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The choice of the boundary conditions in mechanical problems has to reflect the inter-
action of the considered material with the surface. Still the assumption of the no-slip
condition is preferred in order to avoid boundary terms in the analysis and slipping effects
are usually overlooked. Besides the “static slip models”, there are phenomena that are
not accurately described by them, e.g. at the moment when the slip changes rapidly, the
wall shear stress and the slip can exhibit a sudden overshoot and subsequent relaxation.
When these effects become significant, the so-called dynamic slip phenomenon occurs.
We develop a mathematical analysis of Navier—Stokes-like problems with a dynamic slip
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boundary condition, which requires a proper generalization of the Gelfand triplet and
the corresponding function space setting.

Keywords: Dynamic slip; weak solution; large data; existence; implicit constitutive
theory.

AMS Subject Classification 2020: 35Q35, 76A05, 76D03

1. Introduction

In fluid mechanics, the flows of homogeneous incompressible fluids are driven, at the
macroscopic level, by the incompressibility condition, the balance equations for the
linear momentum and for the angular momentum complemented with the constitu-
tive equations. These laws are partial differential equations (PDEs), describing the
change of and the relation between the relevant quantities, namely, the velocity of

the fluid v, the symmetric part of the velocity gradient Dv := (Vv + (Vo) "), the

Cauchy stress tensor T' (especially its deviatoric part S := T — trgTI ), the pressure

ITT and the given density of external body forces f. The constitutive equa-

p=t
tions in the bulk explain the material properties of the fluid and on the boundary
its interaction with the surroundings. Such a system of PDEs in a bounded domain
is completed by prescribing the boundary and initial conditions for the variables
involved. The boundary conditions can be viewed as constitutive relations at the
interface between two materials. In particular, no-slip and static slip models are not
always valid according to measurements (references can be found, e.g. in Sec. 6.2
of Ref. 13). Therefore, motivated by Ref. [13 and the citations therein, our aim in
this study is to perform an analysis for the so-called dynamic slip phenomenon on
the boundary of the domain. In this setting, we consider an impermeable boundary,
i.e. the normal component of the velocity remains zero, while the tangential part
of the velocity and of its time derivative is related to the wall shear stress s via the
following formula

s = ao + Bov (1.1)

with «, 8 > 0 and where o represents an auxiliary stress vectorial function, typ-
ically dependent on v. The boundary condition (L)) enables us to capture the
non-monotone behavior of the slip velocity on the boundary. To the best of our
knowledge, there are no analytical results for models of the type (). We prove
long-time and large-data existence results for evolutionary flows governed by mod-
els that exhibit a Navier—Stokes-like structure while prescribing the dynamic slip
condition on the boundary.

We want to emphasize at the very beginning that the presence of the time
derivative of the velocity of the fluid in the boundary condition essentially changes
the setting of the problem. In classical problems of fluid mechanics with Dirichlet
or slip boundary conditions, the underlying function space is just a subspace of
Sobolev or Lebesgue spaces and consists of functions having zero divergence, which
in addition have zero normal component at the boundary. However, here it would
not be a proper space and we would not have a proper Gelfand triplet in order to



Math. Models Methods Appl. Sci. 2021.31:2165-2212. Downloaded from www.worldscientific.com
by 185.143.180.230 on 05/16/22. Re-use and distribution is strictly not permitted, except for Open Access articles.

On the dynamic slip boundary condition for Navier—Stokes-like problems 2167

introduce the meaning of the time derivative on the boundary. Note that here the
difficulty does not come from the convective term and one has to face the same
problem also for Stokes flow. In addition, in the setting of this paper, we need
to prescribe the initial data also on the boundary, which must be reflected in the
analysis. Therefore, we must invent a new function space setting and a new concept
of (weak) solution, which satisfy two essential properties:

(1) The concept of a weak solution is compatible with the notion of classical solu-
tion, i.e. a weak solution which is sufficiently regular is also a classical solution.

(2) The concept of a weak solution is compatible with the standard notion of weak
solution for Dirichlet or slip boundary conditions.

These two tasks can be viewed as a continuation of the program initiated by Leray™l8
who developed the mathematical theory for the Navier—Stokes equations in the
whole of R? and later extended by HopfI who developed the concept of a weak
solution also in bounded domains with Dirichlet data and established its existence.
Hence, our result is in the spirit of Leray and Hopf and provides a framework for
essentially new boundary conditions. Furthermore, although it is not the goal of
the paper, the theory built here allows one to introduce a proper notion of the
Stokes semigroup related to dynamic slip models and therefore we have a new
concept of mild solutions for dynamic slip models, which may be a starting point
for subsequent analysis of dynamic slip models from many different perspectives.

Finally, we want to point out that we do not restrict ourselves to a Navier—
Stokes model with linear dynamic slip boundary conditions only, but we consider
a rather general class of fluids with very complicated rheology. Indeed, we look at
the constitutive equations in the bulk and on the boundary in terms of maximal
monotone graphs. Particularly, the constitutive relations between S and Dwv are
expressed through a maximal monotone r-graph, while o and v are related via a
maximal monotone 2-graph.

Problem formulation

The theoretical background for our problem is formulated for a general dimension
d > 1. However, we apply the results only in dimension d = 3. We consider a
bounded time interval (0,7") and a Lipschitz domain Q C R3, and denote by Q :=
(0,T) x Q the time-space domain and by ' := (0,T) x 91 its spatial boundary. We
study the relations between the velocity field v : Q@ — R3, the deviatoric part of
the Cauchy stress tensor S : Q — R3*3, and the pressure p : Q — R. We denote by
n : I' = R3 the outward unit normal vector to the boundary and by f : Q — R3
the density of the given external forces. Also, the initial velocity vg : Q — R3 is
given. Finally, we consider parameters «, 5 > 0 and r € (6/5, 00).

The incompressibility condition, the balance of linear momentum, the bound-
ary conditions for the velocity (impermeability of the boundary, implying that the
velocity on the boundary only acts in the tangential direction, v, = v on I') and
for the stress (here, we use the standard notation s := —(Sn), for the shear stress,
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and o is an auxiliary function which has no physical meaning, but serves to relate
the shear stress s to the slip velocity v, via (I.2g)), and the initial condition for
the velocity® are

dive =0 1in Q, (1.2a)

v +divivev)—divS+Vp=f inQ, (1.2b)
v-n=0 onl, (1.2¢)

—(Sn), =:s=ac + fov onTl, (1.2d)

v(0) =vo in Q. (1.2e)

The balance of angular momentum guarantees the symmetry of the stress tensor
T =T (and therefore also S = S"), which will be considered and not explicitly
repeated throughout the work. To complete the problem, we need to prescribe the
constitutive equations relating S and o to Dv and v. In general, we consider the
constitutive relations

(S,Dv)e A inQ, (1.2f)
(o,v)eB onl, (1.2g)

where A is a maximal monotone r-graph and B is a maximal monotone 2-graph
(see Definition []). The value of the parameter r characterizes the response of
the fluid inside the domain (for illustration, see Fig. [I]), on the other hand, the
parameters « and 8 determine the slip regime on the boundary (as summarized in
([@3)). In the following sections, we discuss the motivation to study the dynamic slip
boundary condition and analyze the model; then we comment on the description of
the constitutive relations and finally present the result.

Motivation

It is observed in laboratory measurements that under transient flow (by transient
flow we mean the flow at the moment when the slip of the fluid starts), the slip
velocity of the polymers exhibits relaxation behavior in the sense that the relaxation
of polymer molecules next to solid walls is different compared to that in the bulk,
and thus, delayed slip is observed. In such a case, the standard “static” slip models
(in our setting, corresponding to 8 = 0) do not follow the characteristics of the flow
and therefore it is necessary to include the dynamical response of the fluid in the
formulation of the model. In dynamic slip models, the slip velocity might depend on
the past deformation history undergone by the polymer; therefore the use of such
dynamic models can explain basic slip rheological data, not otherwise explained by
the use of static slip models.

aIf 8 = 0, then (L2d)) does not see the time derivative and the initial condition (I2e]) is prescribed
only in Q.
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We are not aware of any mathematical work which would analytically study
such models. On the other hand, in polymer science, this effect is already well-
known. First, referred to as “retarded” slip boundary condition or “memory” slip
velocity model, it was studied in Ref. 23] and since then, many other models were
proposed, improving the original work and including some other effects. An illus-
trative overview on these models is presented in Sec. 6.2 of Ref. [I3l In fact, these
works take into account reactions which occur on the boundary and in general relate
the slip velocity of the polymer melt with the wall shear stress, the normal stress
difference at the wall, the molecular weight, the molecular weight distribution, and
the temperature, but also the reaction between bonded and free macromolecules at
the interface.

Nonetheless, our model is macroscopic and these effects, as well as the molecular
architecture of the polymer, can possibly be incorporated via coefficients a and £,
and via appropriate definition of the graph 3. The dependence on these coeflicients
of models with simple geometries (the situation reduced to one-dimensional (1D)
flow) is demonstrated in the simulations in the next part, where simple shear and
periodic flows are studied.

Dynamaic slip model

We study a phenomenon which has not attracted so much mathematical attention
yet. It is called dynamic slip and concerns the response of certain fluids (typically
polymers) to a sudden increase and consequent relaxation of the flow velocity, which
results in an “overshoot” of the slip on the boundary — the fluid first starts to slip
very quickly, but after the sudden relaxation, it smoothly slows down and stabilizes
its slip velocity.

We prove the existence for rather general classes of fluids, not only thanks to
the range r € (6/5,00), but also because we do not prescribe any formulae for the
graphs, nor do we assume the existence of a Borel measurable selection; we only
require the maximality and monotonicity according to the definition of the maximal
monotone graph (Definition [LT]). Moreover, we allow great generality thanks to the
presence of the non-negative parameters « and (. In the following, we provide an
explanation of their use in typical combinations. In ([2d]), we obtain

perfect slip ifa=0and 8=0, (1.3a)
Navier’s slip ifa>0and §=0, (1.3b)
no slip if « - 400 and 8 =0, (1.3¢)
dynamic slip ifa>0and g >0. (1.3d)

Moreover, in the case when « > 0, the structure of the graph B plays an important
role and the model can describe many nonlinear and implicit relations.

In the boundary condition (L2d]), we could in principle prescribe some surface
force g : ' — R3. Such an equation would look like

oo+ pfov=s+g onl. (1.4)
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It would lead to two classes of external forces — f, representing the density of
external body forces in @) (like for example the gravitational force), and g, repre-
senting the surface forces on I'. Such a generalization is definitely possible, and we
refer to (B0) and the description therein for more details. However, on I', external
surface forces usually cause deformation of the boundary. Since our domain, as well
as its boundary, is always given and fixed, such forces are of no physical relevance
and should not be considered. Therefore, we simply set g = 0.

Implicit theory — the role of parameter r

We briefly explain the use of the maximal monotone graphs in the formulation
of the constitutive relations and the importance of the parameter r. The class of
implicit models is commonly described via some function G, or equivalently, via
a graph A, defined as

G(S,Dv) =0« (S,Dv) € A. (1.5)

For physical reasons, it is natural to impose some assumptions on the function G,
or equivalently, on the graph A. Namely, we require that the origin belongs to the
graph; that the shear rate is non-decreasing with respect to the shear stress”; and
that the energy dissipation £ = S : Dwv is not only positive, but also provides some
useful information — here, r enters the discussion. Depending on the information,
we can talk about different classes of graphs (for details, see the definition of the
maximal monotone graph (Definition [Z1])).

The study of models of the type (IH) originated in works by Rajagopal 2423
Rajagopal and Srinivasa? and by Bulicek et al®7 A systematic classification of
such class of models is provided for example in Ref. 3l In Ref. [0, the authors find
equivalent, easy-to-verify, conditions for G to describe a maximal monotone graph
according to relation (LI]). Moreover, they study these graphs defined in the same
way as we do in this work (but they deal with a general parabolic problem with
Neumann and Dirichlet boundary conditions); thus we use the convergence result
from Ref. [9 later in this work when solving an approximating problem.

The most studied models in the theory of PDEs are of type (). For the
linear model S = 2v, Dv, v, € (0,00), the existence theory for weak solutions was
established in Ref. [I8 for dimension d = 3 and in the whole space, later extended to
bounded domains and a Dirichlet boundary condition in Ref.[T4l Nonlinear explicit
models of the type

S =2u(|Dv|)Dv, withv:RT — R,

where the mapping Dv — S is monotone and continuous, were first studied by
Ladyzhenskaya 717 Egpecially, the case where

S =2, (ax + |Dv|2)%2Dv, withr > 1, v, >0, . €][0,00),

bThis holds for the fluids whose microstructure does not affect their mechanical properties.



Math. Models Methods Appl. Sci. 2021.31:2165-2212. Downloaded from www.worldscientific.com
by 185.143.180.230 on 05/16/22. Re-use and distribution is strictly not permitted, except for Open Access articles.

On the dynamic slip boundary condition for Navier—Stokes-like problems 2171

which for o, = 0 is called the power-law model. Ladyzhenskaya established the
existence of weak solution for » > 11/5 in the three-dimensional (3D) case (this
corresponds to the possibility of testing by the weak solution and thus the use of
the classical monotone operator theory). Despite their importance, these results
were unsatisfactory since they did not even cover the case r = 2. Nevertheless, it
was the starting point, which finally gave birth to many new methods developed
in the theory of nonlinear PDEs, and which finally led to the complete theory for
all 7 > 6/5 (the power which guarantees the compactness of the convective term in
3D setting).

To mention the methods involved, we recall the higher differentiability method
from Ref. giving existence for r > 9/5 for spatially periodic problem; the
L™ truncation method from Ref. providing existence for r > 8/5 for the per-
fect slip case or the spatially periodic problem; up to the Lipschitz approxzimation
method in Ref. [[1] leading to the result for » > 6/5 for Dirichlet boundary con-
ditions. These results for explicit models were later systematically studied in the
workd®? that provide results in the setting of mazimal monotone graphs for the
same range of exponents (even more, the authors considered the setting of Orlicz
spaces) and for the Navier slip boundary condition. Last, we want to mention the
recent result for » < 6/5 in Ref. [Il, where the authors introduced a very generalized
concept of solution suitable for parameters r < 6/5 and proved the existence of
such solution. Moreover, they showed that in case that a smooth solution exists,
their definition provides an equivalent notion of solution. However, this concept of
solution heavily relies on the fact that the graph A comes as® a subdifferential of a
convex potential. Moreover, in the case r > 6/5, the concept of a solution introduced
in Ref. [1] is much weaker than the concept we deal with in this paper. In addi-
tion, for graphs, which are maximally monotone but do not have a potential, such
procedure cannot be used. Therefore, we do not consider the methods developed
in Ref. [Il here although they may be easily adapted also to the case of a dynamic
slip boundary condition.

All of the models mentioned above relate the quantities inside the domain €.
Finally, Ref.[§ also studies the (implicit) stick-slip condition acting on the boundary
09, i.e. for functions G and h, such that

G(S,Dv)=0 in{, h(s,v)=0 on 9. (1.6)

This boundary condition can be (for suitable h) viewed as an approximation of the
Dirichlet boundary condition v = 0 on I'. In Ref. 21|, the authors studied all models
from Fig. [I except the limiting ones, also in the case when they depend on the
temperature. In the presented result, we use a setting similar to (L6, however, we

It was already observed in Ref.[27] that the subdifferential of a convex function generates maximal
monotone graph defined by Minty.lT—ZI But in general, a maximal monotone graph may not have a
potential.
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r— oo | rigid body limiting  shear- Euler/limiting
‘ rate J shear-rate J
r € (2,00) | rigid/shear- shear-thickening Euler/shear-
thickening / / thickening /
r=2 Bingham = Navier-Stokes Euler/Navier-
rigid/Navier- / / Stokes J/
Stokes
r € (1,2) | rigid/shear- shear-thinning Euler/shear-
thinning ( / thinning /
r—1 perfect plastic limiting  shear - Euler
— | stress [—
|S| <oy <= Dv=0 no activation |Dv| <oy <= S=0

Fig. 1. A systematic classification of fluid-like responses with respect to the power-law index r
and the activation effect. The table includes corresponding | S| versus | Dv| diagrams, where o2 and
o1, respectively, are the activation coefficients. Reproduced (and adjusted) with kind permission
from Table 2.1 in Ref. Bl

importantly generalize the boundary condition (L2d)) by the use of parameters «
and (3, and by incorporating also the time derivative of the velocity on the boundary.

Results

In Sec. 2l we provide several explicit solutions in a simplified geometry to illustrate
the role of parameters in the dynamic slip boundary condition — these explicit
solutions are computed and studied just for linear problems for simplicity. Next,
in Sec. Bl we introduce the proper function space setting. The key difficulty is to
incorporate the time derivative of the velocity on the boundary into an appropri-
ate function space leading to a reasonable Gelfand triplet. When constructing the
Gelfand triplets V,, — H = H* — V*, we pay close attention to incorporating
the boundary term, and the presence of its norm with the coefficient 5 also in the
definition of the norm on the Hilbert space H (according to (32), the norm is
113 = ||f||2L2(Q) + B|tr fH%Q(aQ) for smooth f) is highly non-standard. Then, in
Sec. [ we recall the basic concepts from the maximal monotone graph setting and
finally in Sec. B we precisely formulate the key result of the paper and provide its
proof. Next, for completeness, is devoted to the study of the orthog-
onal basis in V' that is orthonormal in H, which is used for defining the Galerkin
approximations. Finally, to provide the complete information about the result also
at the beginning of the paper, we formulate it here, but without any ambition to
be rigorous — for the precise formulation we refer to Sec.

Theorem 1.1. For any sufficiently smooth data and a mazximal monotone r-graph
with r € (6/5,00) there exists a global-in-time weak solution to the system (LZ).
Moreover, the solution satisfies an energy inequality and for r € [11/5,00) an energy
equality.
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Notation

Domains. For d > 1, we consider an open Lipschitz set  C R¢, and for t € (0,77,
we denote Q1 :=[0,¢) x Q and 'y := [0, 1) x 9. Also, we use simply @ and T" for Qr
and I'p, respectively (this does not concern the part with explicit examples).

Functions. No explicit distinction between spaces of scalar- and vector-valued func-
tions will be made, but we employ small boldface letters to denote vectors and
bold capitals for tensors. The outward normal vector is denoted by n, and for any
vector-valued function z : 9Q — R%, the symbol z, stands for the projection to
the tangent plane, i.e. z, := z — (z-n)n. If it is clear from the context, we denote
the traces of Sobolev functions by the same symbol as the original functions, and
if we want to emphasize it, we use the symbol “tr”. Also, we do not relabel the
original sequence when selecting a subsequence. The symbols “” and “:” stand for
the scalar product of vectors or tensors, respectively, and “®” signifies the tensor
product. In a time-space domain, the standard differential operators, such as the
gradient (V) and divergence (div), are always related to the spatial variables only.
Also, we use a standard notation for partial (9. or 0..) and total (%) derivatives or
just the symbol ¢’ for the derivative of function of one variable. The Kronecker delta
is denoted by d; ;. Generic constants, that depend only on the data, are denoted
by C' and may vary from line to line.

Spaces. For a Banach space X, its dual is denoted by X*. For z € X and z* € X*,
the duality pairing is denoted by (z*,z)x. For r € [1,00], we denote (L"(f2),
[-Il-(02)) and (WHT(Q), || [lw.r(q)) the corresponding Lebesgue and Sobolev spaces
with norms. Bochner spaces are designated by L"(0,T; X). For r € [1, 0], we set

H‘le-,r(g)

WLT(Q) = {f € CO1(@Q):div £ = 0 in Q} 7

— H‘le-,r(g)

WLr(Q) = {f € COL[Q); £ -n = 0 on 9} :

n

— H‘HWI-,T(Q)

Wht (Q):={f eC%(Q);f-n=0o0ndNdivf=0inQ} :

n,div
C([0,T]; X) :={f € L*™(0,T; X); [0, T] > t" — t = f(t") — f(t) strongly in X},
Cw([0,T]; X) :={f e L>0,T;X);[0,T] >t" =t = f(t") — f(t) weakly in X}.

2. Explicit Examples

We list several prototypes of the problem we want to solve. We provide two explicit
examples (without the use of the maximal monotone graphs), where in simple
situations, we clearly demonstrate the use of the dynamic slip boundary condition.
Analytical computations are sketched and supported by numerical simulations.
The solutions are found more or less in the same way as for the classical slip
boundary condition with one proviso — the basis in which we construct the solution
corresponds to a different boundary condition. This however changes the prop-
erties of the solution drastically, in particular (and it will be also evident from
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computation), the first few eigenvalues and eigenfunctions are of most importance
to give the character of the flow.

The general setting is the same for both examples. For simplicity, both flows
act in one direction only, and they differ by the use of the boundary conditions and
assumption on pressure, which determines the regime of the flow. In the first case,
we talk about the flow induced by moving boundary, whereas in the second case,
the pressure initiates a time-periodic flow.

For h,T > 0, define Q := (0,7) x R? x (0,h) and consider the Navier—Stokes
problem for an incompressible fluid in a 3D domain, given by the system

divv=0 1in Q, (2.1a)

Ov +diviv®@v) —divS =—-Vp inQ, (2.1b)
S =2Dv=Vv+Vvl inQ, (2.1c)

o=v in(0,T)xR*x {0,h}. (2.1d)

We look for a solution to the simple shear which is represented by a scalar function
w:(0,T)x (0,h) = R,

v(t, ) = (u(t,z),0,0), (2.1e)

where variable z of u corresponds to x5 (x = (1, 22,23)) of v. Due to the defini-
tion (ZI€), the condition divv = 0 is automatically satisfied.

2.1. Flow induced by moving boundary

For given §, 0 < § < 1, the flow between two infinite planes is induced by moving
one of them, R? x {h}, with the velocity Vs(t) := min{t/d, 1}. It means that for
small times, the upper plane accelerates really quickly, and after reaching velocity
equal to 1, it suddenly relaxes and continues to move with this constant velocity.
The lower plane, R? x {0}, does not move. Also, the pressure is only a function of
time

Vp=0. (2.2a)

We consider the following initial and boundary conditions, representing zero velocity
of the fluid everywhere at the beginning as well as on the lower boundary for all
times, whereas the velocity on the upper part of the boundary is expressed as a
difference between the actual velocity of the fluid and the velocity of the moving
plane

v=0 in {0} xR? x(0,h), (2.2b)
v=0 in (0,T)x R? x {0}, (2.2¢)
ale — (V3,0,0)] 4 Bds[v — (V5,0,0)] —s =0 in (0,T) x R* x {h}.  (2.2d)
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Especially, we aim to study the dependence of solution on v and § if § < 1 (this
condition enhances the sudden acceleration of the boundary at the initial moment).
We can reformulate the system (ZI)-(Z2) in terms of function w,

Oyu(t, x) — Oggult, ) = (0,7)x(0,h), (2.3a)

u(0,7) = (0,h), (2.3b)

u(t,0) = (0,7, (2.3¢)

alu(t,h) = Vs(t)] + B fu(t, h) = Vs(t)] + Ozult, h) = (0,7) (2.3d)

We wish to construct a weak solution to (23] in terms of Fourier series. The
crucial step to do so is to properly define the function space for u and properties of
its basis. To insure (Z3d), let

h
Vi={ve W1’2(07h);v(0) =0}, (v1,v9)y = /0 vive dz + B(vive)(h),  (2.4)

be the function space with duality and take a basis {u;}ien of V' which fulfills

—ul(z) = Mu;(z) for x € (0,h), (2.5a)
au;i(h) +ul(h) = A\?Bu;(h), and (2.5b)
h
(ui, uj)y, = /0 wiuj de + B(uuj)(h) =6, ; foralli,jeN, (2.5¢)

where we let (Z5d) define the scalar product in V| and then the basis is orthonormal
in V.

We first prove existence of such basis and study the properties of the sequence
{Ai}ien. After that, we use this information to demonstrate the existence of the
dynamic slip phenomenon as well as the fact that this effect vanishes as 3 tends
to 0.

From (235a)), we know that u; is of the form u;(z) = A;sin(\;z) + B; cos(\;x)
(for A;, B; constants), however, due to the condition u;(0) = 0 (according to the
definition of V' (2.4])), this reduces to

ui(x) = A; sin(\jx). (2.6)

As we generate a basis, without loss of generality we can assume that A;, \; > 0.
Also, using (235D) for this u; we get the condition on \;,

(o — BAZ)sin(A\h) = —\; cos(\ih). (2.7)

To have an idea about the arrangement of the eigenvalues {\; };eny within RT, for
every j € Ng, we define an auxiliary function f; : [0,27/h] — R as

i) = <a ~5(s +j2§)2>sm<yh> s (a5 Yeostun)
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For every j € Ny, there exist at least two solutions to f;(y) = 0. In fact, there are
at most two, as the following explains

«

¢ 2.8
y+j3 28)

fi(y) = 0 < cot(yh) = ﬁ<y+j2%) _

Here, the function on the right-hand side is increasing for every j and cotangent is
decreasing on (0, %) and (¥, 2%). Therefore,

for every i € N there exists a unique \; € ((z - 1)%, z%) solving ).  (2.9)

Thanks to ([27) and (28]

1\ 7w « 4h’a
N_oa<0e =) —— < 0& (20 - 1)< —.
P —a<oes(i-3) - <0e @m0 < T

Finally, using (Z7) in (Z5d), we obtain the formula for A;,

(2.10)

sinQ()\ih)) . (2.11)

[N

(h a4+ BN
Al_<§ 202

Therefore, the basis {u; }ien exists and is prescribed by (2.6]) such that 27, (Z9)
and (ZIT]) hold.

Next, we look for a weak solution to our system w(t, z) defined by means of this
basis, i.e. w(t,x) = > .2 ¢;(t)u;(x) so that for all ¢ € W12(0, h) fulfilling ¢(0) =0
and almost all ¢ € (0,7"), the integral formulation of (2Z3a)) holds

h

dywe + Opwe’ dz + [a(w — Vi) + BO(w — Vs)@la=n = 0,
0

where we first used integration by parts and consequently the boundary conditions
Z3d) and 23d) (for simplicity, we a priori assume that our solution is smooth
enough so that the integral exists and we can substitute (Oyw, @)y = foh drwp dx +

B(0ywe)(h) according to (Z4)).
Now, we set ¢ := u; and use (2] to obtain

c(t) + Mej () = (aVs(t) + VS ()u; (h),
which, completed with the initial condition ¢;(0) = 0 (due to (2.3L))) and using the
definition of Vj, turns into
e Nt 1
2
X2

Cj_ (t) = ug)(\/;) (ozt + (B)\? —a)

(2.12)

S| =+

) =~ Bu;(h)
fort<d <1,

S (t) = u; (1) (a + (ﬁ/\? - oz)ef/\?teA?(s _ 1) ~ u () (a + @) (2.13)

2 -2
/\j e A]t
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for § < 1, having defined cj‘ (t) == ¢j(t)xt<s and c(?*( t) == cj(t)xt>s. It is not
difficult to check that lim; 5 cj’ (t) = cj* (0) and that ¢;(t) = cj (t) + cj-* (t) is
continuous. Finally,
IR it S Y 5
2; w at + (B —Q)T wi(hyui(z),  te€(0,0),
w(t,r) ="
Zi a+ (BA2 — a)e Nt Gk wi(h)ui(z), te(6,T)
— )\12 7 )\25 7 7 ) ) .

(2.14)

For us, it is important to study the behavior of this solution on the boundary where

x = h and for § — 0,. Applying 7)), 8), and TIT)) in @I4) for z = h, and
proceeding with § — 04, we get that

2

Wk = Y e ) Farpe @ (B e @19)
i=1 ¢ g ?

In @I5), we already neglected the first part of ([21I4]), where t € (0,0), and also
used that lims o, (eX9 —1)/(A26) =

Once we have a weak solution, we want to check whether it converges to the
stationary one, w(x) = Az = > =, Gu;(z), as t = T — oo. Here, A is a constant
and ¢; are coeflicients that satisfy

_ - . ui(h)
¢ = chuj,ul = (0, u;)y = v A(ah + 1)
Jj=1 v
The difference w(t, z) — w(z) vanishes for t — oo if A:= 2,
_ a
w(t,z) — w(x) = 1t

This limiting solution corresponds to the stationary solution with the standard
Navier slip response. Therefore, to study the dynamic slip phenomenon, one pays
attention to the difference of these solutions on the boundary for small (although
relevant) times

o0
w(t, h) =y = u ) (822 — a)e ™) fort > 4. (2.16)
i=1
From the relation (ZI8]) one can see that for small times, the impact of the several
first terms is much more important than that of the terms for larger values of \;
(note that the sequence {\;};cn is increasing as it is arranged according to (Z9)).
Also, as discussed in ([ZI0), these first terms (their number depends on «, 8 and
h) in the sum (ZTI6) can be negative, whereas for larger values of i they become
positive.
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Simulations

The importance of the number of negative terms in ([2I6) can be demonstrated
using the computational software. In what follows, we numerically computed the
sequence {\;}19, and present the corresponding graphs of the solution 1 — w(t, h)
(which is V5(t) — w(t,h) for 6 — 04) in several situations; namely, for a/f €
{1/4,20, +0o0}. Then, we compare the graphs for fixed « and three different values
of B with the graph of the stationary solution 1 — w(h) (which only depends on «
and h and therefore is the same for the three solutions). In all simulations, we fixed
the constant h = 7.

In Fig. 2 we are interested in the response for short times, therefore, we set
T = 1. From (ZI0), we can read that the number of terms for which \? —a < 0 is

N::|{i;ﬁ/\§—a<0}|:max{i;i< \/g—ké}. (2.17)

First simulation corresponds to &« = 1 and 3 = 4. Due to (ZI1), N = 0 and we
can see that every term in (2I6]) (which correspond to the difference 1 —w(h)— (1 —
w(t, h))) is positive and therefore the graph of 1 — w(t, h) monotonically increases
while approaching the stationary solution 1 — w(h).

In the second situation, we used o = 10 and S = 0.5. According to (ZI7),
N = 4. This combination allows to model the dynamic slip phenomenon, as it
clearly demonstrates that the behavior of the fluid on the boundary is not monotone.
Indeed, the relative velocity 1 —w(t, h) first continues to increase and subsequently
slows down and starts decreasing to approach the stationary solution 1 —w(h).

Finally, we used a = 10 and 8 = 0. Such a choice corresponds to the Navier slip
situation, as the effect of the time derivative in (2.3d]) is cancelled. Also, consistently
with (ZI7), N — +oo and all terms in (2.I6)) are negative. This results in significant
jump at origin and subsequently, the graph of the solution 1 — w(¢, h) immediately
monotonically decreases as it approaches its stationary solution.

slip velocity, 1 -w (t, h)
1.0f

0.8
0.6

04} S~

S~

0.0 . . : ‘ ' time, t
X 1.0

Fig. 2. Comparison of the slip velocities 1 —w(¢, h) for different values of o and . For the dotted
style (o, B, N') = (1,4,0); for the full line (o, 8, N') = (10,0.5,4) (two dynamic slips) and for the
dashed style (o, 8,N) = (10,0, +00) (Navier’s slip).
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These simulations, especially comparison of the second and the third one, clearly
explain why in our modeled situation with significant impulse in the beginning
(which in the picture corresponds to the jump at ¢ = 0) and sudden relaxation
thereafter, it is much more natural to expect the smooth dynamic slip response
than the sharp Navier slip.

The second simulation indicates the importance of the value of 3 for the dynamic
slip, as well as the convergence property of the solutions. For this reason, we set
T = 5, which is large enough to see the converging tendency. We fix o = 30 and
compare the graphs of 1—w(t, h) for 8 € {5,30, 150} against the stationary solution
w(h) = ah/(ah + 1). Since the stationary solution is independent of /3, we can
also see that all three graphs converge to this stationary solution. The results are
presented in Fig. Bl

slip velocity, 1 -w(t, h)
0.05
Y
HA
1 \
0.04 ‘\
L
\
\
0.03 F \

0.00L . : . L J time, ¢t
5

Fig. 3. Comparison of the slip velocities 1 — w(¢, h) for fixed value of & = 30 and different values
of 3. For the dashed style (8, N') = (5, 2); for the full line (3, N') = (30, 1) and for the dotted line
(8, N) = (150, 0).

2.2. Periodic flow induced by pressure

In the second example, we consider the pressure of the form

21t

p= COS(T)’ (2.18a)

which induces a time-wise periodic flow, so that the initial and boundary conditions

are
v(0,z) = v(T,xz) in R?x (0,h), (2.18b)
v=0 in (0,7)x R? x {0}, (2.18¢)
ao +B0w—s=0 in (0,T)x R? x {h}. (2.18d)

By means of u, we can reformulate the system 21I), (ZI8) to

atu(t,x)—amu(t,x)z—cos(?> in (0,7) % (0,h),  (2.19)
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w(0,2) =u(T,z) in (0,h), (2.19b)
u(t,0) =0 1in (0,7), (2.19¢)
au(t,h) + Boyu(t,h) + Oyu(t,h) =0 in (0,7). (2.19d)

Similarly as in the previous part, we wish to construct a weak solution to ([219)
and thanks to [2I9d) (which is identical to ([Z23d)), we can work with exactly the
same space V' as before, defined in (Z4]), and its base {u;};en satisfying ([Z35]) and
prescribed by @8) (u;(z) = A;sin(\;z)) such that 7)), (Z3) and ZIII) hold.

The essence of the problem now lies in finding the coefficients ¢;, where our
weak solution to (ZIJ) is again of the form w(t,z) = Y .2, ¢i(t)u;(x) and for all
o € W12(0,h) and almost all ¢ € (0,7 satisfies

h

h
drwep + O, w’ dz + [(aw + BOyw)@)een = —cos(%) / pdz, (2.20)
0 0

which we obtained by multiplying (ZI9al) by ¢, using integration by parts (ZI9d),
and (2I9d). Now, we set ¢ := u; for j € N and use the definition of w, the

orthonormality of the basis (Z5d), (25b]) and 28] to get

2t

i(t) + Nie;(t) = —cos<T> /Oh u;dr = f—j(cos(Ajh) — 1)cos<%). (2.21)

Solving this equation, using that ¢;(0) = ¢;(T") and that

t 2
/ eNiT cos(—m—)dr
0 T
AN A ot
6)\575 Sln(%) + 2‘]—71_ <€>\?tCOS<%> — >‘|,

we obtain the formula for the initial condition ¢;(0) and for ¢;(t),

B 2nT
Am? 4 XIT?

T2
¢;(0) =¢;(T) = mflj (cos(Ajh) — 1), (2.22a)
J

21T A . [ 27t AT 27t
To sum up, using ([2221), Z8) and (ZII), the solution satisfies
w(t,z) = Z ci(t)A; sin(\;x),
= (2.23)

(%w(t, h) = C;i (t)/\“‘h COS(/\ih),

i

1=1
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where the spatial derivative represents the wall shear stress, which is the quantity
that we finally compare.

Once we have the weak solution w(t,x), similarly as before, we want to com-
pare it with some reference solution — in this case, the periodic solution with the
Dirichlet boundary condition, i.e. w(t,x) = Y .=, ¢ (¢)u;(z), such that w(t,z) is a
weak solution to

Opu(t, x) — Oppu(t,x) = —cos(%) in (0,7) x (0, h), (2.24a)
u(0,2) =w(T,z) in (0,h), (2.24b)
u(t,0) =wu(t,h) =0 in (0,T). (2.24¢)

Then, for every i € N, the eigenfunctions @;(z) of W2(0, h) with their eigenvalues
\; solve

—al (x) = Mau;(z) for x € (0,h), (2.25a)
h
/ Ui U dz = 5i,j for all ¢,5 € N, (225C)
0

to form a basis in W, (0, h), and &(t) is computed using ;(z). From (Z25a), we
know that the eigenfunctions are of the form

i (x) = A;sin(\x) + B; cos(\ix), where
(2.26)

.Bi:O7 )\i:z and Ai:
using (2:250) and ([225d). Altogether,

i (r) = A; sin(\x) = @sin(%x). (2.27)

Then, for all ¢ € Wy*(0,h) and almost all t € (0,T), w satisfies

h h
2
/ dwp + Opwy’ doe = —cos(%t) / pdx, (2.28)
0 0

and for ¢ := u;, j € N, repeating a very similar procedure like before, we obtain
that ¢;(t) solves

=N

— 2 h ‘ o
Eg(t) + /\?Ei(t) = —COs(%) / a; dr = Ai T
0
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for k € N. Then,

__ T 24 sin 2mt + AT cos 2mt 1=2k+1
é; (t) _ 472 + 5\?T2 S\l T 2 T ’ a ’

0, i =2k,
(2.30)

and we can finally write the formulae similar to those for w(t, z), but incorporating

(2.30) and 2.26)

(2.31)

In Figs.d and [l we compare several examples of the periodic wall shear stress
@23)) of a solution corresponding to the dynamic slip condition with the reference
wall shear stress (231)) of a solution that satisfies the Dirichlet condition. The
constants are chosen as h = 7w and T = 2x. The eigenvalues of the reference
“Dirichlet” solution are the natural numbers (thanks to the proper choice of the
parameter h).

In particular, we compare the values of the shear stresses on the boundary (and
not the slip velocities as before), for the simple reason that due to the presence of
the (complete) Dirichlet boundary condition, the slip velocity is equal to zero, and
in this case the wall shear stress represents the behavior on the boundary better.

In Fig. @ we fix the value of @« = 1 and compare the wall shear stresses for
values 8 € {0.1,4.2,100} with the Dirichlet solution, which is independent of « and
B. On the other hand, in Fig. Bl we did the opposite — we fixed the value of 8 =1

wall shear stress, dy w (t, h)

Fig. 4. Comparison of the wall shear stresses 9, w(t, h) for fixed value of & = 1 and three different
values of 8 € {0.1,4.2,100}. For the dot-dashed style 8 = 0.1; for the dashed style f = 4.2 and for
the dotted style 8 = 100. The full line corresponds to the Dirichlet solution, which is independent
of a and S.
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wall shear stress, dy w (t, h)

time, t

Fig. 5. Comparison of the wall shear stresses 9, w(t, h) for fixed value of 3 = 1 and three different
values of o € {0.1,4.2,100}. For the dot-dashed style o = 0.1; for the dashed style a« = 4.2 and for
the dotted style o = 100. The full line corresponds to the Dirichlet solution, which is independent
of o and 3.

and compare the wall shear stress for values a € {0.1,4.2,100} with the Dirichlet
solution, which is independent of a and .

Using these simulations, we can see how the values of a and ( influence the
wall shear stresses of solutions. We basically see two effects — translation in time
and significant difference in the magnitudes of the solutions. In particular, we can
observe that the dynamic solution narrows the Dirichlet solution in the case when
the value of « in Fig. Bl and the value of 8 in Fig. M are large. To explain this,
we note that these parameters enter the formula (Z23)) via A; only, and when
comparing (ZI1) and (ZZ8), A; — A; whenever a+ 3 — oo. Finally, both of them,
A; in Z2Z3) and A; in ([Z31)), are present in the second power.

3. Function Spaces

We work with a special type of boundary condition which includes the time deriva-
tive of the velocity of the fluid weighted by the parameter 5. Such a structure
demands a definition of specific function spaces, as well. In this part, we introduce
the Gelfand triplets that consist of the function spaces which take into account our
general boundary condition.

Gelfand triplet

For Q a Lipschitz domain in R, 8 > 0 and r € (1,00)4, we define V ¢ €% (Q) x
CO1(0Q) as

Vi={(v,g) € C"(Q)xC" (99);divv =0in Q,v-n =0 and v = g on 9Q}.

4In our result, Theorem [5.1] we only allow r € (6/5, 00). However, this restriction is arising due to
the lack of compactness in the convective term, i.e. it is initiated by the properties of the system.
For other problems, e.g. the Stokes-like one, where the convective term is not present, we can use
this theory for any r € (1, 00).
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With the help of V, we also define
V, =V where [|(v, 9) v, = [[ollwir @) + 10l 20y + l9l200). (3.1

Svallll
H:=V.""",  where ||(U79)H12H = ||UH%2(Q) +3HQH%2(39)- (3.2)

For r = 2, due to the Trace theorem, the norm on V4 defined by (B is equivalent
to the W12-norm on Va. Also, using the definitions of the V,- and H-norms, we
emphasize that for (v, g) € V. it holds that g = tr v on 0%, however, it need not be
the case for (v,g) € H, since the latter one does not keep the Sobolev property of
the function and the trace may not exist. Moreover, even if the trace of v exists it is
not necessarily equal to g. In addition, thanks to a generalized version of the Korn
inequality, see Lemma 1.11 in Ref. 10, we frequently use the following equivalent
norms on V.

(v 9)llv, < CUIDvLr(@) + [0l z20) + l1gllz2(00)) < CUID ] Lr() + Igllz200)),

where the second inequality holds true whenever W17 (Q) < L2(Q), i.e. for r >
2d/(d+2).

As V, is a closed subspace of (Wifhv(Q) N L%(Q)) x L?*(09), which is a reflex-
ive separable space, it is itself reflexive and separable. Also, H is a Hilbert space

identified with its own dual H = H™* with the inner product defined by

((0,9), (v,9)u :z/ﬂfj-vdx—i—ﬁ mg-gdS. (3.3)

By definition, V,. is continuously embedded into H and is also dense in H, therefore
also the embedding V, — H is dense. Next, restricting every functional f € H*
to V. C H, we get that H* = H is embedded in V,*. This last embedding is also
continuous because the adjoint map ¢* : H* — V.* to the continuous embedding
i : V., — H is continuous. Finally, the embedding H* — V is dense because V,
is reflexive and dense in H (cf. Remark 17 in Ref. Bl of p. 46). Thus, we have the
Gelfand triplet

V, s H=H" <V, (3.4)

and both embeddings are continuous and dense. Moreover, for r > 2d/(d + 2),
WhT(Q) is compactly embedded into L?(Q2) and for » > 2d/(d + 1), the trace
operator is compact from W17 (Q) — L%*(99), according to the corollary of the
Trace theorem. Therefore,

2
V, << H whenever r > —d
d+1

We define the duality pairing between V,. and V;* in a standard way as a contin-
uous extension of the inner product (-,-)y on H. That is, for any (v,g) € V,, C H
and (v,g) € H* C V¥ we have

<(1~}7g)7 ('U7g)>Vr = ((’IN},Q), (vvg))H-
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Subsequently, for any (v,g) € V, and (v,g) € V,* we define

(5,9), (0.9, = lim ((5".3"). (v.9))n. (35)
where {(",§")}ren is a sequence in H* converging to (9, §) in V,*,
Finally, we specify how to generate the duality pairing for object defined only
inside of @ or €2, which is for example the case of the external body forces f. Hence,
for £ € (WLE7(Q))*, we can identify it with (f,0) € V,*, and we can write

{(f@lv. = ((f,0), (¢, tr @))y, = lim /f’“ cpdr = (f @)y, (3.6)
for any (@, tr @) € V., where {(f*,0)}ren is a sequence in H converging to (f,0)
in V*. Note that in the case when f € L?(Q2), this definition just means

(F 0) 12 = /Q f-oda, (3.7)

which is exactly the formula requiring the consistency of a definition of a weak
solution. It is evident that this term does not see any information coming from the
boundary 0€). Although, it would not be the case if we considered the generalization
([C4). In this setting, for given g € L2(9), we would set

((£.9); (@, tr @))v, = (f, Lhwrrq +/mg “tr @dS, (3.8)

which would again correspond to a proper definition of a weak solution. From
another point of view, if we considered a standard couple (v,g) € V¥, this is a
continuous linear functional which is bounded, i.e. for any (¢, tr ¢) € V.,

[(0,9) (@, tr @)| < [[(V,9)]lv+(lellwrr) + lellzz) + It @ll200))-

In contrary, for (f,0) € V;* we only have that for any (¢, tr ¢) € V,,

[(£,0) (e, tr )| < [|(£,0)]

ve(lellwrr@) + llell2))-

Notation.

(1) For simplicity, the fact that (¢p,tr ¢) € V, or H will be only denoted by
@ € V. or H, respectively, however, understood in the sense of definition of the
corresponding space. Especially, we always write f € V.* and understand it in
the sense (f,0) € V,*.

(2) For r = 2, we simplify the notation and denote the Hilbert space V := V5.

(3) In the space V, the V-norm defined in @1]), the W'2-norm, and the norm
generated by the scalar product defined in (Al are equivalent. We use them
interchangeably.

The basis orthogonal in V' and orthonormal in H is defined and studied

in [Appendix A
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4. Maximal Monotone Graphs

In this part, we only shortly introduce the theory for the maximal monotone
r-graphs. As opposed to other works on the maximal monotone graph setting, here
we do not assume the existence of a Borel measurable selection operator, i.e. a
mapping §* : R4*4 — R4 fulfilling (S*(D), D) € A.

A detailed attention to the formulations and proofs of the lemmata from this
section is paid in Sec. @ of Ref. [0l and similarly also in Chap. 4 of Ref. We use
the results from these works in order to approximate the graphs, and focus on the
dynamic slip effects in the proof presented here.

Due to (L.2I) and (T:2g), the implicit character of the response of the fluid inside
the domain is described via maximal monotone r-graph (and on the boundary via
maximal monotone 2-graph), so we start with its definition.

Definition 4.1. (Maximal monotone r-graph) Let r € (1,00), ' :=r/(r — 1) and
let A C R4¥4 x R4 We say that A is a maximal monotone r-graph, if

(A1) (0,0) € A,
(A2) monotonicity: for any (S1,D1), (S2,D3) € A,

(81— 82): (D1 — D) >0,

(A3) maximality: if for some (S, D) € R4 x R4*? and all (S,D) € A

holds, then (S, D) € A,
(A4) r-coercivity: there exist Cq, Cy € Ry such that for all (S, D) € A there holds

S:D > (S| +|D|") = Cs.

In general, the maximal monotone graph theory can cover a rather wide class
of models, especially the implicit ones. However, the explicit description allows us
to approach the problem via proper Galerkin approximation, in particular, when
estimating the time derivative on the Galerkin level, where the properties of the
explicit basis® and the continuity of the selection are heavily used. Therefore, our
primary goal is to approximate maximal monotone r-graph by an explicit maximal
monotone 2-graph.

In what follows, we construct the approximative graphs 4. and AZ, which bring
us to the situation of a 2-graph with explicit formulation. We postulate a lemma
about this approximative property, as well as several other lemmata that describe
the properties of the maximal monotone graphs. Finally, we make a note on the
graph B which describes the constitutive relation on the boundary I'.

¢The key property is the continuity of the projection operator in the space V (A5H). We believe
that for smooth domains, one could construct a basis for which the projection would be continuous
also in V;., however, we omit such procedure here in order to avoid the technical difficulties.
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Construction. Let A be a maximal monotone r-graph and let € > 0. We define
. :={(58,D) e R x R™*.3(§, D) e A,§=85,D =D +¢cS}, (4.1a)
AS = {(S,D) e R4 x R™*%3(§,D) € A.,S =S +¢D,D =D}. (4.1b)

Lemma 4.1. Let A be a mazimal monotone r-graph. Then for every e € (0,1), AS
is a maximal monotone 2-graph. Moreover, there exists a unique 87 : R¥*d — Rdxd
which is Lipschitz continuous and uniformly monotone, and satisfies

(S,D) € A5 & S = S*(D). (4.2)

Also, for an arbitrary measurable and bounded U C Q, let 85, D : U — R¥*? pe
such that (S°, D) € AS almost everywhere in U, and let

/ S°:Ddxdt < C  wuniformly with respect to . (4.3)
U

Then, there exist S € L™ (U), D € L"(U) so that for subsequences
85—~ S weakly in L™™27}HU),

. (4.4)
Df —~ D weakly in L™™27}(U).
Moreover, if
hmsup/ S :Ddx dt < / S : Ddz dt, (4.5)
64)04, U U
then (S, D) € A almost everywhere in U and for a subsequence
(§°:D°) — (S:D) weakly in L'(U). (4.6)

The above lemma deals with the convergence of approximative graphs and corre-
sponding approximative quantities. For the sake of completeness, we also formulate
the result about the fixed graph and the convergence properties therein.

Lemma 4.2. For everyn € N, let (S™,D") € A, and let
/ S": D"dxdt < C  uniformly with respect to n
U

for U C Q measurable and bounded. Then
S" —~ S weakly in LT/(U)7
D" -~ D weakly in L"(U).

Moreover, if

limsup/ S”:D"dacdtg/S:Ddxdt7
U U

n—oQ

then (S, D) € A almost everywhere in U and 8™ : D" — S : D weakly in L*(U).
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The next lemma is in fact a replacement of the assumption about the existence
of a measurable selection. Indeed, assuming that the Borel measurable selection
exists, the claim of the following lemma is straightforward. In our case, we need to
show that for any measurable D there exists the corresponding measurable S such
that (S, D) € A.

Lemma 4.3. Let r € (1,00). For every D € L"(Q) there exists S € L™ (Q) such
that (S, D) € A almost everywhere in Q.

Lemma 4.4. Let (S°, D) € AZ, then there exist Cy,Cs > 0 such that
S¢ - D¢ > C«l(|56|min{r’,2}) + |D6|min{r,2}) _ 02. (47)

For clarity, we mention also the graph B acting on the boundary, and we for-
mulate the convergence lemma for it. Also, we claim that the statements of other
lemmata hold equivalently for B, as well.

Lemma 4.5. Let g € (1,00) and B C R x R? be a maximal monotone g-graph.
Then for every e € (0,1), BE is a mazimal monotone 2-graph. Moreover, there exists
a unique o : RY — R which is Lipschitz continuous and uniformly monotone,
and satisfies

(o,v) € B & o =0%(v).

Also, for an arbitrary measurable and bounded U C T, let o¢,v° : U — R? be such
that (o°,v%) € BE almost everywhere in U and let

/ o -v°dSdt < C wuniformly with respect to . (4.8)
U

Then there exist o € L™ (U), v € L"(U) so that for subsequences
o = o weakly in L™™2"H(U),
v° —~ v weakly in L™™2TH1).

Moreover, if

lim sup/ o -v°dSdt < / o-vdSdt, (4.9)
U

64)04, U
then (o,v) € B almost everywhere in U and for a subsequence
(0°-v°) — (o -v) weakly in L*(U).

Even though we consider B to be a maximal monotone 2-graph in our analysis,
we prefer to keep this more general result in the work as it is of its own interest.
In fact, we use this result for case ¢ = 2 in the proof of Theorems and [B.11
Indeed, assuming that B is a maximal monotone 2-graph still does not guarantee
the Lipschitz continuity nor the uniform monotonicity of 5 which are obtained for
the approximating graph BZ. Therefore, it is still profitable to approximate the
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general 2-graph B. From this point of view, the graph B and its approximations
B. and BE are defined to possess exactly the same qualities like their counterparts
A from the Definition 1] A. and AS from (1J), although, being the subsets of
R? x R<.

5. Navier—Stokes-Like Flow

We finally apply the theory which was built and motivated up to now. We consider A
to be a general r-graph with € (6/5,00) and B to be a 2-graph. This restriction for
r comes from the system and the condition on B is posited for practical reasons —
the proof would work for any A, B which are r- and ¢-graphs with appropriately
redefined spaces V,. to V9. Also, we prove the result for 8 > 0, as the case § =0 is
already treated in Ref. [7l

We recall the problem (Z) and properly formulate the main result of this work.
We start with the definition of a weak solution.

Definition 5.1. Let T > 0, o, 3 > 0, r € (6/5,00),  C R? be a Lipschitz domain,
felL” (0,7;V7F), and vy € H. Let A be a maximal monotone r-graph in @ and B
be a maximal monotone 2-graph on the boundary I'. Set z:= max{r, 5r/(5r —6)}.
We say that the triplet (v, S, o) is a weak solution to the Navier—Stokes-like problem

@) it
ve L"(0,T;V,) NCyw([0,T]; H),
O € LZ/(07T; V),
Ser”(Q),
o c L>(0,T; L*(09)),

the balance of linear momentum is satisfied in the weak sense, i.e. for almost all
t € (0,7) and for all p € V,

(Opv, ). —/(v@v) : Vgadx—l—/S:Dgadx—i—a/ o-pdS=(f, o).,
Q Q o9
(5.1a)

and (S, Dv) € A almost everywhere in () and (o, v) € B almost everywhere on I'.
The initial condition is attained in the strong sense

Aim [lv(t) —volls = 0.

Moreover, we say that a solution satisfies the energy inequality if for all ¢ € (0,7T),

1 t t
§Hv(t)|\§{+/ /S:DvdxdT—i—a// o-vdSdr
0Ja 0 Jog

t
1
< [0y dr+ 5ol (5.1b)
0
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First, we show that the above definition is compatible with the concept of a
classical solution. Indeed, let us assume for a moment that the weak solution has
an additional regularity

o € L*(0,T; H),
divS € L*(Q)

and that also f € L?(Q). Then we can use integration by parts in (G1al) and also
the definition of a duality pairing in V, to obtain that for almost all ¢ € (0,T") there
holds

/(@v—l—div(v@v) —div S) -gadx—i—/
Q

(ﬁ@tv—kaa—i—Sn)-apdS:/f-gadx.
o9 Q

(5.2)

In particular (52)) holds for any smooth compactly supported ¢ having zero diver-
gence and therefore we can use the de Rham theorem to find a pressure p such that
(L2D) holds almost everywhere in Q. Furthermore, since the tangential part of ¢
can be arbitrary, it also follows from (5.2)) that (L2d) is satisfied almost everywhere
on I'. Hence, the required compatibility condition holds true. It is worth noting here,
that in case we would consider the Stokes-like problem, i.e. the problem without
the convective term, the required regularity d;v € L?(0,T; H) can be proven easily
provided that the initial data vy € V and the graph A represents a sub-differential
of some convex potential.

Theorem 5.1. Let all assumptions of Definition Bl be met. Then for any T > 0,
a,B >0 and r € (6/5,00), there exists a weak solution to the system ([L2), which
satisfies the energy inequality. Moreover, if r > 11/5, then the energy inequality
holds with the equality sign.

To prove this result, we approach the problem (2] by a proper approximation.
In order to define it, we introduce an auxiliary function ® : R — R,

1 if |s| € [0,1),
O(s):=¢2—s if|s| €[1,2),
0 if |s| € [2,00),
and for every 6 € (0,1), we define the cut-off function 5 : R — R,
Os(s) := ®(ds), therefore ®5(s) -1 asd— 0. (5.3)

This function helps us with splitting the approximation into two steps — in the first
one, we converge in the graphs (i.e. with ) with the cut-off convective term, and
in the second one, we converge with ¢ in order to obtain the result for the regular
Navier—Stokes-like problem. But first, we prove the existence of a solution to the
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g, 0-approximating problem with cut-off convective term and continuous 2-graphs
AZ and BE.

Since we deal with a completely new setting of function spaces, we want to
reprove all classical results in this new setting rigorously. Therefore, we also focus
on attainment of initial condition and the validity of the energy inequality in detail.
For such purposes, we define a certain function that is used frequently in what
follows. For given arbitrary 7> 0, 0 < kK < 1 and t € (0,7 — k), we consider
n € C%1([0,T]) as a piece-wise linear function of three parameters, such that

1 it 7 €10,¢),
t—71
n(r) = 1+ - it reft,t+ k), (5.4)
0 if ret+k,T].

This function is typically used in proofs on attainment of the initial data and on
identification of the graphs.

On the other hand, we do not discuss in detail the standard methods and esti-
mates related to Navier—Stokes-like systems and refer rather to Refs. [7], [T and [17
for details.

5.1. Existence for the €, §-approximating problem

First, we prove existence of a solution (v°, S%,6°) for every € € (0,1) and for every
0 € (0,1) to the problem

dive® =0 in Q, (5.5a

Opv® + div((v° @ v°)Ps(|v°[?)) —divS + Vp=f inQ, (5.5b
—(S°n), =ac® + B0 v° onl, (5.5¢c

v°-n=0 onl, (5.

v°(0) =wvo in Q, (

(S°,Dv°) € A in Q, (

(of,v°) e B onT, (5.5g

where AZ and BE are constructed from A and B, respectively, according to (41L),
and they are 2-graphs with selection due to Lemmata ] and

For simplicity, we drop using the index e and from now on, we look for (v, S, o)
instead of (v®, S°, o), however, we continue writing A% and 5% to enhance the use
of the approximating graphs.

We know that for A2, there exists §* : R4 — R?*4 guch that

(S, Dv) € A% = S = S*(Dw). (5.6)
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Similarly, for B2, we denote the selection o* : R? — R? and
(o,v) € B & 0 =0"(v). (5.7)
Moreover, both §* and o* are Lipschitz continuous and uniformly monotone.

Theorem 5.2. Let T > 0, o, > 0, ¢ € (0,1), 6 € (0,1), Q C R3 be Lipschitz,
f e L*0,T;V*) and vy € H. Let ®5 be defined by (53). Then there exists a triplet
(v, S, o) such that

v e L*0,T;V)nC([0,T); H),
ow € L*(0,T; V"),

S € L*(Q),

o < L*(I),

and ([BX) is satisfied in the weak sense, i.e. for almost all t € (0,T) and for all
pev,

(Opv, @)v —/(v ®v)®s(|v]?) : Ve dz —|—/S : Dpdx
Q Q

+a/ o-pdS=(f o, (5.8a)
o9

and (S, Dv) € AS almost everywhere in Q, and (o,v) € BE almost everywhere
on I'. The initial condition is attained in the strong sense

lim [[o(t) — vol i = 0. (5.8b)
t%0+

Proof of Theorem Let {w; }ien be a basis of V' constructed in [Appendix A]
Recall the definition of the selections (.6 and (E7) for AS and BE, respectively.
For every n € N, we define the Galerkin approximation

n

v"(tx) = (wi(x) for (t,x) € Q, (5.9)
i=1
where the functions c?(t) are defined such that for ¢ = 1,...,n, they solve the

following system of ordinary differential equations

(00", wi) —/

(v" @ v™)®s(|v"|?) : Vw, dz —|—/S*(Dv") : Dw; dx

Q Q

+a/ o (V") w;dS = (f,w;)y (5.10a)
[2}9)

with initial conditions

c'(0) :/’UO cw;de 4+ 8| vo-w; dS = (v, w;)H. (5.10Db)
Q a0
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Due to the Carathéodory theory (recall that the selections are Lipschitz continuous),
existence of such a solution is obtained in an interval [0,¢™) for some t™ € (0,7 and
thanks to the uniform estimates derived in the following part we can set t" = T.
Furthermore, recall the definition of the projection P™ (A4) to see (using (G.3) and

(510D)) that

n 2

> (vo, w;) pw;

i=1

= [[P"woll; < llwoll3 (5.11)
H

lo™ ()17 =

where we used the estimate (ABal), as {w;}ien is an orthonormal basis of H.
Moreover, from [(A4]) and (E9) we get for any ¢ € V that

('U Pn ZC wjvz So,wi)le = chwm‘P = (/Un?so)H
i=1 i j=1 "
(5.12)

The formula (G.I0a) holds only for w from the linear hull of {w;}"_;. However,
with the help of (5I2)), we can work with (510a) for any w € V.

Uniform estimates

We multiply the ith equation in (ZI0a) by ¢'(f) and sum them together over
i=1,...,n to obtainf

Hv"||H —|—/S (Dv") : D" dx—!—oz/ o (v")-v"dS = (f,v")y. (5.14)

Since, AZ and B¢ are 2-graphs and (S*(Dv"), Dv") € AS and (o*(v"),v"™) € BE,
we can use the coercivity assumption (A4), the Young and the Korn inequalities and
the estimate (5.I1)), and it follows from (5:I4)) that there is a constant C' depending
only on f, vg, 2 and ¢ such that
0™ || L2(0,7v )" Lo (0,7;61) < € uniformly with respect to n, (5.15)
8™ (Dv")||L2(q) + lo*(v")||L2ry < € uniformly with respect to n. '
Using the properties of the projection P™, see (5I2)), we can reconstruct the
estimate for the time derivative for d;v™. We know that 0;v™ € H and using this

fThe convective term vanishes due to the fact that dive™ = 0 in Q and v -m = 0 on I as it
follows from the following computation (for P a primitive function to ®s)

1
/(v ®@v)®s(jv|?) : Vodr = 5/1} V|2 ®s(|v]?)dz
Q Q

1 1
= 7/1) -VP(Jv*)dz = _7/ P(|v|?)divvdz = 0. (5.13)
2 /o 2Jq
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information we show that it is also uniformly bounded in L?(0,7;V*). For an
arbitrary ¢ € V, using (5.12) and the continuity of the projection in V' (AZ5H),

(O™, )y = (0", P" o) 2/8t’0" “(Ptp)dr+ B[ O™ (P"p)dS
Q Ele)

— [ (" @ om)as(0" ) - (Do) V(P )

~a / ot (6")-(P"0)dS + {f. P}y
o0

< O[S (Dv")lz2 () + o™ (©")llL200) + C(6) + || ]

ve)llellv

Thus, we define P := {p € V,|p|v < 1} and recall (5.I5), and the assumption

on f to obtain
T T 2
[ 1o izac= | (sup<atv“,so>v) at

0 0 peP

T
<c / (18" (Do)l 20 + o= (@™l 22002

+C0) + [ fllv+)*at

< C' uniformly with respect to n. (5.16)

Limit passage
By virtue of the uniform estimates (5.10]) and (B.16]), reflexivity of spaces V and V*,
the Aubin—Lions lemma (recall the compact embedding V' << H) and integration

by parts for Sobolev—Bochner functions, there exist (not relabeled) subsequences
and functions v, S and o such that as n — oo

v =" weakly™ in L>(0,T; H), (5.17a)

" = v weakly in L*(0,T; V), (5.17b)

o™ — Ov weakly in L2(0,T; V™), (5.17¢)

) strongly in L*(0,7T; H), (5.17d)

(0" @ v")®s(|v"*) = (v @ v)®s(jv[?)  strongly in L(Q),v € [1,00), (5.17¢)
S*(Dv") —~ S weakly in L?(Q), (5.17f)

oc*(v") —~ o weakly in L?(T). (5.17g)

We add a short comment on (5.I7d). For fixed §, v+ (v ® v)®s(|v]?) is bounded and
continuous, and this together with (517d)) imply the almost everywhere convergence
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of v to v in Q. Then (BEI7d) holds, and the result follows, e.g. by the use of the
Lebesgue dominated convergence theorem.

In (5I0a), for any » € C1(0,T) and ¢ € V, we multiply the ith equation by
Y(p,w;) g, sum over i = 1,... k for k < n and integrate over ¢ € (0,7T) to get for
every k=1,...,n

T
/ (D", PP o dt — /('u" @ v™")®5(|v"|?) : V(PF@) da dt
0 Q

+ /S*(Dv”):D(Pkgo)wdxdt+o¢/0'*(v")-(Pkgo)wdet
Q r

T
- /0 (. Pro)yibdr.

Using the convergence results (5.I7), we can proceed with the limit n — oo. The
limit integral holds for any v, therefore we obtain

(0w, PR )y —/(v @ v)®s(|[v|?) : V(PFp)dz +/S : D(P*g)dx
Q Q

t+a / o - (Pho)dS = (f, Po)y
o0

for almost all ¢t € (0,7) and for all k¥ € N. Finally, we can use the property of the
projection P*¢ — ¢ in V as k — oo from (AZ]) and obtain the weak formula-

tion (5:5a).

Initial data attainment

Since the initial condition involves also behavior on the boundary, we prove the
attainment rigorously here, although it somehow follows step by step the standard
setting with the only change in the definition of the function spaces. From the
previous parts, we know that v € L?(0,T; V) and 9;v € L*(0,T; V*), which implies
that v € C([0,T]; H). From the definition of the space C([0,T]; H), we get that

v(t) = v(0) strongly in H ast — 0. (5.18)

In what follows, we show that v(t) — wo weakly in H as ¢ — 04, and these
convergence results together identify the limit (E8h), that we want to prove.

Let 0 < k < 1 and t € (0,T — k). We recall the definition of an auxiliary n
in (54), multiply (5I0a) by this 7, and integrate over (0,7") to obtain for every
1=1,...,n

T
/ (0™, w;) g dr + /(S*(Dv") — (" @ v")®s(]v"]?)) : Vwndzdr
0 Q

T
+a/a*<v"> widS dr = / (F wi)ydr.
I 0
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Next, we integrate by parts in the first term, use that n(7) = 0, and the equality

in (BI) (v™(0) = P™wy), to get

T
—/ (v, w;)gn dr + /(S*(D'u”) — (V" @ v")®s(]v"|?)) : Vwndadr
0 Q

T
ta / o (v") - win dS dr = / (Fowihyndr + (Pvo,w:)1(0),
I 0

and this equation is ready for the use of the weak convergence results (B.17) and
the convergence of the projection (ABd) to obtain for any i € N that

T
—/ (v,w;)gn’ dr + /(S — (v ®@v)®s(jv[?)) : Vw;ndadr
0 QR

T
—|—a/0' cw;ndSdr = / (f,wi)yndr + (vo,w;)an(0).
r 0

Next, we use the properties of 7, namely, that n(7) = 1 for 7 € [0,t), n(r) = 0 for
7€ (t+k,T), and n/(t) = =1 for 7 € (t,t + k). Then we have
1

t+r
—/ (v,w;)y dT+/ (8 — (v®@v)®s(|v]?)) : Vwndzdr
K Jt Qttr

t+k
+a/ o--wmdeT:/ (f,wi)yndr + (vo,w;) .
Dypr 0

Further, we wish to proceed with the limit as x — 04. In the first term, the
integrand is well-defined (v € C([0,T]; H)), and the mean-value integral converges
to (v(t), w;)p. In the other terms, we take the limit as x — 04 together with
t — 04, use that all quantities are integrable in appropriate spaces and arrive at

lim (v(t), w;) g = (vo, w;)H.
t%0+

This holds for every ¢ € N, and since {w; };en is a basis in H, this is nothing but
the weak convergence result we hoped for, and it identifies the strong limit in (5I8)
of the initial condition in H.

Graphs identification

After proceeding with the limit, it remains to show that the limiting objects relate
to each other in the way we want them to, i.e. that (S, Dv) € AS and (o, v) € BE.
To do so, we multiply (5I4) by piece-wise linear n(t) defined in (54) and integrate
over (0,7T) to obtain

/ S*(Dv") : Dv"ndxdr + oz/ o*(v") - v"ndSdr
Qitr

P

t+k 1 1 t+r
- / (F.o"yyndr + 2 Progl3 — / (0", 0™ g dr.
0 2 26 Jy
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Since S*(0) = 0 and it is monotone (and the same holds for o*), we have for every
neN
S*(Dv") : Dv" > 0,

o (v")-v" > 0.

Therefore,

limsup [ S*(Dv"): Dv" dxdT—i—a/ o"(v")-v"dSdr

n—00 Q1 Tt

< limsup/ S*(Dv") : Dv"ndxdr + a/ o (v") - v"ndSdr
Qt4r

n—oo Ft+r€

t+k 1 1 t+K
= limsup/ (f,v")yyndr + =||P v ||% — liminf —/ (v, v") g dr
0 2 n—oo 2K J,

n—00 R

t+k 1 ) 1 t+k
<[ towndr s sloli - 50 [ @omdn
0 K Jt

where we used the results from (BI7) and the weak lower semicontinuity of the
norm. If we proceed with x — 0, we note that the left-hand side is independent
of k, and on the right-hand side, all quantities are well-defined for such limit (since
v € C([0,T]; H)), and using again the weak lower semicontinuity of the norm we
finally obtain for an arbitrary ¢t € (0,7")

limsup [ S*(Dv"): Dv"dxdr + 04/ o*(v")-v"dSdr

n—r oo Qt Ft

< [t ar+ gllvili - o). (5.19)

Now, we set ¢ := v in ([B.8al), use (B.I3)), integrate over time (0,¢), and use that we
can integrate by parts in the duality (thanks to the fact that we have the Gelfand
triplet) and the attainment of the initial value

S:D'Uda:dT—l—oz/

Iy

t
o-vdSdr = / (f,v)v — (Ov,v)y dr
Q+ 0

t
1
= [ dr+ Sl — o). (520)
If we compare (2.19) and (5.20), we obtain the condition

limsup [ S*(Dv"): Dv"dxdr + 04/ o*(v") -v"dSdr

n—oo Qt I';

< S:D'udxd7'+oz/ o-vdSdr. (5.21)
Qt Iy
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Now, let W € L?(Q) and w € L*(T") be arbitrary, then by monotonicity of the
graphs

0< / (S*(Dv") — S*(W)) : (Dv" — W)da dr

t

+ oz/rt(o'*(fv”) —o*(w)) - (v" —w)dSdr

= [ S*(Dv"): Dv" dxdT—|—0¢/ o (v")-v"dSdr
Qt Ft

- S*(Dv"): W + S*(W) : (Dv" — W)dadr
Qt

- a/ o*(v") - w+ o (w) - (v" —w)dSdr.
Iy

For the first two integrals, we use the estimate (521), and for the rest, we use the
weak convergence results in (517)

OS/ (S—S*(W)):(D'U—W)da:dT—l—oz/F(o'—a*(fw))-(v—w)deT.

Now, we set W := Dv + uZ, w := v + pz, divide by p > 0 and let © — 04 (at
this point we use the continuity of the selections) to obtain for arbitrary Z and z
and given o > 0

0= /t(S — 8" (Dv)) : Zdzdr + oz/rt(o' —o"(v))-zdSdr. (5.22)

Here, we followed the Minty method from Ref. 22, with small modifications in order
to adapt it to our setting.

Finally, setting Z := (S —S*(Dwv)) and z := (o —o*(v)) in (522) implies® that
S =8"(Dv) in Q; and o = o*(v) in I'; for any ¢t € (0,T), therefore (S, Dv) € AZ
almost everywhere in @, and (o, v) € BE almost everywhere in T'. O

5.2. Limite — 0,

Having the existence of a solution (v, S, o°) for every € € (0,1) and for every
d € (0,1) to the problem (&.3), the next step is to prove the existence of a solution to
the same problem, however, now with .4 a maximal monotone r-graph, r € (6/5, c0),
and B a maximal monotone 2-graph, possibly without a Borel measurable selection.
However, this was done in Ref. [9l for a general parabolic problem, and we do not
repeat the whole procedure here rigorously but we just point out the essential
steps. Indeed, due to the presence of the cut-off function ®5, the convective term

&In case o = 0, it does not imply that o = o*(v). However, in this case, we can use (EIZd) to
obtain the strong convergence v™ — v in L2(0, T; L?(99)) and due to continuity of * the claim
follows.
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can be understood as a compact perturbation and satisfies the strong convergence
result (I7e), and therefore creates no additional difficulties in the limit passage
as € — 04. Hence, the goal of this section is to prove the following result.

Theorem 5.3. Let T >0, a,3 > 0,6 € (0,1), 7 € (6/5,00), Q C R3 be Lipschitz,
feL”(0,T;V*) and vo € H. Then there exists a triplet (v°,8° a°) such that

v e L(0,T;V,)NC([0,T]; H),
v’ € L7 (0,T; V),

S’ e L"(Q),

o’ € L*>(0,T; L*(09)),

and for almost all t € (0,T) and for all p € V,,
@ o)y, — [(° @ 0")0s([07 ) s Vipda
Q

+/55:Dgadx+a/ a’ - dS = (f, o). (5.23a)
Q 19}

and (8°, Dv°) € A almost everywhere in Q, and (o°,v°) € B almost everywhere
on I'. The initial condition is attained in the strong sense

lim |[v°(t) — vollgr = 0. (5.23b)

t—04

Sketch of the proof of Theorem[53t We use Theorem [5.2] and for any ¢ € (0,1) we
have the solution (v¢, S¢, o¢) fulfilling (5.8al). Setting, ¢ := v° in (L.8al) and follow-
ing the estimates done in the preceding section, we obtain the starting inequality

T T
sup ||’Ua(t)|\%{+/ /SE:D'UE da:dt+/ / o -videdt <C  (5.24)
0 Ja 0 Jog

te(0,T)

uniformly with respect to e. Next, since (S°, Dv®) € AZ and (6%, v°) € BE, we can
use Lemmas 1] and and thanks to (5.24]), we have

v =% v weakly” in L*°(0,T; H),
v*— v Weakly in Lmin(r,Q) (07 T; Vmin(n?))v
- (5.25)
S¢S weakly in L™in(r )(Q)7
o° — o weakly in L*(I).

In addition, it also follows from Lemma 1] and the Korn inequality that

SeL”(Q) and we L (0,T;V,). (5.26)
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Then, following the computation in (.I6) and using (B.25]), we also have
T o T
[ rawipera<c [ s
0 e 0

2.7)
+C ) + [ fllv-

max(2,7/)

Lmin(2,r) (©) + H o° H L2(0%)

)min(?,r') dt

< C  uniformly with respect to e (5.27)

and consequently using also the Aubin-Lions lemma and the Trace theorem, we
deduce

dv° — dv  weakly in L™ (0, T; Vinax(r,2))s
v© — v  strongly in L'(Q), (5.28)
v® — v strongly in LY(T).

Having (5:25), (5:217) and (5.28), we can easily let ¢ — 0 in (0.8a)) to obtain (5.23a])

with one proviso, namely, that ¢ € Vj.x(2,r). However, thanks to (Z28]), we can
improve the estimate for time derivative and conclude that

v e L™ (0,T; V") (5.29)

and that (5.23a)) holds true for all ¢ € V.. The attainment of the initial condition
can be shown exactly as in the proof of Theorem

The crucial part is to check that (S, Dv) € A and (o, v) € B. For this purpose,
it is just enough to verify remaining assumptions of Lemmas [£] and 5] namely,
to show that

hmsup/ Se . D'U‘Eda:dt—k/o“s p°dSdt < / S : Dvda:dt+/0'-vd5dt.
e—04 JQ r Q r

This can be however achieved by repeating the procedure from the proof of Theo-
rem [5.2] namely, we set ¢ := v° in the equation for v¢ (L.8al), and we set ¢ := v in
the equation for v (B.23al), let ¢ — 04 and compare the limit. We do not provide
more details here, since it is very similar to the preceding section and almost exactly
the same as in Ref.

5.3. Proof of Theorem [5.1]

Having Theorem [E.3lin hands, we proceed to the proof of Theorem [B.1] which in this
situation means to explain the procedure of taking the limit as 6 — 04 in (B23al).
We consider > 6/5 and for every § € (0,1), we have (v®,8° a?), a solution
according to Theorem [5.3] such that (S‘;,Dv‘s) € A almost everywhere in @ and
(09,v°) € B almost everywhere on T.

Uniform estimates and limit passage

To obtain a priori estimates, we set ¢ := v° in (5.23a) (the term with the convective
term cancels due to ([I3)), integrate over time (0, ¢), integrate by parts in the first
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term, use (B.I1) for the initial condition and “usual” estimate for the duality on
the right-hand side with the help of the Hélder and Young inequalities, to obtain

sup [[v°(1)]|% + / S°: Dv’ dz dt + 0/05-v5 dsdt< ¢
te(0,T) Q r
uniformly with respect to §. Due to the r-coercivity of A and 2-coercivity of B, we
obtain that

||v5||Loo(O,T;H)QLT(O;T;VT)QB(F) < C uniformly with respect to 9,

; ; . . (5.30)
1S°N 2 (@) + llo°llz2ry < € uniformly with respect to 6.

)

To improve the estimate of the terms ¢, v° on the boundary, we use that 8 > 0 to

obtain
v® € L>®(0,T; H) = v° € L>(0,T; L*(09)).
Then, we can estimate
Cillo + o' ) = Co < 0* ' < LI 4 CPi
and subsequently
sup [l () s oey <€ sup [ (1+1°Pas

te(0,T) t€(0,T)

< C uniformly with respect to d. (5.31)

Furthermore, since ¢ is not fixed here, we cannot claim that the convective term
remains bounded and therefore need more precise estimate on v°. To do so, we
recall the interpolation inequality

5r
3

Ny 5
1001 % < Cll gy 10

5r

3 ()
Then, it follows from the uniform estimate (530) (recall that » > 6/5) that
Il s

lv < C uniformly with respect to 4. (5.32)

L¥ @

Next, we explain the definition of z and 2z’ := min{r/, 5r/6}. Using (5.32)), we obtain
that

T
/HM®MWMMWW; &</HNP;
0 L6( 3

< C uniformly with respect to 9.

Then, recalling all the above uniform é-independent estimates, we can also observe
the following bound for the time derivative (we skip the computation identical to
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cg @20)

T
/ 16°)
0

T
<C [ Uy + 108 @ V)85 (W), g + oy

+ [ £llve ) dt

< C uniformly with respect to 4.

7. dt

Finally, the uniform estimates and the Aubin-Lions lemma, complemented with
the Trace theorem conclude that for subsequences

v —~* o weakly* in L>(0,T; H), (5.33a)

v = weakly in L"(0,7;V,.), (5.33b)

(v’ @ v°)®s(|v°|?) = (v®@w) strongly in LP(Q) for pe[1,5r/6), (5.33c)
v’ — dyw weakly in L* (0,T; (V2)*), (5.33d)

v = v strongly in L"(0, T; L*(Q2)), (5.33¢)

v s strongly in L7(Q) for v € [1,5r/3), (5.33f)

S' g weakly in L (Q), (5.33g)

o'~ o weakly* in L>(0,T; L*(09)), (5.33h)

v~y weakly* in L>(0, T; L*(0Q)), (5.331)

v’ S strongly in L*(T"). (5.33j)

Then, we consider ¢ € L*(0,T;V,) in (B.23a)), integrate over ¢ € (0,T), and after
proceeding with § — 04 while using the results from (533]), we obtain

T
/ (Opv, ©)v. dt+/(S—(v®v)):V(pdxdt—i—a/a-(pdet
0 Q

r
T
:A <.f7(P>Vz de.

Therefore, the weak formulation (BIa) holds for almost every time ¢t € (0,7).

Moreover, the results (5:33a), (5.330), and (5.33d) imply that v € C,,([0,T]; H).

Identification on the boundary

By virtue of (5:33]), we can use the Egoroff theorem to get that for every ¢ > 0
there exists I'c which satisfies |[['\I'¢| < ¢ and v® — v strongly in L>(T'¢). Then,
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using also (5.33h)
/ o v drdt — o-vdxdt asd — 04.
FC FC
Then, from Lemma [T (o,v) € B almost everywhere on I'¢, and if we let { — 04,

we obtain the identification of B almost everywhere on I', and also that for all { > 0,

o’ v’ —o-v weakly in L}(T;). (5.34)

Identification inside the domain

Identification of the graph A is not so straightforward, especially due to the lack
of proper duality pairing in the convective term and consequently in possible non-
validity of the energy equality for the limiting equation. We start with subtracting
the weak formulation for v° (5:23al) from the one for v (51a), and integrating the
difference over time (0,7"), to deduce that

T
/ (Or(v° — v), )y, dt — / (0 © v")s(|0°2) — v ® v) : Vepdadi
0 Q

+/(55—S):Dgodxdt—!—oz/(o"s—a)-godet:O
Q r

holds for every ¢ € L*(0,T;V.). Consider™p € C5°([0,T];C5%;,(€2)), then the
boundary term vanishes and we obtain

/(,05 —v) - Opdadt = /((55 —S)+vev— (v’ @v°)0s(|v°]?)) : Ve dzdt.
Q

Q
For further purposes, let us denote
u’ =0’ — v,
G :=8-8, (5.35)

G =vov— (v @v)ds(]v0)?).

In what follows, we use the result from Ref. 4] see Theorem 2.2 and Corollary 2.4,
which we first adapt to our setting.

Lemma 5.1. (Theorem 2.2 in Ref.[)) Let Qo CC Q and let Qo = Iy x By. Assume
that for § € (0,1)

u’ =0 weakly in L" (I; W3 (By)),
u’ —=*0 weakly® in L (Iy; L*(Bo)),

hHere the space C3°([0, T]; CS%;, (€2)) is defined as

€5 ([0, T7; CEiy () :={w € C*>®(Q);divw = 0 in Q, supp w CC Q}.
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u® =0 strongly in L'(Qo),
G‘ls -0 weakly in LT’(QO%
G’g =0 strongly in L'1¢ (Qo)-

as 6 — 0. Also, assume that for every ¢ € C5°(Io; C5%;, (Bo))
/ w0 — (G +GY) : Vepdrdt =0
Qo

holds, which is a weak formulation of
A’ — div(GS + Gy) = —Vp°.

Then there exists & € C§°(Qo) such that

X1Qo <¢< X1Qo> (5.36)
and for every k € N there exists {Qsr}sc(0,1) fulfilling
Qsk CQ, limsup|Qsp| <27% (5.37)
54)04,

such that for every S € L™ (Q),

lim sup
5—>0+

/(G‘f +8) - Vuléxg\q,, do dt‘ <Cc2+. (5.38)
Q

Then the triplet (u’, GS,GY) defined in (5.35) satisfies assumptions of the
Lemma [l Due to Lemma 3] for Dv we can find S such that (S,Dv) € A
almost everywhere in Q. In (535), we set S := S — S to get that

lim sup /(55 —8): (Dv’ — Dv)éxo\gs, do dt’
6—04 Q
= lim sup /(G‘ls +8) : Vu'exog\g,, dz dt’ <C27.
6—04 Q '

Due to (&36), £ > X1q, and since (S,Dv) € A and (8°, Dv°) € A, the product
in the first integral is non-negative thanks to the monotonicity of A, and we have

6—04

limsup/ |(8° — 8) : (Dv° — Dv)|xq\g;, drdt < c2 . (5.39)
Qo

For any a € (0,1), we can provide the following computation

/ 1(8° — 8) : (Dv° — Dv)|*dadt
Qo

- / (8% — §) : (Dv® — Dw)|*xq, , dedt
1,
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+ / (8% — 5) : (Dv® — Dw)["xor0;, d dt
100 '
< (/ (8° = 8) : (Dv° — Dv)|xq,, dz dt) Qs
100
+ (/ (8° = 8) : (Dv° — Dv)|xg\q,, d= dt) QI
100 '

<ClQsi|" "+ C (/ (8° = 8) : (Dv° — Dv)|xq\0; ., da:dt) :
§Qo ’
Then, as k — oo, using (537) and (E39), we obtain that as 6 — 04,
/ I(8°—8): (D'ué—D'v)|ada:dt§C'2_Tk — 0.
§Qo
However, then also
|(8° = 8): (Dv’ — Dv)|* = 0 strongly in L' (éQo)

Due to the Egoroff theorem, for every ¢ > 0 there exists Q¢ such that |§Q0\Q<| <,
and
|(8° — 8) : (Dv° — Dv)|* = 0 strongly in L=(Q;).
Consequently,
(8° = 8): (Dv’ — Dv) = 0 strongly in L= (Q¢)- (5.40)
Since lims o, [ S : (Dv’ — Dv)dzdt = 0, which follows from (5.330), then
from (40) follows also

lim S°: (Dv’ — Dv)dzdt =0,
5*)04, Q(

which finally implies (using the weak convergence result for S° (5.33g))

lim S0 Dvdxdt = S : Dvdxdt.
5—>0+ Q( QC

According to Lemma 1] (S,Dv) € A almost everywhere in Q¢, and we can
proceed with ¢ — 04 to obtain the identification of A almost everywhere in Q.
Also, we have that for all { > 0

S%: Dv’ ~ §:Dv weakly in L'(Q,). (5.41)
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Energy inequality

For 0 < k < 1L and t € (0,T — k), let n be defined as in (T4). We set ¢ = v°
in (5:23a), multiply it by 7, and integrate the result over T € (0,7,

1 (Td
5/ aHfuéni,ndf—/((fué<g>v(5)<1>5(|v5|2));wﬁndxdr
0 Q

T
—|—/5’5:Dv‘;ndxdT—i—a/a‘S-v‘;ndeT:/ <f7115>vr77d7.
Q r 0

Next, we integrate by parts in the first term, use the convective term cancellation
due to ([EI3) and properties of 7, to obtain

1 t+r
10 () 13 dr + / % : DoPpdrdr +a / o - vindSdr

25: t Qt+m Ft+N

t+k s 1
= [ wndr + Sl
0

The next step is the limit as § — 0. For the first term, we can use the weak lower
semicontinuity of the H-norm. For the products (S° : Dv®) and (o - v%), we use
the monotonicity of the graphs and that thanks to (5.41]) and (.34), with the use
of the Biting lemma (from Ref. [2]), there exist sequences {Q;}1eny and {I';};en such
that as I — oo, (for subsequences)

|Q\Qi| — 0, and S°:Dv’ —~S:Dv weakly in L'(Q)),
IT\I';| = 0, and o° v’ —~o-v weakly in L}(I)).
For the duality term, we use (5.330)), and get that

1 t+k )
ol dr + [

S:DvndxdT—i—a/ o-vndSdr
Qt4+xNQy

2/{ t Ty NIy

t+k 1 )
< [ tfohvndr+ Sl
0

Next, we proceed with [ — oo, then Q¢ N Qr — Qi and Ty NI — Ty,
and finally, thanks to v € C,([0,7]; H) and the fact that the other terms are
well-defined, we can pass with k — 04 to obtain the energy inequality (G.IL) for
any t € (0,7).

Initial data attainment

Similarly as in the previous part, we consider 1 from (54]), and multiply (5.23a) by
this 7, and integrate over T € (0,7

T
|10 ehvnar - [ (07 0 00)8(0°P) : Vendaar
0 Q

T
+/55:Dgondxd7+a/o‘5-cpnd5dT=/ (f.@)v.ndr.
Q r 0
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As ¢ is independent of ¢, we can integrate by parts in the first term and subsequently
proceed with the limit § — 04 using the arguments from the previous part and
(E33d) for the convective term

1 t+k
—/ (v,cp)HdT—/ ('u®'u):ch77dxdT+/ S : Dendzdr
K Jt Qttr Qitr

t+r 1
+a/ U-gondeTz/ (Frp)v.ndr + 5('00780)%{77(0)
Ft+n 0

Due to the arguments that are all explained in the previous sections, we can proceed
with k — 04 and ¢ — 0., using that ¢ € V, is arbitrary and v € C, ([0, T]; H) and
obtain

v(t) = vy weakly in H.
Also, taking the limes superior in the energy inequality (511), we obtain that

lim sup v (t)]7 < [|voll3,
t*>0+

and these two information imply the strong convergence in H as claimed in (5.10)).

Appendix A. Orthonormal Basis of V'

For ae > 0, define a scalar product on V' by
(u,v)y ::/Du:Dvda:—l—oz/ u-vdS. (A1)
Q o0

Thanks to the Korn inequality and the definition of the W'2-norm, this scalar
product (A7) on V is equivalent to the norm on V defined in (B1]). Moreover, one
can show, see Lemma [A.]] that there exists a basis of V, which is orthogonal in
V with respect to the scalar product defined in (A]) and orthonormal in H. We
denote such basis in what follows as {w;}5°;.

Construction. Set V! =V, find A\ := minjy, = («,u)y, and denote by w; the
minimizer, i.e. A\; = (w1, w1)y.
For every i € N,
define V! := {v € V; (v,w;)y = 0 for every j = 1,...,i} (A.2a)

find A1 = min (u, )y, (A.2b)

ueVith Jullp=1

and denote w;41 the minimizer, \j11 = (Wit1, Wit1)v. (A.2c)

Lemma A.1. The sequence {w;}jen defined in (A2) is a basis of V and H, it is
orthogonal in' V- and orthonormal in H. Also, the sequence {\; }icn s non-decreasing
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with lim; o A\; = +00. For every ¢ € N, \; and w; solve the problem
—div Dw; = \jw; in €, (A.3a)
Dw;n + aw; = \;fw; on 09, (A.3b)
in the weak sense. Moreover, for PN | a projection of V' to the linear hull of {w;}¥,
defined by

N
PNy = Z(u,wi)Hwi, (A4)
i=1
it holds that for any uw € V
1Pl < lulla, (A.5a)
1PN ully < [lullv, (A.5b)
PNu — u  strongly in V as N — +oc. (A.5¢)

Proof. Orthogonality in V is evident from the definition of the spaces V* in (A2al).
The fact that for every i, ||w;||g = 1, follows from (A2D]). We show that for every
i € N, w; exists and

(wi, o)y = Ni(w;,)g forall p € V. (A.6)

This is a weak formulation of (AZ3]) and also implies orthogonality in H.
We start with taking {©"},ecn, a minimizing sequence to

(u,u™)y :/ |Du™|* dz + a/ lu"?dS  with ||u"||g =1 foralln€N.
Q o9

From reflexivity of V' and its compact embedding in H we get that
u" — w; weakly in V|
u" — w; strongly in H.

Therefore, wy € V exists, |w1| g = 1, and for every v € V, ||v||g = 1, there holds
A1 = (wy,wq)y < (v,v)y (A7)

by weak lower semicontinuity of the norm.
In (A7), set v := (w1 +cp)|wy +ep| ;" where e > 0 and ¢ € V are arbitrary.
Then v € V, ||v||g = 1, and we get that

(w1 +ep,wi +ep)y

0< .
ST ey MY
_ (’wl,’wl)v2 — (wr,w)y + 2 (’wmf’)v2 42 (80,<P)v2
[wr + el lwi+eelly  llwi +eely
9

= T ez A 2’11], te 2+2w7 +e€ ) ’
o 2 N 2w @)+ ellell) + 20w )y + <))
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where we used that (w1, wi)y /A1 = 1 = ||wi]|g. Next, we divide the expression
by e and take the limit ¢ — 04 to obtain

AM(wi, @) < (w1, @)y
However, it works for —¢ as well, and we obtain the equality
(w1, 0)y = M(wi, )y forall p € V=V
We can do the same for any (fixed) ¢ € N to obtain
(wi, )v = Xi(wi, o)y forall p € V', (A.8)

The next step is to show that (AF) is true for any ¢ € V, i.e. also for ¢ € V\V'.
Note that according to (A2a))

i—1
V=V'o. . oVTIoVis. s V\ViC |V
j=1
Now, let j < 4 be arbitrary. Due to (A.g), it holds that
(wj, )y = \j(w;, )y forall p € V7 (A.9)

and w; € V7. Therefore, set ¢ := w; in [(AJ) (note that w; is admissible test
function since w; € V' C V7 as j < i) to get (w;,w;)v = \j(w;, w;)n. However,
from the definition of V?, (w;,w;)y = 0, and therefore also (w;,w;)y = 0. Since
i € N and j < i were arbitrary, we obtain (AG]).

Next, we study the sequence {\;};en, namely, we want to show that it is non-
decreasing with the limit equal to +o0o0. The first fact is obvious. Regarding the
unboundedness, let us assume that it is bounded. Then, from (A2d) and from the
reflexivity of V, it is weakly convergent in V', and from the compact embedding of
V into H, we get that it converges strongly in H, which means that it is Cauchy
in H. However,

lwi —w; 7 = llwillf + w3 — 2(wi, wi)n =2,

which contradicts the Cauchy property.

To show that {w;},en is indeed a basis of V', we prove two claims: that there
are no more eigenvectors w;, and that there are no more eigenvalues \;.

First, assume that there exists v € V such that ||v]|y # 0, [[v|]|lg = 1, and
(v,w;)y = 0 for every i € N. The last claim means that v € V* for every i, i.e.

Ai = min  (u,u)y < (v,v)y.
ueVi |lullp=1

Due to unboundedness of {\; };en, taking the limit ¢ — +oco in this inequality results
in contradiction with the assumption that v € V.

For the second contradiction, assume that there is an eigenvalue A, such that
A # A\ for every i € N, and that there exists wy € V such that ||lw,|v # 0,
||’U))\||H = 1, and

(wx,p)v = Mwy, o)y forall p € V. (A.10)
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For an arbitrary ¢ € N, use ¢ := w) in ([(A8]), use ¢ := w; in (AI0) and subtract
from each other to get

()\— )\i)(w,\7wi)H =0= (w,\7wi)H =0.

However, either (wy,w;)y = 0 for every ¢ € N and we are back in the situation
from the previous paragraph, i.e. that wy € V? for every V', which leads to a
contradiction, or there exists ¢ such that (wy, w;)y # 0, but then necessarily A = \;
which conflicts the assumption A # A; for every i € N. Therefore, {w, };cn is a basis
of V, and by density, it is also a basis of H.

Finally, we prove the continuity of the projection PY. Note that {w;/v/\;}ien
is orthonormal basis in V' and compute

N N N
(PYu, PNu)y = | Y (w,wi)gwi, Y (w,wy)gw; | =D (w,w;) 3 (wi, w;)v
=1 =1 L=l
N N w; 2 0 w; 2
= )\l(u7 wi)2 = <u7 —1) S <u7 —l> = (’U,7 U)V
2wl =2 \w5), = 2 (mTw),

(A.11)

w;

In the last equality, we used the fact that (for simplicity, ¢, := T for every 1)

Z(“#Pi)%% =u. (A.12)
i=1

This is true, as it is equivalent to

(Z(%‘F’i)V‘Pw‘Pj) = Z(uvﬂoi)V(S"m‘Pj)V = (uvﬂ"j)v for every j € N,
i=1 v o=l
which holds thanks to the orthonormality of {,}jen in V.

Due to the equivalence of the norm induced by the scalar product on V with
the norm on V, (ATI) proves the estimate of the V-norms (A5H) and the same
arguments are used to estimate the H-norms (ABa) (without renormalizing by
V/Ai). Also, from the last line of (AIT)) it is clear that | PN u—ully — 0 as N — oo,

ie. (A50). 0
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