Lemmas 5.3.4 and 5.3.14, we bound

) [
ot [yl 2l Ary Crcllrnsn(y) < Cat™ [ dyllyllo=(VEly| + alyl)ns, (v)
< Cas™! / dy 11,2 (VE |y + oy e ™ L 0VEa % (5.193)

Next we use that by Equation (5.177) there exists an L? function f such that

() < V()] + F) (5194)

100



5.3. Proof of Proposition 5.2.4

Hence, by integration
a2 / dy [lL,ll2 (VE]y| + alyl?) e ™ < OVEa 012, (5.195)
With regard to the second term in (5.192),

021 [ dy IV 2 (v) (5.196)
we proceed in a similar way, using that
IVl < Cllyl+ ). (5.197)
In fact, since Vip(2) = —(|h.(2) V) 12 — (V1| h.(2)1)) 12, we have the identity
Viy(2) = H)Ve(2) + (VeI ()Tw) , + (U1h(:)VT) (5.198)
= (H(y) = DVe(2) + (VY[ ()T, = 1)¢) , + (V[0 ()T, = D)VY) .
Again using that ¢ has bounded derivatives, we have
1Ty = Dl + (T = DVl < Clyl, (5.199)

and the desired inequality now follows from |H(y) — 1| < Cy?* and (5.175). Given (5.166),

we can use Lemma 5.3.4 to replace n;,(y) in (5.196) with e~ 7Y? ot the energy penalty

Ca%9/2 and then use (5.197) to bound the remaining integral involving the Gaussian
factor, which yields an error of the same order. Altogether, this gives the estimate

€| < CVEa 6739, (5.200)

For the term £1, we proceed in exactly the same way as in (5.191):

€25

IN

Vaa~t [yl (47 = 1) w5, Yl s (0)
C'Oéa/Q_l/dy||jy||L2HAP,yTKH}'n&m(y) +Ca5/2_1/dy 1YV iyl 2men(y)

4|P
cat I [ay () (VI + alyPnsa (v

IN

IN

P
L0 1|a2|/dy\y]H(y) n6.,(Y)
_ Ca_ﬁgg\/g (5.201)

where the last estimate follows from Corollary 5.3.5 and the assumption |P| < ca.

Combining the relevant estimates, that is (5.155), (5.156), (5.158) and (5.162) for &; as
well as (5.183), (5.188), (5.189), (5.200) and (5.201) for &,, we arrive at the statement of
Proposition 5.3.16, thus providing an appropriate bound for £. m

Proof of Lemma 5.3.17. Since H has the desired properties, we need to show them for

I = <¢|h.Ty¢>L2. (5.202)
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To this end we introduce
S ={fe PR (1+y"dy) Y1<p<oo, V¥n>0} (5.203)

and start with the following observation: Suppose f1, fo, f3 and f; are functions in S. Then

€s. (5.204)

/ dudu (v) fs(u+y) fa(v +y)

ju =]

In fact, [S(y)| < Cllfall= |l fslleo= [ fill o[l foll Lo for all T <p < 3/2,q = 3p/(5p — 3) by the
Hardy-Littlewood—-Sobolev inequality. Since [ dy|y|" fs(u+y) < 2" (|u|™|| f3llp + I - " f3l 1),
we have also

/dy!ylns(y) < Ol fallze (-1 fullze L f2ll o ll fsll e + W alloo Nl fallallT - " 3l r) - (5.205)
from which (5.204) follows. Moreover,

fes = \JIfles (5.206)

Indeed, we have for all n > 0,
‘ 1 1 .
[l iy < Il [ Awldy+ 5 [ty + 5 [ yimdy < o
lyl<1 2 2 Jyl>1
(5.207)

since m can be chosen arbitrarily large by assumption. Thus, it suffices to prove the desired
statement for the functions ||[V*I{V|2,. For k = 0, we use (5.176) to compute

)2, — 417T /dude(U)w(v)w(y+U)¢(v+y)_ (5.208)

= v

The statement now follows easily from (5.204) and Lemma 5.3.6. Arguing again via (5.206),
for k = 1 it suffices to show the statement for

IVIP 32 = (VY| Tyw) 2 + (VR VT) |32

< 2|(VYIRTy) 272 + 20|V Ty 1) 12|72 (5.209)
(the first equality follows from V,h,(z) = —V,h,(2) and integration by parts). Using (5.176),
we find
V \Y% v+ u -+
IU — v
V (u+y)||V(v +
|u— vl
We arrive at the desired conclusion by Lemma 5.3.6 and (5.204). O

5.3.7 Energy contribution G

This energy contribution, defined in (5.60b), is evaluated by the following proposition.
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Proposition 5.3.18. Let Hy as in (5.32), N; = dI'(I1;) and choose ¢ > 0. For every ¢ > 0
there exists a constant C. > 0 (we omit the dependence on c¢) such that

2 . B Y
‘g—NOﬂ@K\(HK —Nl)TK>F‘ < Coaf (VKo™ + K712a7?) (5.211)
for all |P|/a < ¢ and all K, « large enough.

Proof. Using hP**GY% = 0 and NGY% = N;GY% we can decompose G into two terms

9 - _
g = _5/dy Re <G9< (™ Ny + o 'é(h. + SDP))TyeAP’yW<O‘vay)G}(>.yf
= G+ Gy, (5.212)

where the first term will contribute to the error while the second one provides an energy
contribution of order 2. We proceed for each one separately.

Term G;. With the aid of (5.119), (5.132) and (T}e*?v)! = T_,e~4rv, one finds

2
Gi=—5 / dy Re (Rs,0 @ (T + T;)yW(awRy)G%}% =G5+G7  (5.213)
where we introduced the operator Rs, = Ry, + Rj3, with

Ry, = Pyo(hi )RuaT-yPpe™ 7N, (5.214a)
R}, = 20Py(hi.|Re(wp,)) ,RuT yPye PNy, (5.214b)

Proceeding similarly as for Rj, and R3, in (5.134a)—(5.134b), one further verifies
[Rsy¥lloe < ClluaTy Pallop (14 ag?) (N + 120 . (5.215)

Recalling the definition f,(y) = ||uaT—yPy|op and (5.138), we can use Corollary 5.3.12 to
find

C
071 < SIN+ D05 [ dyfal)+ay®) < Ca™" (5216)
In the first term we proceed with (5.126) and Lemma 5.3.13 to obtain
2 —k _
051 < =5 [ dylle™ Uk (Rayo © Tl lle™ W (e, )2 >

2v/2 C
< 5 / dy [[Rsy¥ ® Trellow nonly) < — / dy faly)(1 + ay®) nsn(y), (5.217)
which brings us again into a position to apply Corollary 5.3.5. Hence
G| < Ca™ 0, (5.218)

Term Gs. Here we have

2
Go=——3 / dy Re (Gi[g(h. + op)T,W (awp,)G)

2
~ 3 /dy Re <G(}<|¢>(h. + p)T,(e*Pv — 1)W(ozwp7y)G}<>e/f = G + Gao. (5.219)
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To separate the leading order contribution in Gy; we insert 1 = UJ}(UK next to G and bring
Ul to the right side of the inner product. With Ux Y, = Q, (5.105¢) and (5.115) this gives

2 _
Go1 = —?/dy Re <¢ ® Qla(h. + gap)TyW(awp’y)uaRaT(@)w ® Q>jf, (5.220)
where - is defined in (5.104a). Next we write W (awp,) = ng;(y)e® @rs)e-alwry) and
move the first exponential to the left side and the second exponential to the right side until

they act both on the Fock space vacuum. Using e=*af(g)e?!) = af(g) — (f|g) we find this
way

Go1 = —j? /dy no1(y) Re <1/1 ® Q|a(h.—|—7gm>)TyuaRaT(@)w ® Q>f (5.221a)
+2 / dynoa(y) Re (4 ® Q.+ oplp,) 2 Tyua R{Gp, bk ) 12 © Q) (5.221b)

In the first line we write h. + pp = h® + h! + ¢ + i&p, with h? = (I;h)., and use that
(v ® Qla(h? + i&p) Tyua Ral (b, ) © Q) =0 (5.222)

since hY + iép € Ran(Ily) whereas hj . € Ran(Il;). Finally we can replace a and a by ¢,
and then transform back with Uy, using (5.105c), in order to obtain

(5.221a) — —; [ dyma(v) Re (4 ® Trclo(h! + @) TyuaRo(hk )6 © Txe) - (5223)

To summarize, we have shown that

2
Go1 = —g/dy Re <G?<|L2,yG(}<>%no,1(y) + /dy la(y)no1(y) = Garr + Garz  (5.224)
with
Loy = Pyo(h! + o) Tyua R(hy )Py (5.225a)

la(y) = 2Re (Y|(h. + pl@py) 2 TyuaR(@h, | hi ) 20) - (5.225b)

In the first term we add and subtract the Gaussian,
2
9211 = —7/dy Re G%|L27yG?(>}f G_Aa2y2
2 dy Re(GRILa, G (monl) — %) = Gl + G5, (5.226)

and proceed with G}, by inserting h! = hj. + (h! — hi ), T, = 1+ (T,, — 1) and u, =
1+ (uq — 1),

1 = = Re (Ghlo(hk, + ¢ Ro(hk.) / dye
——Re<G 9k, + 9)(tta = DR )GS) |, [ dye
-~ / dy Re (G%l(hk +@)(T, — 1)UQR¢(hK’_)G?(>%e_M v
- = / dy Re (G |o(h! — hk )T,uaRo(hk )G ) e’

4
= G (5.227)
n=1
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Since Pyo(¢)R = 0, we have Gy = %<TK|(HK —Nl)TK>I(ﬁ)3/Z, cf. (5.32), and hence
we can use Proposition 5.3.15 to conclude that

o 2 Cbae
‘ S _N§<TK’(HK - NI)TK>]__ < CVEKa %, (5.228)

For the other terms, we shall show the combined error estimate
G337 ] + 1G5 | + 1Gaii| < O(VEa™® + K1), (5.229)

In the last term, we recall h.(y) = hx—.(y), and apply Lemma 5.3.8 in combination with
| RY?u,T_,V|lop < C. This gives

0 2 W
G51 < 25 [ dye ™ [RV2uT o(h! — bl )Pkl | BY26(bl ) PGl
< Ca®K~V2 (5.230)

Next we write T, — 1 = [ dsT.,(yV) in the third term to obtain an additional |y|,

0 2 i
Garr| < M((/dylyle g 2y2>||VuaR”2|lop 6Pk + )Gl | R d(hie )Gl
< Ca VK, (5.231)

where the factor v/ K~ comes from the L* norm of hy in the bound on the first field operator

(since AR'? is unbounded, we can not apply the commutator method to this part). In the
second term, we use 9 (z) < Ce1®I/C for some C > 0, and thus [|(ug — 1)t]| 2 < Ce™/C,
to estimate

o C o
G| < (e = DPllzz 600k, + @) Ro(hi )Gl < CVEKe™°.  (5.232)

This proves (5.229).

To bound the remaining contributions in G5} and G2, we shall use

(G| L2, G| < Chaaly) (5.233a)
()| < Chaa(y)(W®+a?) |yl + y]> +a7?) (5.233b)

where
foa(y) = [uaT—y Pyllop + IVuaT—y Py lop- (5.234)

Using the exponential decay of ¢ and |V*u,|(y) < 1(Jy| < 2a), for k = 0,1, it is easy to
show that

| foallze <C and ||| - " foullir < Cpa®™  for all n € N. (5.235)

To verify (5.233a) and (5.233b), use u,7_,¢(h.) = ¢(h._,)usT-, and Cauchy-Schwarz to
bound

(GRlL2yGY) | < IRVPS(ML, + @)uaT y PuGlcllor | RV G(hi.) PGl e (5.236)
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Now we can use (5.96) and Lemma 5.3.8 to obtain (5.233a). To estimate /5(y), defined in
(5.225b), we proceed with

[a()] < 2| Tytta(hy|@py) 2 R(Wpy Rl ) p20)

+ 2(UIT talpplipy) 2 R(T, Bk o) |,

(5.237a)

(5.237b)

and considering the first line, we use Cauchy—Schwarz, write out the two inner products (in
the phonon variable) and then use Cauchy-Schwarz again,

(52373)] < 2 [ dul@p, (W)l | PuTytah ()R ?lloy [ oz [}, ()| [|R 2R ()0

IN

1/2
20/ ey 12T, 1 ( [ dul P a0 R, | dz||R1/2f&<,<z>¢||ia)

< Claa)(yl+v° + o) (" +a7?), (5.238)

where the last step follows from Lemma 5.3.3 and Corollary 5.3.9 together with hx. =

hY. 4 Ok hj .. Since the second line is estimated similarly, we arrive at (5.233b). With
(5.233a) at hand we can apply Lemma 5.3.4 and (5.235) to get

g5l < j [ay|(GhelLauGie) | [moaty) = | < ca™, (5.239)
and further, using (5.233b) and Corollary 5.3.5, we obtain
|Ga12| < C/dy|€2(y)|no,1(y) < Ca™° (5.240)
This completes the analysis of Gy;.
Next we introduce Ry, = R}, + R}, with
RL, = Pub(hk )R* (e *Pv —1)R2p(h_y + pp)uaT-, Py (5.241a)

R}, = 20Py(hk |Re(wh,)) ,R2 (e~ = 1)R2¢(h_y + pp)uaT Py (5.241b)

Inserting (5.119) and (5.132) into (5.219) it follows that

Goo = —52 / dy Re (Rt @ (Y +T%)|W(awp,)Gy) = G5 +G5.  (5.242)
With the aid of Lemma 5.3.8 we obtain
IRy, Wlle < Cll(e 7 = )N+ 1)/2RVZ4(hyy + pp)uaTy Py ¥, (5.243)
and proceeding similarly as in (5.136), we find
IR, 0l < Caly? +a?)(e 7o — DRV26(h_y + pr)uaT_,Py¥]r.  (5.244)

For ¥ = ¢y ® T%, a second application of Lemma 5.3.8 (after using unitarity of e~“rv)
together with ||¢p||2. < C for |P|/a < ¢ and Corollary 5.3.12 is sufficient to find

IRiyt @ Yillor < C(ltaToy Pyllop + IVttaT-y Pollop) (1 + a®) [(N + DT 7
< Csa % (y)(1 + ay?) (5.245)
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with f , defined in (5.234). Using this bound in G, and recalling Corollary 5.3.12 and (5.235)
we thus obtain

|G| < C507°. (5.246)

In G5, we proceed by inserting (5.122) and use (5.126) and Lemma 5.3.13. This gives

23
051 < 25 [ dyI1Rayto © T ma (). (5.247)

The derivation of a suitable bound for the norm in the integrand is more cumbersome, so
we go through it step by step. To shorten the notation let G% = 1 ® T5%. We start from
(5.243) and (5.244) where we insert h. = hi . + (h. — hi,.) and use the triangle inequality,

IRy, Gl < Clie™r = DN+ 1)V2R2¢(hic,—y + 0p)uaT—y G| (5.248a)
+ Ol (e Py = 1) (N + 1)?R2¢(h._y — hyc..—y)uaT— G| e, (5.248b)

1R ,G55 e < Caly? +a?)|(e 7 = DR G (hic.—y + pp)uaT, G55 r (5.248¢)
+ Ca(y? + a7 ?)|[(e 4P — D) RIuad(h_y — hic—y )Ty GO . (5.248d)

For the second and fourth line, we apply Lemma 5.3.8 a second time (after bringing (N 4 1)/2
to the right of @ and a') to find

(5.248b) + (5.2484) < CK (14 ag?)([uaT- Pallp + [VtaTy Pollop) [(N + 1) T3 |
< CK7'2(1+ ay?) fou(y). (5.249)

In the first and third line, we use the functional calculus and write out Ap, = iPry +igp(y),

(5.248a) + (5.248¢) < C||(Pry)(N + 1) R2¢(hsc.—y + op)uaT—y GO (5.250a)
+ Caly® + )| (Pry) R2 6.y + 9p)uaT-y GiE [ (5.250b)
T Clap @I + V2R gy + op)uaTyG Lo (5.2500)
+Ca(y’ + a7)|gpW)IR? ¢ (i, —y + op)uaT -, G5 |l (5.250d)
Now we use [iPry, ¢(f)] = m(yV f) such that we can estimate the first line by
(5.2502) < C(I(N+ D)V2RV26(hic,_, + op)(Pry)uaT o G3E v
N + D)Y2RY 22 (y Vi, -y + yVeor)uaT-, G%||0).  (5.251)

To bound the first line, we use again Lemma 5.3.8, while in the second line we use (Vhg). =
—V(hk,.) = —[V, hk.] and (5.96) together with ||Vp||;2 < C for |P|/a < c. Together we
obtain

(5.2502) < Cly|([taT—y Pollop + [ViaToy Pyllop) (N + D) P T |7 + VE[(N+ DT 7)

Cally| foaly) (IPy T35 + VE)

IN

VAN

Ca’VEly|foa(y), (5.252)
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where the factor v/ K in the first step comes from the L?-norm of hx, and the last step
follows from Lemma 5.3.14. In a similar fashion, one shows

(5.250b) < Co’VK|y|(1 + ay?) fouly), (5.253)
and, with (5.129), one also verifies
(5.250c) + (5.250d) < Ca’(?|y|® + aly)®) fo.a(y). (5.254)
Collecting the estimates (5.249), (5.252), (5.253) and (5.254) we arrive at

1Ray @ il < Chaalp)a’ (K751 + ag?) + olyP + VE(lyl +alyf’)).  (5.255)

Now we can apply Corollary 5.3.5 together with (5.235) to bound the right side of (5.247).
The result is

G5 < CaP(K~12073 4+ VKo 1#9). (5.256)

In view of the estimates (5.216), (5.218), (5.228), (5.229), (5.239), (5.240), (5.246) and
(5.256), the proof of Proposition 5.3.18 is now complete. ]

5.3.8 Energy contribution C
Recall that IC was defined in (5.60c).
Proposition 5.3.19. Let Hy as in (5.32), N; = dI'(Il;) and choose ¢ > 0. For every ¢ > 0

there exists a constant C. > 0 (we omit the dependence on c) such that

1
’/c + N = (Tx|(Hx = N)Tx)

< C.af (\/EQ_G + K_l/Qof5) (5.257)
for all |P|/a < ¢ and all K, « large enough.

Proof. We split this contribution into three terms

1 KON 4o
K = — [ dy (GlI(h™ + 07N+ a7 6(h. + o) | Ty W (awp, )G ,
A, (5.258)

and note that K; provides the energy contribution of order a~2.

Term ;. We start again by writing

1 e
K, = ?/dy <G}(]hp kTyW(awRy)G}&%

1 (S}
+ = / dy (G W™ Ty (e*rr = )W (awp,)Gl) . = Ki + Kia. (5.259)
and proceed for the first term similarly as in the computation of Gy, see (5.219). This leads to
1
K = ?/dy <G?<|¢(h}<7~)RuahPekTyW(awP,y)uaRgb(h}(,.)G(I)(>_%,j
1 _
= /dy <¢ ® Q|a(%)RuahpekTyW(awRy)u@RaT(@)@D ® Q>%)

1
- g/dy <G(}(|L37yG9{>%n071(y) _/dy€3(y)”0,l(y) = K + Kz (5.260)
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where
L3y = Pyo(hg )Rugh"*TyuaRo(h.) Py (5.261a)
ls(y) = (Y|(hi, [@h,) 12 RuahP* Tyua R(p, | B ) 120) . (5.261b)
We go on with

K = OTQ/dy (%I Ls,G%) e
90 (GRILCE) (r0a0) ) =Kl K (626
and in the leading-order term, we insert 7, = 1+ (T, — 1) and u, = 1 + (uy — 1),
Kin = ; (GS%lo(hic )RR Re(hj )G ) / dy e
+ ;2<G?<I¢(h}<,.) (uq — 1)AY*Re(R.) / dy 2%
+ ;<G%!¢(h}<,.)RuahPek( —1)Ro(h )G%) / dy e

1 —Aa2y2
+ =5 [ dy (Gl ) Ruah ™™ (T, = DuaRo (b )GY) e

4
= Y Ko (5.263)
n=1

Since RAP*R = R, one finds K] = —$<TK\(HK - Nl)TK>]__(L)3: cf. (5.32), and with

a2

the aid of Proposition 5.3.15, this gives the leading-order contribution

‘ K +N <TK|(HK - NI)TK>]__ < C.VEKa™0te, (5.264)
For the other terms, we shall show that
ICSE] + K50+ K| < CVEa™®. (5.265)

In the second term we use h"**R = Q, = 1 — P, to write

3/2
K57 = o (Glo(hk, ) R(ue — 1)(1 = Py)o(hi,)G5) (;;) (5.266)

which is exponentially small in «, since ||(uq — 1)]|2 < Ce=®/C, and thus with Lemma 5.3.8
one obtains |[K\77| < CvVKe /€. In the next term we use [hF%*, u, — 1] = —[A, uy] and
again h"**R =1 — P, to get

a2

- \32
K = a (Gl >Rua<ua—1><1—Pw>¢<h}<~>G9<>f<)

3/2
- (Gl RS, o )6 (1) (5.267)

Here the first line is bounded again exponentially in «, whereas in the second line we use
(A us] = 2(Vua)V + (Auy) and ||Vug|lpe + [|[Augllze < Ca™!, see (5.48). Together

109



5.

ENERGY-MOMENTUM RELATION OF THE FROHLICH POLARON AT STRONG COUPLING

with Lemmas 5.3.7 and 5.3.8, this implies |IC11°1f| < Ca™. In the last term we employ
T, — 1= [y dsT.,(yV), [A7% ua] = —[A, us] and hP*R = Q,, to find

1
Kit = a™? [dy [ ds (Gilo(hk JQuuaTe, (W )uaRo(hl GY) e
1
+ a_2/dy/0 ds <G?(‘¢(h}(,~>R[A7ua]Tsy(yv)uoaR¢<h}(7.)G?(>%€_)\a2y2.
(5.268)
In both lines there is an additional factor y, and together with (5.48), we thus obtain
K11 < CaOlg(hic )Gl [Vua R |lopl| R 26 (hie )G
+ Ca | R p(hi )Gl | RV A, vl llopl Vo R [lop | RO (R ) G|l
Cla™ VK +a77). (5.269)
This proves (5.265).
To estimate KCy12 and Kf]j, we make use of
(GR|LsyG%) | < Clsaly) (5.270a)
l3(y)] < Clsa(y)(y' +a™) (5.270b)

where

J3.0(y) = llaTyuallop + [(Vea) Tytiallop + l[taTy (Vtta)lop + H(Vua)Ty(Vua)H(zp- )
5.271

Recalling that by definition |V*u,(y)| < 1(Jy| < 2a) for k = 0,1, it follows that f3,(y) <
41(|y| < 4«) and thus

| fsallce <4 and ||| ["frallr < Coa®™  for all n € Ny. (5.272)
In order to verify (5.270a), use h'* = —A + V¥ — APk to write

Riug Ty ¥ u,Re = Reug ((—iV)T,(—iV) + T,(V¥ — \'%) )u, R3

-

w
w\»—‘
)=

= —R%(—iVu,)T, T,(=iVu,
+ R (—iV)uT, y(—1
+ R2u Tyua (Ve — APek)R :

Rz (—=iV)uoTyua(—iV)R
R2(—iVu,)Tyua(—iV)R
(5.273)

toh—t
l\.’)\»—‘
N

)R
ua) R

NI

Since ||V RY?||op < C(||Rlop + [VRY?||op) < C, see Lemma 5.3.7, it thus follows that
IR2uaTyh™ o R2 [lop < Cfaaly). (5.274)

With this at hand one applies Lemma 5.3.8 to conclude the bound stated in (5.270a). For
l3(y) we proceed similarly as in (5.238), that is

()] < IR Puah™ Tyua R opl| RV (@ i, ) 12972

< Sa@ITh, 32 [ d2IPobl, (RIS, < Cha()' +a™).  (5.275)
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Now we can apply Lemma 5.3.4 and (5.272) to estimate

KEl < 5 [y Foalt) broaly) — %] < Ca™ (5.276)
and further invoke Corollary 5.3.5 to obtain
Kol < [ dy fral)(lyl* + ™ noaly) < Ca™. (5.277)
Next we come to Ky2 which we rewrite with the aid of (5.119) and (5.132) as
Ky = ; [du(Royt® (Yic 4 T2)Wlowp,)C3) , =K + K7, (5.278)
with the operator R5, = R}, + R, and
Ry, = Pyo(hy )Rug(e 7w — )T h**u, Rp(hi ) Py (5.279a)
RZ, = 20Py(hi | Re(wp,)) ,Rua(e™*Pv — )T h" uoR(hjc )Py (5.279b)
Utilizing Lemma 5.3.8 and (5.84a), we have
IR, ¥[le < Cfl(e™ 4P — 1)(N + 1)V2R2u Ty hP*u, R(hk ) Py¥| e, (5.280)
and following the same steps as in (5.136),
|R2, || < Ca(y?+a ?)|[(e APy — 1) R2uaT-yh"*u Rp(hk ) Py | e (5.281)

After using unitarity of e=“7v and (5.272), we can apply Lemma 5.3.8 another time to obtain

IRsy0 ® Yillr < Claa(=y)(1 +ay)[(N+ DTZ| 7. (5.282)
Thus we can estimate the tail with the aid of Corollary 5.3.12 and (5.272),
C
Kol £ SN+ DTzl [ dy foal-y)(1 +ay®) < Csa™ (5.263)

Then we use (5.115), (5.126) and apply Lemma 5.3.13 to get
1 » ~
K5l < = [ dyllUke™ o @ Tl lle™ W (aitr, )0

V2
< gfdyHRayw@ Tl sy (y)- (5.284)

To bound the norm in the integral, we proceed in close analogy to the steps following (5.247).
We abbreviate again G% = 1 @ T% and start from (5.280) and (5.281). With (5.272), the
functional calculus and Ap, = iPry + igp(y), one finds

1Rs, G35 lloe < O foal=)ll(e™4Pw — 1)(N + 1) REG (Rl )G |

+a(y? + a ) fsal—y)ll(e "7 — D)R2$(h} G5 | )

< O(Fsa=0) (P (N + 1) 2R3 6 (h )G | (5.2853)
+ fra(=0)lgp) (N + DY2R26(hje YG5E | (5.285b)
+ fra(=y)(ay® + o )[(Pry) R2é(hic )G e (5.285¢)
+ fral=9) @y’ + o )gr ()| R2 6kl )Gl ). (5.285d)
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In the second and fourth line, we use |gp(y)| < Caly|® and Lemma 5.3.8,

(5.285b) + (5.285d) < C(a?|y|” + aly|*) fsa(—y) N+ 1) x| 7
< C@®ly)” + aly’) f3.a(—Y). (5.286)

In the first and third line, we employ the commutator [i Py, ¢(f)] = m(yV f) to get

(5.2852) + (5.285¢) < C(foa(—)I(N+1)"2R26(hi ) (PGS |l (5.287a)
+ Fra(—p) (N + 1)V2R3n(yVhic )G | (5.287b)
+ fra(=y)(ay® + @ |[R2(hic )y PGS |lw  (5.287c)
+ fsa—=y)(ay? + a D[R 7 (yVhi )G ).  (5.287d)

After another application of Lemma 5.3.8, we can use (5.119) and then Lemma 5.3.14 for the
terms involving P,

(5.287a) + (5.287¢) < Cfsa(—y)(ay? + 1) |y (N + 1) P Y57
Cfral—y)(ely® + [y))o’ VK, . (5.288)

A

while in the other two lines, we use (Vhg). = —[V, hi ], to obtain

(5.287b) + (5.287d) < Cfa(=y) lyl (ay® + Dllhroll2[[(N + 1) Y| 7

< Ofsal=y)(aly® + [y)VE. (5.289)
Collecting all estimates we have thus shown that
1Rs¥0 ® Tllr < Csal—y)a (a2|y|5 +VE(alyl* + |yy)). (5.290)

Using this bound in (5.284) we can invoke Corollary 5.3.5 together with (5.272) in order to
obtain

K5, < CVEa™5%, (5.291)
Term /Cy. Using (5.119) and (5.132), one finds

1
K2 = [ dy(Rogvo @ (Y5 +X7) W awp,)G%) |, = K5 +K3 (5.292)
with the operator Rg, = Réﬂy + Rg’y and

R, = Pyo(hy.)RuaNT-ye Prug Rp(hc ) Py (5.293a)
R, = 20Pyd(hjc ) RuoNT_ e~ Pvu, R(Re(wp, ) |hk, ) 2 Py. (5.293b)

With Lemma 5.3.8 and (5.84a) it is not difficult to verify
1Ry ¥l < ClluaT-yuallop(1 + ay®) [N+ 1)* e, (5.294)

and since |[uaT_yuallop < 1(Jy| < 4cr), we can use Corollary 5.3.12 to estimate the part with
the tail by

C
5| < g||(N+1)2T?<||f/dy1(|y| <4a)(1+ay’) < Csa™®. (5.295)
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To treat K5 we proceed as in (5.284), that is

5] < —/dy]]R(;yw@T e nsin () < —/dyl [yl < @) (1 + ay?) ns(y). (5.296)
It now follows from Corollary 5.3.5 that

IKs| < Ca™". (5.297)

Term /Cs. This term is similarly estimated as the previous one. With the aid of (5.119) and
(5.132), we have

1
Ky = e /dy <R7,yw & (Tf( + T;)|W(Oéwp,y)G?(>Jf = K:; + ]C; (5298)
with the operator Ry, = R%,y + R%y and

Ry, = Pyo(hj )Ruae™ *PvT_yh(h. + @p)uaRo(hi )Py (5.299a)
R:, = 20Py(Re(wp,)|hi.) 2 Ruge *PvT_yd(h. + pp)uaR(hi )Py (5.299b)
Utilizing again Lemma 5.3.8 and (5.84a), one shows that

1Ry U] < Chaal—y)(1+ ay®)[|(N+ 1)%20]| (5.300)

with f3, defined in (5.271). Invoking Corollary 5.3.12 and (5.272) we thus find
> ¢ )27 2 -7
K51 < I+ D277 [ dy fra(=9)(1+ ay?) < Cra™ (5.301)
Similarly as in (5.284), we also obtain
< ¢ 2
51 < Y2 [ @yl e, Tl nsn0) < 5 [ Ay o)1+ ayins, ). (5:302)

By Corollary 5.3.5 and (5.271) it follows that

IKS| < Ca™0F%, (5.303)

This completes the analysis of IC. The proof of Proposition 5.3.19 follows from combining
(5.264), (5.265), (5.276), (5.277), (5.283), (5.291), (5.295), (5.297), (5.301) and (5.303).

O
5.3.9 Concluding the proof of Proposition 5.2.4
Combining Propositions 5.3.16, 5.3.18 and 5.3.19, we arrive at
E+G+K info(Hg) 3 K205+ Ka™°
— < € ) .
N 2 + 50| = C:a NG (5.304)

Now for K < ¢a we know from Proposition 5.3.15 that AV > Ca? for some C > 0, such
that the right side is bounded by C. a°r(K,«). It remains to show that one can replace
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a~?info(Hg) by a2 inf o(H,,) at the cost of an additional error. To this end, recall that
inf o(Hg) = (Yx|HxgY )+ and use the variational principle to find

(Tx|(Hx —HOO)TK>]E < inf o(Hx) — inf 0 (Ha) < (Yool (Hx —]H[OO)TOO>JT. (5.305)

Writing
Hy —Ho = (¢l6(hk. — W) Ro(hi,)¢) , — (V[6(h)Ro(h! — i )eb) ., (5.306)
and using Lemma 5.3.8, we can infer that for any ¥ € F

(W] (HL — Hoo)qf>f\ < CK(U|(Ny 4+ 1)T) (5.307)

By Corollary 5.3.12 we know that <TK|(N1 + 1)TK>; < C for all K € (Ky, o0} with K

large enough, and thus |inf o(Hg) — inf o(Hy )| < CK 2. In view of (5.304) and Lemma
5.3.1 this completes the proof of Proposition 5.2.4.

5.4 Remaining Proofs

Proof of Lemma 5.1.1. The form of the kernel is readily found using second order perturbation
theory (we omit the details). (i) The lower bound H"* > 0 follows from (5.19) whereas
HPY?k < 1 is a consequence of

2

(vl(1 - HPek)U>L2 = 4H /dyv(y)Rl/Qh.(y)dJ (5.308)

L2

(i) That Span{d;p : i = 1,2,3} C KerH"* follows from translation invariance of the energy
functional 7. To show equality we argue that there is a 7 > 0 such that (v|H"*v) ;2 > 7||v||.
for all v € L?(R3) with (v|V) 2 = 0 (note that this also implies (iii)). For that purpose we
quote [61, Lemma 2.7] stating that there exists a constant 7 > 0 such that

F) = Flo) 27 inf flo = o(- = p)llz (5.309)

for all v € L*(R?). (a key ingredient in the proof of this quadratic lower bound are the results
about the Hessian of the Pekar energy functional (5.12) that were obtained in [80]; see [61]
for a detailed derivation). Combined with (5.19) this implies

(0| HP®) 2 > Tli_l}é yiélﬂ{g fo(y,e), (5.310a)

folyse) = [ollz2 +e2lle — (- = y)lI72 +2¢7 Re(vlp — @(- — y))2.  (5.310b)

Given any v satisfying (v|Vy);2 = 0, we choose y*(¢) such that f,(y*(¢),e) is minimal.
Furthermore, note that for every zero sequence (&, ),en such that

lim {lp(- = y"(en)) = ¢llr2 > 0, (5.311)

n—o0

it follows that lim,, . f,(y*(¢n),€n) = 00, and hence we can conclude that |y*(¢)| — 0 as
e — 0. To proceed, let n(¢c) := ¢ — (- — y*(¢)) and assume |y*(¢)| > 0 (for if y*(¢) =0 it
follows directly that f,(y*(¢),e) = ||v||32). With this we can estimate

F(y (€),e) = lol2e + e 202 — 26 oln(e)) el
> olf2s — [l p2 (5.312)

e
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To bound the right side, write

1
1)) = [ ds(y (OV)elz = sy (<) (5.313)
and use, by dominated convergence, that

I fo ds (yV)p(- — sy) — (V)| 12
I fy ds (yV)e(- — sy)||2

Combining the last statement with |y*(¢)| — 0 as € — 0 and (v|V )2 = 0 we conclude that

ly £,(5"(2),) = [ (5.315)

—0 as |yl —0. (5.314)

This completes the proof of items (i) and (iii). Property (iv) follows from HPek < (HPek)1/2
and Trp2(1 — HP%) < oo, see Lemma 5.2.2 for K = cc. O

Proof of Lemma 5.2.2. (i) The bound H}* | Ran(Il;) < 1 follows analogously to (5.308)
and HL* | Ran(Ily) = 0 holds by definition. The lower bound on Ran(II;) is a consequence
of (HY** — 7) | Ran(II;) > 0 for some 7 > 0, see Lemma 5.1.1, in combination with

+(HP — HEY < OKV2, (5.316)
To verify the latter, let v € Ran(Ily), I, = |v)(v| and write
(ol (HE = 1), = 4 [ dy Re (6] (hae, (4) = 1) () RO, ) ()
+4 [ dy Re (¥I(ILA) R (i (y) = b (1))¥) .. (5:317)
With Cauchy—-Schwarz it follows that
(IR = HP0) | < 4KY2 [ dy || RY (e, (9) = 1 () Pl

ARV [ dy (1R (T, ) () Pyl + IRV (0 () Pl ),
(5.318)
and from Corollary 5.3.9, we obtain

(o] (R — HP ) [ < CKY2, (5.319)

L2

(i) On Ran(Ily) the inequality holds trivially, whereas on Ran(Il;), it follows from O < 1,

B2 < Y02 —-1), 0.2 = (1—(1—HE¥)"Y2 and the elementary inequality (1 —z)~1/2 <
kS 79k K K

1+ 3732 for all z € (0,1 — ).

(iii) Here we use Trran() (1 — HE™) = 3, write
TrRany) (1 — H™) = /dy (VP ()R (y)v) , = /dy||Rl/2h}(,.(y)PwII§p (5.320)
and apply Corollary 5.3.9.

(iv) Since 1 — HY®® =TIy + I, (1 — HE™)II, = I + 4T, cf. (5.35a) and (5.35b), we can
write

Tria((=iV)(1 = Hi)(=iV)) = Trpa (VILV) + 4T (VIK V). (5.321)
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Using the explicit form of II;, one shows that the first term is given by

3 Apl]?
S T (VI (V,elv) < 3127l

TrLz VH()V) = )
( IVellze = IVl

(5.322)

which is finite since Ay € L?. For the second term it follows from a short computation that
Triz (VIeV) = [ dy (UI19, e IRV Bl )1) . (5.323)

Using the Cauchy—Schwarz inequality and ||V1|| 2 + || RY?||op + || RY?V||op < 00, see Lemmas
5.3.6 and 5.3.7, we can estimate the last expression by
[ IRV bl )l < € [ dy (Ik, )9l + Ik, () Vel2)
< O [ dylhko@)F < Cllhxoll? = CK. - (5.324)

This completes the proof of the lemma. n

Proof of Lemma 5.2.3. We recall that H3* | Ran(IIy) = 0 and Ty = (Hg®™* —1I), and set
Sk = 2(Il; + HEX). For (uy)nen an orthonormal basis of Ran(I1;), we further set a,, = a(uy,)
and use this to write the Bogoliubov Hamiltonian as

[e.o]

Hg = ), <<un|SKum>L2aLam + <<un|TKum>L2 alal +h.c. )) + Trp2(Tx). (5.325)

n,m=1

Applying the transformation (5.39), a straightforward computation leads to

e}

UKHKUJ}( == Z (<un|(AKSKAK + BKSKBK + 4AKTKBK)um>L2aLam

n,m=1

+ ((unl(Ax Sk B + AxTic Ak + BiT Bic)im ) ,ahal, + h.c. ))

+ TrRran(imy) (TK + Br Sk Bk + 2Ax Tk Bk). (5.326)

The statement of the lemma now follows from

I (Ax Sk Ax + BiSic B + 4AxTi Bi)Il, = /HE (5.327a)
T (Ax Sk Bic + AxTi Ax + BiTiBi)Il, = 0 (5.327b)
I, (Tx + Bi Sk B + 2Ax Ty By ), = ;(\/@ ~1L,). (5.327¢)
[
Proof of Lemma 5.3.3. To bound |lwp,||7. we expand
wpy = (1 —eV)(p+itp) = / ds, / " dsy e Y (yV) 2
+ / dsTLe= Y (yV)(PV)p,  (5.328)
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where we used TI; (yV)p = 0. Thus, since Ap € L?, we easily arrive at
lwp, |32 < C(y"+ a2 P?) (5.329)

for some constant C' > 0, and with |P| < ac we obtain the stated estimated. The bound for
| @, |32 follows from

[hy 2 = O Re(wh, )2 + [OF Im(wh,) 2 < Cllwb, |2, (5.330)
where we used that O is real-valued and satisfies
0<pB<Or <1 (5.331)
when restricted to Ran(II,); see Lemma 5.2.2. To bound |[w} [|3. we use
122 = e + ITa(1 — %)ep |2, (5.332)

since , £p and Il are all real-valued. Expanding 1 —e~%V asin (5.328), it is easy to conclude
that ||IIo(1 — e ¥V)ép|3. < CP?y*a*. Using the explicit form of Iy and (V|p) 2 = 0,
we can write

2
lwoyllze = oo ZKV ole™Vo) , (5.333)
| HL =
Using the Fourier representation and rotation invariance, we have
(Viele ™V o) |/p1!<p ?sin(py) dy‘ (5.334)

By the elementary inequality |sinz — z| < C2®, the formula ||(yV)¢||3. = 2Ay* and the
finiteness of ||Ayp||;2, we conclude that

w2 — 227 < C(y* +¢° + a2 P?). (5.335)
To prove the last bound, we use
[@pyllze = llwpyllz2 + 1Ok Re(wp )72 + [0k Im(wp,)Iz2, (5.336)
and hence with (5.331),
Bllwhyl2e < lpyl2e — by lZe < B~ lwhy 2. (5.337)
The desired bound now follows from (5.329) and (5.335). O

Proof of Lemma 5.3.4. From Lemma 5.3.3, we have

2
P
‘||’1I)P7y||%2 —2/\y2‘ < Cla™ 2 + 9yt +9°% < C’% for all |a’ <c y*<a ' (5.338)

Hence there is a constant ;1 > 0 such that for all y?> < a~! the weight function (5.85) satisfies

xp(— (A7 — pa~?t)y?) (5.339a)
xp(—(Ma?=9 4 a2+, (5.339b)

Ny (y) <
>

Nsn (y)
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In the remainder let us abbreviate f,(y) = |y|"g(y) and Z(y) = |nsn(y) — e*’\"a2(175)y2|. We
then decompose the integral into

[ h)2) = [ w2+ [ duf)Z ) (5.340)
with B, = {y € R3: y> < a~'}. The bounds (5.339a) and (5.339b) imply that
1 Z(y)| < e e (eua—%“ v 1) Yy € B, (5.341)

and thus by |e* — 1| < ze® for z > 0, we obtain

|y fa)Z(y) < pam2 0 [ dy falypyte R et (5.342)

The last expression is further bounded by

—(mh—pa—)a2(1-0)42 n C(nA—na—1)a2(1—8),,2
/dyfn<y)y26 (M=o DT < ||9||L°°/dy|y| FRem ATy (5.343)

Cullg|| L
= 5 (1A = n

and since the resulting expression is uniformly bounded in 1 > 79 and « large, we get

) —(n+5)/2

gl
/ dy fn(y ) = W (5.344)
To bound the second term in (5.340), we estimate
/ dy fu(y / dy fu(y)ns,(y) + e " / dy fu(y). (5.345)

To see that the first summand is exponentially small as well, we use (5.336), (5.331) and
Re(wp,) = II; Re(wp,) = II; Re(wo,,) for i = 0,1,

[@pyll72 > [[Re(wp,)I72 + Bl Re(wp,)[I72 > BlRe(woy)l72 = BlI(1 — e V)72,
(5.346)

and hence
_ ) 1 _
ngn(y) < exp(—nﬁoz?(l ‘”Q(y)> with q(y) = lI(1 = e™V)ellL, (5.347)

Since ¢ is real-valued, we have (ple™¥V|p) 2 = (p|e?V|p) 2 = (p * ©)(y) and thus
a(y) = llellze = (¢ =) (y). (5.348)

Recall that, as shown in [83], the electronic Pekar minimizer ¢ is radial and non-increasing and
hence @, cf. (5.14), is radial and non-increasing as well, as convolutions of radial non-increasing
functions are themselves radial non-increasing functions. Consequently, ¢(y) is radial and
monotone non-decreasing, and thus ¢(y) > ¢(y') for all y € BS, ' € B,. On the other
hand, by a simple computation, using the regularity of o, one finds that ¢(y) > Cyy? for
some Cy > 0 and all |y| small enough, and thus ¢(y) > Coa™! for all y € BE and « large.
Therefore

/ dy fu(y)15.(y) S/ dyfn(y)e_"ﬁa2<l’5)q(y)
Be Be

< e Conpa 0 / dy fuly) < e " / dy faly)  (5.349)

for some d > 0, which completes the proof of the lemma. O
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5.4. Remaining Proofs

Proof of Lemma 5.3.14. Let p = —iV. By a straightforward computation using the transfor-
mation property (5.39), we arrive at

Ux PyULQ =S a (Agu,)al (Brpi)Q + Tr2(BrpBr)Q (5.350)

for some orthonormal basis (u,)nen of L2(R3). That BxpBy is trace-class can be seen via
Trr2| BkpBrk| < ||Bkllns [[pBkllas < CK, (5.351)

where the second step follows from Lemma 5.2.2, implying || Bk |lus < C, and
IpBxlfis = Triz(pBxBxp) < Trrz(p(l — HE)p) < CK. (5.352)

By rotation invariance Trp2(BgpBg) = 0. The first term in (5.350), on the other hand, is
seen to be a two-particle wave function @ given by

Pr(z,y) = (AxpBk + BrpAk) (z,9). (5.353)

Sl

2
Thus

1
(Txl(P)*Tx), = Sl AxpBr + BrpAxlis < 2|Ax |5 lIpBrllis < CK. - (5.354)

where we invoked again (5.352). O
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