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1. Introduction and main results

We consider two interacting quantum particles in d-dimensional space that form a

bound state in free space. We constrain the particles in k directions to (0,00)* x R4=*

for some k € {1,...,d} and impose Neumann boundary conditions. The goal of this

paper is to show that at low energy the particles will stick to the boundary of the

domain. In fact, the particles want to be close to as many boundary planes as possible.
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In particular, they stick to the corner where all boundary planes intersect. Neumann
boundary conditions can be interpreted as representing perfect mirrors. It is remarkable
that while such boundary conditions are not sufficiently attractive to capture single
particles, mutually bound pairs are always attracted to the boundary.

In order to justify the picture of particles sticking to the boundary, we show that
introducing a boundary plane lowers the ground state energy. Then it is energetically
favorable for the particles to localize at a finite distance to the new boundary plane.
Moving the particles away from that boundary plane would reduce the boundary effects
and raise the energy to reach the previous ground state energy, which is strictly higher.
Since moving just one of the particles to infinity would increase the potential energy
between them, both particles stick to the boundary.

This problem was already studied (for particles with equal masses) in the case d =
k = 1. Kerner and Miihlenbruch [9] considered a hard-wall interaction between the
particles. (For a higher-dimensional version of this problem, which is different from the
one we counsider here, however, see [3].) More general interactions were studied by Egger,
Kerner and Pankrashkin in [6]. Additionally, they showed that the Hamiltonian has only
finitely many eigenvalues below the essential spectrum. We show here that this also holds
true for particles with different masses and all dimensions d and numbers of boundary
planes k. The finiteness of the number of bound states is a consequence of the fact that
the effective attractive interaction with the boundary decays exponentially with distance,
a decay that is inherited from the corresponding one of the ground state wave function
in free space.

Let 2 and 2® be the coordinates of the particles. The Hamiltonian of the system is

H =

—2771% Aga — %ﬂlezb +V(2® — ) (1.1)
acting in L? ((0,00)% x R™%) @ L? ((0,00)* x R**), where V : RY — R is the inter-
action potential. We change to relative and center-of-mass coordinates y = % — 2 and
%’"”b, where M = m, + my is the total mass. The conditions zj >0 and
x? >0 for 1 < j < k result in the coordinates (21, ..., 2k, Y1, ..., Yr) lying in the domain

z =

. M M
Qk:{(zl, ey Zhy Y1y oo Ukt) € R2* |Vje{l,....,k}:2z; >0and — Ezj <y; < m—Zj},

(1.2)
while (241, ..., 24) and (Y11, -..,yq) lie in R4~*. In these coordinates, the Hamiltonian

becomes H = fiAy - ﬁAz +V(y), where p = ™47 is the reduced mass. Separating
the variables (zx41, ..., 24) from the rest, we write the Hamiltonian as H = H, @I +1®q,
where ¢ = — 517 A on H*(R4™%) and

k
1 1 0?
Ho=—ta,- L3 2 Ly (13)
J
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acting in L?(Qy, x R?%). To be precise, we define the Hamiltonian Hj, via the quadratic
form

W|Y)? | dzy...dzpdyr...dyg  (1.4)

mil = [ | govR Z‘

QrxRd=Fk

with domain D[ht] = H'(Q x R47*). Due to the free part of the kinetic energy ¢, the
Hamiltonian H has no discrete spectrum if & < d. We remove this free part and work
with Hy, instead of H.

We impose the following conditions on the interaction potential V.

Assumption 1.1. We assume that

(i) V =v+w for some v € L"(R?) and w € L>®(R?), where

r=1 ifd=1, (1.5)

r>1 ifd=2, (1.6)
d .

’I“Z§ it d> 3, (1.7)

(ii) the operator Hy = fiAy + V(y) in L?(R%) has a ground state 1y with energy
EY <0,

(iii) liminf), V(y) >0,

(iv) V is invariant under permutation of the d coordinates (y1, ..., yq4) € R%.

Remark 1.2. Condition (i) implies that in the quadratic form hy the interaction term is
infinitesimally form bounded with respect to the kinetic energy, see Proposition A.3 in the
Appendix. The KLMN theorem (see e.g. Theorem 6.24 in [13]) then guarantees that there
is a unique self-adjoint operator Hj corresponding to hy, which is bounded from below.
Assumption (ii) means that the particles form a bound state in free space. Condition (iii)
is a rather strong form of decay of the negative part at infinity. Presumably some weaker
assumptions would be sufficient, but in our proofs this version is convenient. Also the
assumptions on the positive part of V' can probably be relaxed. Assumption (iv) is
imposed for convenience as it implies that it is irrelevant which coordinates are restricted,
and without loss of generality we pick the first k. However, our methods easily extend
to the general case.

Our first result is that the ground state energy strictly decreases upon adding a
Neumann boundary that cuts space in half, i.e. when going from & — k + 1. Moreover,
the essential spectrum after dividing space starts at the previous ground state energy.
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Theorem 1.3. Let V satisfy Assumptions 1.1. Then for every k € {1,...,d}, the bottom
of the spectrum of the operator Hy, is an isolated eigenvalue E* = inf o(Hy). Moreover,
the essential spectrum of Hy is 0ess(Hy) = [E*~1,00). In particular, the ground state
energies form a decreasing sequence B¢ < B! < ... < E° < 0.

Our second result is that the operators Hy have only finitely many bound states.

Theorem 1.4. Let 1 < k < d. Then Hy has a finite number of eigenvalues below the
essential spectrum.

In the one-dimensional case d = k = 1 with equal masses m, = my, Theorems 1.3
and 1.4 were proved in [6]. While we follow their main ideas, several new ingredients are
needed to extend the results to general d and k. In particular, the localization procedure
in the proofs is more complicated and requires several additional steps.

Remark 1.5. At various places it will be convenient to switch back to the particle coor-
dinates in the first k components, while keeping the relative coordinate in the last d — k
components. We shall from now on use the notation z¢ = (z¢, ...,2¢), b = (2%, ...,2%)
for the first k& components of the particle coordinates and § = (Yg+1,...,¥a) for the

remaining components of the relative coordinate. In this notation, y = (z® — 2%, §) and
hel) = Vel 4 5 [Vl + o VP
R om, 2my, @t 2 Y
[0,00)2k x Rd—Fk

+ V(2 — 2?, ﬂ)¢|2>dxadxbdg (1.8)

with domain D[hy] = H*((0,00)%F x R47k).

Remark 1.6. By Corollary 5.1 in [7], if Hj has a ground state, it is non-degenerate and
we can choose the corresponding wave function to be positive almost everywhere.

The remainder of this paper is structured as follows. Section 2 contains the proof of
Theorem 1.3. In Section 3, we prove Theorem 1.4. The Appendix contains an explicit
example for d = 1 in A.1, the proof of Lemma 2.3 in A.2, as well as technical details
of the proofs in A.3. The exponential decay of Schrédinger eigenfunctions needed in the
proof is discussed in Appendix B by Rupert L. Frank.

2. Proof of Theorem 1.3

We shall prove the following two statements.

Proposition 2.1. Let k € {1,...,d}. If Hy_1 has a ground state with energy E*~1 < ... <
E° the essential spectrum of Hy, is [E¥~1, 00).
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Proposition 2.2. Let k € {1,...,d}. If Hy_1 has a ground state V_1 with energy E*1
the spectrum of Hj. satisfies

k. k1 J2M Mg Mp -1 k1
E¥ =info(H,) < B — W 1+ 2maxq —,— < BT, (2.1)
1% mp Mg

where J = ka_lde—’““ S(yr)|Yr_1|>dzdy > 0 with & the Dirac delta-function.

The assumption E*~1 < ... < EY in the first Proposition holds as a consequence of
the second Proposition. These two propositions combined yield Theorem 1.3.

Proof of Theorem 1.3. We proceed by induction. The claim is that Hj has a ground
state, and that the ground state energies form a strictly decreasing sequence E? < ... <
E°. For k = 0 the former is true by Assumption 1.1(ii). For the induction step we apply
Propositions 2.1 and 2.2. Assuming that the claim is true for k£ — 1, Proposition 2.2
implies that Hj, has spectrum below E*~!. By Proposition 2.1 this part of the spectrum
must consist of eigenvalues. Since Hy is bounded from below by Proposition A.3, it
must have a ground state. The ground state energy E* is strictly smaller than E*~1 by
Proposition 2.2. 0O

2.1. Proof of Proposition 2.1

In order to compute the essential spectrum of Hy, we follow the proof of Proposition
2.1 in [6]. For the inclusion [E*71,00) C 0ess(Hy) we use Weyl’s criterion (see Section 6.4
in [13]). For the opposite inclusion, we bound the essential spectrum of Hj, from below by
introducing additional Neumann boundaries. They split the particle domain into several
regions. One of them is bounded, so it does not contribute to the essential spectrum. In
another, the interaction potential is larger than E*~! and hence there is no essential
spectrum below E*~!. In the remaining regions, the Hamiltonian can be bounded from
below by approximately Hyx_1 ® 1. For this operator the essential spectrum starts at
EF-L

Proof of Proposition 2.1. For the inclusion [E*71 00) C 0es(Hy) we construct a Weyl
sequence. Remark 1.6 allows us to choose the ground state wave function ;1 of Hp_1
to be normalized and positive almost everywhere. Let [ € [0,00) and let 7: R — R be a
smooth function satisfying 0 < 7 < 1 with 7(z) =0 for z < 1 and 7(z) = 1 for x > 2.
Let us write § = M/ max{m,, mp}. For integers n > 5, choose ©n (21, ...y 2k, Y1, e, Yd) =
(21, ooy 21, U1, o, Yd)gn(21) for (2,y) € Qp x RI™F with

fn(zla sy Zk—15 Y1, "'7yd) = ’1/11671(21, vy Rk—15 Y1y ooy yd)T(n - |yk|/5) (22)

and
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gn(2r) = cos(lzg)T (2 — n)T(2n — 21). (2.3)

Using the properties of 7, we observe that g,(z;) = cos(lz) for z; € [n + 2,2n — 2].
Moreover, for |yx| < d(n —2) we have f,, = 15_1. Note that for (z,9) € Qi x R¥~* with
zi > n + 2, the variable y;, can take all values satisfying |yx| < 6(n + 2). Therefore,

2n—2
lon 2 gt > / || [ coaan ). @
Qu_1X[6(—n+2),6(n—2)| xRd—F nt2

Since ¥_1 is normalized, the first integral converges to 1 as n — co. The second integral
is greater than some constant times n. Thus, [¢,[|2,
Cy > 0.

Using the eigenvalue equation for ¢_1, we have

(Qr xRI—F) > (C'1n for some constant

_ 12
(Hk - Ek 1 m) Pn = fn\Iln + (I)ngn (25)

with
U, (2;) = %l sin(lzg) [T/ (zk — n)7(2n — 2x) — T(2x — n)7'(2n — 21)]
L cos(lzx) [T (21 = m)T(2n — 21) — 27" (21, — )T (20 — 2x) + T(2k — n) 7" (20 — 21)]

2M
(2.6)

and

- g (= i /0).

(2.7)
By choice of the function 7, we have supp V¥, C [n+ 1,n + 2] U [2n — 2,2n — 1] and
supp @, C Qr—1 X [0(—n + 1),6(=n + 2)] U [§(n — 2),5(n — 1)] x R?"*. Since both 7/
and 7" are bounded, there is a constant Cy > 0 independent of n such that |®,| <
Ca (|0y, Yr—1] + [Yr-1]) and ||V, ]|e < Co. With the aid of the Schwarz inequality, we

therefore have

_ 12
H (Hk _Ek T W) Pn

<2 / f2 / T2 42 / P32 /g,%

Qp_1 xRd—k+1 [n+1,n+2]U[2n—2,2n—1] Qp_1 xRd—k+1 n+1

1
D, (215 00y 21, Y15 ooy Yd) = @8ykz/}k,1sgn(yk)7'(n — |yxl/9)

2

L2(Qk><Rd—k)
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<402 |14 (n—2) / ((Byor—1)* +97_1)
Qi X[5(—n1).6(~n+2)]U[5(n~2) 6(n—1)] xRk
(2.8)

where we used ||1,_1]|z2 = 1 in the last step. Since 1 € H(Qr_1 x R47F 1) we
obtain

2
. | (Hy — EFT - ;W)‘an%Z(Qkad—k)
lim 5
n—reo ||8077«||L2(Qk><]Rd—k)
4C2
<G m, / CR

Qr—1x[6(=n+1),6(—n+2)]U[d(n—2),d(n—1)]xRd—k
(2.9)

By Weyl’s criterion, we obtain E*~1 + % € o(Hy) for all I > 0. Since the interval
[E¥~1 00) has no isolated points, it belongs to the essential spectrum of Hj,.

For the opposite inclusion oess(Hy) C [EF~1, 00), we partition the domain Q x R?~*
into k 4 2 subsets. By Assumption 1.1(iii) there is a number Lg such that for all y € R?
with |y| > Lo the potential satisfies V(y) > E°. For L > Ly and 1 <[ <k let

L L
Q= {(z,y) € Qp x RI7F ‘ 2 > §’|yl| <LVI<j<l:z< E}’ (2.10)

L
Qpg1 = {(z,y) € Qp x RI7F ‘ VI<j<hk:iz <<Vj>k: ly;| < L}, (2.11)

k+1

Qpao =\ U Q. (2.12)
=1

These sets are sketched in Fig. 1. The set Q1 is bounded. For (z,y) € Q42, we always
have |y| > L. Moreover, in €; the range of y; is independent of z.
For 1 <[ < k+ 2, we define the quadratic forms a; : H'(Q;) — R as

ol i= [ (571708 + o902 + VP ) dsa (213

l

For 1 <1 < k + 1, the potential term in a; is infinitesimally bounded with respect
to the kinetic energy term, as will be shown in Lemma A.4. For ayx4o the potential
is bounded from below. Thus, by the KLMN theorem there is a corresponding self-
adjoint operator A; for all 1 <[ < k+ 2. Let A = fif A;. There is an isometry

v HY(Qo) = @, H' (), ¢ = {¢lg,}- Let {¢,} be a normalized Weyl sequence such
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b
A

Qyz

Fig. 1. In the case d = k = 1, the areas labeled 1, 2, and 3 are precisely Q1, Qs2, Q3, respectively. In higher
dimensions, region 1 (blue) is the domain of the Ith component of z and y for (z,y) € @, I < k. In
particular, the domain of y; is independent of z;. The (red) triangular area 2 corresponds to the domain of
zj and y; for (z,y) € Q; and j <1 < k+ 1. (For interpretation of the colors in the figure(s), the reader is
referred to the web version of this article.)

that lim, oo ||(Hx — inf oess(Hi))@n|| = 0. Then {u(¢n)} is an orthonormal sequence
with limy, o0 (t(¢n)|At(pr)) = inf 0ess(Hy ). By the min-max principle,

inf oess (Hy) > inf 0ogs (A) = mlin inf oess (Ar). (2.14)

We shall now analyze inf oess(A4;) for all 1 < I < k4 2. Since Q41 is a bounded
Lipschitz domain, H'(,1) is compactly embedded in L?(Q.;) by the Rellich—
Kondrachov theorem [1]. Therefore, Aiy1 has compact resolvent and the spectrum of
Ap41 is discrete. In Qpyo, always at least one of the y; is larger than L. Therefore,
inf 0(Apq2) > infj, s V(y) > E°.

Consider now A; with [ < k. In order to separate the variable z; from the rest, let
q be the quadratic form ¢[p] = 71 f;’[s l¢/(21)? dz; with domain H'((L/§,00)). The
remaining variables lie in

~ . L .
Qéfl = {(zl,...,zl,...,zk,yl,...,yd) e Ré+k—1 ’ Vi<ji<l:0<z < E’VJ >1:z; >0,

M M
Vi<j#l<k:——z <y; < —zj,|ul < L} (2.15)
mp Mgq
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where the hat means that the z; variable is omitted. Note that for L — oo the set Qﬁ_ll
becomes Qi1 x R¥#*1 with [ and k components swapped. Define the quadratic form

2
1 —~

o
3zj

k
1

hy [) = / i Z

5

L,l
Qkfl

with domain D[hﬁ’_ll] = Hl(Qﬁ_ll) In Lemma A.4, we show that there is a self-adjoint
operator H ,fjl corresponding to the quadratic form hé’fl. By Assumption 1.1(iv), the
quadratic form h,?_ll resembles hi_1 with [ and & components swapped, up to the con-
straints imposed by the finite number L.

We can decompose

a=h @l+1®q. (2.17)

It is well-known that the self-adjoint operator corresponding to ¢ has purely essential
spectrum [0, 00). Therefore, we obtain inf oess(A4;) = inf U(H,f;ll). Using localization
arguments, one can easily prove the following.

Lemma 2.3. Let 1 <[ < k < d and assume that E¥=1 < ... < E°. The self-adjoint oper-
ator H,CLfl defined through the quadratic form (2.16) satisfies liminfy,_, inf U(HkL;ll) >
EF-1,

The proof of Lemma 2.3 is rather straightforward and follows similar arguments as in
the one-dimensional case in Proposition A.5 in [6]. For completeness, we carry it out in
Appendix A.2.

Collecting all estimates and applying (2.14), we see that

inf oess(Hy) > min{E, inf o(H',)} (2.18)

for all L > Ly. With Lemma 2.3 and since E® > E*~! it follows that oes(Hy) C
[EF100). O

2.2. Proof of Proposition 2.2

The goal is to find a trial function ¢ such that (v, Hpy)) < E* 1||4||3. Then
inf o(Hy) < E*~! by the min-max principle.

We denote the ground state of Hx_1 by ¥,_1 and choose it normalized and positive
a.e. (see Remark 1.6). Since we expect the ground state of Hj, to stick to the boundary,
we pick the trial function

(21, ooy Zhy Y1y ooy Yd) = Vhe1(Z15 ooy 21, YLy ooy Ya )€ 78 (2.19)
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for v > 0. We start with a preliminary computation.

Lemma 2.4. Let f(yr) = X(—o0.0)(yr)e™ 2™ WM 4y ooy (yp)e ™27 l0xl/M - where x
denotes the characteristic function. We have

1
A= S (fr—1, ¥r-1) = 1Y (2.20)

Proof. Carrying out the integration over zj, we have

113

oo
= / dzl...dzk,1dy/d,z;C X{— AL 2y << ML Zk}w,%fl(zl, ey b1, YLy ey Yd )€ 2R
0

mq
Qk—l xRd—k+1

= % le...de_ldy d)i—l(zh ey Rk—15,Y1y ey yd)f(yk)
Qr—1xRa—k+1
1 1
= %(flllkq,iﬁkq) = ;A- m (2.21)

Proof of Proposition 2.2. We have

1 1
hi Y] = / dzp...dzpdy;...dyg <W|Vz¢k12 + ﬂ\vwaﬂz
Qr xRd—Fk

2
Y — 2~z
+m"/)l%—l + V(?JW}%—l) e 27 (2.22)

We rewrite this as

2 2
hk[w] = % + / le--~de—1dy1-~-dyd
Qk—lXRd*kJrl
x [ az Vet o (T V@) ) e
kX{—%zk<yk<mank} oM z¥k—1 2,u yWPk—1 Y)Wr_1 )€ .

0
(2.23)

Integrating over zj; as in the proof of Lemma 2.4, we obtain

2 2 1 1
hkw}] = M + — / dZ1...de,1dy1...dyd <m|vz¢k12

oM 2y

Qk—l xRd—k+1
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oVt + V<y>wi_1) F). (2.24)

We pull the function f into the gradients and write

2 2
mil =T L [ (G e Vet + V()

Qp—1xRd=k+1

+iM (—mbx(foo,())e_h%‘yk‘ + MaX(0,000€ M ly’“') Yr—10y, e+ V(y )fi/)iq) -

I
(2.25)
Let us write hg[-, -] for the sesquilinear form associated to the quadratic form hg. The

previous equation reads

Y13
h _ 2.26
k(Y] = onr s 27 k—1[fr—1,Yr—1] + (2.26)
where
S (—mbX(—oo o275 el 4 MaX (0 00)6727%|yk|) Yr—10y, Y1
ZMM s s Yk

Qr_1xRd—k+1
(2.27)
Since 1 is the minimizer of the functional 2 H¢\ , for all functions g € H'(Qp_1 x
R4=*+1Y it holds that hy_1[g, ¥r_1] = E*~1(g,%x_1). With g = f1yx_; and Lemma 2.4,
we obtain

mle = (57 + B I3 + B (229

We now simplify the integral in B. By the Sobolev embedding theorem (Theorem
4.12 in [1]), the restriction of an H'-function to a hyperplane is an L2-function.
Therefore, one can restrict the function 1¥;_1 to yr = 0 and obtain a finite number

2
J = kailde—k (¢k_1|ykzo) . Integration by parts with respect to y, gives

2uMB = — my, / 6_27%“”“‘1/11@715%1#1@71
Qr—1x(—00,0)xRd—Fk
+my e—zv%lyklwkflaykqpkfl
Qr—1%(0,00)xRd—k
mp 2 m2 _

Q1 xRd=k Qr—1X(—00,0)xRd—k
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Mg 2 m?2 o ma
"2 / (v-1lm) +2757 e A lyE

Qr—1xRd—k Qr—1%(0,00)xRd—k

M

———J

2

Y _onTb yma

M (m%X(*oo,O)(yk)e 205 sl m2x 0,00y (Y ) lykl) Vo1
Qk:_ldefk+l

(2.29)

The last integral is bounded from above by 2max{m?2, m?}A. With (2.28), Lemma 2.4
and the min-max principle we obtain

; b [)] k=1, 7 1 Mq yA J
mtotihy) < g <5 ((grmes{ e T 3 - 0) - 90

This holds for all v > 0. Minimizing with respect to 7 yields

J2M mg my |\
. k—1 a
leO'(Hk) S E — m (1+2max{mb e }) . (231)

Moreover, since 1;_1 is normalized we have

1 1 1
A=3 [ miazsy [ wba-y (2.32)

Qr_1xRd—k+1 Q1 xRa—k+1

This yields (2.1).
We are left with showing that J > 0. Suppose that J = 0. Define a new function

Ypo1 = Pp_1 (Xyr<0 = Xyx>0). Since J = 0, the function o1 € HY(Qp_1 x RI=FFL),

Moreover, 12;@_1 is a ground state of Hy_1 because ’Ml w”“”;] = hlﬂ’(ﬁi[wlk”gl]. Since Y1
k—1112 c— 11z

and %@_1 are linearly independent, this contradicts the uniqueness of the ground state
(Remark 1.6). Hence, J > 0 and info(H) < E¥~1. O

3. Finiteness of the discrete spectrum

In this section we shall give the proof of Theorem 1.4. An important ingredient will
be the exponential decay of the ground state wave function vy of Hy. In fact, the Agmon

estimate (Corollary 4.2. in [2]) implies that for any a < /inf oess(Hg) — E¥ we have
b |2 €20V 2M I 20l 42y < oo, (3.1)
QrxRd—Fk

Strictly speaking, the assumptions on the interaction potential stated in [2] are slightly
stronger than ours. However, the Agmon estimate only requires V' to be form-bounded
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with respect to the kinetic energy with form bound less than 1, as shown in Theorem B.1
in Appendix B by Rupert Frank. As we argue in Proposition A.3, this is the case given
Assumptions 1.1.

In order to derive (3.1) from Theorem B.1, we remove the boundaries in the particle
domain via mirroring and consider the operator Hj acting on H!(R%*) (see Propo-
sition A.1). It suffices to prove the exponential decay for the ground state Jk of Hy,.
We rescale the variables to remove the masses in front of the Laplacians using the

unitary transform Uep(z,y) = \/2Mk\/2,ud<p(\/ 2M z,+/211y) on HY(R4HF). Switching to

relative and center of mass coordinates and writing V (z,y) = V((|=4] — |25)h_, 5) and
Vu(z,y) = V(z/V2M,y/\/211) we have
Hom A — A +I7—U(A A—H7)UT (3.2)
k= oM z 2‘u Yy = z Yy U . .
The ground state ¢ of —A, — A, + VU satisfies Jk = Uypg. For any a <

Vinf oess(Hy) — EF = \/inf cress(l:jk) — E*, we thus have

|y, |2e2aV2MI2P42ulul® q 4y — / |22V d2dy < oo (3.3)

Rd+k Rd+k

by Theorem B.1. Hence (3.1) holds.

Definition 3.1. Let n € ZZ° and A be a self-adjoint operator with corresponding
quadratic form a. We define

E,(A):= inf sup a[cp]? (3.4)
dn‘:%D:[ﬂq < el

By the min-max principle, if n is larger than the number of eigenvalues below the essential
spectrum, we have E, (A) = inf oss(A). Otherwise, E,_; is the n-th eigenvalue of A
below the essential spectrum counted with multiplicities.

Definition 3.2. For a self-adjoint operator A and a number A € R, let N(A, \) denote the
number of eigenvalues in (—o0, A) if gess(A) N (—00, A) = 0. Otherwise, set N(4,\) = oco.
When N (A, ) # 0, one can write

N(A,\) =sup{n € Z=E,_1(A) < \}. (3.5)

In the case k = d = 1, Theorem 1.4 was already shown in [6]. We generalize the proof
using similar ideas. The overall strategy is to construct localized operators A and bound
N(Hy, E*~1) using N (A, E*~1). The localized operators fall into three categories. First,
they can have compact resolvent or second, the corresponding potential is larger than
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E*=1. In these cases, the number of eigenvalues below E*~! is certainly finite (or even
zero). In the third category, the operator is of the form [® H_1 — ﬁAzj RI—K, where K
is a well behaved error term. One estimates this operator by projecting onto L?(R)®1y_1
and its orthogonal complement. This reduces the problem to a one-dimensional operator.
Then, (3.1) and the Bargmann estimate [4] imply that the number of eigenvalues is finite.

Proof of Theorem 1.4. Let y1,x2 : R — [0,1] and x3 : R? — [0,1] be continuously
differentiable functions satisfying x1(t) = 0 for t > 2, x1(t) = 1 for t < 1, x1(#)? +
x2(t)? = 1 for all t and x3(s,t)? + x2(s)?x2(t)> = 1 for all ¢+ and s. Note that for
j =1,2,3 we have |[(Vx;)?]|oo < 00.

Let Qo = (0,00)%* x R9~*. The boundary of the particle domain consists of k orthog-
onal d — 1-dimensional hyperplanes. We start by localizing into two separate regions,
distinguishing whether there is a particle close to all the hyperplanes, or whether both
particles are far from some hyperplane. For R > 0, let

2%, 2%, §) € Qo max{z{, ..., ¢} < 2R or max{a?,...,2}} < 2R}, (3.6)

2%, 2%, §) € Qo| max{z{,..,2¢} > R and max{z},...,z}} > R}. (3.7

We define the functions

a max{z¢,...,z¢} max{z?,. .. ¥
e e ] (3:5)
max{x{,...,x¢ max{z}, ..., a?
it ) = o (Pl ) (i) )

Note that for all functions ¢ € L?()) we have support supp fJRgo C Q;. By the IMS
localization formula we have for all ¢ € H' () that

Wl + il = el [ WalePdstdstag,  (3.10)
(0,00)2k x Rd—k
where
a . 1 1 max{z?,...,z%} max{z?, ... al 2
Wi(a2?,3) = g | g (Vo) (Pt thd ot ati] )
2
1 max{z{,...,z¢} max{z?,...,z}}
g Y X2) ( R ’ R

1, (max{z{,.. z¢} 2 max{z?, ..., 2} } ?
X2 Xe\——p
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1 max{z{, ..., ¢} 2 , (max{zt .. 2%} 2
to—XxXe|——F | Xo|——FH .
2my R R

(3.11)

Note that there is a constant c¢; > 0 such that |[Wg|le < g5. For j = 1,2, define the
quadratic forms

1 1 1
slel = [ (Gl Vonol + gl Vanel? + 5l
Q;

+ (V(2® — 2b,§) — Wgr(z®, 2, §)) |<p|2) dzdzbdj (3.12)
with domains

Dla1]={pe H" ()|p(z*,2",§)=0if max{x{, ...z} >2R and max{z}, .., z}}>2R},
(3.13)

Dlas]= {p € H'(Q)|p(z", 2", §) = 0if max{z{,...,zf} < R or max{z},..,a}} < R}.
(3.14)

For all quadratic forms a; in this proof, let A; denote the corresponding self-adjoint
operator. In Lemma A.5, we verify that these operators exist. For ¢ € D[hy], the re-
striction of the function f*¢ to ; belongs to D[a;]. With (f{%)*+ (f3%)* = 1, it follows
that hile] = a1[ff¢] + az[ff¢]. Let A denote the operator A = Ay & Ay. The map
J: HY Qo) — HY(Qo) @ H(Qo), p = (fife, fRy) is an L2-isometry and thus injective.
By the min-max principle, we have

h alJ
E,(Hg) = Vcerl[f} | sup & = Hle; sup 7 alJ¢]
dim Veni ¢ev ”sﬁHLz(Qo) dim V7 [:LkJr] ¢EV ” S0||L2 (Q20)BL2(Q0)
inf  sup aly] > inf  sup aly] = E,(A) (3.15)

(ch,‘\]/z[:fll :’;EV H<‘0HL2(QO)@L2(QO) o di:]%i[:lrl ‘:EV H<‘0HL2(QO)®L2(QO)

for all n € Z2°. Thus, N(Hy, EF=') < N(A, E¥=') = N(A;, E*~') + N(Ag, E* 1),
Let

N it = {(xa,a:b,ﬂ) € Ql|(z* — 2, 9) € (—R, R)d} and (3.16)
O ext = { (2%, 2%, §) € Qo|(2* — 2°,9) ¢ [-R, R]*}. (3.17)

Moreover, let 21 4 = QL- N Q for e € {int, ext}. Define quadratic forms ai int, @1 ext
through expression (3.12) with domain
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s

=y

ool
=

Fig. 2. Let k = 2. In Q5 both % and z° lie outside the square (0, R)?. If 2° lies below the upper diagonal,
the configuration belongs to Q3 1. If ® lies above the lower diagonal, the configuration belongs to Q3 2.

D[GL.] =
{0 € H' (Q0)|p(z, 2", §) = 0 if max{z{,..,2¢} > 2R and max{z},..,2}} > 2R},
(3.18)
for e € {int, ext}. Again, there is an isometry
D[al] - D[alyint} D D[al,CXt]’ $ = (90|Q1,ima @‘Ql,cm)’ (319)

and therefore, N(A;, EF~1) < N(Al,int,Ek’l) + N(Alyext,Ekfl). Since the negative
part of V vanishes at infinity by Assumption 1.1(iii) and since |[Wgl|loc < &, there
is a Ry > 0 such that for R > Ry and |(2® — 2%, §)| > Ry we have V(2% — 2°,§) —
Wr(z?, 2% §) > E*~1. Choosing R > Ry, we have N(Aj ey, EF71) = 0. Since Q1 jn; is
a bounded Lipschitz domain, A; ;¢ has purely discrete spectrum. As Aj jn¢ is bounded
from below, we have N(Aj ing, EF71) < o0.

We are left with showing that N (A, E*~!) < co. For k = 1, wave functions in the
support of Ay are localized away from the boundary. Effectively, the boundary has thus
disappeared and one can directly make a comparison with Hy_; = Hy. For k > 1, the
domain €25 is more complicated and we need to continue localizing in order to effectively
eliminate one of the boundary planes. For now, assume k& > 1 and let r = R/8. We
localize z® in the k sectors

Q3 = {(z%,2%,9) € Qo2 > max{x],...,zp} —r} for 1 <j <k (3.20)

In the sector {23 ;, the largest component of 2 is z¢ up to the constant r. The domains
are sketched in Fig. 2 for the case k = 2. For the localization, we need functions f35 ; on
Q9 which are supported in 3 ;, satisfy Z?Zl( f§"’j)2 = 1, and their derivatives scale as
1/r. We construct auxiliary functions f3 ; corresponding to the case r =1 and set
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fi;l,j(xaaxbvg) = f?uj(xa/r)' (321)

The idea behind the construction of the auxiliary functions is as follows. We want that
f3.1 equals 1 on €23 apart from the boundary region which overlaps with other Q3 ;. The
expression max{z§, ..., z§ } —x{ measures the distance to the boundary of 23 ; and is large
outside €3 1. Hence, to define f3 1, we apply x1 to this expression (up to some constants).
For the sum condition to hold, the remaining f3 ; will contain the corresponding factor
x2- This x2 factor takes care of the behavior at the boundary towards large x{. For
the next function f3 2, we proceed analogously to before, but ignoring the z¢ direction.
Inductively, for ¢ € (0,00)* and 1 < j < k — 1 we define

a k a " w3
fs5(2%) =xa (5 (max{z] ,,..., 20} —zf) + 5)
| I a ay 3
< |1 x2 max{xl+1,...,xk}—xl) _|_§ ,

fa.5( H X2 ( max{a;lJr17 e TR} — mf) + g) , (3.22)

where the product in the first line has to be understood as 1 for j = 1. Note that for all
1 < j < k the derivatives are bounded, i.e. [|(V f3,)?|lcc < 0co. By construction, we have
Z?Zl( f3.;)? = 1. That the functions /3 ; indeed have the correct support is the content
of the following Lemma, which is proved at the end of this section.

Lemma 3.3. For 1 < j <k, the functions f3 ; defined through (5.21) and (3.22) satisfy
supp f3 ; N Qe C Q3. (3.23)

Moreover,

supp V f3 ; N Qs C

{(z%,2°,7) € Qo| max{z?, ..., 5?7 wo T} — 1 < rf < max{zf, ...,@, ozt 41}, (3.24)

where EJE means that this variable is omitted.

By the IMS formula, we have for all ¢ € Dlas]

k
S aslfy o] = azle] + / Fu(a®, 2%, )| p[2dz"datdg, (3.25)
Jj=1 Qs

where
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Fo(2%, 2", §) = TiQ L (Vfas) @) (3.26)

k

2m
1 a

J

For 1 < j <k, define the quadratic forms
1 1 1
. — - vwa 2 - v 2 el v~ 2
oolel = [ (G Varol + g Val? + 930l
3.5

+ (V(a® = 2*, ) — Wr(a®, 2", §) — F(z*,2°, 7)) |so|2)dxadxbd@ (3.27)
with domains

Dlas ;)= {goeHl(Qo)\go(x“,xb,ﬂ) =0 if max{z{, .., 28} <R or max{z}, .., 2}} <R

or r§ < max{z{,.., T} — r}. (3.28)

Again we have N(Ap, E¥1) < 3% | N(A3;, E*~1). We will show that N (A, E¥~1) <

oo. For 1 < j < k, by Assumption 1.1(iv) the same argument with vector components
k < j swapped gives N (A3 j, E*¥~1) < oo.

We localize 2 close and far from the domain of z%. Define the sets
Qy = {(x“,xb,g) € Q3 )2 > max{xt, .. 2t |1~ 4r} and (3.29)
Q5 = { (2%, 2%, 9) € Q3 |zl < max{al,...ah_} —2r}. (3.30)

ax ZL‘b e wb 7wb
For k = 2, they are sketched in Fig. 3. Let f1(x%) = x; (m& {zi) o k1) ’“) and fI'(z?) =

b b gt
X2 (max{ﬁ’"é’f’“*l} ’“). By the IMS formula, we have for all ¢ € Dag j]

as il fie] + asalfe] = asile] + / G (2%, 2, §)|pPdatdabdy,  (3.31)
Q31

where

2
1 max{z?, ...x%_ |} —ab
a b o / 1T k
G?"(x y L 7y) - 4’]"2mb X1 < o
2
b b b
max{x],..,x,_{} — T

For j = 4,5, define the quadratic forms
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AN o
NN

Fig. 3. In Q3 2, the first particle’s coordinate z® lies in the shaded area, while the second particle at z° lies
outside the square (0, R)2. If 2¥ lies above the lowest diagonal (blue), the configuration belongs to €. If
z® lies below the middle diagonal (red), the configuration belongs to 5. Note that for any configuration in
Q5, the particles are separated by at least distance 7’/\/5

1 1 1
(Ij[sp} = /<2m ‘Vma(p|2 + Tm‘vxb@F —+ E‘VQQOF

2
+ (V(Ia - xb7g) - WR(xaaxbag) - FT(Ia’xba g) - GT(xaﬂmba g)) |§0|2) dzadxbdg
(3.33)

with domains
Dlas)={¢ € H(Q0)|p(z*, 2", §) =0 if max{x{, .., 20} <R or max{z}, .. ,2}}<R
or z§ < max{z{,..,zf{_ } —7ror 2 <max{z}, .. 2l _;} —4r}, (3.34)

Dlas)={¢ € H'(Q0)|p(z* 2" §) =0 if max{a{,..,zf} <R or max{z}, .. 2}}<R

or x¢ < max{z{,..,z¢_} —r or 2} > max{zb, ..., 2} |} — 2r}. (3.35)

Again, we have N(Asy, E¥71) < N(Ay, EF~1) + N (A5, EF1).
For (2%, z%, 7) € 5, we claim that

(e —a®,9)| = r/vV2 = R/(8V2). (3.36)
Let [ be the index such that z? = max{z},...,2%_,}. We estimate

(zff —af — 2} + a:Z)Q . (3.37)

[N

(2 = a®, 9)* > (af —2])? + (af, — 23)* >

Since max{z{,...,x%_;} > = we have in the set Q5 (see (3.30) and (3.20))
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¢ >af —r and ah <ab—2r & ¢ — ¢ <r and a?— a2l >2r. (3.38)

Combining this with (3.37) yields (3.36). Moreover, we have ||[Wg/|loo + || Fr|lco + |G llco <
£%. By Assumption 1.1(iii), there is Ry > 0 such that for R > Ry we have a5 > E*1.
Choosing R large enough, we thus have N(As, E¥~1) = 0.

For k = 1, we set F, = G, = 0 and a4 = ao. For any choice of k£ > 1, we now just
need to show N (A4, E*~1) < co. At the boundaries which constrain the kth component
of  and 2?, the operator A, has Dirichlet boundary conditions. The idea is to extend
the domain of z{ and xz to R, which leads to the new operator A, defined below.
In Ay, the boundary hyperplane in the kth direction has disappeared. This makes it
possible to compare the operator Ay to the Hamiltonian Hj_; of the problem with
k — 1 boundary hyperplanes. Let us write Kr = (Wg + F. + G1)X(0,00)2F xRé—#- Let

O, = ((0,00)F=1 x R)2 x R4 and define the quadratic form

) 1 1 1
alel = [ (Gl onbl + Vsl + 5 Vel
Q

+ (V(z® — 2%, §) — Kg(a®, 2", 7)) |<p|2)dx“dmbdﬂ (3.39)

with domain Dlay] = H'(Q4). We have N(Ay, E*¥~1) < N(A,, EF1).
Let us change to relative and center-of-mass coordinates y = (2% — 2% %) and z =
a b
Mal 7T Then

~ 1 1
aglp] = /dz;C / dzl..dzkldy<ﬂ|vy4p|2 + m|vz<p|2
R Qr—1 xRd—k+1

# [V = K (24 g ) = ) 5)] o) G0)

with D[a4] = H'(R x Qp_1 x R¥7*+1). Note that we can separate z, from the other
variables and write the corresponding operator as Ay =1®H,_1— ﬁAzk RI—Kg. Recall
that Hj_; has the ground state 1,_; with energy E*~!. Let II denote the orthogonal
projection onto L*(R) ® 951 in L?(R x Qp_1 x RF*+1) and II+ := 1 — II. For ¢ €
H' (R x Qr_1 x R&™F+1) both Iy and [T+ belong to H'(R x Qi1 x R¥=*+1). We have

aalp] = as[llg] + a4 [I1* ] — 2K [T, Ty], (3.41)

where
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S mb m ~
KR[%%w] = / @(Z’y)KR (Z+M(y1a7yk)az_ Ma(yla"ﬂyk))y) ¢(Zay)
RXQk_1XR47k+1

dzpdzy...dzi_1dy. (3.42)

Using the Schwarz inequality, we estimate

1
12K p[ITH ¢, Tly)| < R|KRTIo|72R g,y xRi-#+1) T EHHLWH?:?(]RXQk,l><]Rd*k+1)'
(3.43)

Since E*~! is a discrete and non-degenerate eigenvalue of Hjy_i, we have Effl =
inf(o(He-1) \{E¥'}) > E* 1, and (T @ hy—1)[I1H¢] > EY T 0ll70 g 00, xma-kin)-
Together with the positivity of —A,, ® I and ||Kgr| < £ it follows that

~ — C2

ay[It ] > (Ef 1 ﬁ) ”HJ‘SDH%%Rka,lde*’““)' (3.44)
In total, we have

aalp) > aa[lg] — RIIKrT@| 72k g, xRa-H+1)
(B - 1) Mol mony (349

We choose R large enough such that Ef_l — Bk > % + £ Let By be the self-adjoint
operator corresponding to

PN

b1[e] = aale] — RIKRO| 2R x0ps xRI-+11) (3.46)

in ran II. Then N(Ay, E*~1) < N(By, E*~1) by the min-max principle.
We can write any function ¢ € ran I as ¢(z,y) = f(2k)¥r—1(21, ..., 2k—1,y) for some
f € HY(R). Integrating over 21, ..., 2k_1,%, we have

alf @il = [ (Gl P + (B U a)? ) da (347
R
where
UR(Zk) = / KR (Z+%(yla"'7yk)az_ %(yla"'ayk)7g) ¢k—1(21,~-2k71,y)2

Qr—1 xRd=k+1

dzy..dzg—1dy. (3.48)

Moreover,
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IKR(f © Vr—1)IT2®x0p ) xRa-<+1) = /VR(zk)f(zk)dek (3.49)
R
with
VR(Zk)
m o 2\ 2
= / KR (Z + Mb(ylv ..~,yk),z - ﬁ(yh "'ayk)7y) 11)16—1(217 "'azk—lay)2

Qi1 xRA-kH1

dzy...dzi_1dy. (3.50)

Let Zr = Ur + RVgz. With
il = [ (G370 G = Zn():) d (351)
R

we can write by [f @ ¥p_1] = Ek*1|\f||2LQ(R) + ba[f]. Therefore, N(By, E¥~!) = N(By,0).
In the following, we bound the function Zr from above by an exponentially decaying
function. With this bound it is easy to see that N(Bs,0) < oo using e.g. the Bargmann
estimate (see Chapter 2, Theorem 5.3 in [4]). This concludes the proof of N (Hy, E*~1) <
00.
To bound Zpg, first use that Kg is bounded to obtain

Zr(zk) < (| Klloo + RIK|Z,) 1 (z1), (3.52)

where

I(z) = / XsuppKR(z,y)w,%fldzl...dzk,ldy. (3.53)

Qr—1xRd=Fk+1

By construction, I(z;) = 0 for z; < 0. We shall show that I(zx) decays exponentially
for z > 0. In fact, if 2, is large and Kg(z,y) # 0, then necessarily one of the remaining
coordinates 21, ..., 2k—1, Y1, ---, Y4 has to be large as well. This is essentially the content
of the following Lemma.

Lemma 3.4. Let a > 0. For z;, > 2R the function

OV 2MaA .+ 2 M [z 1 2+ 2Ty

a(z,y) = Xsupp KR(Z7y) (3.54)

satisfies a(z,y) > e*“* 2By k0, (2,y) with ¢ = V2M (1 4 2 max {2 e })=1/2,
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The Agmon estimate (3.1) tells us that there is a constant a > 0 such that

Y7 eVAMIA Pt R2M ek P20l 40 2 i dy < 00, (3.55)

Qp—1xRd=k+1

C3 =

We apply Lemma 3.4 with this constant a and conclude that

Xsupp Kr (2,y) < €2 Ra(z,y) (3.56)

for zx > 2R and suitable constant ¢4 > 0. In particular,

I(z) < e~ ca(2k—2R) a(z,Y)r-1(z1, ...,zk_l,y)del...dzk_ldy

Qp—1 xRd=k+1

< cgecalz—2R) (3.57)

for z, > 2R. Recall that Zg vanishes on (—00,0) and || Zg||ec < co. With (3.52) we thus
conclude the desired exponentially decaying bound. O

It remains to give the proof of Lemmas 3.3 and 3.4.

Proof of Lemma 3.4. Recall the definitions of W, F,. and G, in (3.11), (3.26) and (3.32),
respectively. Since supp Kr C supp Wr U supp F,. U supp G,., we estimate a on each
of these three sets. In supp Wg, at least one particle is close to the corner, i.e. in the
hypercube (0,2R)*. If z;, is large, this means that the two particles are far apart and yy,
is large. To be precise, using z§ = z; + Tty; and J;S’ = zj — 3f+y; we have

+M _ Mg
supp Wgr C {(z,y) € Qi xR¥TkI0 < % <2o0r0< w < 2}
_ max{mg, m
C{(z,y)erx]Rd Flow — 2R < %kal}. (3.58)

For (z,y) € supp Wg with z; > 2R, we therefore have

k—1 k
M2(Zk—2R)2 M(Zk—2R)2
M |2 25 M _ |
JZ::I|ZJ| +M;|yk‘ - max{n]%’mg} max %?% ) (3 59)

which implies the desired bound on a.

For k =1, both F,. and G, are identically zero, hence to estimate « on their support
we can restrict our attention to the case k > 1. Observe that in supp F;. every coordinate
x? for 1 < j < k is smaller than or similar in magnitude to the largest of the other
coordinates z¢, i # j; in particular, this applies to j = k. Intuitively, for large zj either
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x§ or |yx| needs to be large. If z{ is large, also some other x§ with j < k has to be large.
Phrased precisely, by Lemma 3.3 we have

supp F;. C
k

U 2,y) € Qr x R max {2+ —yz} Sz pv S max {z+ —yl} +r
j=1 1] 1]

d—k my my
—_r < —— —Y; ; =: . .
C {(z,y) €Qr xR |z —r < Myk+1§12]§(_1{My]+zj}} Sp. (3.60)

The constraint in Sp can be written as z;, — r < (VMz, /ay) - e for a vector e € R¥+4.
A simple Schwarz inequality therefore shows that on the set Sp we have

—7)2 Mz, —1)?
MZIZy\2+uZka|2 ” 7= 1iom (3.61)

as long as zp > r, which yields the desired bound on «a.
Similarly to the previous case, in supp GG,- the coordinate xz is of similar magnitude
as the largest of the other coordinates x?. We have

d—k Mg Mg
supp G, C {(Z y) € Qp x RF2r < | pax 1{23 Myj}+ SR < 47"}

d—k Mg Ma .
C {(z,y) € Qr x R ¥z +2r < 1§rj1_1§z;m]z<_l{zj - ﬁyj} + Myk} =: Sq.

(3.62)
Analogously to before, on the set Sg we have
21+ 2r)?2
MZ\ZJI JruZkal2 —1+2ma) . (3.63)
This concludes the proof. O
Proof of Lemma 3.3. Suppose (2%, 2%, §) € supp I3 ;- 1t j <k, we need
max{z? , ...zt —2¢ 3
k ths I4+2<2 3.64
2r + 2~ ( )

for the factor x; to be non-zero. This is equivalent to max{xgﬂ, wnxhr < z§ + - Thus,
for any 1 < j < k we have max{z},...,x4} < xf + 7 on the support of f3,. Let us
argue inductively why max{z{,...,z%} < z§ + r. Suppose we know for some 1 <[ < j
that max{zf,...,2¢} < of + (+1 -0 If 2f | < max{z},...,z¢}, we trivially have
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max{z{ |,., 25} < xf+ (G +1—(—1)g. If 27, > max{z},..,z}}, for the factor

max{af .28} —af | | 3
X2 (k' o + 3

) not to vanish we have max{z{,...,x3} + £ > zj_;. Thus,

r
max{z{_, ...z} } =z, < max{z},...,z8} + % Saf+(GH+H1-(1-1)-.  (3.65)

Enl i

Inductively, we see that for every j we have max{z{,...,z{} < z§+j3 < xf +r. Thus,
supp f3,; Ny C Q3,5
For the support of V f3 ;, we have

supp V f3 ;N s Csupp f3,;, N2 C Qs ;

= {(2*,2",9) € Qo2 > max{x{, ...,E:?, Xt =1} (3.66)

Now, suppose z§ > max{z{, ...,3:?, .., xf} 4+ r. It is sufficient to show that f;l;j =1in
this region. For j < k, we have

kmax{mgﬂ, e T} — N 3 - kmax{x‘f, e T TR p — X 3 _ k N 3 -1
2r 2~ 2r 2 2 2~
(3.67)
Thus, x1 (kmaX{I?+12’;f"mz}7I? + %) = 1. For [ < j <k, we have
max{zf, ..., x4} — xf N 3
2r 2
¢ —x¢ 3 x’-’—max{x’f,...,ﬁ,...,xz} 3 k 3
S B R J o> 24> :
2r +2_ 2r +2>2+2_ (3.68)

Thus, 2 (kmax{ml“é;"m’“}_ml + %) = 1. Intotal, f3 ; = 1 for 2§ > max{z{, ...,5?, )
+r. O
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Appendix A
A.1. Explicit example in one dimension

To illustrate the effect of a boundary on two-particle bound states, we present an
1

explicit example in one dimension. We consider particles with equal masses m, = mp = 3

and with delta-interaction V(y) = —ad(y) for a > 0. The full Hamiltonian is
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H=— (aia)g— (%)Q—aé(xa—xb), (A1)

either on L?(IR?) or on L?((0, 00)?) with Neumann boundary conditions. In the first case,

corresponding to k = 0, we look at the operator Hy = —2% — ad(y) on L2(R). It has
the ground state 1o (y) = e~ %1vl with corresponding energy E° = —%2.

The second case corresponds to k = 1. To compute the ground state of H = H; on
L?((0,00)?), we mirror the problem along the 2% = 0 and 2® = 0 boundaries, and look

for the ground state of the modified Hamiltonian

dzr ) — \ 9ab

ﬁ1:—< 0 >2—< 0 >2—a5(x“—:vb)—a5(sc“+xb) (A.2)

on L%(R?). This is exactly the operator considered in Proposition A.1. Switching to

relative and center of mass coordinates y = 2* — 2 and z = ma‘g’“b, we obtain
~ 0? 1 0?

The ground state of H; is Jl(y, 2) = 1o(y)e~2*, which decays exponentially away from

the Neumann boundary. The ground state energy E' = —%2 is strictly lower than E°.

A.2. Proof of Lemma 2.3
Let 1 < k < d. First, we shall prove that the claim is true for [ =1, i.e.

lim info(H ) > EF L (A.4)

L—o00
In fol, the first component of y is constrained to |y;| < L. Apart from that, Qﬁ}l is the
same as Qp_1 x R4 1 with components 1 and k swapped. We localize in the y; direction,
analogously to the one-dimensional case in Proposition A.5 in [6]. For this, let x1,x2 :
R — [0, 1] be continuously differentiable functions satisfying x1(¢t) = 0 for t > 1, x1(¢t) =
1fort < 4, and x1(¢)*+x2(t)* = 1 for all t. Note that ¢ := max{||(x})?|ls0, [|(x2)?||oc} <
00. We choose the localizing functions f; on QF', as fj(z2,...zk,y) = x;(|w|/L). By
the IMS localization formula, we have for all ¢ € H* (Qﬁ_ll)

1
BT = U]+ R U] = 5 / (V02 + (VF2)%) [P, (A.5)
ot
Note that (Vf;)? = 2z (x;(ly1|/L))* < £%. Since fo¢) is nonzero only for [y;| > L/2, for
large enough L, we have hy" [f21)] > EF~ 1| fo1)||3 by Assumption 1.1(iii). Furthermore,
since f19 satisfies Dirichlet boundary conditions at |y1| = L, we can extend the function
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by zero to y; € R. Additionally, let us swap the first and the kth components and call
the function obtained this way ¢(f19). Note that ¢(f1v)) € HY(Qr_1 x R4 *+1) and

le(fr)lI3 = [ f19[]3- Therefore,

Y V) ey (1000 ey

= > A6
0l ol (*0
Combining the estimates, we obtain for large L that
k}—l[;iz}] Z Ek71 ||f1/11[}|| + |2|f277[}|| _ L? —_ Ek‘fl _ LQ (A7)
4]l 14113 pnL L

Hence, info(HkL;ll) > pk-1 “22 and the claim follows.

Note that for k = 1, [ = 1 was the only possible case. Consider k > 2. We proceed

by induction. For [ > 2, assume the claim holds for [ — 1. The strategy is to bound
hﬁ_ll using hﬁ_lfl and h,?’_lgl. In Qﬁ’_ll, each of the first [ — 1 components are restricted
to the (red) triangular domain 2 in Fig. 1. Furthermore, y; € (—L, L) while in the z-
coordinate the Ith component is omitted. In the components [ 4+ 1 to k£ we have the full
quadrant. Recall that § = M/ max{mg,, my}. In the (I—1)th component, we localize such
that one function has Dirichlet boundary conditions along the (red) line z;_; = L/d in
Fig. 1 and the other is localized at L/2§ < z_1 < L/d, with a Dirichlet boundary at
zj—1 = L/20. For this, we use the functions f;(21,...,%;,...,2k,vy) = x;(0z1-1/L). By
the IMS localization formula, we have for all v € H 1((25;[1)

AT = B L] B o] = 5 / (VI + (VR [l (A8)

L,l
Qk—l

Note that (Vf;)? = g—Z(X;(ézl,l/L))Q < %. Since fi1¢ satisfies Dirichlet boundary
conditions along z;_; = L/, one can extend the function by zero to the quadrant @1 in
the (I — 1)th component. Additionally swap ;1 and y; to define +1(f1¢) € H* (Qﬁfl_l)
Then [l (£19)[3 = | f1#]3 and hence

L] B ()] L
= inf H: . AL
110113 ThoE 2 el (A.9)

To estimate hifl[ f21)], we localize in the y;_i-direction, such that the first function
satisfies Dirichlet boundary conditions at y;—1 = L/2 and the second function is nonzero
only for y;_1 > L/4. For this, we use the functions g;(z1,..., 2, ..., 2k, y) = x;(2y1—1/L).
The IMS localization formula gives

ht Lfot] = b9 fat] + (g2 o)) / ((Vg1)* + (Vg2)?) |10, (A10)

L,l
Qk—l

1
2u
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where (Vg;)? = 75 (XJ(2|yl 1l/L))* < 4%. For L large enough, by Assumption 1.1(iii),
we have hf’_ll[ggfgw] > EF=1|g2f2t||3. In the (I — 1)th component, the function g fov
is supported in the parallelogram (z_1,y;-1) € (L/20,L/5) x (—=L/2, L/2) and satisfies
Dirichlet boundary conditions at |y;—1| = L/2 and z;—1 = L/26. We extend the function
9121 by zero to y;—1 € R. Then we define t2(g1 f21)) on fo;l x (L/26,L/d) as

ta(gifod) (21 s Zim1, - 21, Y, )

= 91f21/1(21, ce s Bl=2, L5 By e Z—1 Y1y - Y125 Yk Y115 - -y Yk—1, Yk+15 - ~~yd)-
(A.11)

Observe that hé_ll now can effectively be decomposed into hé_lgl plus a Laplacian in
the z-direction

hyilon o] (0 @ T+18 q)[al(g1 29)]

- : A2
I [ErYEDE S
where ¢ is defined on H'((L/24,L/6)) through
L/s
1
el = [ gy, (A13)
L/26
Since infa(HkL;l;1 @I — 5571 ® Ay) > info( kLlQ 1), we obtain
hiy g1 for)] Li—1
—————— >info(H., ). A.14
g1 29113 (Hp25 ") ( )
Combining all the estimates, we obtain that for large L and all v € H 1(Q£f1)
hﬁ’_ﬁhﬁ] o Li—1y . Ll 1\ pk—1 §c 4c
TEAE > min{info(H, " "),info(H, "5 "), E" "} — ML Lt (A.15)

Taking L — oo the claim now follows from the induction hypothesis.
A.83. Technical details

By mirroring along the z§ = 0 and xé’ = 0 hyperplanes, we can relate Hy to an

operator Hy, defined in L2(R4tF),

Proposition A.1. Let H, be the operator defined by the quadratic form
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1 1
—— |V tb|* + — V0
+2mb\ o] +2M| ¥l

e

V(] — 12D >w|2)dxadxbdy (A.16)

with domain D[hy] = HY(R¥*). Then info(Hy) = info(Hy) and inf oess(Hy) =
inf 0ess(Hy). Moreover, the function iy, is a ground state of Hy, if and only if the function

wk(xaa :Eb7 g) = 1/”9((@?‘)?:17 (|x§)|);€:17 g) (A17)
s a ground state of Hy.

Proof. The operator Hj, commutes with all reflections along the z7 = 0 or zg’- =0
hyperplanes. Reflections along different hyperplanes commute as well. Therefore, the
Hilbert space H = L*(R?**) splits into subspaces H = (P, H, characterized by the
eigenvalues 1 of these reflections. We can write Hk = EB H &, where H,’; is the re-
striction of Hj, to H,. For the spectrum, we obtain inf o (H) = min, 1nfa(Hl:) and
inf O'ehb(Hk) = min, inf Uebb(H]:).

The subspace that is symmetric under all reflections corresponds to Neumann bound-
ary conditions on [0,00)2¥ x R4, The other subspaces H,. are antisymmetric under at
least one reflection, so they have Dirichlet boundary conditions along the corresponding
hyperplane. Thus, the domains of the quadratic forms for H 7 satisfy D[h}] C D[h}"™]. By
the min-max principle, E,,(H}) > E,(H¥™). Therefore, both inf o(Hy) = inf o(H>™)
and inf Jess(ﬁk) = inf oess (H™).

Note that the map U : L?([0,00)* x R*%) — L2 (R*) that maps ¢ to

Yz, 2, ) = e ((|24])5, (|28]);,9) is unitary. Since szm = UHyU™1, the operators
are unitarily equivalent and o(H™) = o(Hy). O

The next lemma follows from the Sobolev inequality, see e.g. Sections 8.8 and 11.3 in
[10].

Lemma A.2. Let Q C R? be a domain satisfying the cone property (as defined in [10])

with radius R and opening angle 0. Let V' satisfy Assumption 1.1(i). Then, for any
0 <a <1 there is a constant b € R (depending only on d, R,0,V and a) such that

JIVUSE < all 1120+ Bl (A18)
Q

for all f € HY(Q).

Proposition A.3. Let 0 < k < d. Assumption 1.1(i) implies that in the quadratic form hy,
in (1.4) the interaction term is infinitesimally form bounded with respect to the kinetic
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energy. By the KLMN theorem, there is a unique self-adjoint operator Hy, corresponding
to hy, and both hy and Hy are bounded from below.

Proof. The quadratic form g, : H*([0, 00)?* x R4~¥) — R given by
q[Y] = / i|vxaw|2+ LW bah|? + i\v ¥)? ) dz?dzbdy  (A.19)
2m, 2my, " 2u Y
[0,00)2k x Rd—Fk

is closed and bounded from below. In order to apply the KLMN theorem, we need to
show that there are constants a < 1,b € R such that for all ¢» € H!([0,00)?* x R4~F)

Kolm| [ V- plwPdetdsdy | <anlul +bul3  (A20)

[0,00)2k xRd—F

Let ¢ € HY([0,00)%* x R97%) and define J(x“,mb,gj) = 2% ((|xa\)j,(|x );,9) for
(27,2%,7) € R x R* x R4, We have |93 = ]3 and [V = | V4]3. Moreover, v
and 2% agree on [0,00)%* x R?~*. Hence,

K[y) < 4 / V(- ot )lld(at, 2%, )Pdadatdg.  (A21)

[0,00)2k x Rd—k

Since the integrand is nonnegative, extending the domain of integration from [0, c0)?* x
R4F to R%* x R%F gives the upper bound

K] < 4 / V(a® — o, Gl o, §)Pdedatdg

R2k x Rd—k
Sy / VD@ - 1, o) /200 — (1, o) /2, 9)Pdwdy,  (A.22)
Rk xRd
where we changed to coordinates w = Ia;”“'b and y. For almost every w € R¥, the

function f(y) = (w + Y1, Yi) /2w — (Y1, s y)/2,7) lies in H'(R?) by Fubini’s
theorem. By Lemma A.2, for any 0 < a there is a constant b independent of f such that
Jra IVIIfI? < al|[V f]I3 + b]| f||3. Integrating over w then gives

~ 2 -
KWl <4 [a [ (9,000 o) /20 = s 2,90y + 0113
RF xRd
(A.23)
For1<j <k,
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~ 2
00, B0+ (1, ) /200 = (1,0 30)/2,9)|

2
3z;¢‘ +

1 ~ ~2 1 2
Z 8a:j¢—ax§1/1‘ < 5 ( amgw‘ ) . (A24)

Therefore,
K[y] < 45 (@l VHI3 + blld13) = 45al Vw3 + 4] 3. (A.25)

For any 0 < a < 1, pick @ = 272" min (m; ', m; ')a to obtain K[| < agx[¢)] +
4wz o

Lemma A.4. The quadratic forms defined in the proof of Proposition 2.1 in Fgs. (2.13)
and (2.16) correspond to unique self-adjoint operators.

Proof. In all cases we prove that the potential term in the quadratic form is infinitesi-
mally bounded with respect to the kinetic energy term. The claim then follows from the
KLMN theorem.

Let us begin with the quadratic form hﬁcfl in (2.16). The idea is to use the same
mirroring argument as in Proposition A.3 for the coordinate components from [ + 1 to
k. In the first [ — 1 components, we extend the triangular domain in Fig. 1 via a suitable
mirroring, in order to be able to apply Lemma A.2. To be precise, we define the map ¢
taking (0, L/J) x (—f\f—lz, %—5) to the triangular domain {(z,y) € (0, L/d) x R| — meZ <

y < mﬂaz} as

: a mp b Mg
= - by > —yMa,
o(z,9) = (2,9) if ¢ z—i—My_Oandx z My_O,
(A.26)
o M
d)(zvy) = (T]r\}ya maz> lf :Cb S 03 (A27)

m, M ) if 2% < 0. (A.28)

Let us use the notation ¢ = (¢1, ¢2). Note that for a function f defined on the triangular
domain, we have

I1F o li5 = 211113, (A.29)

where one contribution of || f||3 comes from the triangular domain, and the second || f||3
is the sum of the contributions with 2 < 0 and z® < 0. In the region with z* < 0 we
have



B. Roos, R. Seiringer / Journal of Functional Analysis 282 (2022) 109455

32
ML may L may
/ dy / Q| f(B(z ) = / dy / Q| f (may/M, Mz /m,)[?
0 0 0 0
L)s M2

/ dz / A F G 92 (A.30)

where we substituted Z = m,y/M and § = Mz/m,. Similarly, for 2% < 0

0
ML

Moreover, if f € H', then f o ¢ € H' by the Lipschitz continuity of ¢
Let us work in center of mass and relative coordinates in the first [ components and

dz [ dglf(z,9)7 (A.31)

5\0

dz|f(¢(z,))I* =

O\EE
O\S
=21

m

o

with the 2% and 2 coordinates in components [ + 1 to k. The kinetic part of hk 1 s

then
kAN 1 1 b 1
L . 2 2 2 E K
Qk—l[w] = / j§:1 <2Mvzj¢| + 2,u|vyj77[}| ) + 2N|Vyﬂ/)| +j:l+1 (2ma |vﬂcj ]

1 1
+—I|V bw|2) + 2—|vg¢|2 dzy...dz_qdaf, ;... dogdy ... dydal,, ... dzhdg
(A.32)

For ¢ € H! (Qﬁcfl) define ¢ on

obL
Qk 1 :{(Zla 2l 1,x?+17'"xzaylw'wylax?Jrlv' mka )|v‘7<l Zj (0 L/6>

ML ML . " ; _
Y; <—m—b§,ma5> y€(-LL)VI<j<k:zieRaleR,jeR? k} (A.33)

as

1 1
90— 9(1-1)/2 ok— lqz[}((d)l(zjayj))] 17(|xa‘)j l+1a(¢2(zjayj))] 1,y1,(|1’ |)j l+1vy)
(A.34)

(4.20) we have [3]3 = 13- Furthermore, V53 < (i +1) (Vo3

U(z,y) =
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Analogously to (A.21)-(A.22) we obtain

KW] = V(y17"'ylvx;l+17x?+17"'$z7x27g)‘¢|2

QuL

x dzp...dz_1daf ... dafdy; .. dydal . dabdg

1 gk it Yj Yj -
S 2l 14k t / |V(ZJ)H1/’(21’ < Zl—1, (wj + é)?:l-‘rhyla -~ Yl (wj - é)?:l—&-lay”z

Sl L
Q2

x dzy...dz_1dwiyy ... dwgdy, (A.35)

-1
where we changed the coordinates x§, z7 b to w; = ;rmb and y;. Let D, = ( %Lé, nI‘fQL )
x (=L, L) x R¥*. For almost every (z1,...2_1,Wit1,-..wg) € (0,L/5)"1 x R¥=L the

function f(y) = ¥(z1,...21-1, (w; + & );“ L1s YLy oo Yl (w] ¥ );?:H_l, g) lies in H' (D,)
by Fubini’s theorem. Applying Lemma A2 with © = D, and integrating over z and w
one obtains

2

1k s Yj Yj -
K[w] < 21 14k la / ‘Vy’(/J(Zl, v Zl—1, (wj + EJ);?:ZJrl,yl, e YLy (wj — é)?zprl,y)

AL
Qk 1

xdzy...dz_dwpyy . .. dwpdy + 2714543 (A.36)

for any a > 0 and a suitable constant b. As in (A.24) we have

KTy] < 217144 (al VI3 + bl1913)

e M? -t e
< 91k l(mm{mwﬂ) all VI3 + 21l (A.37)

Since a can be arbitrarily small, the interaction term is infinitesimally bounded w.r.t.
Q1

Let us now consider the quadratic form a; in (2.13). For [ = k + 2, the potential term
is bounded from below since |y| > L, and is hence infinitesimally bounded w.r.t. the
kinetic energy.

The kinetic part of a; is

k

l
/ Z( Ivzgwl2+—lvij|2> Zl<271” Y aw|2+—|v mIQ)

Q j=1 Jj=l+
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1
+ ﬂwgw dzy...dzdafy, ... dzfdy; ... dyde) ... d2bdg.  (A.38)

First, we consider 1 < [ < k. Then, q; is closely related to hﬁc’fl through (2.17). Let
¥ € HY(). For every 2, € (L/§, ), the function 9(-, ..., z, ..., ) belongs to Hl(Qﬁffl)
In (A.35)-(A.37), we saw that for any a > 0 there is a constant b such that

[ Vol pPaan . & ax

o,
< agtt 6 2, ) +b/|¢(z7y)|2dydzl...az\l...dzk. (A.39)

Integrating the inequality over z;, we obtain

oo

/|V(y)||¢(z,y)\2dydz <a / 21 ( 2, )z + 0193 < aqnlw] + BIYII3.  (A.40)

Iof L/s

Hence, the potential term is infinitesimally bounded w.r.t. g;.
For [ = k + 1, we use the map ¢ in the first k& components. For v € H*(Q,41) define
1) on

- ML ML\"

Qry1 = (0,L/6)* x (‘mm) x (—L,L)** (A.41)
as

~ 1

ZZJ(Z, y) = Wd} ((¢1 (Zj7 yj))?:la (¢2(Zja yj))?:la g) . (A42)

2

~ ~ k
By (A.29) we have ||[¢]|2 = |[¢[|2. Furthermore, | V4|3 < (m{nﬂfim}ﬂ) V3.
Analogously to (A.21)-(A.22) we obtain

K[y] = /V(y)lw(%y)lzdzdy <2 / IV (9)|[e(z, )| d=dy. (A.43)

Q41 Qpt1

k
Let D, = (—i\f—b%, n]\f—ﬁ;) x (=L, L)%, For almost every z € (0,L/§)*, the function

f(y) = ¥(z,y) lies in H' (D) by Fubini’s theorem. Applying Lemma A.2 with Q@ = D,
and integrating over z gives
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~ 2 ~ ~ ~
K22 [ |V,00)] dady+ 20015 < 2l VOE + 20005 (A0

Qri1
for any a > 0 and a suitable constant b. Hence,

2

k
Ky < 2t ( T 1) al[ V12 + 242 (A.45)

min{mg, my }?

Since a can be arbitrarily close to zero, the interaction term is infinitesimally bounded
w.r.t. qg+1. O

Lemma A.5. The quadratic forms defined in the proof of Theorem 1.4 in Egs. (3.12),
(3.18), (3.27), (5.33), (3.39), (3.46) and (3.51) correspond to unique self-adjoint oper-
ators.

Proof. The quadratic forms a; with j € {1,2,4,5} in Egs. (3.12) and (3.33) and the
forms as ; for 1 < j < k in (3.27) have the form

1 1 1
ilel = [ (Gl Vanol + gl Vavel? + - ol

Q;

+ (V(2® — 2%, 9) + Vo (2%, 2°, 7)) |<p|2>dx“dxbdgj (A.46)
for some bounded potential V. The quadratic form ¢; : H'(£2;) — R given by

. — L 2 L 2 i A2 ai..b 1~
il = [ (e Tom bl 4 o Varil + 5 Vel? | dotdaby (AT

J

is closed and bounded from below. Using that ¢ € Dl[a;] vanishes outside Q_j and applying
Proposition A.3, we obtain

[V —ap+vae ool | 2| [ VO |+ Vallliol?
Q; QrxRd—k

< agje] + (0 + Vo llo) 2113 (A.48)

for some a < 1 and b € R. By the KLMN theorem, there is a unique self-adjoint operator
A; corresponding to a;.

For a4 in (3.39), note that K is bounded. Adapting the argument in Proposition A.3,
we show that the interaction term is infinitesimally bounded with respect to the kinetic
part ¢ : HY(((0,00)%"1 x R)2 x R?¥"*) — R given by
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Fig. A.4. In the domain of ¢ for 1 < 5 < k, the
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Fig. A.5. Mirroring 1 along :r = 0 and z;’ =0

defines 9. For 1 < j < k, the coordlnates IJ s J)

have y; = z§ — x_l;- and w; = or equivalently (w;,y;) lie in the hatched set.

A 1 1 1 i
ilo= [ (o Veobl? + o Vgl + 5 Vgl ) e’ (a.9)
Q4

For € H'(), define (2,2, ) = yrr((Jo4)52L, o, (j22)5L, 2t §) for (2%, 2%, 9)
€ R* x R¥ x R4*._ We have [|[¢]|2 = [|[]2 and ||[Ve|2 = |[Ve|2. Following the same
steps as in Proposition A.3 from (A.21)-(A.25) with this adapted choice of 1, we obtain
that for any 0 < a there is a b such that

Klu)i= | [ Vie" — 2t ploPdatdatay | <441 (all 9313 + b]3)
Q4

= 45"1a|| V3|3 + 47| v[|3.  (A.50)

By the KLMN theorem, d4 corresponds to a self-adjoint operator. Since by in (3.46)
differs from a4 by a bounded term, it also corresponds to a self-adjoint operator. For by
in (3.51) and a4 ext in (3.18), the potential is bounded. Thus, these forms also correspond
to self-adjoint operators.

For a1 iy in (3.18), we proceed similarly to Proposition A.3. Let ¢ € Dlaq int]. The
domain of ¢ is sketched in Fig. A.4. Mirroring the domain along the z§ = 0 and a:z’- =
0 hyperplanes, we obtain the set Q sketched in Fig. A.5. For (2% 2 7) € Q define
Bla®,2%,g) = F((lat])y, (b)), 5). We have [$]3 = [[3 and [VE[3 = [Vo[3.

Using the triangle inequality and enlarging the domain of integration to €2, we have
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K] = / Vi(z® — 2%, )|y (z*, 2°, §)|*dz*da’dy
Ql,int

< 4t / V(2 — o8, §)|[(2%, 2%, §)[2dz dadg.  (A.51)
Q

. a b
We change to coordinates w = £ '2"”’

and y. For every w € R¥, the set
Q= { y € RY(w+ (Y1, y1) /2,0 = (Y1, Y1) /2,9) € 2} (A.52)

is equal to I; X ... x I x R¥"% where each I; € {R,(—R, R)} (Fig. A.5). Thus, there
is an angle 6 and radius r such that all the sets 2, satisfy the cone property with
parameters 6, 7. For almost every w € R¥, the function f(y) = J(w + (Y1, Yr)/2,w —
(Y1, Yk)/2,7) lies in H'(Q,). By Lemma A.2, for any 0 < & there is a constant b

independent of f,, and w such that

/ V)l ()Pdy < alVF3+ollF3- (A.53)
9,

Integrating inequality (A.53) over w and using (A.24) gives
/lV(xa — 2", [, 2", §)*dada’dg < al| V|| + bllY3 < @l Ve |® + bl ¢35
Q
(A.54)

In total, we thus have
K[y) < 45| V3 + 4%0] 3. (A.55)

For any 0 < a < 1, pick @ = 272* Y min(m; ', m, ")a to obtain K[¢] < agy im[¥] +
4%b||1]|3. The KLMN theorem thus implies that there is a self-adjoint Aj jng, which is
bounded from below. O

Appendix B. Exponential decay of Schrodinger eigenfunctions (by Rupert L. Frank')

It is a folklore theorem that eigenfunctions of Schrédinger operators corresponding to
eigenvalues below the bottom of their essential spectrum decay exponentially. This was
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80333 Minchen, Germany, and Munich Center for Quantum Science and Technology, Schellingstr. 4, 80799
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Partial support through U.S. National Science Foundation grant DMS-1954995 and through the Deutsche
Forschungsgemeinschaft (German Research Foundation) through Germany’s Excellence Strategy EXC-2111-
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raised to high art by Agmon [2] and others; see, for instance, the review [12]. It may be
of interest to note that the most basic one of these bounds holds under rather minimal
assumptions of the potential. This is what we record here.

Let V € LL (R?) be real and set Vi := max{+V,0}. Given a € [0, 1], we say that V_

loc
is —A-form bounded with form bound « if there is a C,, < oo such that

/V_W;Fdx < a/|V¢|2d:c+Ca/Wz|2dx for all ¢ € H'(R?).
]Rd Rd

Rd

In this case, we define a quadratic form h by

D[h] := { ¢ € HY(R?) : /V+\w|2dx<oo )
R4

=
hSH
i

/ (IV¢> + V[¢*)dz  for ¢ € D[h].

R4

This quadratic form is lower semibounded in L?(R%) and, if a < 1, closed. Thus, it
corresponds to a selfadjoint, lower semibounded operator, which we denote by —A + V.
We abbreviate

Ey :=infoes(—A + V) € RU {+o0}.

Theorem B.1. Assume that V. € L _(R?) and that V_ is —A-form bounded with bound

< 1. For every E' < E there is a constant Cg: < oo such that if E < E’ and if
Y € D(—=A 4+ V) satisfies (—A + V) = Evp, then

/eQmm (IVEP + Vilgl® + (B = E)$) do < Cr 0] (B.1)
Rd

We emphasize that F., may be equal to +o00, in which case E’ may be taken arbitrarily
large. If E, < oo, the decay exponent v/E' — E can be any number < /E,, — E.

Note that under the assumptions of the theorem, v is not necessarily bounded, so one
cannot expect pointwise exponential decay bounds. The bounds in the theorem control
the quantities that are natural from the definition of the operator in the form sense.

In order to prove Theorem B.1, we use a geometric characterization of the bottom of
the essential spectrum due to Persson [11]. Let K C R? be a compact set and define

hly]
1112

Clearly, Ey(—A + V|ga\ k) is nondecreasing in K and therefore its supremum over all
compact K C R? exists in R U {+00}.

El(—A—i-VhRd\K)—inf{ : Y€ DIh], Yy =0o0n K}
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Theorem B.2. Assume that Vi € L (R?) and that V_ is —A-form bounded with bound
< 1. Then

Eo = sup El(—A + V|]Rd\K) .
KCR4 compact

We first assume Theorem B.2 and show how it implies Theorem B.1. Then we will
provide a proof of Theorem B.2 under our assumptions on V.

Proof of Theorem B.1. Fix E,, > E” > E’. By Theorem B.2, there is an R’ > 0 such
that

hlu] > E”[ul?

for all w € D[h] with u = 0 in Bg//,. Next, for an R > 0 to be specified, we choose two
smooth, real-valued functions y. and x~ on R? such that

supp < C Bog and supp x> C R? \ Br (B.2)

and such that x2 +x2 =1 on R¢. By scaling an R-independent quadratic partition of
unity, we may assume that

IVx<|” +|Vxs? < CR™? (B.3)

with a constant C' independent of R. By increasing R’ if necessary, we can make sure
that C(R')™2 < (E" — E')/2 =: € with C from (B.3). Let f : RY — R be a bounded
Lipschitz function and take ¢ = e2/¢) € D[h] as a trial function in the quadratic form
version of the equation (—A + V)i = Ev to obtain, after an integration by parts,

B [P ds = [ (VP + (V= [TF2)l o) do. (B.4)
Rd Rd
Thus, in view of the IMS formula (see, e.g., [5, Theorem 3.2]),
B [lefxctl do+ B [ lehaul do = [ (9 xew) + VIe xeol?) do
Rd Rd Rd

+ / (IV (e X 0)[2 + Vel xo o ?) da
R<

with V :=V — |[Vf]?> = [Vx<|? — |[Vx>|?. For R > R’ we bound the terms on the right
side from below by
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/ (IV(e! x< )2 + V]e! x<tP) de > (Er — V1P — ¢) / o X<t do
Rd Rd

with By :=info(—A + V), and
[V enP + Vel vP) de> (B = VA =) [ 1ol dr.
Rd Rd
Thus,
(B" = BVl —) [ lehouP o < (B B+ 971 +) [ le/xeul ds,
Rd R4

and therefore
(E"—E—||VfI2, —€) / lefy|? dx < (B" — Ey) / e/ x<|? da
R R
< (E" = B) [[¢]* supe? .
Br

Ideally, we would want to choose f(x) = k|x| with k as large as possible. The wish to
have a positive constant (¢, say) in front of the integral on the left side then dictates our
choice K = V/E" — E — 2¢ = v/E' — E. The problem with this ‘ideal’ choice of f is that
the function |z| is Lipschitz, but not bounded. We remedy this by taking |z|/(1 + d|z])
instead and proving bounds which are uniform in the parameter § > 0, which we will let

tend to zero at the end. Thus, let us choose

T Ed
e

with a (small) parameter 6 > 0. This is a Lipschitz function satisfying |V f|le =
VE' — E. Thus, the previous inequality with R = R’ becomes

 [1er ol do < (B~ By Ju? WVPE.
Rd

Since the right side is independent of §, we can take the limit 6 — 0 and obtain by
monotone convergence

 [1eF BRI do < (B~ B 0] VEE.
Rd

This is already one of the inequalities claimed in the theorem.
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To prove boundedness of the terms involving the gradient term and V. we recall that,
by form boundedness,

hlefy] > (1 — @) / IV (el )| da + /V+|efw|2dx —Cy / el da .
R4 R4 R4
This, together with identity (B.4), implies
(B+ 197+ Ca) [Ieuido = (1= a) [ IVl dot [ Vileluf? do.
Rd Rd Rd

Using
V(P P))* = ¥ |V + 9V f|? = e (IVY* + 2Re VY - VF + [0 |V f[?)
> & (5IVo - WPIVSE)
we obtain

1—
(B+ (2= a)|VfE +Ca) [IefvP do= 202 [1ervuPdnt [Vileufdo.
Rd Rd

R4

Since we have already shown an upper bound on the left side, this completes the proof
of the theorem. O

Thus, we are left with proving Theorem B.2. We use the following abstract charac-
terization of the essential spectrum.

Lemma B.3. Let a be a lower semibounded, closed quadratic form in a Hilbert space and
A the corresponding self-adjoint operator. Then

inf ess(A) = inf {liminfa[fj] & —0, ||y = 1}
j—o0

(with the convention that inf ) = +00). Moreover, if both sides are finite, then there is a

sequence (&) with ||&]| = 1, alé;] — inf 0egs(A) and & — 0 in Dla].

This lemma is classical. The proof in [8, Lemma 1.20] shows the first assertion and,
in the case of finiteness, the existence of a normalized sequence with a[{;] — inf oess(A)
and &; — 0. Since this sequence is bounded in Da], a subsequence converges weakly in
Dla] and, since DJa] is continuously embedded into the Hilbert space, the weak limit is
necessarily zero, as claimed.



42 B. Roos, R. Seiringer / Journal of Functional Analysis 282 (2022) 109455

Proof of Theorem B.2. We abbreviate £ := Supg compact E1(—A + Vga\k)-
We begin by proving E, > E/_ . We may assume that E,, < oo and we shall show
that for all R > 0,

Ei(=A+V|pg) < Eu, (B.5)

for then the claimed inequality follows as R — co. Fix R > 0 and let x< and x> be as in
the proof of Theorem B.1. By Lemma B.3, there is a sequence (£;) C D[h] with ||&;|| =1
such that £ — 0 in D[h] and h[{;] = E. Then

(B.6)

Ei(-A+V]ge) Sh{ X>Ej ]

[Ix>&;ll

and our goal is to estimate the right side as j — oo.

By Rellich’s compactness theorem, £; — 0 in L2 _(R%), so x<&; — 0 in L*(R?) and

loc
=&l = 11&17 = Ix<&l? =1 asj— oco. (B.7)
Moreover, by the IMS formula,

1/2

A1 = l] ~ hix<g]+ [ (Vx<l + 191 g || (B3)

The last term vanishes as j — oo again by Rellich’s theorem. Moreover,
hx<&] > Erllx<&l?

and therefore
liminf A [x<&] > lminf By <& = 0.
j—o0 j—o0

Putting this into (B.8), we learn that

limsup h [x>¢;] < limsuph [§;] = Ex .
j—o0 j—o0
This, together with (B.6) and (B.7), yields (B.5).

We now prove the converse inequality E. < E. . Let (R;) C (0,00) be a sequence
with R; — oo and let (1);) C DIh] be a sequence with ||¢;| =1, ¥; = 0 in {|z|] < R;}
and h[;] — Ei(—A+ V|B%j) — 0. The support condition implies that ¢; — 0 in L*(R%)
and therefore, by Lemma B.3,

E, <liminfh[¢;] = liminf By (—A + Vg, ) < EL,
J—00 Jj—ro0 J

which proves the theorem. 0O
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