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Abstract

The Dean—Kawasaki equation—a strongly singular SPDE—is a basic equa-
tion of fluctuating hydrodynamics; it has been proposed in the physics literature
to describe the fluctuations of the density of N independent diffusing particles in
the regime of large particle numbers N > 1. The singular nature of the Dean—
Kawasaki equation presents a substantial challenge for both its analysis and its
rigorous mathematical justification. Besides being non-renormalisable by the the-
ory of regularity structures by Hairer et al., it has recently been shown to not even
admit nontrivial martingale solutions. In the present work, we give a rigorous and
fully quantitative justification of the Dean—Kawasaki equation by considering the
natural regularisation provided by standard numerical discretisations: We show that
structure-preserving discretisations of the Dean—Kawasaki equation may approx-
imate the density fluctuations of N non-interacting diffusing particles to arbitrary
orderin N ! (in suitable weak metrics). In other words, the Dean—Kawasaki equa-
tion may be interpreted as a “recipe” for accurate and efficient numerical simulations
of the density fluctuations of independent diffusing particles.

1. Introduction

The Dean—Kawasaki equation

1
dip =380+ N2V - (/p¥) ()

with & denoting a vector-valued space-time white noise—has been proposed by
Dean [7] and Kawasaki [26] as a model for density fluctuations in a system of
N indistinguishable particles undergoing diffusion in the regime of large particle
numbers N > 1. Its mathematical analysis is complicated by its highly singular
nature: a scaling argument shows that (1) is not renormalisable by the theory of
regularity structures by Hairer et al., even in one spatial dimension d = 1.
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Recently, Konarovskyi, Lehmann, and von Renesse [29] have obtained a strik-
ing rigidity result for the Dean—Kawasaki equation (1): They show that the only
martingale solutions to (1) are of the form of an empirical measure for N indepen-
dent Brownian motions

N
1
=D S, @)
k=1

where the {wk}ljcvz1 denote the N independent Brownian motions. In particular, no
solution exists for non-integer values of N. This result may be viewed as casting
doubts on the mathematical meaningfulness of the Dean—Kawasaki equation: It
amounts to stating that the Dean—Kawasaki equation is just a mathematically com-
plex way of rewriting the diffusion of N particles. In turn, this naturally raises the
question what the advantages of the Dean—Kawasaki equation (1) might be over
the particle formulation of diffusion (2) from the point of view of physics.

In the present work, we provide a rigorous justification for the Dean—Kawasaki
equation. We show that standard numerical discretisations of the Dean—Kawasaki
equation (1)—such as finite difference or finite element schemes—provide accu-
rate descriptions of the density fluctuations in a system of N diffusing particles if
measured in suitably weak metrics. Roughly speaking, we show that, under certain
conditions, the solutions pj, to the discretised Dean—Kawasaki equation achieve the
approximation quality

dueat.2j-1(pn = Elpnl. i —ELu™) 5 €O (E[log 1] + 7 4+ N7I72)
3

where j € Nis arbitrary, £ is the spatial discretisation parameter, p 4 1 is the order
of convergence of the numerical scheme in the Sobolev space H~ U and dyey k2j—1
is a suitable weak metric of negative Sobolev type. In particular, the accuracy
is of arbitrarily large order in N~!/? and hence only limited by the numerical
discretisation error and the negative part p, . In addition, we show that E [||p,; ||]
decays exponentially fast in—roughly speaking—(AN /4)!/2| demonstrating that
the term becomes quickly negligible in the scaling regime

h>»> N4 4)

(where we have dropped logarithmic corrections in N and contributions on the final
time horizon for the sake of this introductory exposition). In a nutshell, the bound
(3) implies that the Dean—Kawasaki equation can be used as a “recipe” for accurate
simulations of density fluctuations in systems of diffusing particles.

Note that our scaling regime (4) is not an actual restriction in the context of
numerical simulations; it ensures that the average number of particles per cell is
strictly larger than one. In fact, in the opposite regime & < N~'/4_ the direct
simulation of particles would become less expensive than the approximation by the
Dean—Kawasaki equation, as the numerical effort for the Dean—Kawasaki equation
is strictly larger than 7.
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While the Dean—Kawasaki equation correctly describes the fluctuations around
the mean-field limit to arbitrarily large order in N ~!/2, the well-known linearised
description of fluctuations given by the solution p to

N DU _
0p =506+ N2V (78,

&)

is limited to the approximation quality dyeax (P — E[p], ¥ — E[u™N]) < CN~L
Here, p denotes the mean-field limit given as the solution to
1

8115 = EAI(_)7

p(-, 0) = po.

In fact, the linearised description p only captures the leading-order fluctuation cor-
rection to the mean-field limit correctly and hence carries a relative error of order
N~1/2 with respect to the fluctuation scaling. We provide numerical evidence of
such difference between the two models, and we also numerically verify conver-
gence rates for suitable discretisations of the Dean—Kawasaki model (1).

1.1. Related Literature

The theory of fluctuating hydrodynamics describes fluctuations in interacting
particle systems in the regime of large particle numbers using suitable SPDEs; see
e.g. [37]. In its form (1), the Dean—Kawasaki equation describes non-interacting
particles, with similar equations being available for weakly interacting particles
undergoing overdamped Langevin dynamics. In the recent contribution [12], the
authors also address quantitative fluctuation bounds in the non-interacting particle
case, but by means of a suitable approximated SPDE model rather than a numerical
scheme. While their setting grants several well-posedness results (non-negativity
of the solution, comparison principles, entropy estimates) and allows to consider
initial particle profiles which are more general than those treated here, their rel-
ative fluctuation error is however limited to N~/@/2+1) Jog N, while the rate of
fluctuations in (3) is—in suitable metrics—arbitrarily high.

For a more general particle setting, the SPDE of fluctuating hydrodynamics for
the zero range process given by

b =A@ () + V- (VOp)E) (©)

has been addressed in [11], and linked it to the large deviation principle for such
process in a suitable thermodynamic setting. A corresponding well-posedness result
for truncated (low spatial frequency) noise and regularised nonlinearity has been
obtained in [18], see also [19]. In [20], the construction of random dynamical
systems for conservative SPDE is discussed, together with well-posedness theory
of invariant measures and mixing of the related Markov process. In [17], a large
deviation principle for regularised variants of (6) is shown; in a suitable limit, the
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rate functional of such large deviations principle and the corresponding one of the
interacting particle system are shown to approach each other.

The paper [10], written independently of—and simultaneously to—the present
manuscript, gives a rigorous justification of the fluctuating hydrodynamics SPDE
associated with the symmetric simple exclusion process

bp =80 =V (Vo= p)¥).

While in contrast to our work the authors in [10] only consider the continuum
SPDE, they regularise it by truncating the noise for small spatial wavelengths. In
a certain sense, this introduces a regularisation in the same spirit as our numerical
approach; however, their truncation criterion is somewhat more restrictive than our
condition # 3> N~!/4_While they face a more challenging problem with the more
complex noise intensity factor /o (1 — p) (whose square is not a linear function
of the density p) and also prove convergence results for the rate functions for large
deviation principles, they only establish a leading-order description of fluctuations
in the low deviations regime. In other words, in contrast to our present work, they
do not show superiority of fluctuating hydrodynamics to a linearised approach on
fluctuations for the “bulk” of the probability distribution.

For recent numerical approaches to fluctuating hydrodynamics, we refer the
reader e. g. to [1-3,9,13,14,24,33,36] (in particular, [2] contains the extension of
the current work to the case of weakly interacting particles). Note that the small
prefactor of the noise term in the Dean—Kawasaki equation (1) enables the use
of certain higher-order timestepping schemes [22], a fact that we also use in our
numerical simulations.

Concerning further mathematical results on Dean—Kawasaki models, the link
between fluctuating hydrodynamics and Wasserstein geometry has long been un-
derstood, and extensively studied in several works, see for instance [8,25,28,30-
32,38].

Dean—Kawasaki type models including the effects of inertia have been derived
and analysed by the first author, Shardlow, and Zimmer [4-6].

The fluctuation-dissipation relation—implicitly contained for instance in the
Dean—Kawasaki equation—may be used to recover macroscopic diffusion proper-
ties from fluctuations in finite particle number simulations, see for instance [16,33].
Outside of the realm of physics, the concept of fluctuating hydrodynamics has also
been applied to systems of interacting agents, see e.g. [13,24,27].

Finally, conservative stochastic PDEs have recently been shown to give optimal
convergence rates in the mean-field limit approximation of stochastic interacting
particle systems, such as those encountered in the stochastic gradient descent meth-
ods for overparametrised, shallow neural networks [21].

Remark 1. Given the nature of the metric dyeqk,2j—1 in (3), it is natural to ask
whether or not the high-order fluctuation error of (3) could be formally derived
from suitable a priori estimates of negative Sobolev type for the continuous Dean—
Kawasaki model (1). An a purely formal level, testing the mild formulation of (1)

t
p(xvt) = G(tv)*p(vo)(x)—’_/o Ad G(t _Ssx_y)v' [V p(yss)é(y7s)dsj|dy
@)
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where G is the heat semigroup kernel—with trigonometric functions, and perform-
ing elementary computations, one arrives at the a priori estimate

E[loC 0% | SE[Ip¢ 01 |+ N o), ®)

which is valid in the regime j > d/2.

Despite its formal validity—which, however, relies on the non-trivial negativity
requirement for the density p—the inequality (8) does not give any information
beyond the leading order N !, and therefore is too weak an estimate to justify the
high-order fluctuation error bound in (3).

2. Main Results and Summary

The methodology of this paper can be applied to several standard numerical
discretisations of the Dean—Kawasaki model (1), including finite difference and
finite element schemes. In the interest of brevity, we only focus on a finite difference
discretisation: The corresponding results in the finite element case are given in
Appendix B. Specifically, on the periodic domain T¢ := [—7, 7)¢, we denote
the uniform square grid with spacing & by Gy, 4, the discrete inner product of
Lz(Gh,d) by (-, -)n, the interpolating operator on G, 4 by Z,, and define the distance
d_;[X, Y] between two RM _yalued random variables as

d_ X, Y] = sup IE[¥ (X —E[XD]—E[y (¥ —E[YD]].
Ymax)_;_ |DIY| o<1

)
Our first main result reads as follows:

Theorem 2. (Accuracy of description of fluctuations by the finite-difference discre-
tised Dean—Kawasaki model of order p+1 € N) Assume the validity of Assumption
FD1 (discretised differential operators), Assumption FD2 (Brownian particle sys-
tem), Assumption FD3 (scaling assumptions), and Assumption FD4 (discretised
mean-field limit), all given below. In particular, assume that the mean-field limit
Py in (20) satisfies pmin < O, < Pmax for some positive Pyin, Pmax on [0, T1.
Let py, be the solution of the discretised Dean—Kawasaki model given in Definition
FD-DK on [0, T]. Set

0 — { 0, if the discretisation (15) admits a maximum principle, (10)

d/2 + 1, otherwise.

Then, for any j € N, the discrete Dean—Kawasaki model FD-DK captures
the fluctuations of the empirical measure u" in the sense that, for any T =
(T1,....Ty) € [0, TIM with0 < Ty < --- < Ty, the inequality

(on(T1), Zne1)n (uf, o)
d_oj_1) | N'2 : N2 :
(on(Ta), Twpm ) (uf, . om)



76 Page 6 of 59 Arch. Rational Mech. Anal. (2023) 247:76

12
<CWM,p,j, ||(0||WP+®+/'+1,007 Pmins Pmax, T)E |: sup ”ph(t)”%,]
1€[0,7]

+ C(M, p, j, |19llwpte+i+1.00s Pmins Pmax> TYRPT
+ C(M, p, j, |19llyp+e+i+1.00, Pmins Pmaxs TYN I/

= Errngg + Errnum + Errfluct,rel
holds for any @ = (g1, ..., y) € [WPTOHFLOMINM yen that ||l 2 =

1,Vm=1,..., M and de orerdx = 0 whenever Ty = T;. Finally, we have the a
posteriori bound

1/2
E{ sup ||p;<r>||i} < CE(N, h),
tel0,T]

where we have set

Omi Nl/Zhd/Z _
E(N, h) = C(d, pmin> Pmax) {CXP(—W”—I/Z +6Xp(—ch l) .
CPmax
(1)

We make some observations in order to better illustrate the meaning of Theo-
rem 2.

e The quantities (o, (T,), Znem)n, and (,uITVn i’ ¢m) are rescaled with the factor
N'/2_ as the natural order of density fluctuations is N ~!/2. In other words, our
main error estimate basically provides an estimate for the relative error in the
fluctuations.

e The distances d_;[ X, Y] correspond to negative Sobolev norm differences of
the probability measures on RY given by the laws of X and Y. In particular, it
holdsd_;[X, Y] = Wi[X — E[X], Y — E[Y]], where W) is the 1-Wasserstein
distance.

o The above estimates contain three types of error terms. The term Erry,¢, quan-
tifies the a priori lack of knowledge concerning non-negativity of the solution
pn; the term Err,,,,, encodes the numerical precision of the scheme; finally, the
term Err f7y¢1 e bounds the relative error in the fluctuations.

e The order of differentiation required for the functions ¢ should be thought of as
the sum of p+24-©® (accounts for the requirements of the spatial discretisation,
discussed below) and j — 1 (necessary due to an induction argument over j).

If one is only interested in moment bounds (i.e., in a polynomial ¥) then the
following estimate with no relative error in the fluctuations can be produced:

Theorem 3. (Estimates on the error for stochastic moments) In the same setting of
Theorem?2, fixtimes T = (Ty, ..., Ty) € [0, TIM, avector j = (jl’ vy JM) With
J =1l = XM . and avector @ = (1. ..., u) € [WPTIH1+0-20]M,



Arch. Rational Mech. Anal. (2023) 247:76 Page 7 of 59 76

Then the difference of moments between py, and the empirical density 1V (2)
reads

M .
E []‘[ [N'2(0n (T) = ELpn(Tin)), Ihwm)h]””}
m=1

e by

m=1

M
. in2 | o
<{CW, pmax, )Omin)}j/2 |:1_[ Tnjl / :| ]CIJ+C2

m=1

M 1/2
[]‘[ | ;Vw} E [ sup oy (r)n%}
m=1 ]

tel0, T

M .
| | Ji
X [ ||(pm||v$p+j+l+®,oo:|

m=1
= Errneg + Ertyum, (12)
with constants C, Cy, ..., Cs > 0 independent of j, h, N, T, and where we have

the bound

172
E [ sup |lp; <r>||%} < CEWN,h),
1€[0,T]
where E(N, h) has been defined in (11).

2.1. Structure of the Paper

Section 3 lays out the finite difference discretisation of the Dean—Kawasaki
model. Section 3.1 (respectively, Section 3.2) lays out the necessary notation (re-
spectively, the relevant assumptions and definitions) related to the model. Sec-
tion 3.3—which has an informal flavour—brings forward some of the main ideas
used in the paper. This section lays the ground for Section 3.4 (respectively, Sec-
tion 3.6), which contains preparatory results for the proofs of Theorem 2 (respec-
tively, Theorem 3). The proof of Theorem 2 (respectively, Theorem 3) is finalised
in Section 3.5 (respectively, Section 3.7). Technical details are deferred to Sec-
tion 3.8 (bounds for all moments of pj, and exponentially decaying bound for the
negative part p, ), and Appendix A (deterministic finite difference arguments and
relevant It6 calculus). The statements of results for finite element schemes are given
in Appendix B. Finally, Section4 contains numerical simulations associated with
Theorem 2, using a first-order finite difference discretisation (i.e., p = 1) in the
one-dimensional case d = 1.
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3. Analysis for Finite Difference Discretisations
3.1. Notation

Domain and Function Spaces Let N 5 d < 3, and let T .= [—m, n)d. Let
h :=2m/L,forsome L € 2N, be the discretisation parameter of the periodic square
grid

Gha =hZ'NT! ={—n,—w +h,...,m —h}%.

We always work with periodic functions (defined either on T or Gp.q). From
now on, this fact will be implicitly assumed and no longer stated. In particular, we
abbreviate C# = C#(T?) and WP = WP (T%). We use bold characters to denote
vector fields.

For m € N, let [Lz(Gh,d)]m be the space of R™-valued functions defined on
G, 4. Such space is endowed with the inner product

@i vn =Y hlup(x)-vp(x),  up, vy € [L2(Gha)l”,

xeGpq

and admits an orthonormal basis {ez1 3@, 0e(Ghall,...m))» Whose elements are de-
fined as

er,(y) =h"%5 y fy,

where {f, };1:1 is the canonical basis of R?. If m = 1, the notation is stripped down
to

ex(y) = h_d/zsx,y-

Interpolator Operator For ¢ € [CO1™, we define Ine € [Lz(Gh,d)]’" as the
function agreeing with ¢ on G, 4. When there is no ambiguity, we simply write ¢
instead of Z,¢.

Discrete Differential Operators We use the notation 9y y, to denote a finite
difference operator approximating the partial derivative dy,. We denote by Vj, :=
[0n,x;» - - > On,x,] the associated finite difference gradient operator. Furthermore,
for each £, we define the discrete second partial derivative Di +, as the operator for
which the standard integration by parts formula

(Dj; x,hs vk = = (D x Phs Dy 0 (13)
holds, where Dy, , is some (possibly different) finite difference operator approx-
imating the partial derivative d,,. We abbreviate Vp j := [Dp x, ..., Dpn x,]. As

a result of (13), the discrete operators Dﬁ x, are symmetric (in the sense of finite
difference operators). We abbreviate

d
. § : 2
Ah — Dh,)C[
=1

to indicate the discrete Laplace operator. Specific details on Vj and A will be
provided in the next subsection.
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Remark 4. The operators Vj and Vp j (both providing an approximation of the
continuous gradient V) may be different, and have different uses in our discretised
Dean—Kawasaki model (Definition FD-DK below). The operator V}, is deployed in
the noise, while the operator Vp j, in the integration by parts formula (13).

For reasons which will become clear in Section 3.3 (see Block 3 therein), we set the
notation for suitable continuous and discrete backwards heat flows. Specifically,
for a sufficiently regular function ¢ and a final time T, we denote by ¢’ the solution
the continuous backwards heat equation

1
" = —EA(]&’ on T x 0,7), (14)

with final datum ¢” = @. Analogously, we denote by ¢;l the solution to the discrete
backwards heat equation

1
0¢) = —5And}, onGhax (0.7), (15)

with final datum thT = T ¢. In the following, we also use the alternative notation
P (p) = ¢T 7% (respectively, Py (Tnep) = ¢hT_Z), to stress that P*(¢) (respec-
tively, P; (Zng)) is the result of evolving a backwards heat equation (respectively,
a discrete backwards heat equation) starting from ¢ (respectively, from Z;¢) for a
timespan z.

For y € R, we define y* := max{y; 0} and y~ := — min{y; 0}. In addition, as
usual, we use the letter C to denote a generic constant, whose value may change
from line to line in the computations.

3.2. Assumptions and Discretised Dean—Kawasaki Model

Assumption FD1. (Discrete differential operators) Let p € N be fixed. We make
the following assumptions on the discrete operators 9y , and Dﬁ X

o the discrete operators 9y, y, and Dﬁ x, are finite difference operators of order
p + 1. Explicitly, this means that

|05, Znp (x) — 3y, 0 ()| < Clipllcrh?T,  x € Gpa, Cefl,....d},
(16)

|Df . ZTnd(x) — D}, ¢ (x)| < Clipllcor2h?!,  x €Gpa. Le{l,....d},
17

for any ¢ € CPT2(T9);
e The operators 9, y, and D,% x, Commute.

Assumption FD2. (Brownian particle system and initial datum of Dean—-Kawasaki
dynamics) Let p be as in Assumption FD1. We assume to have N € N independent
d-dimensional Brownian motions {wk},](V:1 moving in T¢. Moreover:

e the initial positions {wy (O)},’{V:1 are deterministic;
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o there exists a deterministic function pp , € Lz(Gh,d) (which will serve as the
initial datum of the discretised Dean—Kawasaki dynamics in Definition FD-DK
below), satisfying the following properties:

— there exist h-independent constants p,;, and ;4. such that

0 < pmin < £0.h = Pmax;
— the empirical density of the initial configuration /L(l)v = N"! Z;{V:l Swi (0)

approximates pg , with accuracy p + 1, in the sense that the inequality

[ 1) = (oo T

< Ch"Mnllcpa,  (18)

N
N7 () = (pon Tamn
k=1

holds for each function n € CP*1.
Assumption FD3. (Scaling of relevant parameters) We assume the scaling
h = C(d. pmin, pmax) N~ log N4 (1 +T), (19)

for some T > 0, and where p,;, and p,,, have been introduced in Assump-
tion FD2. This scaling will be needed to produce an exponentially decaying estimate
associated with p, ", see (66) below.

Assumption FD4. (Mean-field limit) The solution to the discrete heat equation
1
0P, = =Appy,
tPh B hPh (20)
21(0) = 00,1,
is such that pyin < 05, < Pmax (Where pp;, and pp,, have been introduced in

Assumption FD2) for all times up to 7 (where T has have been introduced in
Assumption FD3).

We can now state the precise definition of our finite difference Dean—Kawasaki
model.

Definition FD-DK. (Finite difference Dean—Kawasaki model of order p 4+ 1) As-
sume the validity of Assumptions FD1-FD4. We say that the L?(G}, 4)-valued
process pp, solves a finite difference Dean—Kawasaki model of order p + 1 if it
solves the system of stochastic differential equations

1 _
d(on. ex)y = 5 (Anpn. ex)y di = N 2z (fpe;’,yj,vhex)hdﬁ@,e), Vey,
(3. 0€Gha.fL.nd))
or(0) = po,n,
(21)

where {B(y.0)}(y.0)e(Gp.q.{1.....d}) are standard independent Brownian motions, and
where F, € L2(Gh,d) is defined as

Fp(x) = ,/p;(x), Vx € Ghq. 22)
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Remark 5. If (20) admits a discrete maximum principle, then Assumption FD4 is
satisfied for any 7 > 0 and any non-negative datum pq 5. For example, the dis-
crete maximum principle applies for the second-order symmetrical discrete Laplace
operator

~2d fy () + Xy ()
h? ’

where y ~ x indicates that y and x are adjacent grid points.

Apf(x):= (23)

Remark 6. One may also omit the contribution (1 + 7') in the scaling (19), at the
expense of obtaining results with a worse dependency on the final time 7. We are
not interested in optimising time dependencies in this work, and we simply include
the term 1 + T in order to get cleaner final results.

3.3. Key Ideas Behind the Proofs of the Main Results

The proofs of Theorems 2 and 3 are of inductive type. In order to simplify their
exposition, it is useful to first list a skeleton of the main building blocks.
Block 1. Discrete Dean—Kawasaki model: cross-variation analysis. At their core,
both proofs use basic Itd calculus to describe the time evolution of suitable nonlinear
functionals ¢ of the quantities

(ons b, (uN, 9, (24)

and of their expected values, where ¢, and ¢ are suitable test functions. The quan-
tities in (24) are linear functionals of p;, and u”, respectively. What is crucial, is
that the cross-variation of the processes (24) are—up to a small error—also linear
functionals of p;, and "V The argument for ¥ is straightforward, and we can thus
defer it to the proofs themselves. As for pp,, we use Definition FD-DK to write

1 ~12 d
dpn i = 5 Bnpns didadt =N (Foe o Vadin) dBiro
. O€(Gp,a fl,....d})
(25)

for two different test functions ¢; 5, i € {1,2}. Using the 1t6 formula and the
Parseval identity in [L2(Gh,d)]d , one finds that the cross-variation of the stochastic
noise of (25) is

< (fpez’y,(, Vhd>1,h)h Biy.0)s Z (fpez,y,g, Vh¢2,h>h B<y1>>
,.0O€(Gpa fl,....d}) (y,0O€(Gp,afl,...d})
= Z <ei.y,g, fpvhff)l,h)h (e’f,’,y.g, fpvhcbz,h)h (26)
,0O€(Gp,a {1,....d})
= (F7. Vi - Vadan), (27)
22)

= (0 Vadr - Vadon), (28)



76 Page 12 of 59 Arch. Rational Mech. Anal. (2023) 247:76

= (o> Vadi.n - Vadan), + (05 - Vadrn - Vadan), - (29)

The first term in (29) is indeed a linear functional of pj,. The second term (which we
will show to be negligible for suitable scaling regimes, see Section 3.8) takes into
account the a priori lack of knowledge concerning the non-negativity of solutions
to the discrete Dean—Kawasaki model (21). We also stress that the validity of the
computations above is independent of the order of the finite difference scheme (i.e.,
p)-

Expression (28) crucially preserves the cross-variation structure associated with
the continuous Dean—Kawasaki (1) for nonnegative densities. More precisely, for-
mally testing (1) with a smooth test functions ¢;, i € {1, 2}, gives

1
/a,pqs,-dx:—/ qus,-dx—N—”z/ Vug - Veidx
Td 2 Td Td
1 .
=—/ Ap¢>idx—N_1/2Z/ Jpes - Vaidxfs,  (30)
Td Td

2
N/

where the last inequality if justified by the representation § = ) " ;4 € Bs, where
{es}geza is an orthonormal basis of [L2(T?)] and {Bs}gcza are independent Brow-
nian motions. The noise cross-variation is then obtained using the 1t6 formula and
the Parseval idendity—this time in [L2(T9)]?—to obtain

<kEZZd /Jl"d JVoex - Vrdx By, Z /11"1 Joer - V¢2dx51>

lezd

=Z/Td JPer - Vi /T JPer - Vi :/w pVG1 - Vndr, (1)

keZ

and thus the cross-variations (31) and (28) are (modulo positive part ,o;[ ) structurally
identical.

Block 2. Numerical error. There are two contributions to the numerical error,
namely,

— the difference of initial data ,uév and p;,(0), and
— the difference in the evolution of test functions (say, ¢ and ¢y,),

and both are proportional to #”*!. While the first contribution has the correct
bound by Assumption FD2, the second contribution needs to be estimated: The
main difficulty is that the interpolation of the test function arising from the cross-
variation of the second quantity in (24) (i.e., Zy (V1 - V7)) does not coincide—in
general—with V1 - Vi 2 (i.e., the cross-variation of the first quantity in (24)).
We therefore need to show the bound

|Z1 (V1 - Vo) — Vi - Vadon| S hPH!

in order not to lose h-regularity in consecutive steps of our inductive proofs (more
details in Block 5 below). The necessary tools for this task are contained in Section 5.
Block 3. Deterministic dynamics of the test functions. As we are interested only in
the analysis of the fluctuations for the Dean—Kawasaki model, it is convenient to
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choose the deterministic functions v, ¢, ¢, in such a way that as many drift terms
as possible in relevant Itd differentials vanish. This is the reason behind the choice
of the backwards heat equation (14) (respectively, (15)) for ¢ (respectively, for ¢p,),
which directly compensates the diffusive nature of the particle system (respectively,
of the Dean—Kawasaki model). In practice, this is reflected in the useful equalities
(which follow from Lemma 15)

(o), $4n = (PrO), 8D = (n®) ~ElpnO]. $f)n (32)
@ = il 0 = ' —E [ ], ¢, (33)

for ¢, ¢ asin (14), (15). The discussion for ¥ in the case of Theorem 2 is concep-

tually analogous, but technically more involved, and is devolved to the proof itself.

As for Theorem 3, v is chosen to be static, therefore this discussion does not apply.
We expand these considerations in Appendix A.2.

Block 4. Stretched exponential bounds for centred moments of the particle sys-

tem and the Dean—Kawasaki solution. This block associates the scaling regime of

Assumption FD3 to the validity of the moment bounds

s | [T o =[]t < o) [T et
M .
[T n () = ELon(T)1, Tugm)y"

and
max [E |: j|
1€0,7]
m=1

. M
- i12 5; i
=< {ZN I'rc d, ,Omin»pmax)} J3'l (l_[ ||(Pm||jcl+@> ,
m=1

where Ty, ..., T,, € [0, T], and ® was introduced in (10). The difference in the
norms of the test functions stems from a difference in underlying mathematical
arguments (depending on the circumstance, we will either use the maximum prin-
ciple or the Sobolev embedding Theorem). The necessary tools for this point are
contained in Section A.2.
Block 5. Inductive argument. Block 1 essentially states that computing cross-
variations of discrete Dean—Kawasaki models yields linear functionals (24), as
well as negligible corrections related to the negative part o, . Taking Block 2 also
into account, this leads to the following crucial observation.

The Itd correction term in the Itd differential of smooth enough nonlinear func-
tions ¥ applied to (24) and their expected values is a sum of:

— negligible terms featuring p, and the numerical error, and
— yet another (possibly different) nonlinear function v applied to (24) and their
expected values.

This property allows to set up both proofs using an induction argument whose
inductive step is the change in nonlinear function (from v to v): the residual terms
(featuring p, and the numerical error) are estimated at each step, and are not fed
to the next step.
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3.4. The Key Step for the Accuracy Estimate for Fluctuations in Theorem 2

For use in the next proposition, we define the two function spaces Lgow’r, ,Cgow,r
as

pow,r pow,r

re {W:RM—>RI I¥llpe = max H(1—|—|-|2)—r/2D‘?W(-)H <oo},
0<g<q L=

Zgow,r = iw :RM 5 R: ¥l zg,,,, -= max H(l +1- |2)7’/2D’?W(-)H < oo} .
v 1=4=q Lee

Furthermore, we emphasise that we use the shorthand notations

(ug, —Eluf 1, é1)
(uy —Elup]. ) : : :
(g, — Elug, 1. ¢m)

(Gon(T1) = Elpn(TD)D), b1.1),,
((on(T) = Elpn (D)D), $5,),, - : ,
(Gon(Tr) = Elon(Tan)D), da ),
(Con — ELonl). #1,),,(T) := ((on(T) — ELp(T)1), $1),,-

tAT ;=@ ATy, ..., t ANTy),

i.e., we implicitly multiply vectors in an element-wise fashion respectively evaluate
vectorial functions by a vector of (time) parameters in an element-wise way.

Theorem 2 will be seen to be an easy consequence of the following crucial
proposition and an inductive argument:

Proposition 7. Let ufv denote the empirical measure of N independent Brownian
particles as defined in (2).

Let p, be a solution to the Dean—Kawasaki equation discretised using finite
differences on a uniform grid (21). Suppose furthermore that Assumption FD1
(details of operators Ay, and V), Assumption FD2 (initial condition on Brownian
particle system), Assumption FD3 (scaling assumptions), and Assumption FD4
(positivity-preserving properties of mean-field limit) hold.

Let M, peN, g eN, andr € Ny. Let y : RM — R satisfy ¢ € Lgotfr. Let
@ € [W>HPT0.000M  Eingily, let T = (Ty, ..., Ty) such that0 < Ty < ... <
Ty <T.

Then there exist test functions 1/7,@ (;S;d, vO, and ¢° as well as Ty € RMH!
such that
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E[w< V2l — B, ))]

oo 2N1/2 Z /TkATl |:~, ( 1/2<Mf\/A mT] ¢k1>>]

(34a)

and

IE|:1// (N'/z((ph(T) ~ ]E[,Oh(T)])th(P)h)}

= E[w (N“Z((ph — Elpn)). m),,mﬂ

1 M T AT, . B B
=900 + 3y kgl /0 E[w,il (N”Z(ph — Elpnl. Zndir),, (t A Tm)] dr
+ Errpym + EITn(;g (34b)
hold. Here, (Ed is subject to the estimate
Ibsllwor < Ca, M, I@llwae) forallt <T, (352)

while, if g > 2, 1&’ is subject to the estimate

19 g2 = C@ors M, 9o T Wl g forallt <T.  (35b)

pow,r+1

Furthermore, Ertyy;, and Erty,eq are subject to the estimate

[Ertum] < CM, pmax, 7, I@llcrszso, DIl g +NT2IDWN g YT,

(35¢)
[Erteg| < COM, pax, 7 I @llcrvo, DIVl g EN, B, (35d)
where E(N, h) is defined in (11).

Under the additional assumption that ||gi| ;2 = 1 and de ordx = 0 forall k,
that de ok dx = 0 whenever Ty = T,, and that

ma = Tdinf | EluN1(x) = pmin > 0,
xe ,t>§T1

we have the additional bounds

Cla,r, M 119510 T)

P i { it 7, = (T — 1), ming g2, 1T — Til}

7.t
-1 <
Wil = 124

pow,r
(35e)
and

[Ettyam | < C(, pmaxs pmins & M. @l (Wl gy +NT2IDY g )

pow,p
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1

« : hoH, (35f)
V Pmin ming 1.1 27, [Tk — Th

as well as

|Errneg| <CM, Pmax > Pmin s d,r, ||¢||C1+®, T)”w”i‘lnow rg(N, h)
1
X - .
V/ Pmin ming 1.7 27, [T — Ti

(35g)

The proof is split into four steps. In Step 1, we provide deterministic estimates
of suitable backwards diffusive equations of relevance, as well as basic stochastic
estimates associated with the Dean—Kawasaki dynamics FD-DK. Step 2 (respec-
tively, Step 3) is devoted to obtaining (34a) (respectively, (34b)). Step 4 bounds the
residual terms Erryy,, Errpeg in (34D).

Proof of Proposition 7. Step 1: Definitions and Elementary Estimates Let ¢!, sat-

isfy the backwards heat equation (14) subject to ¢,€"’ := ¢;. Define the function
Y!' i RM — R by setting ! := 1 and by evolving ¢/ backward in time using
the backward diffusion equation

M

> (xtgk xo<i (ELu1, Vf - Vo) akanp’) (36)

k=1

1

—at‘/ft = z

The purpose of the definitions of ¢! and ¥’ will become clear in Step 2 and 3
below. Note that these definitions entail

) 1
DIy = |

o Getm a2 0 (- 1A'2-2) DIy (z - 2) d,

(where for simplicity we have assumed that the eigenvalues of A are nondegenerate;
otherwise, we replace the formula by its natural analogue) with

Ty M N
A, :=/ 3 Z x;<TkX,~<Tl<]E[MtN],V¢,’<-V¢f> e ® e di. (37)
! k=1
This implies
|(1+ 12172 DIy! (2)|

<Cr) p(—1a7'2-2)|(1 + 12Dy (z — )| dz

1
o (det2r A2

S 12v7/2
< C(r) /]RM(I + 1z|9) —(det(ZnA))l/z ex

x |(1+ |z — 272Dy (z — 7)| dz,

p(— %Afli-i)

and thus

I+ 1 22DIy! (Yo < Clr, p)(1 4 A1+ |- D72 DIy ()| 1.
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Observing that [A] < Csup,¢o.7 9 AT||W100T < C||(p||WlooT, we conclude
that
19 gy, < C@.r M9l DIVl g1 (38)
Arguing similarly, we deduce
(1 + |z|2>’/21)‘?akw’<z>\
1 -
c Ia7'z-2)|a 22Dy (z —7)|dz
< (r)/ (det(2ﬂA))1/2 exp(—5A7'Z2-2)|d + 12 V(z—7)|dz
1
S12v7/2) A —15 D N P
SC(r)/RM(l—i—Izl YTEIATZ ek|(d€t(27”\))l/2 exp(—5A7'2-2)

x |1+ 1z — 2Dy (z — 7)| dz,
and therefore

13kl ..., < C@.r. M. @130 TIA™er 1Vl 24

POW,I

Using the estimate (49), under the additional assumptions on the ¢ stated above
we infer

C(q, 7, @30, T. M)
lloxy’ legp < —i7 W

M1 )y, MIN { ming.7, > (Tn — 1), ming 1.7 27, 1 Te — Til}

1/2 H')Illlcpo\“ (39)

whenever T; > ¢. This in particular implies (35¢). A similar argument yields

C(q,r 191310, T, M)
lokory "l zg,,,, < =7 .

0kl 2o
. 1/2 £h ow,r
1 ({ )7, i {ming,.z, = (Ty — 1), ming p.q 27, | Te — Til} / "

(40)

whenever Ty, T; > t.
Now fix n € Wt©, Let y, satisfy the discrete backwards heat equation (15)
subject to n,{ := Iyn. We observe that the moment estimate

1/2;
] < C(J, Pmax» Pmin» d)N_l/2T1/2||77||W1+(~>

(41)

IE[ sup
1€[0,T]

(on = Elonl, nn), (1)

holds for any j € N. To see this, we use (21) and deduce that, for any ¢t > 0,

(pn — ELpnl. nn), (1) = M,
where M, is a martingale satisfying [E[M;] = 0 and

(M, M) = 2NE[ > (Fpefs y 0 Vith), (Fo (D)€l 4 vhn;)h}
.0€(Gpa,{l,....d})
28)

o E Lo @ V- Vi), ]
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Doob’s martingale inequality, the moment bound (65), and the estimate

sup [V ln.co < Inllwi+e, (42)
t€[0,7T]

(which is, depending on ®, a consequence of either the discrete maximum principle
or the Sobolev embedding theorem) yield (41). It is also straightforward to notice
that

(Ziln). Zuln1), < Clinllwnos. (43)
IZaLVn1 - Viallize < Clinllyyace- (44)
Furthermore, we write

(BLos (1. Zun) — E[nf ] )

32).33).F D2
CHE2EEE (o0, PE @) = (. PT)

(0. Pf @i = TilP" (1) + { (0. THPT (1) = (. P}
=T+ 1y,

where P and P;, have been introduced in Section 3.1. Term T is bounded using
(73), while 7> is settled using (18) from Assumption FD2. Altogether, this leads to

’(E[m(T)],Ih[n])h —(E[n}]. 1) | = Clos@almlicrnn?™'. @5)

Step 2: Proof of (34a) Using Itd’s formula and the fact that (,ufv — E[,ufv], n) =
N1 Z,If:l(n(wn (1)) — E[n(w,(1))]) holds for all n € C°, we compute

d(vf‘ (N”2 (s = Bl ¢’>)>

= @W)(N“z (u,’ir — Elpfnr), ¢f)) dr
M
+ )y (N‘/2 1y — Bl p) ¢f))
k=1

N
x N7V Y (@, (1) — [0, (1)] ) de

n=1

M
DN 14 (N‘/2 (e = Bl ¢f>)N”2 (L) 7,1, 01 a

k=1

M N
+> akW<N‘/2 (e = Bl ¢f>)x,gk1v‘/2 > Vei(wa(0) - dw,
k=1

n=1
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M N
1
+) Y (N V2l Bl g ¢’>)5xt<TkN‘”2 > Al (wa () dr

k=1 n=1

1 M
+ z Z akall,/ft<Nl/2 <,U«?/]\T - E[Mf\iT]’ ¢t>>

k=1

N
X Ko<t X<t N ™'Y Vi (wy (1)) - Vo (wy (1)) dt.

n=1

Using the fact that 3, E[uY] = JAE[u], plugging in the equation (14) satisfied
by ¢', and taking the expected value, we obtain

dJE[W(N”Z (1hr — Bl r) ¢')>}

= E[(&W)(N”z (17 = Bl ). ¢f)>] dr

M
> w=n w<n akan/f’<N”2 (uhhr — Elullr, ¢f>)

|
+:E
k=1

2

N
x NS Vo (wa (1) - Vo (wn(r»} dr.
n=1

Integrating in ¢, recalling that ¢’ = ¢, and plugging in the equation (36) satisfied
by ', we obtain

E[w(zv”z (1 = Epd, (o))]

= E[wo (N”2 (1d) — B, ¢°))]

1T
TNz /O > ity xth,lE[akazw’<N”2 (1 —E[uiVAT],df))

k,1=1
(46)
x N2 <,L5V — B[], ve! - v¢;>} dr.
We then define % (RMHL 5 Ras
Vi (Sts oo SM1) 2= Xe<min(Te, 7OV (51, - o Sh)Sm41 (47a)
and ¢y, : T¢ — RM+1 ag
b} (x)
~t :
b (x) = . (47b)
Py (x)

Vi (x) - Ve (x)
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Moreover, we set T = (T1, ..., Ty, min{Ty, T;}). With these definitions, and
in view of u) = E[u{/] (which follows from Assumption FD2), equation (46)
directly implies (34a).

Furthermore, the estimate (35a) follows immediately from

@' () llwaoe < @7 ()llwaoe

(which is a consequence of the maximum principle) and the definition of J),td
Likewise, the estimate (35b) is immediate by the definition of 1//,@, the estimate
(38), and the definition of the norms || - || Lo Finally, from (39) and the definition

of 1},@ we deduce (35¢).
Step 3: Proof of (34b). Using 1t6’s formula and (21), we infer

d(w’(N‘/z(ph — Elpnl. ¢1),(t A T)))
= (a,w'>(N1/2(ph —Elpi). ¢4),(t AT) ) di

+Zak«/f( N2 (o1 = Elonl, #4),(t A T))N" (01 = Elpul, 0t ), (1)

+3 Za W' (N2 (o1 — Elonl, 61),t A D)) o<,
x N'2(Anpn — ELARpn]. dnk), (1) dt
- Z ocw’ (N2 (on — Eloal 1), A T))

X Xt<Ty Z (fp(’)ez,y,z’ Vh¢lr<)h dBy.0
y,0€(Gpa,il,....d})

-, Z ooy’ (N2 (o — Eloul. #1),( AT))

kll

X Xt<TiAT; > (Fp0efy y o Vndh ), (Fo (€] y o2 Vi), dr
(3.0€(Gpa.fl,....dDH

Using the fact that —0;¢p x = Xxi<7; %Ahdm, x and taking the expected value, we
obtain

dlE[w’(N'/z(ph = Elpnl, 61),(t A T))]

- E[(@W)(N”%m —Elpnl. 1), A T))] di

M

1
+3 k; x,gkAT,E[akazw’ (N'2(pn = Eloul. #1), ¢ A T))
x Yo (Fe®ey 0 Vi), Foe wz,z)h] d

(3.0€(Gh.a.fl.....d}D
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Using the cross-variation identity (28), we get
dE[W<N1/2(ph — Elpnl. ¢1), (1 A T))}

= E[(at¢1)<N1/2(ph — Elpxn], (/)h)h(t A T))} dr
1 M
+5 2 x,gMT,E[akan/f’(Nm(ph —Elpi). ¢1),(t A T))
k=1

(3 (0), Vi, - Vh¢2,z)h] dr.

Switching to integral notation, using (36) as well as ¢Z = 79, and adding zero,
we obtain

E[w (Nl/z(ph(T) — Elpn(T)], Iw)h)}

= [w"(zv‘/z(ph—E[ph],m)h(m)}

1 M Ty AT,
-5 /0 E[akazw(NW(ph—JE[ph],m)h(zAT))](E[M,N],W,QV#) dt

k=1

[N 1/2
+ Z/O E[akan/f’(N/(ph—JE[ph],m),,(mT))

x (o (1), Vi - Vh‘i’;t,l)h] de
M TinNT;
+= 3 /0 E[akallﬁf(Nl/z(ph — Elpnl, ¢p), (t A T))

2 k=1

x (o, 1), Vi, - Vh(z’;z,k)h] dr.

Adding zero once more and using the fact that p;,(0) = E[p;(0)] (which is a
consequence of Assumption FD2), we arrive at

]E[w (Nl/2 (on(T) — E[pp(T)], Ih‘l’)h):|

0 1 g
=Y (0)+2N—1/22/0

k=1

TiNT;
E[akazw’(zv”z(ph —Eloal. Zu#), t A T))

x N2 (o (t) = Elpn ()], [V, - V‘f’l[])h] d

+ Errnum,] + Errnum,2 + Errnega

where we have set
M

1 T ATy
> /0 E[akallﬁ[ (N2 (01— Elpn). 64), ¢ AT))

Errjeg := 2
k,=1"
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x (o (), Vg - Vhd)/tq,l)h] dr

as well as
I [T ey
Erryum,1 :=§ le_:I/O IE|:8k811// (N (:Oh —Elpnl, ¢h)h(t A T)>:|
(@250} o0, (el Ve - vei) ) o
T ANT)
+5 Z / [akazw (NY2(on — Elpnl. 1), A T))
kl 1
(0100, 901 964,), = (010, o1V} w;]),,)] .
and
1 & [T 12
Ertpum 2 3=2Nl/2k1221/0 E[(akaﬂ//I <N / (,Oh — Elpxn], ¢h)h(t A T))

— aany! (N2 (o1 — Elpul, Zng) 1 T)))
x N'2(pu(t) — Elpn (D)1, Zn[V b}, - V¢>;])h] dr

Using the definitions (47a) and (47b) and setting Ertyym := Ertyum.1 + Ertpum 2,
this yields the representation (34b).

Step 4: Estimates for Err,.q and Erty,,, ; We begin with Erry,,; it is easily seen to
be bounded by

T AT,
Bty | L omas. . Il crvo. T) Z / (R

k=1

E{llp; 0)ls]"* de

ow,r

T NT;

C(Pmaxs Pmin-d, 1, ||¢“C1+0 T)E(N, h) Z/ |akal¢’ Il

(66), FD3
<
- pow, 0
k=1

This entails (35d). Furthermore, the analogue of (39) for the second derivative, and
the time integrability of the singularity {min,,.7,,>; (T, — 1)} ~1/2 entail (35 2).

We next note that E[p, (¢)] simply solves the discretised heat equation, while
IE[M?’ ] solves the exact heat equation. Using (75), (45), (65), and (41), we obtain

|Errnum 1 |

a5, (45) (41) TinTy
< CO pmaxs T) Z / (1 + T<’+1>/2||<p||gﬂ@)||akazw’||ggm,

k=1
1/(r+1)
x (||¢||2Cp+2||ph<0>||hh"“ +E[lon ;a1 ||<p||2cp+z+@h”+l)dt
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(65) TMTI

< C(, pmax> Pmin-d, T) Z/

k=1

2 1
(1220

pow,r

x (1 + T<’+”/2||<o||’cﬂ@>||akazw o (48a)

Finally, we deduce from (41), (44), (64) and (73)

C(r, Pmaxs Pmin, d, T) u p+1 (r+1)2 r+1
|Ettyum 2| < 7 D o llelepnh?TH 14 T2 g2t L
k,l=1

TiNT;
x / 19k0: DY "Il co,, . (48b)
) .

Combining (48a) and (48b) with (38) and (65), we infer (35¢). Using in addition
(39) and (40), we deduce (35f). The proof is complete. O

Lemma8. Let0 < Ty <T», <...<Ty <T.Suppose that all ¢,, have vanishing
average and are normalized in the sense ||@p || 12(Tay = 1; suppose furthermore
that whenever T,, = Ty, the corresponding ¢, and ¢; are orthogonal to each
other in L*(T%). Define

m(1/2)T1 = inf E[/Liv](x)
XGT‘I,ZZETl

Denoting the pseudo-inverse of the (possibly degenerate) nonnegative symmet-
ric matrix A, defined in (37) by At_l, we have the estimate

M
A < C (M)

(49)
m(1 27, Min { min,.7, > (T — 1), ming ;727 [Tk — Tl|}

Proof. To simplify notation, we define Ty := %Tl. Estimating the matrix in (37),
writing ¢ (x) := Y, 74 ak,n €Xp(—in - x), and using the fact that —9;¢} = %Ad)f{,
we get for any o € RY

— Ao -a
M(1/2)T;
1 M TVt M M
> — E[M”]N( oek¢,i> ~V( azd){) dt

M vt M
Z/ / (Zakq’)k) V(Za,¢;>dxdr
=1 ? Tn—1vt JTd I=m
M T
Z Z Z/ i @om? S a-ome g,
m=1 pezd k,lI=m TVt

x |n|*ag pay noxay
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_ XM: 3 f: ({(%(T1+Tk>—mw)ln\2 _ e’(%(T'”k)*Tm*‘v’)‘"‘z)

1 nezd k,l=m

X Ak, nQl . nx%k ]

M M
_ _ 2
= Z Z Z (1_e (T Vt=Tu—1V0)In| )ak,naz,nakal

m=1 pezd k,lI=m

1 1
% ¢~ 2 T=TuvDnl? ,= 3 (Te=Tpvo)lnl?

M

M
1
> > ((Tm Vi—Tu 1 VI)A l)ak,naz,naka/

m=1 peZd\{0} k,I=m

Lan- Tyvolnf? ,— (kavar)\n\Z

xe 2
2 )
=5 (TnVt—=Tp1 VAL
2m:l
></ ( <¢1<T Vit ][ q’)T’"de)) <Z <¢1vaz _][d(blevrdg)> dx.
I=m T

Using the fact that ¢k = ¢y, that ||¢>k l z2(pay < 1forallz, thatthe ¢y have vanishing
average, and our assumption on the orthogonality of the ¢ with the same T, we
deduce

A,a-azc(M)min[ min (T, ~0),  min_ |Tk—T,|] 3 el

ma/mn m:Tnz 1<m<M:Typ>t

Note that (A;)x; = 0 whenever T < t or T; < t. This concludes our proof. O

3.5. Proof of Theorem 2

For finite difference discretization schemes, Theorem 2 is an easy consequence
of Proposition 7.

Proof of Theorem 2 in the finite difference case. Taking the difference of (34b) and
(34a) and using (35f) and (35g), we see that Proposition 7 implies

‘E[vf (Nl/z(ph(T) — Elo(T)], Ih(p)hﬂ - E[¢f <N1/2< R, @)”

(50)
M

1 Ti ATy
<owm 2
2N k=179

E[&lil (Nl/z(Ph — Elpnl. Zndys), (t A Tkz))]

B [0 (N el 180 )|

+ C(M, paxs pmins d, 1 @l crize) (Wl gy +NT2IDY I )
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1
/ Pmin ming 1.1 21, [T — Ti
+ C(M, pmaxs Pmin, d, 1, l@llc1+e, T)Illlfllgllmw.lg(N, h)
1
Pmin ming 727, | Te — Til

hp+l

(5D

The inequality (40) implies

/Onl/fklnﬁz, dt < CG M9y Tanr DIVl 21 (52)

pow,r+

Incase j = 1, (51) entails the desired bound by the estimate on 1/?,@1 upon replacing
¥ in (50) by its convolution with a mollifier on the scale N ~'/2, which we denote
by ny-1/2. This is a straightforward result of the convolutional inequalities

DO %Wy = CN21y | o1

pow, l

Iny-12 %Y — w|<CN V2119l o

pow 0

For j > 1, taking the difference of (34b) and (34a), using the bounds (35a), (35c),
(35d), and iterating this estimate j — 1 times (i.e. using in each step again (34b)
and (34a) to estimate the terms of the form

IE[%(N‘/Z(M—E[phJ,Iheiskz)hmTkz))]—[%(N”Z( i~ Bl g1, m;))},

only bounding the terms in ”‘}lil I 22 using (52) in the last step), we deduce
pow,r+1

E[&,ﬁl (N”Z(ph — Elpnl. Zndya) , (1 A m)} - [&g,( V(N Bl ), ¢k,)>}

+ C(M, pmaxs Pmin»>d, J, ||‘p||cl+®+_f—l s TYE(N, h) ) ”1//”[:2./'—1_

pow, j

+ C(M, pmax> Pmin»>d, J, ||(P||Cp+2+(~)+i—l)N_j/zhp+l ||D1ﬂ||£2j71_}

pow, j

+ CM. pmax: pmin . 3. @15y 1. W1 211 N7I2. (53)

pow,

We use estimate (53) in (51) to bound the terms of the form

/Tk/\Tl
0

E[&,ﬁl <N1/2(Ph — Elonl. Tndy), t A Tm)}

_|:1/~’1€Z<N1/2<MA — Bl ;1. &,’(,))} dr
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Therefore, estimate (53) turns into

’E[w (N‘/2(<ph — Elpa)). Ihw)hm>] - E[w (N‘/2 (1 — By, w))”

< C(M, pmax pmin, d> J, T 1@l crsaressr, o)A I g2
pow,

+ CM, pmax> Pmins d, j, T, 1@l crervosiot, manr )N /R DY | 20

pow,0

+ C(M, pmax, Pminsd, j, T, l@llcrvo+i-1, ma2yr)EN, h) ||1//||£2i—10
pow,

+ COM, pmas pmins ds > T @15y 0, T 2y IV g2 NP2,

Finally, we replgce ¥ by ny-js2 * ¥ in (50) (note that we have [y — ny-jn x| <
CIDY =N~ and | DGy-ir2 %)l cm,, - < CN/2|¥ligm, ). This, together

with the fact that 72127, is controlled by 0y, proves Theorem 2 in the case of
finite difference discretisations. m]

3.6. Recursive Step for Theorem 3

In Theorem 2, one is forced to distinguish between the different final times
T1, ..., Ty due to the singular nature of the evolution equation for ¥ (36). In
contrast, v is static in Theorem 3: therefore, its proof can be detailed in the (no-
tationally much more convenient) case of equal final times 71 = --- =T, = T
without losing in generality.

We first introduce some handy notation. For ¢t < T, we abbreviate

1Y 1Y
Tnle, T, 0 1= (', ¢) = (g, 0°) = - 39" (e () — - 3 ¢°(wi(0)
k=1 k=1

and

Sn(Tng, T, 1) = (pn (1), B30 — (o (0), B,

where ¢ (respectively, gb}’l) solves the backwards heat equation (14) (respectively,
the backwards discrete heat equation (15)) with datum ¢ (respectively, Z,¢) at

time 7. Given a multi-index j = (ji, ..., jy) suchthat |j|; = j € N and a set of
smooth test functions ¢ = (¢1, ..., Py ), we abbreviate
. M . . M .
Si @, T.1) = [ | S Tapw. .0, Tif(@.T.0):= [ | T (@ T. 1)
m=1 m=1
(54)
and we set
DG T) = E[s{To. 7. D] -E[Hw.T.1)]|. 63

In order to show Theorem 3, we first provide a series of preliminary results.
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Lemma 9. (First moments) The first moments of the Dean—Kawasaki model in
Definition FD-DK agree with those of the Brownian particle system. Namely, for
@ € C!, we have B[Sy (Zpo, T, T)] = E[Tn(p, T, T)] = 0, where Sy and Ty
have been defined in (54).

Proof. This follows promptly from Lemma 15, as neither Sy(Zpe, T, t) nor
Tn (@, T, t) admits drift. O

Lemma 10. (Second moments) Let ® be as in (10). Assume the validity of As-
sumptions FD1, FD2, FD4, FD3. Fix @1, 93 € C3PTO_ Let py, be as given in
Definition FD-DK. Then
IE[SN@ner, T, T)SN Tnp2, T, T)] = E[In(p1, T, T)In (92, T, T)]|
< N7 'Tlgillci+o lg2llcivo EN. h)
+ hPPIN T max(T2 TYC W, pmax. pmin) @1 | cravo @2l cpisro,  (56)

where Sy and Ty have been defined in (54), and E(N, h) has been introduced in
(11).

Proof. Setrj, := Vi| , - Vg, — Tn {V] - Voh}. The It6 differential formula
for Sy (@1, T, 1)Sn(¢2, T, t) stated in Lemma 15 gives
dE[Sy Tne1, T, )SN (T2, T, 1)]
= N"'E[(of (1), Vi ), - Vigh )] dt
= N""E[(oa(1). Vad} , - Vadh ,)n]dt + N"'E (o, (1), V! ), - Vb ,)n] dt
=N'E[(on(0). Zn (Vo] - V@4 }), ] dt + N'E[ (o, (1), Vi) ), - Vs ;)] dt
+ N7'E[(on(0), rf)n] dt
= N'E[{(on ). Zu {Ve] - V$3}), — (on(0), P}, (Tu [V - V3 })), }] de
+NT'E [(on(0). P, (Zn { V] - Vo5})), ] dr

+ NT'E (o, (1), Vil ), - Vagh )n] di + N7'E [(on (@), rjn] dr = ZA dr,
where P, is the solution operator for the discrete backwards heat equation, see
Section 3.1. On the other hand Lemma 15 also implies

dE [Ty (o1, T, )TN (92, T, )]

1 N
=N"'E [N > Vel wi (1)) - wg(wk(r))} dr

k=1

=N'E[< vawk(r)) V<¢>2(wk<z)>——ZP’(W1 V¢2>(wk<0)>>}

k=1 k=1

=

Z| -

+N'E { > PV - V¢§)(wk(0)):| dt = Z B;dt,
k=1 [
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where P is the solution operator for the backwards heat equation, see Section 3.1.
We get A1 = B since the first (centred) moments agree (see Lemma 9). Further-
more, (66) and (19) grant
|Azldr < N71||Vh¢i,h||oo||vh¢§,h looE(N, h)dt
< N7V, 4 lloolIVa® yllocE (N B At < N7 g1l cro @2l cree E(N, h) dt.

The bounds (75) and (19) promptly give

T T
/ |Agldt < N~ sup ||V;ll||h/ Elon(®)lln]de
0 T 0

t€l0,

T 1/2
<CN7" sup |Irhll, T2 (/ JE[th(r)nﬁ]dr)
t€[0,T] 0

5 T 12
< ChPPINTigyllcpato @2l cprare T2 ( / E [||ph(z>||i]dz)
0

(19)(65) B
< WPPINT max{TV2 TYCd, pmaxs min) 191 llcpiaroll@allcpiave.

We decompose A, — B; as

Ay — By = N'E (0 (0), P}, (T {V} - V§5})),] dt

1 N
~-N7I'E |:N > PV - V¢§)(wk(0))] dr

k=1
| N
=-N"! {IE |:ﬁ ZP’(Vq)i . V¢§)(wk(0)):| dr
k=1
— (01(0), TL[P' (V] - V$5)]), dr}
+ N1 (o (0), Py (Tn (V9] - V5 }) — TalP' (V4] - Vo)1), dr
=:C1 + Cy, (57)
where we have also used that pj, (0) is deterministic. The term C; is bounded using

(18) applied to the function n := P’ (V] - V@}), while the term C5 is dealt with
using (73) with choice ¢ := V@] - V). All together, we obtain the bound

A2 = Ba| < CRPHINTHC + puar) 1l cpsa @2l cpsadr. (58)
The proof is complete. O

Proposition 11. (Recursive formula for higher moments) Let ® be as in (10). Fix
0= (01,...,01) € [CPHONY avector j = (ji, ..., jm) such that |j|; = j.
For each pairi, j € {1,..., M}, let j" be as defined in Lemma 15. Let E(N, )
be as defined in (11). Assume the validity of Assumptions FDI1, FD2, FD4, FD3.
We recall the abbreviation for the difference of moments [see (54), (55)]

DG, 9, T) = (E [S{,(Ih(p, T, T)] _E [T,J(w, T, T)]’
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M .
= E [1‘[ {(phm, oL 1w — (pn(0), ¢,9Lh),,}”"]

_M 1 N l N j))l
-E| [] {ﬁ > b wi(T)) = quf;(wk(on}
m=1 k=1 k=1

Then we have the recursive formula

D(j,9.T) <N~ Z M/ D5 1), {8'; Vg - Vo), D

k=1
. Uk — 5k1)]l Kl 1
+ N pimax Z = D(J 8" Dllgxllcro gl c1+odt
k=1

_ j/2 . i
+{CcNT'TCW, pm,pm)}” Q@)Y IDEN, b

)
x (Z Uk = "’”’) (]‘[ o |’C"1+@>
k=1

_ j/2 3(i—
+ hPH! {CN ! maX{T1/2; T}Cd, pmax Pmin)}j/ (2])3(j 2

8
» (Z Gk — kI)Jl) (l_[ II(PmIIC,,+z+o)
k,l=1

1 -2
Ar]ecursmn + Al + Errné’g + Errnum . (59)

recursion

Proof. We use Lemma 15 to deduce

dE [S]{, (Tro. T, z)]

M
_ Uk = Sk Ji ¥
=NTIE| Y0 S50 Sy @e 10 (0 (0, Vi - Vil ), | o
k=1

_ Uk = Sk Ji o "
=NT'E| Y FEEES @ip 7.0 (040). Vil - Vi), |
k,l=1

M
- 3 Uk =8 ji o4 -
k,l=1

In analogy to the notation of Lemma 10, we define
Tern = Vadin - Vnbiy — In {Vey - Vo } .
Let P (respectively, P; ) be the solution operator for the backwards heat equation

(respectively, for the discrete backwards heat equation), see Section 3.1. We then
proceed above as

dE [5}; Tvo, T, z)]
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M . .

) i = 8

—N'E {Z RS @i, T (on0). T { V9] - V1Y),
k,I=1

— (0 (0), P}, (T {Vy - Vi ), ] de

M
_ Uk = Sk ji o4
+NTEN Y %s{v T, T, 1) (01 (0), P} (Ih{w,i-w’}))h} de
k=1
_1 [ Uk = Sk i o4 _ . /
+NTIE| Y TS, @ T (0 (0. Vg Vg ), | dr
k,l=1
[ Uk = Sk) ji oM 4
HNTIE| YD TS @ T en (), v n | de =2 )0 Agdr.
| k.I=1 i=1
On the other hand

dE [T,\{ (0.T, z)]

M N
_ Gk = 8t 7% I
=N"'E {Z KT . 1) (Nva(wr(r))-wf(wr(z)))} di

k=1 r=1

1 u Gk = 8k1) i j4
_vs| Y BB g
ki=1

1 & 1 &
x (N - Voiw, (1) - Vi (wr1) =+ D P {Ve} - Vi) <w,~(0))>} dr

r=I1 r=I1

M . . N
+NE [Z WTJ“ (@.T.1) <;, > P {VeL - Vel <w,(0)>)} dr
r=1

k=1
2
=: Z B;dt.
i=1

It is straightforward to notice that A| — Bj can be settled using the estimates for the
moments of order j — 1, as (for each pair k, /) the exponent vector j is decreased
by two units to j*/, while the additional test function V¢y. - V¢, is picked up. The
bound for A3 relies on the Cauchy-Schwartz inequality, Corollary 17, (19), and
(66), and reads

93 Uk — Sk Ji
Az] < _
|[A3] < E 5

k,I=1

N1V lloo I Vi) 1o CEN, h)

. Qj-4/2
X {2N TC (d, Pmax pmin)}

M
im—0km —91
x [1‘[ [ M}dt
m=1

1/2
@) =4 4>]
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- i Jim u G — 8k Ji _1
<([Tlemliéie )| 2o = | N"'cew.n
m=1

k=1

(=22

X {N_l TCd, pmax- ;Omin)} (2j)3(‘i_2)dt

19 _ iz 3i-
= TIPHNTIC s pnars pmin) | @IPTDEWN, )

M
S
(1_[ ||§0m||cl+®> Z w dr.

k=1

The term A4 may be bounded as

1
/0 A =N S M/ E[|S{" @o. 7. 0] lon @l 1l Jar

k=1 2

5 L prt ot v
< ChP™'N Z llorll c2+p+e @1 | c2+p4+0

k=1

¥ 21'? " 2
x ,ggg;ﬁ“% (ZW,T,o\] T (/0 E[||ph<z>||,,]dt>

(19)65)93) w ik — 8
2N Y Igrllcaspeoligrl a0

k=1
X C(d, Pmax » pmin) maX{Tl/z; T}

M
— (j=2)/2 . j— jm—8km —S1m
x {CNT'TCW. pmax- pmin) )~ (27072 (H lpmllgie™ )

m=1
il?

Gix — k1) Ji
2

1/2

=< Chp+l {CN?I maX{Tl/Z; TYC(d, Pmax- ,Omin)}

; S
% (2j)302 (Z Gk — kl)]l) <1_[ |<pm”C2+p+O)

k=1 m=1
The difference Ay — B> is rewritten as
Ay — By

M . .
-5 -kl -kl
=NTE| Y M [si @o. 7.0 =T (0. T.1)]
k=1

x (0n(0), Py, (Zn {Vey - Vi 1)), ] dt

K .
_N'E Z WTJ (@.1,5)
i j=1

1 N
- (N SO P' (Ve Vo{} e O) — (o1 (0). P (i |V - V9 }))hﬂ ar

r=1
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N-&M(E[S,-ua 1wl
2 N @no, ,t)] ]E[TN ((o,T,t)])

k,l=1
x (0n(0), P} (Zn {Vey - Vi })),, dt

-1 A G — )i K
N'E ZfTN (@.T.1)

k=1

1 N
- <N > P {VaL- Vai} @ O) = (04 0). P} (Z4 { Ve - Vo }))hﬂ ar

r=1

=T+, (60)
where equality (60) is valid because the term

(Pn(0), P}, (Zn (Vi - Vi 1)),

is deterministic. The term 77 is dealt with using the estimates of order j — 2 (as,
for each k, [, the exponent vector is decreased by two units to j k) The term T3 is
settled with the same arguments as for term C5 in (57), with the additional use of
the Holder inequality and of (92). We obtain

_ Uk — Sk Ji _1..1U72 im—Skm —Sim
Bl <Ny [u T S 21'[ IV 12"

k=1 2

< {n7H1C, paxs pmin) 0 lcrs s o }] dt

< pP T2l {CN_IC(d, Pmax s ,Omin)} jj_z

M
Gk — k) ji
(H ||¢m||’p%) Pl K2

m=1 k,l=1
Putting together all the estimates and integrating in time gives (59). O

Remark 12. The finite-difference error in (59) accounts for two different errors:

o the difference between the initial conditions pj o and the empirical density
u{)\' , as well as the difference between the solutions to continuous and discrete
backwards heat equations. This is captured in the term A, — B; for the second
order moment, and in the term 7> for higher moments.

o the difference between Z, (Ve - V) and V¢, - Vg . As anticipated in
Section 3.3, Block 3, the high-order accuracy of the difference between the
solutions to continuous and discrete backwards heat equations relies on the
discrete final datum to be the interpolant of the continuous final datum. Since
Vi1, - V] j, does notinterpolate Ve - Vpj in general, we quantify Z, (Ve -
V(blt) - Vh¢1t{’h ' Vh¢1l,h'
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3.7. Proof of Theorem 3

Step 1: Interpreting (59). The recursive relation (59) may be visualised in the
following way:

i) Each moment of order j produces residuals Err;.g and Erry,.
ii) Each moment of order j is linked recursively to a collection of moments of order
J
—1 (Armmmn) and a collection of moments of order j — 2 (Arm”mn)
i) The overall bound for D(j, ¢, T) is given by summing all the residuals for all

moments found by exhausting the recursive relation. More specifically, it holds

j-2

D(j,¢.T) < Y Rk,
K=0

where Rk is the sum of all residuals associated with the moments explored
after exactly K steps. Therefore, we only need to suitably control Rx for
K =0,...,j—2.In order to do this, we need the following auxiliary bound.

Step 2: Auxiliary bound. At every step of the recursive relation the sets of test

J= J=2
functions which are fed into the lower order terms Ar eccursion And AL L, are
modifications of the current set of test functions, specifically:

e inthe case of Ai ecursion» ON€ instance for each of two functions gy, ¢ is replaced
by the product V(pk Vi,
e inthecaseof A’ recnrsions ONE iNStance for each of two functions ¢y, ¢; is removed

from the set of test functions, and a pre-factor |||l c1+e [|¢i]| c1+e is gained.

It is thus natural to define the object

{('ﬁK,r’ jK,r)7 YK,r} )

where r is a given way of exhausting the recursive relation for K steps (i.e., a
sequence of K moves dictating whether moments of type Armmmn or Afe_cimon
are explored at each step), where ¥ , is the set of test functions after K steps

with sequence r, where jg . is the corresponding set of powers, and where Yk ,

is the overall pre-factor cumulated from all the moments of type Ar cenrsion TOT the
sequence 7.
For each y € Ny, we have the bound

Mk , M
JK, 2K - 1+0}+1
| | Wk rmlley™ | x Yo | < j2K IO HOED T g, 1ok

m=1

(61)
which is justified by the following observations:

e The number of occurrences of the original functions ¢ (i.e., j) is preserved,
regardless of the path r. This i 1s straightforward to verify by direct inspection

J j—2
of how the recursive terms Arecumon and Arm{mon handle the test functions.
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e The factor j2X provides a bound on the product of the number of individual
addends making up the functions {{/k . }m and of the number of individual
addends making up the functions of type ¥ (where K < K) found in the
term Yk . This is a simple consequence of the fact that, whenever a step of type

ie_clws ion 18 performed, such product can be multiplied by at most K - K = K 2
(i.e., by the product of the maximum lengths of the addends making up the two
functions ¢ and ¢1 which give rise to the new test function Vy - V). When

a step of type A2

recursion
e The factor ]_[m 1 1 @m ||]C”ﬁnax yiteprk takes into account the evaluation of the
norms for all functions (both {{x ,m}m and those associated with Yk ,) by

using the most restrictive exponent between 1 + ® (needed in any step of type

j-2 s . . .
recursion) and ¥ (which is the exponent we are interested in), and adding K

(to reflect the unitary increment of differentiation entailed by each step of type
j—1
recursion )
e The term j™ax{¥: 140141 jg associated with the pre-factor of the inequality

14
[17
i=1 ch

applied with £ < j (j is the maximum number of factors in the addends of type
]_[f:1 /i making up any function ¥k , ,, and any function associated with Yx ,),
and with 8 = max{y; 1 + ©}. The overall pre-factor j/Max{r:1+O}+D regylts
from multiplying j™ax{7:1+0}+1) by jtself j times (j being an upper bound for
the total number of functions ¥k ., together with all functions associated with
YK ,r)'

Crucially, (61) only depends on K and j, and not on the specific path r.

Step 3: Bounding R . The quantity 2K j4K+1D = 2K . ;4K » 4 i5 a bound for

both the number of residuals of type Erry.¢ and Erry,,, associated with the moments

explored after exactly K steps: Such a quantity is the product of 2X (accounting
for the recursive splitting of (59) into two families of moments of lower order),

of j*K (accounting for a bound of the pre-factor Z%:l (Jk — k1) j1/2 multypling
each of the two families of moments), and of j4 (accounting for a bound of the

pre-factor 21}:,41=1 (Jk — k1) ji/2 multypling the residual terms). Using (59) and
(61), we obtain

is performed, such product does not increase.

4
< T filles
i=1

. _ i/2 . i
Rk < <2K]4(K+l)> X {N ITC(d, Pmax pmin)}l/ (2])3(j 2)€(N7 h)

Err,., contributions, see (59)

M
2K+(2
X J +2+6)J (l_[ ||§0m||cl+o+1()

m=1

see (61)
_ /2 \3(j—
+ hP! {N : max{Tl/z; T}C(d, pmax, lomin)}‘]/ (2])3('] 2

Err,.,, contributions, see (59)
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M
x jRKTG+p+0)] (1‘[ ||§0m||g}:+3+®+l(> . (62)

m=1

see (61)

Step 4: Concluding the argument. Since D(j, ¢, T) < Z{{;ZO Rk, we obtain

O . 12 s
DG.p. 1) = 3 [/ F0) (NTTCW pars puin) ' 2707
K=0

M
X E(N, h) j2K j/max{1+0:1+60}+D) (]_[ ||<pm||"c"i+@+,(>

m=1
. — j/2
+ (2K]4(K+1)) hp+1 {N ! maX{T1/2; T}C, pmax, pmin)}j/

M
2K - j(max{p+3+0;1+0}+1 Ji
x j2K i maxtp } ><| [ 1om ||C";,+3+@+K)}

m=1

M
- 2 j jm
=< {N ITC(d» Pmax pmin)}J/ ]CIJ+C25(N, h) (l_[ [[om | é‘jl+(-)>
m=1
_ i/2
+ Pt {N : max{Tl/z; T}C(d, pmax, pmin)}]
M .
X jC31+C4 (l_[ l@m ||jcl~n,;+j+1+®> s
m=1

which—up to trivial rescaling in N '/2—is precisely (12).

@)

3.8. Exponentially Decaying Estimate for & [|| o ||ﬁ] and Moment Bounds for pp,

Proposition 13. Let the assumptions and notation of the finite difference case of
Theorem 2 be in place; in particular, let py be a solution to the Dean—Kawasaki
equation discretised using finite elements in the sense of (21). Assuming in addition
the scaling (19), namely h > C(d, pmin, Pmax)N "4 log N|?/4(T + 1), we then

have the estimate

]P’|: sup lon — Elenll(x, 1) > Bpmin}
x€Gp.q.1€[0,T] 4

Omin BY2N1/2Rd/2

1/2
Cprim

for any B > 1. In particular, we can deduce

< Cexp( > + Cexp(—cB"*n71)

1/j
E|: sup |;0h —E[Ph] |j(xat)] = C(d’pmam pmin)j4
xeGyp q,t€(0,T]

1/j
E[ sup |,0h(x,f)|1:| < C, pmax- ,Omin)j4
x€Gypq,t€(0,T]

(63)

(64)

(65)
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forany j > 1, as well as

_ Omi Nl/2hd/2 B
E |: S[gpﬂ ”ph (t)“i:| = C(d! Pmin>» pmax) iexp ( - = 12 + exp ( —ch 1) .
tel0,

pmax
(66)

Proof. We split the proof into several steps.

Step 1: energy estimates for test functions. In order to evaluate pp,(x¢, T) at
a given point xg, we choose ¢, (-, T) € Lz(Gh,d) as the function satisfying
(On(C, T),np)n = nn(xg) for all n, € Lz(Gh,d) and evolve ¢, in time by the
backward heat equation

1
by = _EAh¢h- (67)

By the standard energy estimate for the discrete heat equation we get

T
/O IVenlI2 dr < 2lln(T)NI7 < Ch™?. (68)

Step 2: exponentially decaying bounds for |o;, — E [p;] |(x0) for chosen point
x9. Using (96), (97), and (67), we obtain by the Itd formula for any positive integer

J

j . i—1 ,,—
d(pon — Elpnl. ¢n)y = j(on — Elonl. ¢n); N7V2 )" (fpez,y,@,vm)h dBy.0
y.0€(Gpa\{l,....d})
i(j— 1) 2
+ L2 (o~ Bloud. )] PN o 1V P dr.

In particular, (o, —E[pn]1, ¢n)s is a martingale. Integrating in time up to a stopping
time 7§ and taking the expected value, we obtain

E[((on = BLol) . T AT, (. T AT ]

_JU=Dy

T ATy )
5 [/0 (on — Elon). #n); "N~ (pif, |V¢h|2)hdt] .

Choosing T for arbitrary but fixed B > 1 as

Ty=inf 1> 0: sup |py — Elopll(r, x) = B
xeGpqa

Pmin ]

we get using Omax > Pmin and the assumption |E[pp]| < pmax
E[ (o = BIon)) . T AT, (. T AT ]

T AT, -
< j(j = DN "' BpuaE [ /O (on — Elonl. 1) 11V n 2 dr}

UV g
sij‘prmaxE[ sup (ph—E[ph],qah)-,g} / IVn1* dt
te[0,T ATy] 0
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68 .,
= CJZN 1BpmaxE|: sup (ioh — Elpnl, ¢h);l
tel0,T ATs]

G=2)/j
] h.
Using Doob’s martingale inequality, we deduce for nonnegative even integers j

B:Omax
Nhd ~

2/j
E|: sup  (on — Elpnl. ¢h);z:| <Cj?
tel0,T ATy

Raising both sides to the power j/2 and using Chebyshev’s inequality, we get after
optimizing in j

12

1€[0,TATy] CB1/2p,/

i . BN]/Zhd/Z
P[ sup |(on — Elpnl. ¢n),| = Bp’g’"} < 2exp (_Pmm—

In particular, we deduce by the definition of ¢y, (-, T')

Col/2

max

. . BI2N1/2pd/2
P [T < Tsand |py — E[pp]l(x0, T) = Bp";Tm] < 2exp (—’0"“”

Step 3: extending the estimate to finitely many time points in [0, T A T].
Applying the previous estimate for all xo € G, 4 (there are o< A~ of such points),

and for all times h#, 2hP, 3hP, .. ., for some B > 0 to be chosen, we obtain
P [||(ph —Eloa) (- il > B2 for some i € N with ihf < T A TS]
T - gl2N1/2pd)2
< Chd = exp [~ Lmin . (69)
hp o2
Pmax

Step 4: extending the estimate to all times in [0, 7']. It only remains to pass from
the discrete times i h? to all times 7 and to remove the restriction to times ¢ < T.
Letey € L2(G h,4) be nodal function satisfying ey (x j) = dx;. Then the differential

! -1/2 d
dCon. ex)n = 5 (Apn. ex)yp — N / > (fpeh,y,g, Vhek>h dBy.0),
(3.0e(Gpafl,....d}D

entails, using in a second step also Doob’s maximal inequality and abbreviating
+ . d
Wipy ', ex) = Z(y,()e(Gh_d,{1,...,d})('7:ﬂeh,y,£’ Vhek)h dBy.0

1/j
ZE{xihkn sup l(ph(-,r),ek)h—(phc,ihﬂ),ek)hl"}
k

telihP,(i+1)hP]

R (i+1)hP J
<Ch~ ZJE XihﬂfTS(/hﬁ [(on (-, 1), ex)nl dl)
k 1

1/j
+CNTVEY R xipper, sup Wy e @) — Wip), e ihf)|!
* telihP (i+1)hP]

1/j
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(i+Dh? i
<Ch?) E XihﬂSTs(/m8 [(on (-, 1), el df)
k 1

Al
+CNT2 ZE[xih/sgAww, ) (i + DIP) = W(p,, ek><ihﬁ>\’} :
k

Using the triangle inequality for the first term on the right-hand side and a (straight-
forward but rather pessimistic) estimate on the quadratic variation of V), we obtain

telihh , (i+1)hF]

1/j
ZE[XihﬂfTs sup |(10/1(7t)’ ek)h - (ph(vlhﬁ)7ek)h|]:|
k

1/j
<CIP72Y B\ xipers  swp [(onC0), e0n — (onC, ih?), e’
X telinf ,(i+1)hF]

- : 71/
+Ch 2§:E[XMﬂsn|0%0JhﬁLeth]
k

o, (i+1)h# iYW
+Cjh "N~ / ZE XihﬂSTs(/hﬁ (p;, Dn dt) .
k l

By absorption, the triangle inequality, the fact that ) , 1 < C h=4, this implies for
h <c(B)

1/j
EE[xih;sfrs sup |(ph(-,t),ek)h—(ph(-,ihﬁ),ek)hv}
k

telihh, (i+1)hF]

B . i11/J
< ChP~? ZE [Xihﬂgs | (on -, in?), ek)h|]]
k

) o ) i271/J
+ PPN N R i [(onC i), enn ]
1

+ CjhPld-2 N1

1/j
. /2
<3 E| xeers s [(onCa0)epn — (oG ity epn|? |
/ relihf,(i+1)hP)

Using Young’s inequality and absorbing as well as using the fact that for ih? < Ty
we have |pn| < (B + 1) pomax, We obtain

1/j
STE|xiwser;  sup [(onC 0. edn — (onC ihP), e’
k telihB,(i+1)hP]
< Chﬁfdfz(B + 1) pmax + thﬂ/zfdfz(B + 1)1/21\,71/2/0’:1/[12)C + Cjzh’s’Zd"‘N’l.
For 8 > 6d + 8 and for all 1 < c(pmin, Pmax), We Obtain
P [,-,,ﬁ <Ts. sup  lpaC.t) = pue. jhP)lle > B'Olmo} < Cexp(—B'/*h=P/%).

telinf (i+1)hP]

(70)
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Step 5: obtaining (63). Overall, from (69) and (70) we conclude

IP’[ sup (pn — Elpul) (xo. 1) = B ’”}
1€[0.T] 4
Omin BY2N1/21d/2

1/2
Cpim

< CTh_ﬁ_dexp<— ) +Cexp(—cB"*n7").

Upon choosing i > C(d, ppmin, ,omax)N_l/d| logle/d(l + T'), this implies (63).
Step 6: obtaining (64)—(65). For any z > 0, we use (63) to write

p[ sup |ph—1E[ph]|-f(x,z>>z}

xeTd,te[0,T]

(©3)
= 1{71/7 <Pmin /4}

1/2 ZV/2i N1/2pd)2
+10izp,,0, 04 | €T xp ( By, E—

P /4 1/4)
min’ 1/2 ) + Cexp(icpmm / Th ))
Chmax

For a non-negative random variable Z, we know that E [Z] = fo P(Z > z)dz. We
set Z := Ssup,crd (0,71 100 — Elon] |/ (x, t) and deduce

E[ sup  |pn — Elpnll/ (x, t)}

xeT9,t€[0,T]

(pmin/4)j
< / dz
0

o0 1/2 Z1/20 N12pd/2
+/ _<CTexp<—p’"”’]/2)+Cexp(—cpm{4 V4= ))d
(Pmin /47 Comax

=< Cj(pmim Pmax)(1 + T)j4j {(N_]h_d)Cj + 1} s

where we have used the Gaussian moments estimates in the last inequality, and
(64) is proved. Inequality (65) follows from the triangle inequality, the assumption

E [|ph|] =< Pmax and (64)
Step 7: obtaining (66). We use the Holder inequality and the lower bound E [ o] >
Pmin and obtain (66) via the estimate

E|: SUP Hﬁh (f)llhi| < CE{ sup 1 141¢on—Elon ) 012 pamin} = (P8 — E[Ph])(f)|ioci|
tel0 t€[0,T]
12
4
= CE[ sup ||1{|<phE[ph1><r>|zpmm}llmc}
t€l0,T]

12
XE|: sup || (on E[ph])(t)llw}

t€[0,T
(63)(64) in(Nh1/2 _
< Cd, pmins Pmax) |:CXP (_pmnl/z + exp(—ch l) .
CPmax
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4. Numerical Examples

In this section, we give numerical examples that illustrate that the Dean—
Kawasaki equation correctly captures the fluctuations of diffusing non-interacting
particles.! We limit our attention to the case d = 1.

To compute the motion of N Brownian particles, we perform a direct simulation
based on the transition probabilities; this is feasible as our numerical experiments
only concern empirical measures i at two different times 77 and 7> (see below).
Our discretisation of the Dean—Kawasaki equation is obtained as follows:

e For the spatial discretisation of the Dean—Kawasaki equation (1), we use the
finite difference scheme from Definition FD-DK with order p = 1.

e To discretise the spatially semi-discrete equation in time, we use the (two-
step) BDF2 scheme (see, e.g., [22]). The first timestep is performed using an
explicit treatment for the noise and a mixed implicit-explicit Euler scheme for
the deterministic diffusion.

e Overall, our discrete scheme for the Dean—Kawasaki equation (1) reads for the
first timestep

it = pj) + (%Ahphm + %Ahpg)Af

+ 3 N (YD) Byan - @), @y

yeGn,

and for the (m + 1)-th timestep, m > 1,

pi(lm+l)At _ %p;lnm _ %p}(lm—l)At + %Ahp,(lmH)AtAt
=13 W (Vo ke ) (Byman — By (0n — 1AD)
yeG,
+ 2 i (VA ) (By(on + Dan = By ),
yeGn

(72)

where (B)) are independent Brownian motions.

e We place the initial positions {wy (O)},ICVZl of the Brownian particles only at grid
points of G, 1. Consequently, we define the initial condition pj (0) by requiring
that the equality (M(])V , 1) = (pn(0), Zpn), holds for any test function 5. This
way, we avoid any error caused by deviating initial conditions.

e As we are primarily interested in scaling in # and N, we make the following
choices:

e wesetthe time-step At := 0.001, which, according to our numerical conver-
gence tests, is small enough for the spatial discretisation error to dominate
over the time error, and

! The datasets generated and analysed during the current study are available from the
corresponding author on reasonable request.
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T T T T T

--—-initial datum p(0)
—— Dean-Kawasaki sample path p,(T)|]
- Pg(ﬂlz(o))

0.25 [ b

0.3 [

Fig. 1. Top: A plot of the initial datum po(x) := 1/2 + | sin(*5%)|!/? (dashed red line),
its deterministic evolution by the heat equation at time 77 := 0.4 (dashed black line), and a
sample path from the Dean—Kawasaki equation at time 77 := 0.4 for N := 8137 particles
(blue solid line). Bottom: The test functions ¢, ¢ used for the moment computations (blue
solid line, red dotted line) (colour figure online)

e we keep the discretisation parameter 4 above or equal to the threshold
27 -2~ 7 2 0.05, so that the finite difference error dominates over the error
associated with the negative part of p; (Figs. 1, 2).

Using a Monte-Carlo approach with M > 1 realizations, we next computed
the centered stochastic moments

MpE =E [(Ph(Tl) — Elpa(T))1, Znpn)j! (on(T2) — Elpn(T2)], Ih(ﬂz)f] ;
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04- |—DK initial datum p;,(0)

} ——pu(T) (mean-field)
osst ‘—eh (T) (DK) ) ) 04 ——DK initial datum p;,(0)
|~—#n(T) (DK with m.f. noise) ——py(T) (mean-field)

—pn(T) (DK)
pn(T) (DK with m.f. noise)

s

N
3

o " 2 s p s .
T

Fig. 2. Top Left: A plot of the initial datum pg(x) := 3 — 2e~ sin®(x/2)/0.03 (black solid
line), its deterministic evolution by the heat equation at time 77 := 0.4 (dashed red line), a
sample path from the Dean—Kawasaki equation at time 77 := 0.4 for N := 2011 particles
(blue solid line), and a sample path from the linearised Dean—Kawasaki equation at time
T1 := 0.4 (pink solid line). Top Right: same as Top Left, but with N = 4096. Bottom: The
test functions @1, ¢ used for the moment computations (blue solid line, red dotted line).

More specifically, 1 = po(x) while ¢(-) = |V (., T/4)|2 (colour figure online)

for test functions ¢1, @2, times T, T», and integer exponents ji, j specified be-
low. We then compared these stochastic moments to the corresponding centered
stochastic moments of the empirical density 1"V

mprommian g [ (uy) — Bl 1, @0)7 (u3], — L] 02)7],

the latter being also computed by a Monte Carlo approximation with M realizations.
We have performed various simulations in order to assess the convergence of the

moments with respect to #, N, and to compare the discretisations to the linearised

Dean—Kawasaki model (5) and to the Dean—Kawasaki model (1).
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04F T

T —3

--—-DK initial datum pj(0)
035 —— Dean—Kawasaki sample path p,(T)
- = Pi (pn(0))

03| b

Fig. 3. Top: A plot of the initial datum pg(x) := 3 — 2¢~Sin°(5/2)/0.05 (dashed red line),
its deterministic evolution by the heat equation at time 77 := 0.4 (dashed black line), and a
sample path from the Dean—Kawasaki equation at time 7 := 0.4 for N := 8211 particles
(blue solid line). Bottom: The test functions ¢, ¢ used for the moment computations (blue
solid line, red dotted line) (colour figure online)

4.1. Moment Error Decay (With Respect to h)

For two different choices of initial data pg(x), test functions ¢;(x), and times
T;, the resulting errors

|MDK Brownian|

JisJj2 JisJ2
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I
107 10° 10’

h
Fig. 4. A log-log plot of the error |M /D 152 — MBr Uzw"i“"| in the numerical examples illus-

trated in Fig. 3 (fop, with T1 := 0.4, 75 := 0.32, and particle number N = 8211) respectively
for the numerical examples illustrated in Fig. 1 (bottom, with T1 := 0.4, T> := 0.32, and
particle number N = 524291). It is clearly visible that (after an initial preasymptotic region)
a second-order convergence rate O(hz) is achieved for all computed moments

have been plotted in Fig. 4 as a function of the discretisation parameter 4. We clearly
observe a convergence rate O (h?) for the accuracy of the computed moments.

4.2. Moment Error Decay (With Respect to N )

In Fig. 5, we have plotted the error |M Ll) K2 -M ﬁ’jw”’“ﬂ as a function of the

particle number N. We observe that the absolute error decays with the same rate
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. (2,0)
107 £ 1) 3
o5l —+(J1,52) = (2,2)
10-6 L 4
10-7 L 4
10—8 L 4
10'9 b i
10—10 L -

11;3 1(I)4 1(‘)5
N
Fig. 5. A log-log plot of the error |M l.l) K _Mm ]Bl r Jg.zw"i“"| for the numerical examples in

Fig.3 for varying values of N (with T1’ = 04, Th := 0.32, and_h = 0.098175). Note
that the relative error in the computation of the moments MB79Wnian that is achieved by
the discretized Dean—Kawasaki equation is basically independent of the particle number N:

The errors decay essentially uniformly according to therate N~ ~ 2, which coincides with

the rate of decay of the moments M ﬁ r ]0.2“’”" an

N~—U1+72)/2 a5 the centered moments M B ’;.’2“’”"“”, i.e. our relative error is basically
independent of the particle number N and only depends on the grid size A.

4.3. Comparison with Linearised Dean—Kawasaki Model (5)

For the same choice of initial data pg(x), test functions ¢; (x), and times 7;, and
two different choices of N, we investigate the difference of performance between
the time-discretised Dean—Kawasaki model (71)-(72) and the equivalent scheme
associated with the linearised Dean—Kawasaki model (5) (whose discretisation is
obtained as a straightforward adaptation of (71)-(72)).

More precisely, we have plotted both

DK Brownian
|MJ'1,./'2 T nn |
and
DK linearised _ » rBrownian
|Mj1,j2 Mjl‘j2 l
where M P linearised i¢ the natural counterpart to MPX | in Fig. 6 as a function of

Ji,J2 Ji,J2°

the discretisation parameter /.

‘We observe that the two models show the same behaviour for the second moment
associated with the exponents (ji, j2) = (2, 0). This is expected, as both models
share the same quadratic variation structure of the noise (more explicitly, one can
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104 o
10
10
10-7 4
10-8 4
10-9 4
100k f. noise/.
.f. noise
10'
104 F 3
10 E
10°F 3
107 E
108 F E
10 E
10—10 .
m.f. noise
o m.f. noise
. . I
107 10° 10"

Fig. 6. A log-log plot comparing the error |M /ll) 52 -M ﬁ f;.’zw”’“”| for the Dean—Kawasaki
model (continuous lines) and the linearised Dean—Kawasaki model (dotted lines), in the
context of the numerical examples illustrated in Fig. 2 for varying values of & (with 71 := 0.4,
T, = 0.2, and either N = 2011 (Top) or N = 4096 (Bottom)). We observe that the
discretised Dean—Kawasaki model outperforms—to a good extent—the linearised version
for the moment associated with (j, j2) = (2, 1)
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readapt Lemma 10 to the linearised case). On the contrary, the nonlinear model
visibly outperforms the linearised model for the higher moment associated with
(J1, j2) = (2, 1). The reason for this is that one can not readapt Proposition 11 to
the linearised case, as doing so would result in lower order moments comprising
both the Dean—Kawasaki solution and its mean-field limit, thus breaking the very
recursive structure of the Proposition.

We have chosen a relatively low number of particles N a particular couple of test
functions (with ¢, approximately matching the quadratic variation associated with
the second test function after some time, i.e., ¢» = V|¢; (T /4)|?, thus giving non-
trivial correlation between ¢; and ¢,) in order to make the difference between the
two models more pronounced. Such difference is not completely clear cut though,
as one can see for the lowest values of 4 in the bottom figure. This behaviour is
likely caused by:

e the reduced accuracy of the BDF2 integration method for low /;
e in the case of Fig. 6 (Bottom), an accuracy saturation.
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Appendix A: Standard Estimates for Finite Difference Discretisation

A.1 Error Bounds for Continuous and Discretised Heat Flows

In order to prove the following lemma, we introduce a minimal amount of tools related to
Fourier analysis for functions belonging to [L2(G n.4)1" . This is an adaptation of the contents
of [23, Section 2.3]. Set I, := h™'Gj.g = (—=L/2, —L/2+1,...,L/2 = 1,L/2 — 1}¢.
The discrete Fourier transform of vy, € [LZ(G n.d)1™ is the periodic function

9§ =h" Y vy FE Eel,

xeGpq

Furthermore, the function v, may be reconstructed as

o)=Y bE)E¥E xeGpa

sely

Lemma 14. Let ¢ (respectively, ¢r) be the solution to (14) with final datum (blT = ¢
(respectively, with final datum ¢2T = @), for some @1, 2 € CPTIHO yhere © is given
in (10). Let ¢y j, (respectively, ¢ ) be the solution of (15) with final datum q)lTh = Th91

(respectively, with final datum ¢2Th = Tp o). Assume the validity of Assumption FD1. Then,
fort < T, we have

16! — &} 4lln < CllgillcpnhPH, i=1,2, (73)
IVe! = Vil Il < Cligillcprah?Th, i=1,2, (74)
IVad) - Vadh , — Vo, - Vi1l < Cllgillcrrasolgalicpsaroh?, (75)

where C is independent of T.

Proof. WerecalltherelationN > L = 27/ h and definition I, = h_lGh,d ={-L/2,-L/2+

,...,L/2—-1,L/2 — l}d. It is easy to use the continuous and discrete backwards heat
equations (14)—(15) to deduce that the Fourier coefficients of (bf and q)f no b €11,2}, are

b/ &) = ﬁ /T gl(e VEdy = ~UFDT05@), gezd,  (76)

@ =ht 3 ¢l @e E = TPEOT DT 0y, fen. (77

xeGpq

for some functional P (&, &). As the discrete Laplacian Ay, is a (p+1)-th order approximation
of the true Laplacian with order p + 1, it is easy to see that

61272 P, &) < 1817 3m0 . (78)

Furthermore, since A}, is a symmetric finite difference operator, it is easy to see that P (%, d)
is nonnegative. This fact, together with the convexity of the exponential function (which in
turn implies the monotonicity of the ratio (¢* —e”)/(x — y) in either one of the two variables,
provided the other one is kept fixed) gives

‘e—(\EIZ/Z)(T—t) _ e—P(h@)(r—o‘ ‘e—(\EIZ/Z)(T—t) -1 .

< <
[(—(&12/2)+ Ph,©)(T —0)| —  (EP/DT —1)  ~ (EP/(T —1)
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and therefore

< (-5 +Pee) -0 D g,

B (€12/20(T = 1) B

o8/ (T =0 _ ,~PhE)T—1)

(79)
We can deduce that the discrete Fourier expansion of Ihq)f from (76) is
Thgl ) =Y | Y bl + L) | 8 =) Tppl6)e' 2, (80)
§el \zezd sy
where we have also used the fact that Z9 = Iy + L74. We deduce
~ — 2
1Zagf = 9LlE = 3 |6, ®) — Tudl (®)|
Selh
2
a6)(T7) (12 /2)(T— R _ 0T
< CZ e~ g1/ (T —1) Z GiE+Lzy) | —e P(hENT 1)¢Zh(5)
Eely zeZ4
2

+cY | Y (e—us\?/z)(T—t) _ e—<|s+Lz\2/2><T—z>> Gi(& + L2)
&ely |zeZ4\0

Since Zpp; = ¢iTh’ we carry on in and write

—OEI2 /) (T — 2
16} = 94l <€ Y [em(BFDI=0 _ PUOT-D Tg, g2
Eely
2

+CY | Y @i+ L)
Eely |ze7Z4\0

LR S (14 P T @)

el

+CY Y 1iE+ LA+ g+ LzHPT!
§ely \zeZd\0

<| > a4ig+Le?H P (81)
zeZ4\0

We estimate

D ULz P < Y@L < e YT 2D
z€Z4\0 z€Z4\0 z€Z4\0
< Ch2PtD),

where the final step is justified by
o0 00
12|~ 2P D gy — C(d)/ | 2D+ =g, o p=2p+D)+d " <o,
1

(82)

/]Rd\{zeRd z|>1}
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which is valid since 2(p + 1) > d, asd <3 and p > 1. We continue in (81) as
lg! — ! 417 < CH2PHD ™ (14 1827 T 6)1
&cly

+CRPPTD N G )12+ g1 P
tezd

< CH* PNl pit p + il cpir} < CH2 PV cpin,

and (73) is proved.
We adapt the arguments carried out so far and write

IVe! — Vil 117

— — 2
=C Y [ViTudl® - Vol @)

‘EEIh
) 2
76)(77 - TnIng
{6)¢ )CZ e EPDT=0 (S G 4 Lz) | = P EOT-0G, T 0,8
tel, ze74
2

ey Y (e—(|£\2/2>(<T—r) _ e—(|§+Lz|2/2)<T—r)> Vo +12)| . (83)
Eely |zeZ4\0

After simple algebraic rearrangements in (83), we get
IVe! — VgL, I

<cy ’e—(IE\Z/Z)(T—t) _ eP(h,sxT—r)’Z ‘Vﬁh\%(g)‘z

Eel
2
2 — _—
+c Yy }e—('ﬁ‘z/”(“’)‘ 3" Vi + L2) | — ViZpei(6)
sl ze74
2
+C Y Y Ve +Lo)|| =T+ T+ Ts (84)

Eely |ze74\0

The term 77 is estimated using (79), giving 77 < Chz(p‘*‘l)”go,' ||2C The term 7 is

p+2°
estimated by relying on (16), giving 7 < chp+h llo;i
fact that ﬁpi (E + Lz) = —i&¢; (€ + Lz) and write

“2CP+1' As for T3, we rely on the

=CY | Y 19iE+LoPA+E+ Lz PP
Eely \zeZ4\0

x| Do (+g+Lz)~@HD
zeZ4\0

82) ~
SCRPPED NS 1GiE + Lo P (1 + 1€ + LzHPT?

§ely \zeZ4\0
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< CRAPTD N g @ P+ 181972 < ChPP D il ez,
gezd

and (74) is proved. To prove (75), we write
|94} 1, 95, — V61 - Va3
= | (Vugts — v91) - Vush |+ | (uohs — voh) - voi| = a4 75

Now let ¢ be the solution to (15) with final datum ¢T =g¢e€ cl+o, If (15) admits a discrete
maximum principle, then

max {||V,¢! < ||V, Z, < .
te[(),T]{” 1P lloot < IViZhelloo < llgllet

If (15) does not admit a discrete maximum principle, then we rely on the Sobolev embedding
H* c CY, where s = d/2 + 1, and get

max {||V,¢! < d/2.
te[O,T]{” hoplloo} < @l c2+dr2

and the last two expressions can be summarised as

Vit = ; 85
max {1V} loo) < llgllcrso s5)

We focus on Ty. It is easy to see that

71 < |V} )~ Vot | IVl ploe = Cllorlerizloalicrron? .

The estimate for 75 is even more straightforward, and it reads

t t t 74 p+1
Ts < | Vidh ), — V95| 1V8l e = Cllelicpialionlich?",

and (75) is proved. ]

A.2 Stretched Exponential Moment Bounds for the Dean—Kawasaki Solution and
the Particle System

We compute the Itd differential of the quantities in (54).

Lemma 15. (Itd differential for moments S [J\, (Dean—Kawasaki model) and 71\5 (Brownian
particles)) Fix M € N, a multi-index j = (j1, ..., jp), and a set of test functions ¢ =

M
(@15, 9M) € [Cz] . Forany (k,1) € {1, ..., M}, denote by jkl the vector j with both
Jk and j; decreased by one unit (if k = 1, then ji is understood to be reduced by two units).

Foranyk € {1, ..., M}, denote by jk the vector j with ji decreased by one unit. Let py, be
as given in Definition FD-DK. We recall the following definitions

M M )
Sy @ . T.1t) = [ [ S§ @wom. T.t) = [ | {(on®). ¢}y 1)n — (010). 9 1)n}"
m=1 m=1

M M

T 1) i= [T 70 = [T {0 01 )~ i o]

m=1 m=1
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from Section 3.1. Then

A4Sy, (Tpo, T, 1)

m
=-N"'23" jnSl T, T Y (Fp®ef 1 Vil ndBy 0
m=1 .0

M , ,
1 Gk— )t o
+ N Y ST @, T o (00, Vi) - Vi ondt. (86a)
k=1

and

AT (9, T, 1)

M N
== inT (9. T,1) [N‘ > Ve, (wi(0) - dwka)}

m=1 k=1

k=1

Mo, . N
ety I g [N‘ > Vi w, ) Vo (u»(r))} dr.

r=1
(86b)

Proof. All differentials in this proof are with respect to the variable . We prove (86a) in
three steps.

Step 1: Case M = |j|1 = 1. We just need to compute the differential for (pj, (¢), ¢§ Wh—
(pn(0), d)? »)h- We use an LZ(Gh,d)—expansion and the It6 formula to deduce

d{(on 0. 8} 1 = (o). 67
=d ) (on(0), ex)n (@] . exon
P

= d[(en @), ex)n] @] exdn + Y (o), ex)nd(@] . exn
X X

1521 1 1
(L Z(EAphm,ex)h<¢§,h,ex>hdr+2(ph<t>,ex)h (—E(pi,h,ex)hdz
X X

— N2 (Fp )€, o0 Vbl )dB (.0
.0

NN (Fpwef o Vadh B0 (87)
(3,0

(13)_

Step 2: Case M = 1, |j|1 = j1 > 1. The It6 formula applied to composition of the function
z > zJ with the process (op, ¢1 1)) gives

a{on®. 65 o = or©.69 "

8 . _ e —
D N2j ST o, Tty Y (Fp 06y 4 Vi) )dBiy.0
.0
171G =1 oj-
+ NS 201 o) Y (e . Vi )t

.0
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=-N"2jSH e, 1,0 Y (Fprel | o Vgl 1)dBy.0
.0

o
1%2)511—2(@, .0 (0. Vil g, - Vil ndr. (88

+ N~

Step 3: Inductive step in the index M. Assume the validity of (86a) for some M, some

vector of exponents j, and some vector of functions ¢ = (¢1, ..., ). For an additional
test function ¢js4 1 with associated cardinality jjsy1, define j := (j, jy+1) and @ =
(@1, --.» ¢m+1). We use the 1td formula for the product of the two real-valued processes

SJJ\./(Ihq?, T,t) = H,A,:I:l Sim Zngm, T, 1) and SIM+1 Zhep+1, T, 1), namely
dS’ Tpe. T, 1) =d {S]J\./(Ih@ T,1)- Sim+1 (em+1.T, l)}
=d {51{,(1;167 T, t)} SME (Tygpri. T 1)

+ 8] (@, T, DASMH Typpr 11, T, 1)

+ <31{;(1h¢, T,1), M (Tygpr1. T, t)>,

and take (88) and the inductive hypothesis into account, thus getting

dS’ (T, T, 1)

M m .
=N juSh @ T.OSM Do, T, 1) Y (Fp0)ef, 4. Vil 1)ndBy.c
m=1 5.0

M ks by
_ Gk = 8Dt G~ ;
+N Y TSy @@, TS Tugm1, T, D0y (0, Vil - Vad) j)ndt
k, =1

= N2 Sy @ T.OSMH ™ Thoy 1. T.1) Y (Fp()eh o Viadhy i1 1B
(y,0)

‘ vt — 1

LN Jm+1(m+1 — 1)
2

X (05 (), Vs 1 - VB p)ndt.

SL (T, T, DS 2 (Tygp i1, T, 1)

M . & .
+N7! Z WSKI @i T.OSM " (Tyop g1, T, 1)

m=1

X (o5 (), Vil gy - Vi@l )ndt,

which is as prescribed by (86a). The proof of (86b) is analogous, and we omit it.
[m]

Lemma 16. Let ¢ solve the heat equation (14), with final datum T = ¢ andt < T. Let py,
be as given in Definition FD-DK. For any 2 < j € N, we have

jr
IE[S Tho, T, 1 f']< IN'TC(d, prars P Vaol |12 i3,

max. |SN Zne ) _{ (d, pmax pmm)tgg&);]{ll nPp oot J
(89)
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Proof. 1t is a straightforward task to modify the computations in (88) by replacing the map
2+ zJ with the map z — |z|/. As a result, we get
dISy Zng. T, )l

= —N"'"2jISN e, T. O (1 = 28, 0. 7.0<0) D, (Fp()ef 1. Vad})dBiy.0)
.0

”(J—BN(IW,T D20, (0), Vadly - Vadh)ndt.

+ N~
Taking the expected value, we obtain

dE [|Sy (Zuep. T DI |

-1/G =D
=N"!
2

E[ISy @ig, T 01 (0 (). Vi - Vadin | dr

L /G- 1UD/G-D)
< NG = DE[|(o 0. Vidh - Vi), ] E ISy @, Tl ] ar

o o 1/G=D - 1G=2/G-D
= NG = DIV IZE [l ol B [1sw @i, o0V ] d

(65)

1.4, . . 1U=2/G=D
= 2NV = DAV} 12C (@, pmins pa) B [1Sw T, T, 017! dt

(90)

Taking the supremum in time, (90) promptly implies
max E[ISy(Zug, T, 0l | < {2N—1Tc<d,pm,-n, pmax)  max. ]{nvmzn%o}}

tel0,T]
(G-2/G-1
) i—1
E||Sy (Zho, T, 1)) )
X j (ter?&g] [I N Zne ) D
©On

We prove (89) by induction on j. The case j = 2 is easily settled. Now take j > 2 and
assume the validity of (89) for j — 1. We use (91) and close off the proof by the estimate

max IE[|SN(Ih<p,T r)|/]
t€[0,7T]

(91)
{21\’ TC, pmzn’pmax) L {IIVh¢h|| }}

i=2
Jj—1

-0 i—1
E||SxyZho, T, )|’
X J (zé?oa,xr] [I N o )| ])
< {2N—1Tc (d, Pmins Pmax) tér[l&>;]{||vh¢,z||§o}}

(=2)/2 .
} JOG =13

—1 2
X{ZN Tc(d’/)minspmax)[é?&’%]{||vh¢;,||oo}

e
= {2N7]TC (d, Pmin> Pmax) max {IIVh¢f,||<2>o}= JSJ
1€[0.T]
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Corollary 17. Let © be as in (10). Let py, be as given in Definition FD-DK. Given a jndex

M
J=Ut,..., jm)with|jl1 = jand a set of test functions ¢ = (¢1,...,9p) € [CH'@]
we have
J —1 J . j Jm
max E[|7{ . T.0|] < (V1) (,,[[1 ||V<pm||oo), (92)
max E (|8} The. 7.0|] < (2N7'TC @. pwin. pma)) (]‘[ ol ’Cm@)‘
(93)

Proof. Lemma 16 and a multifactor Holder inequality promptly give the inequality

2 B[S e 7.0

. M
_ J/Z. . .
= NT'TC @ pmins om0 TT max (1946, oo}
oy (€107

Inequality (93) is then proved by using (85).
Inequality (92) may be deduced from adapting (90). Namely, using the Itd formula and the
maximum principle for the continuous heat equation, we get

N
E[ITye. T.0l | = N7'j(j = DE [UN«D, TP (N—‘ ) |V¢<wk(z>>|2>} dr

k=1
i 110=20=D
= N7V = DIV IZE [1Tv (e, 7,01 dr.
- 16U=20G=-D
= NG = DIVOILE[Tate. TP~ dr.(94)

We deal with (94) using the same induction argument deployed for (91), and (92) is proved,
again following a multifactor Holder inequality. O

Appendix B: Finite Element Discretisations

B.1. Notation

For h > 0, we split ']I‘d, d = 2,3, according to a standard admissible triangulation 7},
namely T = Uk <., K, where h bounds the diameter of each polyhedron K. We assume
the triangulation to be regular and quasi-uniform (see [15, Chapter 1, Definition 1.30] or
[35, Section 3.1]). For p € N, let X f: be the space of continuous finite elements of order p
defined on the triangulation .7},. Furthermore, let R, be the Ritz operator [34, (5)]. Finally,
the symbol || - || (respectively, (-, -)) denotes the standard L%-norm (respectively, the standard
L2%-inner product).

B.2. Assumptions and Dean—Kawasaki Model

Assumption FE1. (Brownian particle system) This is the same as Assumption FD2, but
with the interpolation operator 7, replaced by the Ritz operator R,.
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Assumption FE2. (Scaling of parameters) This is the same as Assumption FD3.

Assumption FE3. (Mean-field limit) The solution to the discrete heat equation

{3z(ﬁha I ==5(Von.-Vfn). VineXh. (95)
,0) = P0,h>

is such that p,,i,, < P < Pmax (Where p,,i, and pmax have been introduced in Assump-
tion FE1) for all times up to 7' (where T has have been introduced in Assumption FE2).

‘We now introduce our finite-element discretisation of the Dean—Kawasaki equation (1).

Definition FE-DK. (Finite element Dean—Kawasaki model of order p + 1) We say that the
X ,l: -valued process pp, solves a (p + 1)-th order finite element Dean—Kawasaki model if it
solves

{dw, )= =3 (Von. VI dt = N“V2W o S, Vi€ X (g
01 (0) = 001>

where N~/ QW(p}Jlr, e;) is a real-valued martingale with quadratic variation given by

(N2t 01, 010, NP 0. 620) = N (0 00,910 - To2)
N

Remark 18. Unlike in the finite-difference case, we can only provide an explicit representa-
tion of the Dean—Kawasaki noise in the case p = 1. This is due to the fact noise is nonlinear,
and only preserves piece-wise constant functions (these being gradients of test functions in
X f , p = 1). We are not aware of any finite-dimensional representation of the martingale

term N~1/2W(p;F, ¢;) in (96) in the case p > 1.
‘We now present the finite element counterparts of Theorems 2-3.

Theorem 19. (Accuracy of description of fluctuations by the finite element discretised
Dean—Kawasaki model of order p 4+ 1 € N) Assume the validity of Assumptions FE1-FE2.
Let py, be the solution of the discretised Dean—Kawasaki model given in Definition FE-DK
on the time interval [0, T]. Set

_ 1+l ifp=1,
vy () "{1, ety (98)

Then, for any j € N, the discrete Dean—Kawasaki model FE-DK captures the fluctuations
of the empirical measure u!N in the sense that, forany T = (Tq, ..., Ty) € [0, T with
0<Ty <--- < Ty, the following inequality

N
Jra on(T)Rpp1dx (g 1)
d_qj-1) | N'/? : LN :
Jra o (Tas) Ruomdx (1, om)

12
< CWM, p, j. @llyp+i+doos Pmins Pmaxs T)E |: Sgp “Ph_(t)”%:|
tel0,T]

+CM, p. j. @l yptits.oo: Pmin: Pmax. TIv (AP T

+ CM, p, j, 19llyp+i+3.00s Omins Pmaxs TIN I/
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=: Errpeg + Ertpym + Errfluct,rel

holds for any @ = (g1, ..., oy) € [WPHH3MINM sych that || gm |2 = 1 for all
m=1,...,Mand f’ﬂ‘d ¢rpidx = 0 whenever Ty = T;. Finally, we have the bound

1/2
E[ sup ||ph<r)||i} < CE(N, h),
1€[0,T]

where E(N, h) has been defined in (11).

Theorem 20. (Estimates on the error for stochastic moments) In the same setting of Theo-
rem 19, fix times T = (T1, ..., Ty) € [0, M, avector j = (j1, ..., jym) with j :=|jl1,
and a vector ¢ = (@1, ..., pp) € [WPTIT200M

Then the difference of moments between py, and the empirical density uN (2) reads

E l_[ N1/2 (,Oh(Tm) —E [on (Tm)])Rh(pmdx
Td

m=1

_E|:l_[ [Nl/2 [Mﬂn]’¢m>]jmi|

M
<{C(C + pmax)}? []_[ q(Tn )fm/z} jC1+C

m=1

1/2
[1‘[ llom |§Vw} { sup ||p,:(t>||%]
tel0,7T]

m=1

M
+ PR (C(C + prar)V? [1‘[ q(Ty )W} ARANS [1‘[ leomll s x}

m=1 m=1

= Errneg + Ertyum, (99)

for some positive constants C, Cq, ..., Cyq independent of j, h, N, and T, where q is a
polynomial vanishing at 0, and where we have the bound

1/2
E[ sup ||p,:<r>||%} < CE(N, h),
t€l0,T]

where E(N, h) has been defined in (11).
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