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Abstract

We derive optimal-order homogenization rates for random nonlinear elliptic
PDEs with monotone nonlinearity in the uniformly elliptic case. More precisely,
for a random monotone operator on R? with stationary law (that is spatially homo-
geneous statistics) and fast decay of correlations on scales larger than the microscale
& > 0, we establish homogenization error estimates of the order ¢ in case d = 3,
and of the order ¢| log |!'/? in case d = 2. Previous results in nonlinear stochastic
homogenization have been limited to a small algebraic rate of convergence °. We
also establish error estimates for the approximation of the homogenized operator
by the method of representative volumes of the order (L/¢)~?/? for a represen-
tative volume of size L. Our results also hold in the case of systems for which a
(small-scale) C1¢ regularity theory is available.
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1. Introduction

In the present work, we establish quantitative homogenization results with op-
timal rates for nonlinear elliptic PDEs of the form

~V  (As(x,Vup)) = f  inR% 1)

where A, is a random monotone operator whose correlations decay quickly on
scales larger than a microscopic scale ¢. For scalar problems and also certain sys-
tems, we obtain the optimal convergence rate O (¢) of the solutions u, towards the
solution upom of the homogenized problem

~V - (Ahom(Vithom)) = f inRY @)

in three or more spatial dimensions d = 3. In two spatial dimensions d = 2, we
obtain the optimal convergence rate O (¢|loge|'/?) upon including a lower-order
term in the PDEs (1) and (2).

Our results may be seen as the optimal quantitative counterpart in the case of
2-growth to the qualitative stochastic homogenization theory for monotone systems
developed by Dal Maso and Modica [17,18], and as the nonlinear counterpart of
the optimal-order stochastic homogenization theory for linear elliptic equations
developed by Gloria and Otto [32,33] and Gloria, Otto, and the second author
[30,31]. Just like for [17,18], a key motivation for our work is the homogenization
of nonlinear materials.
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In the context of random materials, the first — and to date also the only —
homogenization rates for elliptic PDEs with monotone nonlinearity were obtained
by Armstrong and Smart [9], Armstrong and Mourrat [ 7], and Armstrong, Ferguson,
and Kuusi [2] in the form of a small algebraic convergence rate £° for some § > 0.
The optimal convergence rates derived in the present work improve substantially
upon their rate: we derive an error estimate of the form

C(f)e'’? ford =1,
|l — tnomllLr®dy < {C(f) elloge|'/? ford =2, (3)
C(fHe ford = 3,

with p = % ford 2 3,and p = 2 ford = 1, 2. However, in contrast to the works
of Armstrong et al. we make no attempt to reach optimal stochastic integrability:
in our homogenization error estimate the random constant C( f) in (3) has bounded
stretched exponential moments in the sense

fon((2)]

for some universal constant v > 0 (which is in particular independent of the right-
hand side f) and for some constant C(f) = C(|| f||.1, || f]|a+1). In comparison,
the homogenization error estimates for linear elliptic PDEs with optimal rate in [4,
34] establish (essentially) Gaussian stochastic moments E[exp(|C s/ C(f, i) |2’“)]
< 2 for any > 0. Likewise, the homogenization error estimates for monotone
operators with non-optimal rate % of [2,7,9] include optimal stochastic moment
bounds.

Before providing a more detailed summary of our results, let us give a brief
overview of the previous quantitative results in nonlinear stochastic homogeniza-
tion. The first —logarithmic — rates of convergence in the stochastic homogenization
of a nonlinear second-order elliptic PDE were obtained by Caffarelli and Sougani-
dis [15] in the setting of non-divergence form equations. Subsequently, a rate of
convergence £° has been derived both for equations in divergence form and non-
divergence form by Armstrong and Smart [8,9] and Armstrong and Mourrat [7].
In the homogenization of Hamilton-Jacobi equations, a rate of convergence of the
order ¢'/8 has been obtained by Armstrong, Cardaliaguet, and Souganidis [6]. For
forced mean curvature flow, Armstrong and Cardaliaguet [1] have derived a con-
vergence rate of order £!/%0. These rates of convergence are all expected to be
non-optimal (compare, for instance, the result for Hamilton-Jacobi equations to the
rate of convergence ¢ known in the periodic homogenization setting [37]).

To the best of our knowledge, the present work constitutes the first optimal-order
convergence results for any nonlinear stochastic homogenization problem. How-
ever, we are aware of an independent work in preparation by Armstrong, Ferguson,
and Kuusi [3], which aims to address the same question. In contrast to our work
— which is inspired by the approach to quantitative stochastic homogenization via
spectral gap inequalities of [30—33] — the upcoming work [3] relies on the approach
of sub- and superadditive quantities of [2,4,9]. Nevertheless, both our present work
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and the approach of [2,3] use the concept of correctors for the linearized PDE, see
Sect. 3 for details.

Before turning to a more detailed description of our results, let us briefly com-
ment on the theory of periodic homogenization of nonlinear elliptic equations. A
quantitative theory for the periodic homogenization of nonlinear monotone opera-
tors has recently been derived by Wang, Xu, and Zhao [44]. A corresponding result
for degenerate elliptic equations of p-Laplacian type may be found in [43]. In the
periodic homogenization of polyconvex integral functionals, the single-cell for-
mula for the effective material law (which determines the effective material law by
a variational problem on a single periodicity cell) may fail [12,26], a phenomenon
associated with possible “buckling” of the microstructure. A related phenomenon
of loss of ellipticity may occur in the periodic homogenization of linear elastic-
ity [14,24,35,36]. Note that polyconvex integral functionals occur naturally in the
framework of nonlinear elasticity [11]; however, their Euler-Lagrange equations
in general lack a monotone structure. Nevertheless, in periodic homogenization of
nonlinear elasticity the single-cell formula is valid for small deformations [40,41],
and rates of convergence may be derived.

1.1. Summary of Results

To summarize our results in a continuum mechanical language, we consider the
effective macroscopic behavior of a nonlinear and microscopically heterogeneous
material. We assume that the behavior of the nonlinear material is described by the
solution 1, : RY — R™ of a second-order nonlinear elliptic system of the form

-V (As(xv vue)) =f

for some random monotone operator A, : R? x R”*¢ — R™*4 with correlation

length ¢ and some right-hand side f € Ld% (RY; R™). We further assume that
the random monotone operator A, is of the form A, (x, £):=A(w¢(x), &), where
w, is a random field representing the random heterogeneities in the material; for
each realization of the random material (that is each realization of the probability
distribution), w, selects at each point x € R? a local material law A(we(x), ) :
R™*d _ R™*d from a family A of potential material laws. Under some suitable
additional conditions, the theory of stochastic homogenization shows that for small
correlation lengths ¢ < 1 the above nonlinear elliptic system is well-approximated
by a homogenized effective equation. The effective equation again takes the form
of a nonlinear elliptic system, however now with a spatially homogeneous effective
material law Apom @ R"™*¢ — R”*4 Tt is our goal to provide an optimal-order
estimate for the difference of the solution u, to the solution upom of the effective
equation

-V. (Ahom(vuhom)) = f,

as well as to give an optimal-order error bound for the approximation of the effective
material law Apom by the method of representative volumes.



Optimal Homogenization Rates in Stochastic Homogenization 347

To be mathematically more precise, we consider a random field taking values
in the unit ball of a Hilbert space w; : Q x RY > HN By and a family of
monotone operators A : (HN By) x R™*4 — R”*4 indexed by the unit ball of this
Hilbert space. We then define a random monotone operator A, (x, -):=A(wg(x), -)
by selecting a monotone operator from the family A at each point x € R according
to the value of the random field w, (x). Note that the property of w, being Hilbert-
space valued is not an essential point and just included for generality: Even the
homogenization for a scalar-valued random field (and correspondingly a single-
parameter family of monotone operators A : (R N By) x R”*4 — R”*4) would
be highly relevant and just as difficult, as it could describe for example composite
materials.

The conditions on the random field w, and the family of monotone operators
A are as follows:

e We assume spatial statistical homogeneity of the material: The statistics of
the random material should not depend on the position in space. In terms of
a mathematical formulation, this assumption corresponds to stationarity of the
probability distribution of w, under spatial translations.

o We assume sufficiently fast decorrelation of the material properties on scales
larger than a correlation length ¢. In terms of a mathematical formulation, we
make this notion rigorous by assuming that a spectral gap inequality holds.
More precisely, we shall assume that w, itself is a Hilbert-space valued random
field on R? which satisfies a spectral gap inequality and on which the random
monotone operator A, depends in a pointwise way as A.(x, §):=A(w.(x), &),
where the map A : (HN By) x R™*4 — R™*4 i5 continuously differentiable
and Lipschitz and where ¢ A is continuously differentiable and Lipschitz in its
first variable.

e We assume uniform coercivity and boundedness of the monotone operator in
the sense that (A(w, &) — A(w, &) : (& — &) = A& — $1|2 as well as
|A(w, &) — A(w, &) < Alg — &| hold for all £1,& € R"™ ¢ and every
w € HN Bj for suitably chosen constants 0 < A < A < o0.

e For some of our results, we shall impose an additional condition, which essen-
tially entails a C1® regularity theory for the equation (1) on the microscopic
scale . Namely, we shall assume Lipschitz continuity of the random field w,
on the e-scale with suitable stochastic moment bounds on the local Lipschitz
norm and a uniform bound on the second derivative 8§A, along with one of the
following three conditions:

— Our problem consists of a single nonlinear monotone PDE, that is m = 1.

— We are in the two-dimensional case d = 2.

— Our system has Uhlenbeck structure, that is the nonlinearity has the structure
A(w, &) = p(w, |E]*)& for some scalar function p, and the same is true for
the homogenized operator.

Under these assumptions, we establish the following quantitative stochastic ho-
mogenization results with optimal rates for the nonlinear elliptic PDE (1).

e The solution u, to the nonlinear PDE with fluctuating random material law (1)
can be approximated by the solution u#pom to a homogenized effective PDE of



348 JULIAN FISCHER & STEFAN NEUKAMM

the form (2). In case d = 2 or d = 1, we include a lower-order term in the
PDEs, see Theorem 4. The homogenized effective material law is given by a
monotone operator Apom : R”*¢ — R”*4 which is independent of the spatial
variable x € R? and satisfies analogous uniform ellipticity and boundedness
properties. The error u — upom is estimated by

C(f)e ford = 3,
|l — homllLrway < {C(f) elloge|'/? ford =2,
C(f)el/? ford =1,

with p and C(f) as in (3). Without the additional small-scale regularity as-
sumption, we still achieve half of the rate of convergence &'/ for d > 3,

e!2|loge|'/* ford = 2, and e3 ford = 1, respectively — a result that we also
establish for the Dirichlet problem in bounded domains.

e The homogenized effective operator Apom may be approximated by the method
of representative volumes, and this approximation is subject to the following
a priori error estimate: If a box of size L = ¢ is chosen as the representative
volume, the error estimate

—d/2
| Afom (&) — Ahom(§)| < C(L, §)(1 + |$|)C|5|<§)
holds true forevery £ € R”*¢ where Aﬁg’rﬁ denotes the approximation of Apom
by the method of representative volumes and where again C(L, &) denotes a
random constant with bounded stretched exponential moments (independent of
L, &, and ¢). The systematic error is of higher order

d+2
log —
€

’

L —d
IE[ARYE#)] — Apom(®)| < C(1 + |s|>c|é|<;)

at least in case d < 4 (which includes the physically relevant cases d = 2 and
d = 3). Without the additional small-scale regularity assumption, we achieve

almost the same overall estimate | ARVE (£) — Apom (§)| < C(L, £)|§|(L /&) =4/

(log %)C, but not the improved bound for the systematic error.

Note that the rates of convergence ||uz — unom||j24/@-» =< Ce in case d = 3
respectively ||ug — upomllz2 < Ce|loge|'/? in case d = 2 coincide with the
optimal rate of convergence in the homogenization of linear elliptic PDEs, see
for example [4,30,31,34]. Similarly, the rate of convergence for the representative
volume approximation |Aﬁgrﬁ(§ ) — Ahom ()| £ C(L /8)_d/ 2 coincides with the
corresponding optimal rate for linear elliptic PDEs, as does (essentially) the higher-
order convergence rate for the systematic error. As linear elliptic PDEs may be
regarded as a particular case of our nonlinear PDE (1), our rates of convergence are
optimal.

Beyond the scope of the present paper — but subject of current ongoing work
by various authors, and building in parts on the results of the present work — are
problems like describing the fluctuations in solutions to random nonlinear elliptic
PDEs or the quantitative homogenization of nonlinear elliptic PDEs with p growth
in the case p # 2.



Optimal Homogenization Rates in Stochastic Homogenization 349

1.2. Examples

To illustrate our results, let us mention two examples of random nonlinear
elliptic PDEs and systems to which our theorems apply, as well as an important
class of random fields w, which satisfy our assumptions.

We first give an example for the random field w,. Let 6 : RF — RK N By be
any Lipschitz map taking values only in the unit ball. Let ¥, : RY — RF be any
stationary Gaussian random field whose correlations decay sufficiently quickly in
the sense that

1

|COV [Yg(-x)v Ys()’)]| N

for some 8 > 0. Set H:=R¥. Then the random field w, : R — H defined by
we (x):=0(Ye(x))

satisfies a spectral gap inequality with correlation length ¢ in the sense of Defini-
tion 16; for a proof see for example [20]. As stationarity is immediate, any such w,
satisfies our key assumptions on the random field (P1) and (P2) stated in Sect. 2.1
below. Note in particular that the spectral gap assumption allows for the presence of
(sufficiently quickly decaying, namely integrable) long-range correlations. Typical
realizations for two such random fields are depicted in Fig. 1.

To state the first example of a random monotone operator satisfying our assump-
tions, consider any two deterministic spatially homogeneous monotone operators
Ayt Rmxd 5 Rmxd gpd A, - R™%4 — R™*4 gubject to the ellipticity and Lip-
schitz continuity assumptions (A1) and (A2). Furthermore, consider any random
field w, : RY — [0, 1]. Then the operator

A (x, §):=we (x)A1(§) + (1 — we(x))A2(8)

satisfies our assumptions (A1)—(A3). Note that this operator corresponds to the
PDE

V(@041 (Vi) + (1 = 0 () A2 (Vi) ) = f.

The additional small-scale regularity assumption (R) is satisfied whenever the op-
erators Aj and A, have uniformly bounded second derivatives, the random field w,
is regular enough, and one of the three following conditions holds: The equation is
scalar (m = 1), the spatial dimension is at most two (d < 2), or both A| and A as
well as the homogenized operator Apom are of Uhlenbeck structure.

As a second simple example of a monotone operator, consider for any random
field w, : RY — [0, 1] the operator

1+&1?

Ae(x, 5)5:1 +(1+ we(X))|‘§|2§.
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Fig. 1. Typical realizations of random fields obtained by applying a nonlinear map pointwise
to a stationary Gaussian random field with only short-range correlations (left), respectively
to a stationary Gaussian random field with barely integrable correlations (right)

This satisfies our assumptions, possibly with the exception of the additional regu-
larity condition (R). Note that this operator corresponds to the PDE

1+ |Vul?
-Vv. ¢Vu = f.
1+ e (x)|Vul?
The additional small-scale regularity assumption — stated in (R) below — is satisfied

in the scalar case m = 1 as well as in the low-dimensional case d < 2, provided
that the random field w, is sufficiently smooth on the microscopic scale €.

1.3. Notation

The number of spatial dimensions will be denoted by d € N. For a measurable
function u, we denote by Vu its (weak) spatial derivative. For a function of two
variables A(w, §), we denote its partial derivatives by d,, A and d¢ A. For a function
f :RY — R, wedenote by ; f its partial derivative with respect to the coordinate i.
For a matrix-valued function M : R? — R”*4 we denote by V - M its divergence
with respect to the second index, thatis (V - M); = Z?=1 i M;;.

Throughout the paper, we use standard notation for Sobolev spaces. In particu-
lar, we denote by H L(RY) the space of all measurable functions u : RY — R whose
weak spatial derivative Vu exists and which satisfy ||u||g1:=
(fRd lu|?> + |Vu|?dx)'/? < oo. Similarly, we denote by H'(R?; R™) the space
of R™-valued vector fields with the analogous properties and the analogous norm.
For d = 3, we denote by H'(RY; R™) the space of all measurable functions u with
[ull g :=(fRd |Vu|> dx)'/2 +||u| |1 2d/@-2) < 00.By HILC(JR") we denote the space
of all measurable functions u : RY — R for which all restrictions u | 5, to finite balls
(0 < r < o0) belong to H(B,). Forabox [0, L4, we denote by leer([O, L]d) the
closure in the H1 ([0, L]d ) norm of the smooth L-periodic functions. By HulloC (Rd),
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we denote the space of measurable functions u whose weak derivative Vu exists
and which satisfy the bound ||u||Hulloc:= SuprRd(fBI(x) [Vul? + |u? di)'/? < .

In order not to overburden notation, we shall frequently suppress the dependence
on the spatial variable x in many expressions, for instance we will write A (w;, &) or
A(wg, Vu) instead of A(wg (x), &) respectively A(wg(x), Vu(x)). By an expression
like 0¢ A(w, §)E, we denote the derivative of A with respect to the second variable
at the point (w, &) evaluated in direction E. Similarly, by 9,0¢ A(w, §)6w& we
denote the second mixed derivative of A with respect to its two variables at the
point (w, &) evaluated in directions Sw and E. We use notation like §F or Sw,
to indicate infinitesimal changes (that is differentials) of various quantities and
functions.

For two numbers a, b € R, we denote by a A b the minimum of @ and b. We
write a ~ b to indicate that two constants a, b € (0, oo) are of a similar order of
magnitude. For amatrix M € R"*¢ we denote by | M |:= Zi’j | M;; |2 its Frobenius
norm. By Rkaeglv we denote the set of skew-symmetric matrices of dimensiond x d.

By B, (x) we denote the ball of radius r centered at x. By B, we will denote
the ball of radius r around the origin. For two sets A, B C R4 and a point x € R4,
we denote by A+ B:={a+ b : A € A, b € B} their Minkowski sum, respectively
by x + A the translation of A by x. By H we will denote a Hilbert space; we will
denote its unit ball by HN Bj.

By C and ¢ we will denote — typically large respectively typically small — non-
negative constants, whose precise value may change from occurrence to occurrence
but which only depend on a certain set of parameters. For a set M, we denote by
fiM the number of its elements.

We write w, ~ P to indicate that a random field w; is distributed according to
the probability distribution IP. For two random variables or random fields X and Y,
we write X ~ Y to indicate that their laws coincide.

Whenever we use the terms “coefficient field” or “monotone operator”, we shall
implicitly assume measurability.

2. Main Results

Before stating our main results and the precise setting, let us introduce the
key objects in the homogenization of nonlinear elliptic PDEs and systems with
monotone nonlinearity. To fix a physical setting, we will here give an outline of
the meaning of the objects in the context of electric fields and associated currents.
However, a major motivation for the present work — and in particular for the choice
to include the case of nonlinear elliptic systems — stems from the homogenization
of nonlinear elastic materials. While in this context the monotone structure is lost
[11], it may be retained for small deformations [16,25,40,41,45]. A corresponding
result in the context of stochastic homogenization will be established in [21]. The
homogenization of monotone operators may also be viewed as a simple but neces-
sary first step towards a possible quantitative homogenization theory for nonlinear
elastic materials for larger deformations.
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In the context of electric fields and currents, we are concerned with a scalar
equation (that is m = 1); the functions u and upom in (1) and (2) correspond (up
to a sign) to the electric potential in the heterogeneous material respectively in the
homogenized picture. Their gradients Vu respectively Vupom are the associated
electric fields. The monotone functions A(w,(x), &) and Apom (&) comprise the
material law and describe the electric current created by a given electric field &.
Note that in contrast to existing optimal results in stochastic homogenization, the
material law may be nonlinear in &. Finally, the PDEs (1) and (2) correspond to
prescribing the sources and sinks of the electric current.

The central object in the quantitative homogenization of elliptic PDEs is the
homogenization corrector ¢g, which in our context is an R -valued random field on
R4, It provides a bridge between the microscopic (heterogeneous) and the macro-
scopic (homogenized) picture: For a given constant macroscopic field gradient
£ € R™*4_the corrector ¢¢ provides the correction yielding the associated micro-
scopic field gradient § 4+ V. The corrector ¢; is defined as the unique (up to a
constant) sublinearly growing distributional solution to the PDE

—V (A £ + Vi) = 0; )

see Definition 1 for the precise definition. Note that a priori, similarly to the linear
elliptic case, the existence and uniqueness of such a solution is unclear. In the
setting of our main results, by our choice of scaling the corrector ¢ is expected
to display fluctuations on the length scale ¢ with typical gradients of the order
Ve | ~ |&|; furthermore, in case d = 3 the typical magnitude of the corrector is
of order |¢g| ~ |&]e.

The effective (homogenized) material law Apom (see Definition 1 for the precise
definition) may be determined in terms of the homogenization corrector: In prin-
ciple, at each point x € RY the microscopic material law A(w;(x), -) : R"*? —
R™*d agsociates a current A(wg (x), &) to a given electric field &.; likewise, the
effective macroscopic material law Apom(-) : R”*4 — R™*4 associates a cur-
rent Apom(€) to a given macroscopic electric field £. As the macroscopic current
corresponds to an “averaged” microscopic current, the macroscopic material law
should be obtained by averaging the microscopic flux. More precisely, the homog-
enization corrector ¢ associates a microscopic electric field & + Vg to a given
macroscopic electric field &; therefore the macroscopic current Apom (€) should be
given by the “average” of the microscopic current A(w;, § + V). In our setting,
due to stationarity and ergodicity “averaging” corresponds to taking the expected
value at an arbitrary point x € R? (and we will suppress the point x € R¢ in the
notation). In other words, we have

Anom(§) = E[A(w. & + V)] = lim ]i A(@¢(x). & + Ve (x)) dx.

Our main results on the quantitative approximation of the solution u, to the
nonlinear elliptic PDE with randomly fluctuating material law

=V . (A(we, Vue)) = f
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by the solution upom to the homogenized equation
=V - (Ahom(Vunom)) = f

are stated in Theorem 2 and Theorem 4 in the case of the full space R¢. The case
of a bounded domain — however with a lower rate of convergence — is considered
in Theorem 7.

Our second main result — the error estimates for the approximation of the ef-
fective material law Apom by the method of representative volumes — is stated in
Theorem 14 and Corollary 15.

2.1. Assumptions and Setting

We denote by d € N the spatial dimension and by m € N the system size; in
particular, the case m = 1 corresponds to a scalar PDE. Let L and A, 0 < A =
A < o0, denote ellipticity and boundedness constants. Let H and H N B; denote a
Hilbert space and the open unit ball in H, respectively. We denote by

A:H x Rm*d 5 pmxd

a family of operators, indexed by a parameter in H. We require A to satisfy the
following conditions:

(A1) Each operator A(w, -) in the family is monotone in the second variable in
the sense

(A0, &) — A, &) - (&2 — &) Z A& — &
for every parameter w € H and all &, & € R"*4,
(A2) Each operator A(w, -) is continuously differentiable in the second variable
and Lipschitz in the sense

|A(w, &) — Ao, §D)] = Al — &1

for every parameter w € H and all &1, &, € R™*4 | Furthermore, we have
A(w, 0) = 0 for every parameter v € H.

(A3) The operator A(w, &) and its derivative d¢ A(w, &) are continuously differ-
entiable in the parameter w with bounded derivative in the sense

10w A(@, E) = AlE],  [0,0:A(@,§)] = A,

for every w € H and all £ € R™*d_Here, dw and g denote the Fréchet
derivative with respect to the first variable and the partial derivative with
respect to the second variable, respectively. Furthermore, | - | denotes the
operator norm on H — R”*? and H x R"™*4 — R™*4 respectively.
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Throughout our paper, we will reserve the term parameter field for a measurable
function @ : RY — H N By. With help of the operator family A, we may associate
to each parameter field @ a space-dependent monotone material law R? 3 x
A(@(x), -). We denote the space of all parameter fields by € and equip R with
the L llnc (R4; H) topology. We then equip the space of parameter fields 2 with a
probability measure P and write w, : R? — HN By to denote a random parameter
field sampled with PP.

It will be our second key assumption that the probability measure [P describes
a stationary random field with correlation length ¢ (which is also the reason why
we include the index “¢” in our notation). To be precise, we impose the following
conditions on P:

(P1) P is stationary in the sense that the probability distribution of w.(- + y)
coincides with the probability distribution of w,(-) for all y € R?. From
a physical viewpoint this corresponds to the assumption of statistical spa-
tial homogeneity of the random material: While each sample of the random
material is typically spatially heterogeneous, the underlying probability dis-
tribution is spatially homogeneous.

(P2) P features fast decorrelation on scales 2 ¢ in the sense of the spectral
gap assumption of Definition 16 below. Here, and throughout the paper
0 < & < 1is fixed and denotes the correlation length of the material. Note
that this corresponds to a quantitative assumption of ergodicity by assuming
a decorrelation in the coefficient field w, on scales = ¢.

Under the previous conditions homogenization occurs (in fact (P2) can be weakend
to qualitative assumption of ergodicity). In particular, we may introduce the cor-
rector of stochastic homogenization and define a homogenized monotone operator
(that is a homogenized material law) Apom as follows. Note that we suppress the
(implicit) dependence of quantities like the corrector ¢¢ on the correlation length
¢ in order to not overburden notation.

Definition 1. (Corrector and homogenized operator). Let the assumptions (A1l)-
(A3) and (P1)-(P2) be in place. Then for all § € R”*4 there exists a unique
random field ¢¢ : Q x RY — R™ called the corrector associated with &, with the
following properties:

(a) For [P-almost every realization of the random field w, the corrector ¢ (we, -)
has the regularity ¢ (e, ) € HILC(Rd; R™), satisfies fBl ¢g(wg, ) dx = 0,
and solves the corrector equation (4) in the sense of distributions.

(b) The gradient of the corrector V¢ is stationary in the sense that

Ve (we, - +y) = Ve (we (- + y),-) almost everywhere in R?

holds for P-almost every w, and all y € R¢.
(c) The gradient of the corrector Vg has finite second moments and vanishing
expectation, that is

E[Vg:] =0, E[|[Vgel*] < 0.
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(d) The corrector P-almost surely grows sublinearly at infinity in the sense
lim — 7[ e (e, x)|> dx = 0.
oo R* Jpg

Moreover, for each £ € R”™*¢ we may define

Anom(§):=E[A(we, & + V¢e)], ®)

where the right-hand side in this definition is independent of the spatial coordinate
x. The map Apom : R"*?4 — R”™*4 is called the effective operator or the effective
material law.

We shall see that the homogenized material law Apoym @ R™ xd _, Rmxd
defined by (5) inherits the monotone structure from the heterogeneous material law
A(wg, +), see Theorem 11 below.

For some of our results we will assume that the following microscopic regularity
condition is satisfied. Note that the condition essentially implies a small-scale C'1-¢
regularity theory (thatis a C+* theory on the ¢ scale) for the heterogeneous equation
and a global C* regularity theory for the homogenized (effective) equation.

(R) Suppose that at least one of the following three conditions is satisfied:

— The equation is scalar (that is m = 1).

— The number of spatial dimension is at most two (that is d < 2).

— The system is of Uhlenbeck structure in the sense that there exists a function
p:HN B x Ry — Ry with A(w, §) = p(w, |£|*)& forallw € HN By
and all £ € R™*?; furthermore, the effective operator given by (5) is also
of Uhlenbeck structure.

Suppose in addition that the second derivative of A with respect to the second
variable exists and satisfies the bound |99z A(w, §)| < A for all o € HN By
and all £ € R"*4,
Suppose furthermore that the random field w; is Lipschitz regular on small scales in
the following sense: There exists arandom field C with uniformly bounded stretched
exponential moments E[exp(v|C(x)|”)] < 2 for all x € R4 for some v > 0 such
that

sup Ve (»)] < C(x)e™!

Y€Be(x)

holds for all x € R¥.

2.2. Optimal-order Homogenization Error Estimates

Our first main result is an optimal-order estimate on the homogenization error in
the stochastic homogenization of nonlinear uniformly elliptic PDEs (and systems)
with monotone nonlinearity. Note that our rate of convergence coincides with the
optimal rate of convergence for linear elliptic PDEs and systems [4,30-32,34],
which form a subclass of the class of elliptic PDEs with monotone nonlinearity. In
the theorems below, we present our homogenization errors in “a posteriori form”,
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that is with norms of Vupom exlicitly appearing on the right-hand side of the error
estimates. These estimates can be combined with classical regularity results for
uniformly elliptic monotone systems with constant coefficients; see Remarks 3, 5, 8.

Theorem 2. (Optimal-order estimates for the homogenization error for d = 3).
Let d = 3. Let the assumptions (Al)—(A3) and (P1)—(P2) be in place. Suppose
furthermore that the small-scale regularity condition (R) holds. Let the effective
(homogenized) monotone operator Apom : R"*?4 — R™*4 be given by the defining
formula (5). Let upom € H>(RY; R™) N WL [RY; R™) and let u, € H'(RY; R™)
be the unique weak solution to

—V - (A(@e. Vue)) = =V - (Apom(Vithom))  in R?
in a distributional sense. Then the estimate
llite — ttnom!| L2472 @y < € C(Vithom) €
holds, where

C(Vithom) = (1 + sup |Vithom D € | Vithom | 71 ey
xeR

and where C = C(w,) is a random constant whose values may depend on w,
and Vunem, but whose stretched exponential stochastic moments are uniformly

estimated by
CD
E — )| £2.
oo ()]

Above, v, C > 0 depend only ond, m, A, A, p, and on v from assumption (R).

Using classical regularity theory to estimate C (Vuhom), the theorem implies
the following homogenization error estimate formulated just in terms of the data:

Remark 3. In the situation of Theorem 2, additionally suppose that Apom satisfies
the regularity condition (R), and let upom € H I(R?; R™) be the unique weak
solution to

—V - (Apom(Vithom)) = V- g inR?,

where g € H'(R?; R"*4) with Vg € LP(R?; R"*4*d) for some p > d. With
help of the regularity condition (R) we can show that

~ C
C(Vunom) < C(1+ lgll2gay + 1VEl o)) I8l g1 @y,

(see the end of “Appendix A” for details). Thus, the estimate of Theorem 2 can be
upgraded to

C
e — unoml| 202 ray  CC (1+ gl 2y + IVEl Loray) 181 a1 rey &

In particular, for all 1 <6 < co we obtain

5 1 c
E[Hué‘_uhom||i2d/(d—2)(]Rd)]9 = 9”C(1+||g||L2(]Rd)+||Vg||L17(]Rd)) ||g||H1(Rd) &.

Above, v, C > O only depend on d, A, A, p, p and v.
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In the case of low dimension d < 2 the rate of convergence becomes limited
by the central limit theorem scaling. In particular, as for linear elliptic equations,
the case d = 2 is critical, leading to a logarithmic correction. Furthermore, even
for the Poisson equation — which may be regarded as a very particular case of our
PDE:s (1) or (2) — the gradient of solutions of the whole-space problem may fail to
be square-integrable. For this reason we include a lower order term in our PDEs.

Theorem 4. (Optimal-order estimates for the homogenization error for d = 2 and
d =1).Letd = 2 ord = 1 and let otherwise the assumptions of Theorem 2 be
in place. Let unom € H*(R?; R™) N W (R?: R™) and let u, € H'(RY; R™) be
the unique weak solution to
—V - (A(@¢, Vup)) + e = =V - (Anom(Vithom)) + thom  in R
in a distributional sense. Then the estimate
| ! <CcEw N gl/? ford =1,
Ug — Mh 2(Rdy = uh
’ omILED om elloge|V?  ford =2

holds, where c (Vuhom) and C are defined as in Theorem 2.

Again, we may make use of classical regularity results to obtain a homogeniza-
tion error estimate in terms of only the data.

Remark 5. In the situation of Theorem 4 suppose that upom € H'(R?; R™) is the
unique weak solution to

=V - (Ahom(Vithom)) + tthom = V- g inRY,
where g € H'(R?; R"*?) with Vg € LP(R?; R"*4%4d) for some p > d. Since
d < 2, by appealing to Meyers’ estimate we can show that
C(Vunom) = C(l + gl rey + ||Vg||LP(Rd)) 81l 1 (e
(see the end of “Appendix A” for details). Thus, the estimate of Theorem 4 can be
upgraded to
lue — Mhom||L2(Rd)

e (1 el Vel )C” | el/2 ford =1,
+ gl g1 ray + IVEI Lp(ra 8l gt (Rrd
= H(RT) LP (R ®?) 5|10g8|1/2 ford = 2.

In particular, for all 1 < 6 < oo we obtain

1
ol
E[lue — unom!l72 g, ]”

) Qlc(l el Vel )C” I e1/2 ford =1,
v + llgllgirey +11VE d SllH (R
H!(R?) LP(RT) RD g|10g8|1/2 ford = 2.

Above, v, C > O only depend ond, A, A, p, p and v.
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Remark 6. Instead of the right-hand side V - g, we may consider in Theorem 2
and Theorem 4 a right-hand side f € L'(R?; R™) N LYY (RY; R™) with g > d
by solving for —Av = f and setting g:= — Vuv. In this way we recover the
homogenization error estimate in the form of (3) as claimed in the introduction.

In the absence of the small-scale regularity condition (R), we still obtain half
of the optimal rate of convergence. However, we also directly obtain this result in
bounded domains. Note that in order to recover the optimal rates of convergence
from Theorem 2 and Theorem 4 also for the Dirichlet problem on bounded domains,
one would need to construct boundary correctors, as done for linear elliptic PDEs
for instance in [10] in the setting of periodic homogenization or in [5,23] in the
setting of stochastic homogenization.

Theorem 7. (Estimates for the homogenization error on bounded domains). Let
d=11etO C R4 be a bounded C'-domain or a convex Lipschitz domain, and let
the assumptions (Al)—(A3) and (P1)—(P2) be in place. Define Anom as in formula
(5). Let upom € H*(O; R™) and let u, € upom + Hol (O; R™) be the unique weak
solution to

—V - (A(we, Vue)) = =V - (Ahom (Vithom))  in O

in a distributional sense. Then

W=

) ford =1,

1
e — tthomll 20y < CC(O) [Vunomllgioy | e2|logel? ford =2,

D=

& ford = 3.

Here, C = C(w,) denotes a random constant whose values may depend on wg, O,
and Vunom, but whose (stretched exponential) stochastic moments are uniformly

estimated by
CD
E — )| £2.
oo ()]

Above, v, C > 0depend onlyond, m, \, A, and p, and C(O) additionally depends
on Q.

Remark 8. In the situation of Theorem 7 additionally suppose that O is of class
Chl Letupy € HX(O; R™), f € L2 (O; R™), g € H'(O; R"™*?), and let upom €
Upir + HO1 (O; R™) be the unique weak solution to the boundary value problem

=V - (Ahom(Vithom)) = f +V-g  inO
in a distributional sense. Then unom € H?(O; R™) holds with the estimate

luhomll g2y < C(I1f 20y + I8l 51 @) + lupicll g2(0)) -

where C only depends on d, m, A, A and O, see [39, Theorem 5.2]. We thus can
upgrade the estimate of Theorem 7 to

lue — Mhom||L2(O)
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g% ford =1,

1 1
SCC(I1fl2o) + gl ui@) + lupicllg20y) § e2]loge|?  ford = 2,

g3 ford > 3.

Remark 9. An error estimate analogous to Theorem 7 also holds on the full space
R4, provided that in case d = 3 we measure the error u; — tpom in the L2d/d=2)

2d
norm as in Theorem 2 and assume additionally f € L' N L@, and provided that
in case d = 1, 2 we include a massive term in the equation as in Theorem 4.

Remark 10. (Error estimate for a piecewise affine two-scale expansion). In the
proof of these theorems we also establish an H!'-error estimate for a two-scale
expansion of Vupom. More precisely, we consider a two-scale expansion of the
form

g = Unom + Z Nk Pk (6)

keK

where {ni}rex 1s a smooth partition of unity that only depends on the domain

and a suitably chosen discretization scale § (with ¢ < § < 1), and ¢ is the

corrector associated with the local approximation & = —L fO Vithomnk dx,
Jo mdx

see Proposition 36 below. (We remark that there is no ¢ in front of the ¢y in (6),
since we define the correctors with respect to the original coefficients that oscillate
on scale ¢ and not — as it is often done — for rescaled coefficients.) In the situation
of Theorem 2 and Theorem 4 we show that

=

I3 ford =1,
(Ve — V’2€||L2(]Rd) < Ca(vuhom) g| logel% ford =2,
e ford = 3;

see Step 2 in the proof of Theorem 2 and Theorem 4. For bounded domains, we
also obtain an estimate for the two-scale expansion with suboptimal scaling and
away from the boundary.

We next establish several structural properties of the homogenized operator
Ahom, including in particular the statement that the homogenized operator Apom
inherits the monotone structure from A,. Note that these properties are actually
true even in the context of qualitative stochastic homogenization, and their proof is
fairly elementary. The monotonicity of the effective operator Apom has (essentially)
already been established by Dal Maso and Modica [17,18], at least in the setting of
convex integral functionals. We also give sufficient criteria for frame-indifference
and isotropy of the homogenized operator Apom.

Theorem 11. (Structure properties of the homogenized equation). Let the assump-
tions (Al)—(A3) and (P1)—(P2) be in place. Define the effective (homogenized)
material law Anom : R™*? — R™*4 by (5). Then Anom has the following proper-
ties:
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(a) The map Anom is monotone and Lipschitz continuous in the sense that

(Anom(€2) — Anom(8) - (€2 — &1) = Mg — &1

and

A2
| Ahom(€2) — Anom (1| = C(d, m)T|f§2 — &1l

hold for all §1, &> € R™*d Fyrthermore, if in addition the condition (R) holds
for A, Anom is continuously differentiable and satisfies Apom(0) = 0.

(b) If the operator A is frame-indifferent in the sense A(w, O&) = OA(w, &) for
all 0 € SO(m), all & € R™*4 and all w € H, the operator Anom inherits the
frame-indifference in the sense Anom(O&) = O Anom (&) for all O € SO(m)
and all € € R"*4,

(c) If the law of the operator Ag(x, £):=A(we(x), &) is isotropic in the sense that
the law of the rotated operator Ag (x, &):=A.(x, £0) O coincides with the law
of Ag for all O € SO(d), the operator Anom inherits the isotropy in the sense
Ahom(£0) = Anom(£)O for all O € SO(d) and all & € R™*¢,

2.3. Optimal-order Error Estimates for the Approximation of the Homogenized
Operator by Periodic RVEs

To perform numerical simulations based on the homogenized PDE (2), the ef-
fective material law Apom must be determined. The theoretical expression (5) for the
effective material law Apom is essentially an average over all possible realizations
of the random material; it is therefore a quantity that is not directly computable. To
numerically determine the effective (homogenized) material law Apom in practice,
the method of representative volumes is typically employed: A finite sample of the
random medium is chosen, say, a cube [0, L]d of side length L > ¢, and the cell
formula from homogenization theory is evaluated on this sample.

In most cases, a representative volume of mesoscopic size ¢ < L K 1 is
sufficient to approximate the effective material law Apom well. For this reason, at
least in the case of a clear separation of scales ¢ < 1, numerical simulations based
on the homogenized equation (2) and the RVE method are several to many orders
of magnitude faster than numerical simulations based on the original PDE (1).

In our next theorem, we establish a priori error estimates for the approximation
of the effective material law Apom by the method of representative volumes. Our
a priori error estimates are of optimal order in the physically relevant cases d < 4,
at least if the issue of boundary layers on the RVE is addressed appropriately. More
precisely, we show that the homogenized coefficients Apom may be approximated
by the representative volume element method on an RVE of size L up to an error
of the order of the natural fluctuations (%)’d/ 2 This rate of convergence coincides
with the optimal rate in the case of linear elliptic PDEs and systems, see [32,33].

There exist various options to define the RVE approximation, see for exam-
ple [22, Section 1.4] for a discussion in the linear elliptic setting. In the present
work, we shall consider the case of periodic RVEs: One considers an L-periodic
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approximation Py, of the probability distribution IP of the random field w,, that is an
L-periodic variant w,  of the random field w, (see below for a precise definition),
and imposes periodic boundary conditions on the RVE boundary 3[0, L]¢.

Before rigorously defining the notion of periodization, we first note that to any
periodic parameter field @; one can unambiguously (and deterministically) asso-
ciate a homogenized coefficient via the classical periodic homogenization formula.

Definition 12. (Periodic RVE approximation). Let A : H x R”*4 — R"*d pe 3
family of monotone operators satisfying (A1)-(A3). To any L-periodic parameter
field @, and any & € R"™*? we associate the RVE approximation ARVE-L(@ , £)
for the effective coefficient Apom () given by

ARVE.L (G5, s>:=][ A@r, &+ Voe) dx,
[0,L]4

where the (periodic) corrector ¢¢ = ¢ (@r, -) is defined as the unique solution in
leer([O, L]d ; R™) with vanishing mean Jf[o L} ¢¢ dx = 0 to the corrector equation

~V (A@L(x), & + Vge) =0 inR.

We next define our notion of L-periodic approximation of the coefficient field
we. The main condition will be that the statistics of w, and w, ; must coincide on
balls of the form B (xo) around any xg € RY.

7

Definition 13. (L-periodic approximation of P). Let IP satisfy the assumptions (P1)
and (P2). Let L = ¢. We say that P, is an L-periodic approximation to PP, if P, is
stationary in the sense of (P1), concentrates on L-periodic parameter fields, satisfies
the periodic spectral gap of Definition 16b, and the following property holds: For
random fields w, and w, ; we have

we ~Pand wg p ~ Py = wglp, ~we Ll ,
T T

that is, if ey is distributed with P, and w, 1, is distributed with Pz, then the restricted
random fields w;|p, and wg 1 |p, have the same distribution.
T T

For such an L-periodic approximation Pz, we abbreviate the representative vol-
ume approximation as introduced in Definition 12 by ARVE-L (£):=ARVE.L (we.L, &).

Note, however, that the existence of such an L-periodic approximation Py of P
has to be proven on a case-by-case basis, depending on the probability distribution.
To give one example, for a random field w; of the form w, (x):=6 (Y, (x)), where Y,
is a stationary Gaussian random field arising as the convolution Y, (x):=(8:x W) (x)
of white noise W with a kernel B, with supp 8 C Bg, one may construct an L-
periodic approximation simply by replacing the white noise W by L-periodic white
noise Wy, that is by defining w; 1. (x):=6((B¢ * WL)(x)). We remark that for more
complex probability distributions it may become necessary to generalize the notion
of periodization of Definition 13, for example by relaxing the condition of identical
distributions we|p,,, ~ we,L|B, ), to the two distributions just being sufficiently
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similar (in a suitable metric). In such a case, our proofs for Theorem 14 below
would need to be adapted in a suitable way.

For the approximation of the effective material law Apom by an L-periodic
representative volume in the sense of Definition 12—13, we establish the following
a priori error estimate (again, our rates of convergence coincide with the optimal
rates of convergence for linear elliptic PDEs and systems [30-32]):

Theorem 14. (Error estimate for periodic RVEs). Let A : H x R"*4 — Rmxd
satisfy the assumptions (Al)—(A3) and let P satisfy the assumptions (P1)—(P2). Let
L 2 2¢, let P;, be an L-periodic approximation of P in the sense of Definition 13,
and denote by ARVE-L (&) the corresponding representative volume approximation
for the homogenized material law Anom ().

(a) (Estimate on random fluctuations). For all & € R"™*4 we have the estimate on
random fluctuations

[N

L
|ARVE’L(E) —E; [ARVE’L(S)] | = Clg| (;) ’

where C denotes a random variable that satisfies a stretched exponential moment
bound uniformly in L, that is there exists C = C(d, m, A, A\, p) such that

cl/c
EL |:exp (T>i| <2

(b) (Estimate for the systematic error). Suppose that P and Py, additionally satisfy
the small-scale regularity condition (R). Then for any € € R"™*4 the systematic
error of the representative volume method is of higher order in the sense

(2

ad

1\
|EL[ARVEL(£)] — Apom(©)| £ C(1 + 16D E] (;)

Here, oy is given by

2 ford € {2,4},

ag:=d N4+
¢ {0 ford=3,d=1, andd =5

forsome C = C(d, m, A, A, v, p). In dimension d < 4 the estimate is optimal
(up to the logarithmic factor). Without the small-scale regularity condition (R),
the suboptimal estimate

aq

L
|EL[ARVEE(E)] — Anom (8)] = CIE| ( )

&

holds, where

dnd |1 ford e (2,4},
O i————
S 0 ford=3,d=1, andd = 5.
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In particular, we derive the following overall a priori error estimate for the
method of representative volumes:

Corollary 15. (Total L2-error for periodic RVES). Let assumptions (Al)—(A3) and
(P1)—(P2) be in place. Let L 2 ¢. Let Py, be a L-periodic approximation to P in
the sense of Definition 13.

(a) If the small-scale regularity condition (R) is satisfied, then for 2 < d < 7 we
obtain the optimal estimate

1 L 4
EL [IAWELE) = Anom@©F]" < €1+ 16DC gl <;) 2

(!

(b) If (R) is not satisfied, then for any d 2 2 we obtain the subotimal estimate

(!

For d < 4 this estimate is optimal except for the logarithmic factor.

Moreover, for d > T we obtain the suboptimal estimate

LN\~ cd)
)

EL [IAVELE) — Anom@F ] £ €1+ 16DC g ( )

C(d)

3 L
EL [IANEE©) — Anm(@) ] < Cle] ( )

&

In the above estimates, we have C = C(d, m, A, A, p).

Let us briefly comment on the prefactor (1 + |£])€ in the error estimates of
Corollary 15. It originates from the corresponding prefactor in the estimates on
the linearized correctors in Proposition 20. On a mathematical level, this prefactor
reflects the fact that a large macroscopic slope £ may increase the sensitivity of the
correctors ¢z and o¢ with respect to perturbations in the coefficient field (at least
given just our assumptions (A1)—-(A3) and (P1)—(P2)), as an inspection of (126) and
(125) in the proof of Lemma 28 reveals. It may be possible to mitigate this prefactor
by imposing a sharper (but still natural) condition like |30z A(w, §)| < %ISI (as
opposed to just [3,0: A| < A in (A3)); however, this would require to rigorously
establish a nontrivial nonlocal cancellation in (126) and (125). For this reason, it is
beyond the scope of our paper.

2.4. The Decorrelation Assumption: Spectral Gap Inequality

We finally state and discuss the quantitative assumption on the decorrelation
of the random field w,. The majority of results in the present work require the
correlations of the random parameter field w, to decay on scales larger than ¢ in a
quantified way. This quantified decay is enforced by assuming that the probability
distribution P satisfies the following spectral gap inequality. As already mentioned
previously, this spectral gap inequality holds for example for random fields of the
form w, (x) = B(@e(x)), where B : R — (—1, 1) is a 1-Lipschitz function and
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where @, is a stationary Gaussian random field subject to a covariance estimate of
the form

e d+k
~ ~ < -
| Cov [@e(x), @ (]| = € (8 + |x — yl)

for all x, y € R¥ for some ¥ > 0 and some C < oc. The derivation is standard and
may be found, for example, in [20].

Definition 16. (Spectral gap inequality encoding fast decorrelation on scales = ¢).

(a) We say that the probability distribution IP of random fields w, satisfies a spectral
gap inequality with correlation length ¢ and constant p > 0 if any random
variable F' = F(w,) satisfies the estimate

2
d)?) dx]. @)

sflr-etr] < S [ (£,

Here, fBg ) ]%(w&! dx stands short for

IF

dwy

. |F(we + téwe) — F(w;)
sup lim sup ,

Swe t—0 t

where the sup runs over all random fields w, : RY — H supported in B (x)
with [[§we || oo ey = 1.

(b) Let L = ¢ and let P, be a probability distribution of L-periodic random fields
e, 1. We say that P, satisfies a periodic spectral gap inequality with correlation
length & and constant p > 0 if any random variable F = F(w,, 1) satisfies the

estimate
2
d)?) dx:| . ®)

21!
IEL[|F—IEL[F]| ]:?EL /[OL){I ]i(x)

Here, JCBS ) ]32)%((»8, L)] dx stands short for

oF
dwe, I,

. | F(we,1 +18we 1) — Fwe, 1)
sup lim sup ,

dwep t—0 t

where the sup runs over all L-periodic random fields dw, . : RY — H with
[8we. L1l oo (0, 1)7y = 1 and support in B (x) + L7,

For a reader not familiar with the concept of spectral gap inequalities, it may be
instructive to inserting the spatial average F (w;):= f B, @We dx into the definition (7).
For this particular choice, the Fréchet derivative is given by Jor = \BL, xB, and the
expression on the right-hand side in (7) is of the order (f)d. Thus, the fluctuations of
the spatial average F'(w;) = f W (x) dx are (at most) of the order (f)d/ 2 just as
expected when averaging (%)¢ independent random variables of similar variance.
However, the importance of spectral gap inequalities in stochastic homogenization
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[29,31,38] stems from the fact that they also entail fluctuation bounds for appropri-
ate nonlinear functionals of the random field w,, as the homogenization corrector
@¢ is anonlinear function of the random field w, (even in the setting of linear elliptic
PDEs). To give a simple example for fluctuation bounds for a nonlinear functional
of w,, the reader will easily verify that the spectral gap inequality (7) also implies a
fluctuation bound of the order (£)4/2 for a quantity like f( 5, 8(@e(x)) dx) with
two 1-Lipschitz functions f, g : R — R.

We remark that in the present paper, we only consider the spectral gap inequality
of Definition 16; it is satisfied for many random fields taking continuum values.
For random fields taking only a discrete set of values, a different notion of spectral
gap inequality phrased in terms of finite differences (also called osc spectral gap)
is available; see for instance [20]. Proving corrector estimates given an osc spectral
gap inequality would in particular require a nontrivial additional decay result for
the difference between the homogenization corrector and the corrector for a locally
perturbed operator.

For strongly correlated random fields (with non-integrable tails), the spectral
gap inequality of Definition 16 does not hold; instead, an appropriate multiscale
spectral gap inequality has been derived [20]. In this setting, our strategy for ob-
taining corrector estimates does not apply directly, but would require an additional
regularity ingredient analogous to [30].

3. Strategy and Intermediate Results

3.1. Key Objects: Localized Correctors, the Two-scale Expansion, and Linearized
Correctors

Before turning to the description of our strategy (see Fig. 2 for an illustration
of its structure), we introduce the central objects for our approach. Besides the
homogenization corrector ¢¢ defined in Definition 1, these key objects include

the flux corrector o, localized versions ¢ET and oT of the corrector and the flux

corrector, as well as the homogenization correctors qu and flux correctors crgTﬁ

for an associated linearized PDE. At the end of the sectlon we also state optimal
stochastic moment bounds for these correctors, which will play a central role in the
derivation of our main results.

The flux corrector og is an important quantity in the quantitative homogeniza-
tion theory of elliptic PDEs, see [31] for a first reference in the context of quantita-
tive stochastic homogenization. Recall that the corrector ¢¢ provides the connection
between a given macroscopic constant field gradient £ and the corresponding micro-
scopic field gradient & + V¢, . Similarly, the flux corrector oy : RY - R" ® Rfkf:ff/
provides a “vector potential” for the difference between the “microscopic” and the
“macroscopic” flux in the sense

V.or = A(we, & + Ve) — Anom(§). 9

The central importance of the flux corrector o is that it allows for an elementary
representation of the error of the two-scale expansion, see below.
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- Lemma 24
Proposition 19 . .
[ |Estimates on the corrector ¢¢, o¢| <~~~ Estimates on functionals
§ : . § 9¢ of Ve, Vo
Lemma 43 and 44 Lemma 31
Linear elliptic regularity: Pointwise regularity
Caccioppoli, Hole-filling, Meyers theory for Ve =
Proposition 20 Lemma 28
Estimates on the fmmmmn Estimates on functionals |«
linearized corrector ¢¢ =, o¢ = of Ve =, Voe =
Theorem 7 Theorem 2 and 4
—| Non-optimal homogenization Optimal homogenization
error estimates error estimates

Fig. 2. The structure of the proof of the main results. Note that the dashed arrows each
involve an application of Lemma 32 and each result in an estimate for the corresponding
minimal radii r, ¢ respectively ry ¢ g (see Lemma 26 and Lemma 30). For simplicity, we
have omitted the localization parameter 7' and the associated technicalities throughout the
diagram

The flux corrector oz is a d — 1-form, that is it satisfies the skew-symmetry
condition oz (x) € R" ® R‘Slkxefv for each x € R?. As o¢ is a “vector potential” (a
d — 1-form), the equation (9) only defines o¢ up to gauge invariance. It is standard

to fix the gauge by requiring o¢ to satisfy
—Aog jk = 0j(A(we, & + V) - ex) — (Awe, & + Ve) - ). (10)

Definition 17. (Flux corrector). Let the assumptions (A1)-(A3) and (P1)-(P2) be

in place. Then for all & € R"*? there exists a unique random field o 1 QX

RY > R"® R‘Slkéfv, called the flux corrector associated with &, with the following

properties:

(a) For P-almost every realization of the random field w, the flux corrector o (wg, -)
has the regularity o (w;, -) € HILC (R?; R™), satisfies fBl ot (we, -)dx = 0,and
solves the equations (9) and (10) in the sense of distributions.

(b) The gradient of the flux corrector Vog is stationary in the sense that

Vog(we, - +y) = Vog(we (- +y),-) almost everywhere in RY

holds for P-almost every w, and all y € R¥.
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(c) The gradient of the flux corrector Vo has finite second moments and vanishing
expectation, that is,

E[Vo:] =0, E[|Vo:|*] < o0

(d) The flux corrector P-almost surely grows sublinearly at infinity in the sense
1 2
hm ﬁ |Ug(a)£,x)| dx = 0.

Localized correctors. It is cumbersome to work directly with the corrector ¢¢ and
flux corrector og in a rigorous manner; in particular, since we need to consider
derivatives of (¢g, og) with respect to compactly supported perturbations of the
parameter field w,. For this reason, we shall frequently work with the localized
correctors qﬁ%.T and (TST , which for 7 > 0 and any parameter field @ : R? — HN By
can be defined unambiguously on a purely deterministic level.

Lemma 18. (Existence of localized correctors). Let assumptions (Al)—(A3) be in
place. Let & : RY — HN B} be aparameter field, T > 1, and & € R™*?. There exist
unique vector fields ¢ST:=¢ST (@, -) and unique tensor fields GgTzz{agjk(ﬁ, Ik
with

#f € HjoeRR™), o € Hjoo (R R™ x REED,

skew”/?
which solve the PDEs
~ T 1
¢ =A@, &+ V¢}), (11b)
1
T T T T
—Aog i + 7Ok = 04z k — gz, j» (11c)

in a distributional sense in RY. Furthermore, the map @ +— (quT , O'ST) is continuous
as a map L*(H) — H!

uloc*

Note that the additional term = ¢$ introduces an exponential localization effect.
As a consequence, existence and uniqueness of ¢§ follow by standard arguments.
For example, existence follows by considering the sequence of solutions to the
PDEs —V - (A(®, xB,(xp)§ + Vw,)) + %wr = 0 (which admit a unique solution
w, € H' by standard monotone operator theory) and passing to the limit » — 00;
the exponential localization of Lemma 45 below then yields the convergence and
the independence of the limit from the choice of x(. The argument for (TST is similar.
For a detailed proof see [21].

Note also that for a stationary random field w., by uniqueness the associated
localized homogenization corrector ¢ET and the localized flux corrector UST inherit
the property of stationarity.

The localized correctors approximate the original correctors (¢¢, o) in the
sense that

(V¢! . Vo!) — (V¢ Vor)  in L*(Q x By) forany r > 0 (12)



368 JULIAN FISCHER & STEFAN NEUKAMM

in the limit 7 — oo; for d = 3, we even have the convergence of ¢5T and O'g
itself to stationary limits ¢¢ and o¢ (which however may differ from the ¢¢ and o
from Definition 1 by an additive constant). A proof of these facts is provided in
Lemma 33.

Two-scale expansion. The correctors (¢¢, og) provide a link between the gradient
of the homogenized solution Vupom and the gradient of the solution to the random
PDE Vu, to (1) via the two-scale expansion: Indeed, the two-scale expansion

e (X):=Uhom (X) + AVupm(x) (X) (13)

is a (formal) approximate solution to the equation with microscopically varying
material law in the sense

=V - (A(we, Viig)) = f = V- R (14)
with the residual R given by

R = (3 A(ws, & + V&) ds — 3:08) le=Vupom() © V- tthom.- (15)

If ¢ is much smaller than the scale on which Vupom changes, the residual R will
be small (as we will typically have d: s ~ € and dz0¢ ~ ¢, see Proposition 20 for
a more precise statement). In this case, taking the difference of (1) and (14) one
obtains

—V - (A(ws, Vug) — A(wg, Vilg)) =V - R with R ~ ¢,

which by virtue of the monotonicity of the material law A (see (A1)—(A2)) gives
rise to an estimate on Vu, — Vii,. From this estimate, one may then derive a
bound on u; — upem. For a derivation of the error expression in the two-scale
expansion in the form (14), which leads to some subtleties regarding measurability,
we refer to the forthcoming paper [21]. In our result, we will replace the term
0 @ le=Vupo, 1N the two-scale expansion by a piecewise constant approximation
for unom (With interpolation); for this variant of the two-scale expansion, essentially
finite differences of the form ¢¢, — ¢¢, appear in the error expression. Details may
be found in Proposition 36 respectively in its proof.

Linearized correctors. In the error expression (15) for the residual of the two-scale
expansion the derivatives dg ¢ and d¢ o¢ of the corrector and the flux corrector with
respect to the field & appear. For this reason, we need optimal-order estimates on
these derivatives in order to derive an optimal-order error bound for u; —upom. More
precisely, in our variant of the two-scale expansion we need improved estimates
for finite differences ¢z, — ¢g, which reflect both the magnitude of the difference
|&1 —&>| and the decorrelation in order to derive optimal-order error estimates. Note,
however, that this is basically an equivalent problem to estimating the derivatives
0 ¢z . It is interesting to observe that the derivatives dg ¢z and dz oz are at the same
time the homogenization corrector and the flux corrector for the PDE linearized
around the field & + V¢¢: With the coefficient field

ag (x) = ag (wg, x):=0g A(we (x), § + Vo (we, X)),
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we deduce by differentiating (4) and (10) that the equalities dg¢ps E = ¢p¢ = and
0z0: 8 = o0¢ g hold, where ¢¢ = and o¢ z are defined as the solution to the PDEs

—V - (ag (x)(E + Ve z)) =0, (16a)
ge,z =ag(E + Ve 5), (16b)
—Aos 5, jk =0jqs, 5.k — Okqs, 2, ) (16¢)

that is ¢¢ g and o¢ g are the homogenization correctors for the linear elliptic PDE
with random coefficient field ag.

In our analysis we will first estimate the differences q&%.Tl - (])g; of the localized
correctors and obtain the estimate on the differences ¢g, — ¢, by passing to the
limit 7 — oo. For this reason, we introduce the linearized localized correctors

qbg z and og g as the unique solutions in H _ to the PDEs
1
—V (e (B + Vg 2) + ¢z =0, (17a)
9i.z =ag (B+ Vi o), (17b)
1
—A0¢ 5k =0 gk =098 =k — Hdi 5 ) (17¢)

T

where we have abbreviated
al (x) = al (e, x):=0; A(we (x), £ + V! (¢, X)).

By differentiating (11a) and (11c), we identify 0¢ ¢§ E = ¢§T’ g and 0 %T E = Ug
a fact made rigorous in Lemma 27.

Note that by our assumption of monotonicity and Lipschitz continuity of A
(A1)—(A2), the linearized coefficient fields ag¢ and ag are uniformly elliptic and
bounded random coefficient fields with a stationary and ergodic distribution. There-
fore, the existence (and the notion) of solution to (16a)—(16¢c) and (17a)—(17c¢)
would follow by the linear theory of stochastic homogenization (see for example
[31, Lemma 1]), a fact that we however do not need to use: Again, the existence
of solutions to the localized corrector problems (17a) and (17c¢) is evident for any
parameter field @; see Lemma 27 for a proof.

The linearized corrector problem (16a) has also been central for the homoge-
nization result for the linearized equation by Armstrong, Ferguson, and Kuusi [2],
and some of our lemmas are analogues of results from [2]: For instance, our dif-
ferentiability result for the corrector qjg in Lemma 27 is essentially analogous to
[2, Lemma 2.4]. Furthermore, in the proofs of [2] small-scale regularity estimates
similar to our estimate (42) have been employed. However, in contrast to [2] we es-
tablish optimal-order estimates on the linearized correctors ¢§: g (see Proposition 20
below), a result that will be of key importance for our main theorems.

=
&

Corrector estimates. In view of the form of the formula for the residual (15) of
the two-scale expansion it is clear that a key ingredient in the quantification of
the homogenization error are estimates on the correctors. In this section we state
estimates on the localized correctors and its linearizations.



370 JULIAN FISCHER & STEFAN NEUKAMM

As the typical size of the correctors ¢ST and ¢£ g Will be at least of order ¢ due
to small-scale fluctuations, the corrector bounds alone cannot capture the decay of
fluctuations in d = 3 optimally. For d = 3, it is therefore useful to state estimates
also for associated vector potentials for the correctors qbsT and qbg .Incased = 3,
we introduce a (vector) potential OST R4 — R™*4 for the corrector ¢E as the ( (up
to an additive constant unique) sublinearly growing solution to the equation

N (18a)
which entails

V-0l =g/, (18b)

AOf 2 = 09! . (19a)
which yields
V-0 s =l (19b)

Note that as the equations (18a) and (19a) feature a non-decaying right-hand side
but lack a massive term, their solvability is not guaranteed for arbitrary parameter
fields @. For random fields w, subject to (P1)—(P2), in d = 3 the existence of
solutions to (18a) and (19a) is a consequence of standard methods in qualitative
stochastic homogenization, see for example [31].

Proposition 19. (Estimates on the homogenization corrector for the nonlinear mono-
tone PDE). Let the assumptions (Al)—(A3) and (P1)—(P2) be in place. Then the
localized homogenization correctors ¢§T and the localized flux correctors UET —de-

fined as the (unique) solution in HulIOC to the PDEs (11a) respectively (11c) — are
subject to the estimate

(][ ¢§—f ¢l (%) dx
B, (x0) B (x0)

+<][ O’ET—][ O%.T(i)di
By (x0) B (x0)

20 \1/2
dx)

T r/e)'? ford =1,
dx) < Co)lgle § [log 2|2 ford =2
1 ford =23

(20)

forany r = 2, any xo € R, any T 2 2¢?, and any & € R"™*<. Furthermore, for
d = 3 we even have

5 1/2 5 1/2
(f |9 | dx) + (7[ o | dx) < C(xo)lsle (21a)
By (x0) By (x0)
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for any r = 2¢, any xo € R, any T = 262, and any & € R™*4 while for d = 1

and d = 2 we have
+ ’ ][ agT dx
- (x0)

e
- (xX0)

Here and below, C = C(wg, x9) denotes a nonnegative stationary random field
that, in particular, depends on &, the localization parameter T and the radius r,
but whose (stretched exponential) stochastic moments are uniformly estimated by

E|:exp (%)} <2

for some v > 0 and C > 0 depending only on d, m, A, A, and p (in particular,
independently of T ).

In the case of three and more spatial dimensions d = 3, the potential field QST
exists and satisfies the estimate

( ][Br (x0)

T/ ford =1,
llog ¥L|'? ford =2
(21b)

= C(xo)léle{

2 12 (r/e)l/?  ford =3,
dx) < Cxo)gle® { [log £|'? ford =4,
1 ford =2 5

(22)

o —][ o (%) dx
S Br(x()) E

foranyr > 2e, any xo € R, any T > 2¢2, and any & € R"™*4,

Furthermore, the estimates (20), (21a), and (22) also hold for the LP norm in
place of the L? norm as long as 2 < p < dz incased 2 3and?2 < p < o0 in
cased < 2, up to the following modlﬁcatwns The constant v may now ) also depend
on p, and the factor | log(r/€)|'/? in (20) and (22) is replaced by |log(r/e)| in the
cases d = 2 respectively d = 4.

Under the additional small-scale regularity assumption (R), we establish the
following estlmates on the homogemzatlon corrector qﬁg - associated with the lin-
earized operator — (8§A(a)g, &+ V¢§ )WV - ) Recall that this homogenization
corrector qﬁé = 1s equivalently given as the derivative of the homogenization cor-

rector ¢$ with respect to £ in direction E, see Lemma 27.

Proposition 20. (Estimates on the homogenization corrector for the linearized
PDE). Let the assumptions (Al)—(A3) and (P1)—(P2) be in place. Suppose further-
more that the small-scale regularity condition (R) holds. Then the homogenization
corrector for the linearized equation gb; g = ngﬁg & and the corresponding flux

corrector ag g = O¢ UST E given as the solutions to the PDEs (17a) and (17c) are
subject to the estimates
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2 1/2
(f ¢, —f ¢ 2 () di dx)
By (x0) Be (x0)
2 1/2
+<][ agg—][ o g(¥)di dx>
By (x0) Be (x0)

(r/e)'?  ford =1,
< Cxo)(1+ [ENIEle { [log £['? ford =2, (23)
1 ford = 3,

0]

forany r = 2e, any xo € R, any T = 2¢2, and any £, 8 € R™*4. Furthermore,

ford = 3 we even have
P e C
dx) = Clxo)(1+[EDT[E]e

I/p
(£ totalrar) +(f ot
By (x0) By (x0)
(24)

forany r = 2, any xg € R4, any p € [2, ﬁ] N2, 00), any T = 2¢2, and any
£, Ee Rm*d while ford = 1 and d = 2 we have

qST ][ O'Tde
][Bs(x()) 5 Be (x0) 5

Here and below, C = C(wg, xo) denotes a nonnegative, stationary random field
that, in particular, depends on &, B, the localization parameter T, and the radius
r, but whose (stretched exponential) stochastic moments are uniformly estimated

’ E|:exp (%)} <2

for some v > 0 and some C. The constants v and C depend only on d, m, A, A, v,
p, and p (in particular, they are independent of T ).
In the case of three and more spatial dimensions d 2 3, the potential field Qg g

exists and satisfies the estimate
2 1/2
(f egg—][ 0/ 5 (%) dx dx>
By (x0) By (x0)
(r/e)'?  ford =3,

< Clxo)(1 + ENCIEl* { |log | ford =4, (25)
1 ford 2 5

TV ford =1,
log YL |2 ford =2.

dx| +

o]

<Cxp)d +|§|)C|E|a{

forany r = 2e, any xo € R, any T > 2¢2, and any &, & € R"™*4,

Furthermore, all of these estimates also hold for the correctors associated with
the adjoint coefficient field a%.T’*.

Finally, the estimates (23), (24), and (25) also hold for the LP norm with 2 <
p =< # and p < oo in place of the L? norm, up to the following modifications:
The constant v may now also depend on p, and the factor | log(r/€)|'/* in (23) and
(25) is replaced by | log(r/¢e)| in the cases d = 2 respectively d = 4.
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A key consequence of our estimates on the linearized correctors quT - and aé

is the following estimate on differences of the correctors ¢ and oz for different
values of &:

Corollary 21. Let the assumptions (Al)—(A3) and (P1)—(P2) be in place. Then for
T — oo the centered correctors ¢§T - st ) ¢§T dx and UST — fBe ) ogT dx converge
to solutions ¢g and o¢ to (4) and (9) in the sense of Definition 1 und Definition 17,
respectively. Furthermore,

e Ford = 3, we have

1/p
(][ |¢s|p+|ﬁs|pdx) < C(xo)|Ele (26)
By (x0)

for any r = 2¢, any xog € RY, any p € [2, %], and any € € R™*?_ Here,
C = C(wg, xp) denotes a nonnegative random field depending on & and the
radius r with bounded stretched exponential moments in the sense

E|:exp (%)} <2

for some v > 0 and some C > 0 depending only ond, m, A, A, p, and p.
e Ford =1, 2, we have

1/2 (r+\x0|)1/2 ford =1,
2 2
(f,,, ot loear) " < coomae [0 2

27
forany r 2 2¢, any xo € RY, and any & € R4,

If additionally the small-scale regularity condition (R) holds, then the difference of
homogenization correctors ¢g, — Pg, and og, — 0o, is estimated by

5 5 1/2
<][ |¢El - ¢€2| + |0§‘1 - Ué‘zi dx)
By (x0)

( + 1)1/2 ford =1,
< Co) 1+ €S +1E19)1E — &le { | log (2 +2)|'? ford =2, (28)
1 ford =3

forany &1, & € R™* anyr > 2¢, and any xo € R?, where C = C(ws, xo) denotes
a nonnegative, stationary random field depending on w,, &1, &2, xo, r satisfying the
stretched exponential moment bound

IE|:exp (%)} <2

for some v > 0 and some C > 0. Here, v and C depend only on d, m, A, A, p, and
V.
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Remark 22. For d = 3 in the situation of Corollary 21, the correctors d)ST and

UST (without renormalization) converge to the unique stationary solution to the
correction equations (4) and (9) with vanishing expectation E[¢s] = 0 = E[o¢],
respectively.

3.2. The Strategy of Proof for Corrector Estimates

A major difficulty in quantitative stochastic homogenization is the derivation
of appropriate estimates on the (localized) homogenization correctors ¢! and the
(localized) flux corrector créT: As previously mentioned, corrector bounds form
the basis for homogenization error estimates and the analysis of the representative
volume approximation. For our purposes, we for example need to show that the
homogenization corrector qbgT and the flux corrector O’ST are at most of order |£|e
(at least in case d = 3).

In periodic homogenization, that is for e-periodic operators —V - (Ag(x, V-)),
such corrector bounds are an easy consequence of the periodicity: By the defining
equation (11a), the corrector ¢§T is e-periodic, has vanishing average on each period-
icity cell [0, £]¢, and is subject to an energy estimate of the form f[o, el |V¢§_.T 12dx <
C|£|*. By the Poincaré inequality on the periodicity cell, this implies a bound of
order |£ |e on the homogenization corrector ¢ET . The derivation of the corresponding
estimate for the flux corrector O'&.T is analogous.

In contrast, in quantitative stochastic homogenization the derivation of such
estimates on the correctors is much more involved and presents one of the main
challenges. Our strategy for the derivation of bounds on ¢§T , which is strongly
inspired by [30-33] but streamlined by minimizing the use of elliptic regularity,
proceeds as follows:

e As outlined in Proposition 19, it is our goal to prove a corrector estimate of
essentially the form

e(R/e)\/?  ford =1,

1/p
inf (7[ |¢ST —b|? dx) < C(xp) { ¢|log(R/e)| ford =2,
PR \J Brxo) ford > 3

for any R = &, where C is a random field with stretched exponential moments
in the sense E[exp(C/¢/C)] £ 2.

e In principle, the technical Lemma 32 (see below) reduces the derivation of such
estimates on the corrector ¢§T to (mostly) the derivation of bounds on stochastic
moments of integral functionals of the form

F(wg):z/Rdg V! dx, (29)

where g basically takes a weighted average of V¢§T on a certain scale » with
e<r <R
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e The random variables F'(w.) as defined in (29) have vanishing expectation
E[F(w:)] = 0 due to the vanishing expectation of the corrector gradient
[V¢T] = 0. The latter property is a consequence of stationarity of the cor-

rector (])T Since the probability distribution of the random monotone operator
A(w,g (x) -) is invariant under spatial translations, the expectation of the cor-
rector E[¢>ST (x)] is the same for all points x € R?. This yields E[qug x)] =

VIE[(l)g (x)] = 0. As a consequence of the vanishing expectation, it suffices
to bound the centered moments of F(w,), that is, the stochastic moments of
F(we) — E[F(we)].

e Concentration inequalities —like the spectral gap inequality — are one of the most
widespread probabilistic tools for establishing bounds on centered moments of
random variables. In our context, that is for random fields w, with correlations
restricted to the length scale ¢, they will read for example

]is (x)

for all random variables F' = F(w,). Here, 3~ denotes (essentially) the Frechét
derivative of F with respect to the field a)g “and o > 0 denotes a constant.
Note that in stochastic homogenization it is an assumption that a spectral gap
inequality like (30) holds for the random field w,. This assumption on the prob-
ability distribution of the random field w, encodes the decorrelation properties
of w,. Recall that (30) implies an estimate for the average F(w;):= JCB, we dx
of the order of the CLT-scaling, see discussion below Definition 16.

A spectral gap inequality of the form (30) is valid for many classes of random
fields, see Fig. 1 and the accompanying text. It also implies estimates on higher
centered moments, see Lemma 23 below.

e In order to employ the spectral gap inequality (30) to estimate the stochastic
moments of random variables F(w;) = f g- Vd)ET dx as defined in (30), we
need to estimate the right-hand side of (30), that is we need to estimate the
sensitivity of the functionals F(w,) with respect to changes in the coefficient
field w,. By standard computations (see the proof of Lemma 24a for details),
one may show that the Frechét derivative of F' with respect to w, is given by

or

dwg

dx

2
dx] (30)

E[‘F(a)g) —E[F(wg)]‘z] < S_ZE[/]R"

0

oF

dw,

= doA(we. & + V) ® Vh 31
where £ is the solution to the auxiliary linear elliptic PDE
T,* 1
=V (a7 (x)Vh) + ?h =V.g (32)

(the unlformly elliptic and bounded coefficient field aS * being given by the
transpose ofag (x):=0s A(w(x), & + V¢ ).

By the (standard) growth assumptions for A(wg, +) in (A3), the representation
(31) implies that the sensitivity z?TFF may be estimated by C|& + V¢§T [|Vh]. In
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conclusion, by the spectral gap inequality (30) respectively its version for higher
stochastic moments in Lemma 23 we see that we have

J.

e Let us next discuss how to estimate the right-hand side of (33). Recall that g
basically takes a weighted average on a scale r (see (29)), that is g is supported on
a ball B, and satisfies an estimate like |g| < 4. As a consequence, we obtain
the deterministic estimate fRd |Vh|>?dx < r~? by a simple energy estimate
for the defining equation (32). If we knew that the small-scale averages of the
corrector gradient were bounded in the sense st @) & + Vqﬁ%.T |2 dx < |& 12, by
Holder’s inequality we would directly obtain the deterministic bound

J.

By (33) this would imply an estimate of fluctuation order on the functionals (29)
of the form E[|F|9]'/7 < q|&|(e/r)?/?. This would be precisely the bound we
seek to obtain.

However, in the context of stochastic homogenization we cannot expect a
uniform bound on the locally averaged corrector gradient st @) & + Vd)ST |2dx,
as in general the random field w, may contain geometric configurations which
could cause the corrector gradient to be arbitrarily large. As we are dealing
with the case of systems, we also cannot expect more than L” integrability
of the gradient VA of the auxiliary function for a Meyers exponent p slightly
larger than 2. We therefore need (almost) an L bound on the local averages
fBg @) |+ V¢>ST |> d. It is here useful to introduce an auxiliary quantity, namely

2

dx (33)

q/2q91/q
E[|F|41Y < qe"/zE[ ]

FJe+vollivhiar
Be(x)

2
dx < |5|2/ VA dx < &[5
Rd

][ & +Vo!||Vh|dx
Be (x) '

the minimal radius 7, 7 ¢ (x) above which the corrector ¢§T satisfies a bound of
the form

1
—2][ I/ 1?dx <1 forall R 2 ry 1z (x)
R* JBrx)

(plus one additional technical condition). Now using the trivial estimate . 5, J dx
< (g)d fBr f dx and the Caccioppoli inequality, we get the bound

d
- e, T, (X) -
f |s+V¢§|2dx§<L) ][ |6 + VoI P di.
Be (x) € B"*,T,é(x)(x)

<Clg?

This estimate is however again not sufficient for our purposes. It is here that
elliptic regularity theory in form of the hole-filling estimate enters and provides
a slight but crucial improvement

d—s
- Is,T,

][ € + Vol |2 di < C(—S) &7

B:(x) ' €

for some § > 0 (see Lemma 48 for details).
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Together with a version of the spectral gap estimate — see Lemma 23 below —
and the vanishing expectation ]E[qug ] = 0, this estimation strategy yields a
bound of the form

dn
B[ FP] < C|s|q<f> E[(’*“
;

&

(d=8)q/(1-7)7(1-1)/2q
R

forany 0 < 7 < 1 and any ¢ large enough (the latter of which is not a problem).
e One then observes that one may control the moments of 7, 7 ¢ on the right-hand
side of (34) in terms of moments of functionals F = f g- V¢ET dx (see the
proof of Proposition 19). It is here that the slight gain § in the exponent (from
hole-filling) is crucial, as it causes the estimate to buckle, yielding a bound of

the form
1
{2
£

The resulting moment bounds on ry 7 ¢ then allow to deduce the corrector esti-
mate in Proposition 19.
e The derivation of the estimates for the flux corrector O’ET and the linearized

correctors quT o O'ETE follows a similar strategy. However, in the case of the lin-

earized correctors ¢; o ogT’E the derivation of the sensitivity estimates involves
an additional integrability issue on small scales, making it necessary to use a
C1@ regularity theory on the microscopic scale. It is here that our additional
regularity assumption (R) enters. For details, see the derivation of Lemma 28.

Let us now state the lemmas used in the course of the proof of our main re-
sults. An immediate consequence of the spectral gap inequality of Definition 16
is the following version for the g-th centered moment; for a proof, we refer to for
example [19, Proposition 3.1]. Note that the proof in [19, Proposition 3.1] works
in microscopic spatial coordinates, that is, it considers the case ¢:=1; by rescaling,
the result holds also for general correlation lengths ¢ > 0.

Lemma 23. Suppose P satisfies (P1) and (P2). Then for any ¢ = 1 we have

Ll o]

A central step towards the proof of the corrector estimates of Proposition 19 are
the following estimates on stochastic moments of linear functionals of the localized
corrector and the localized flux corrector.

oF

dwyg

EHF(%) - E[F(a)s)]‘zq]l/q < qusdE[

Lemma 24. (Estimates for linear functionals of the corrector and the flux corrector
for the monotone system). Let the assumptions (Al)—(A3) and (P1)—(P2) be satis-
fied. Let & € R™ 4, T 2 26%, Kpass 2 C(d,m, %, A), and let ¢, o be defined
as in Lemma 18. In case d 2 3, let QST be the (up to constants unique) sublinearly
growing solution to (18a). Define, for any xo € R4,
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Iy, 1,8 (x0):=1nf {r =2¢: ke No and for all R = 2% > r, £ € Ny, we have both

= Lo 7 o 90

— - X

R* /g (xo) Bro)

and _‘][ d)g dx| = Kpass €| } (35)
Bg(x0)

Then the random field ry 1 ¢ is well-defined and stationary. Moreover, the following
statement holds: Let F denote one of the following random variables

dx<|’§|

Fi= / g(x) - Vo (x) dx,
R4
or F:=/ g(x)-VaST’jk(x)dx, 1<i,j<d,
or F::/ g(x) - VGE ;(x)dx, 1 <0 Sd, (inthe cased 2 3 only),

for a deterministic vector field g € LP(R?; R™*?) satisfying for some xo € R,
r 2 &, and some exponent 2 < p < 2+ c¢ (with a constant ¢ = c¢(d, m, A, A) > 0
defined in the proof below),
1/p
gl? dX) =r-

Then there exists an exponent § = 5(d, m, A, A) > 0 (coming from hole-filling)
such that the stochastic moments of the functional F satsify

d/2 (d=8)q/(1-1)7(1-1)/2¢
E[IFP]'"™ < C|s|q<f> E[(—’*’T’f) }
;

supp g C B,(xo)  and <][
B

7 (X0)

&

forany 0 <t < 1 and any q 2 C. Here, the constant C may depend on d, m, A,

A, p, Kpass, p, and T (but not on € and r). In particular, all of our estimates are
independent of T > 2.

We also obtain the following estimates on averages of the correctors:

Lemma 25. Given the assumptions of Lemma 24, forany 0 < t < 1, anyq = C,
any xo € R?, any r 2 &, and any R > r we have the estimate

2g1/2q
qf, 0, o
7 (x0) Br(x0)

2g1/2q
+E|: ][ ogde—][ GSde i|
By (x0) Br(x0)

Fore | @09/ 1-070-0)/2 logy 5 NN
*, 1,
gcmsm[( ; ) ] (2(2’02(%)) . (36)

=0
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Furthermore, for any R > /T we have the bound

qq1/q qq1/q
IEH][ ¢! dx ] —HEH][ o/ dx ]
BR(xo) BRr(x0)
d/2 d—d)q/(1—1)7(1—-1)/2q
£ T
scaent(z) B[ (=) ]

We then establish the following moment bounds on the minimal radius ry 7 ¢,
which will enable us to deduce the corrector bounds in Proposition 19:

(37)

Lemma 26. (Moment bound on the minimimal radius). Given the assumptions of
Lemma 24, there exists Kyuss = Kmnass(d, m, A, A) such that the minimal radius
r«,T,& has stretched exponential moments in the sense that

(2] =

for some constant C = C(d, m, A, A, p) independent of &.

It will be central for our optimal-order homogenization error estimates to obtain
optimal-order estimates on differences of correctors for different macroscopic field
gradients £, like ¢g, — ¢z, for &1, & € R™ *d To estimate such differences, we will
rely on estimates for the derivative ¢>§ g of the corrector ¢>§T with respect to £ in
direction E. Formally differentiating the corrector equation (11a) with respect to
£, we obtain for ¢/ 5:=d¢ ¢/ E the PDE

1
=V (e Alwe, € + V(S + Ve ) + iz =0

(see also (17a) above). It is interesting that this PDE again takes the form of a
corrector equation, namely the corrector equation for the linear elliptic equation
with random coefficient field 9¢ A (w;, & + V¢ST ).

We next show that this differentiation can be justified rigorously.

Lemma 27. (Differentiability of the corrector with respect to ). Let T > 0 and
assume (Al)—(A2). Forany & € R"™*4 gnd any parameter field @, let (j)sT denote the

unique solution in HJIOC (R4, R™) 10 the localized corrector equation (11a). Denote
by ¢>§T g the unique solution in HulloC (RZ; R™) to the localized linearized corrector

equation (17a). Then the map & +— (])%.T — as a map R"*4 — HullOC(Rd; R™) —is
differentiable with respect to & in the Frechét sense with
el B =l g (38)

for any & € R4,

Similarly, denoting by UST and UgT,E the unique solutions in Hulloc to the PDEs
(11c) and (17¢), the map & +— O’gT —as a map R"*4 — Hulloc(Rd; R"™ ® ngxe\f/) -
is differentiable with respect to & in the Frechét sense with

for any & € R"*4,
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In order to establish appropriate estimates on the linearized corrector ¢>$T g, We
again start by deriving estimates for linear functionals of the corrector gradient.

Lemma 28. (Estimates for linear functionals of the corrector and the flux corrector
for the linearized equation). Let the assumptions (Al)—(A3) and (P1)—(P2) be satis-
fied. Suppose in addition that the regularity condition (R) holds. Let &, & € R"™*4,
Koass = C(d,m, 1, N), T = 2&2, and let qbgj, agg be the unique solutions in
Hulloc to the corrector equations for the linearized problem (17a) and (17¢). In case
d 2 3, denote by GET the (up to constants unique) sublinearly growing solution to

(19a). Define for any xo € R?

T4, T,¢,2(x0):=1nf {r =2k e No and for all R = 2t = r, £ e Ny,

we have both

1 2

1 ¢(5_][ ol di| dv < |52

R Jppany | ¢ Brxo)
1 ][ ,

and — ¢r 5 dx| < Kpass| E| } (39)
ﬁ‘ BR(XO) g’ mass

Then the random field ry 1 ¢ = is well-defined and stationary. Let F denote one
of the following random variables

F::/ g(x) - Vd)ST’E(x) dx,
R4
or F::/ g(x) - VGSTE ) dx, 1 <i,j<d,
R4 o
1
or F:=/ gx) - —V@gs ;(x)dx, 1 <id, (inthe cased 2 3 only),
Rd r T

for a deterministic vector field g € LP(R?; R™*?) satisfying for some xo € R,
r 2 &, and some exponent 2 < p < 2+ c¢ (with a constant ¢ = c¢(d, m, A, A) > 0
defined in the proof below),

I/p
supp g C B,(xo)  and <][ lg|? dx) <.
B

7 (X0)
Then there exists an exponent § = 5(d, m, A, A) > 0 (coming from hole-filling)
such that the stochastic moments of the functional F satsify

dj2
1/2 ) ° LS
E[|FP]" < ¢+ |$|C)|nlqc<;> B[ (==

(d—8)q/(1—1)1=1)/24
=)

forany 0 <t < 1 and any q 2 C. Here, the constant C may depend on d, m, A,
A, p, Knass, p, v, and T (but noton ¢, &, E, xq, and r).
In particular, all of our estimates are independent of T > 2&>.

We also derive estimates on the averages of the linearized correctors that are
analogous to the ones of Lemma 25.
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Lemma 29. Given the assumptions of Lemma 28, for any 0 < t < 1, any xo € R4,
any r 2 ¢, and any R 2 r we have the estimate

2g1/2q
E[H ¢>§de—7[ ¢f g dx ]
J By (x0) J BR(xo)
2g1/2q
+E|: ][ O'gs dx—][ O'EI:E dx ]
By (x0) Br(xo)
Fores) @000 log, 7 o\ 12
— *, 1,6, 8
§c<1+|s|>c|a|qCE[< ) ] ( > (2’r>2(7) )
& P 2y
(40)

Furthermore, for any R > /T we have the bound

q71/q q71/q
S R Ay
Bg(x0) Bg(x0)
c c e \4/2 P T.E.E (d=8)q/(1-1)7(1-1)/2q
SC(+ED|Elg ﬁ(;) ]EKT) } . (41)

We then establish moment bounds on the minimal radius ry 7¢ g.

Lemma 30. (Moment bound on the minimimal radius of the linearized equation).
Given the assumptions of Lemma 28, the minimal radius ry 1 ¢ g has stretched
exponential moments in the sense

1 g \1/C
E[exp <—(—r*“’g ) )] <2
CN(A+[&%)e
for some constant C = C(d, m, A, A, p, V).

Note that under a different decorrelation assumption — namely, finite range of
dependence as opposed to a spectral gap inequality — stochastic moment bounds for
(basically) the quantity ry o ¢, g have already been established in [2]. The estimates
in [2] even achieve optimal stochastic integrability.

A necessary ingredient for the sensitivity estimates for functionals of the lin-
earized corrector ¢£ g — as derived in Lemma 28 — is the following regularity
estimate with rather strong stochastic integrability. It is a consequence of our cor-
rector estimates for the nonlinear problem and the small-scale regularity condition
(R).

Lemma 31. Let the assumptions (Al)—(A3) and (P1)—(P2) be satisfied. Suppose
furthermore that the small-scale regularity condition (R) holds. Then there exist
8 =48(d,m, A, A, p,v) > 0 and a stationary nonnegative random field Cpcq ¢ =
Creg.£ (e, x0) with uniformly bounded stretched exponential moments

L ¢
few (o)) <2
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such that the estimate

(d—5)/2
- - o [ T.7.6,E(X0)
sup  |E 4 Vo gl(F) £ Creg.e (x0)(1 + |§|)%|(L)
X€Bg2(x0) €

(42)
holds for any xq € RY. Here, C = cd,m,\, A, p,v).
Proof. We use the assumption of small-scale regularity (R) to yield by Proposi-
tion 51

1

\2
sup |E+V¢>§E|(@gcmg,g<xo)(1+|é|>c<|a|2+][ |E+v¢§5|2dx>

X€Be/2(x0) B (x0)

Using (100) to estimate the right-hand side in this equation, we obtain the
desired bound. O

The following result converts estimates on linear functionals of the gradient of
arandom field and estimates on the gradient of the random field into L?-estimates
for the random field:

Lemma 32. (Estimate on the L” norm by a multiscale decomposition). Let y > 0,
e>0,m =2 and K 2 0. Let u = u(we, x) be a random field subject to the

estimates
m/2 1/m
E <][ |Vu|2dx> <K forallxyeR? (43)
Be(x0)

m=l/m e y
(RS P
Rd r

forallr 2 2¢, all xo € RY, and all vector fields g : RY — R? supported in B, (xo)

satisfying
(£ reprian) ™ < e
By (x0)

Then forallr 2 ¢ and2 < p < oo with p < —(df‘é)+y

p m/p
E <][ u— ][ u dx)
By (x0) By (x0)

(r/s)l_V fory <1,

Jlog(r/e) fory =1and p =2,

- log(r/e) fory =1land p > 2,

and

we have

1/m

1 fory > 1,
with C3 depending on y and p, but being independent of m.
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Proof. The L>-version of the statement is shown for example in [13, Lemma 12].
The L? version is proven analogously. O

Finally, note that our main results rely on estimates for the correctors ¢ and o
(and not the localized approximations qb%.T and O’ST ). While all of our bounds on the

localized correctors ¢ST and o] are uniform with respect to the parameter 7 > 2¢2,
it remains to justify the passage to the limit 7 — oo.

Lemma 33. (Convergence of the localized correctors in the limit 7 — 00). Let
(Al)—(A3) and (P1)—(P2) be satisfied. Let ¢ET and Ug be the unique solutions to the

localized corrector equations (11a) and (11c) in Hulloc. Foranyr > 0,as T — oo
the stationary random fields Vd)sT and Vog jk converge strongly in L*>(2 x By) to
the corrector gradients NV ¢g and Vo ji, with the correctors ¢z and oz as defined
in Definition 1.

For the proof we refer to the beginning of the proof of Lemma 40. There, a
quantitative argument for ¢ is carried out. It extends to og. We remark that the
statement (as in the linear case) can also be shown by a purely qualitative argument
that only requires stationarity and ergodicity.

3.3. Quantitative Two-scale Approximation

The estimate on the homogenization error invokes a quantitative two-scale ex-
pansion of the homogenized equation. As indicated earlier, for technical reasons,
we do not work with the usual expansion #nom + Vv, but consider the (easier)
case of a piecewise affine approximation of the form

Uhom + Z Nk Pe. »

keK

where {ni}rex denotes a partition of unity subordinate to a cover of RY on a
scale § 2 ¢, and {&;} denotes the associated piecewise-constant approximation of
Vihom.' Depending on our application, we will choose either 8:=s or §:=¢!/? (at
least for d = 3).

We first introduce the construction of the piecewise-constant approximation.

Lemma 34. (Piecewise constant approximation). Let O either denote R?, a bounded
Cl-domain or a bounded, convex Lipschitz domain in RY. Then there exists a
constant C > 1 that only depends on O, such that the following holds: For all
0<8< % there exists a partition of unity

{nlkex € C RY  with K C O at most countable,

1 The authors are indebted to Gilles Francfort for this suggestion, which led to a simpli-
fication of the proof.



384 JULIAN FISCHER & STEFAN NEUKAMM

such that for all k € K,

dom=1 in0, 0=m=1  §Vile £C, (452)
keK
1 _
supp e € Bs(), =57 < / nidx <G8, (45b)
(@)

and such that the partition is locally finite in the sense that for all k € K
#(K N Bys(k)) < C. (45c¢)

Furthermore, for all g € H'(O) the local averages
1
ék:=—/ gme(x)dx, k€K, (46)
fo ndx Jo

satisfy for all 1 < p < oo with a constant C (only depending on p and O)

1
& <C (6" / |g|f’dx)" , (47a)
Bas (k)NO

1 1
<cs </ Vgl dx) ", (47b)
Bys(k)nO

1
P
( / & — 817 dx)
Bys (k)nO

Moreover, for all k, k € K that are closed by in the sense that |k — lgl < 48, we
have

1

g e < —d 2 z

8 & — &l =C (6  |Vgltdx) . (47c¢)
Bes (k)NO

Remark 35. In the case © = R the partition can be simply chosen as
K =329, npe=n(5h),

for a suitable cut-off function n € CX° (R?) with suppn < [—1,1]¢ that only
depends on the dimension d.

Proposition 36. (Error representation by the two-scale expansion). Let A, : R? x
R™*d s R™*d be q monotone operator satisfying uniform ellipticity and bound-
edness conditions (Al) and (A2). For any € € R™*4  denote by ¢¢ a solution to
the corrector equation (4) on R? in the sense of Definition 1 and denote by oz a
solution to the equation for the flux corrector (9) on RY.

Let O either denote R?, a bounded C'-domain, or a bounded, convex Lipschitz
domaininRY. Let C, K, and {nkYkek be defined as in Lemma 34 for a discretization
scale0 < § < % Given ii € H*(O) we consider the two-scale expansion,

fe:=it + ) mid, (48)

keK
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with recentered correctors

br:=(ey —][ g, dx), oxi=(0g —][ o, dx)
Bo(k) B (k)

associated with the local averages & (as defined in (46)) of the function g:=Vu.
Then in a distributional sense we have

=V (Ae(x, Viig)) = =V - (Apom(Vi)) + V- R in O,

with a residuum R € L*(O; R"™*4) satisfying for all € € K,

/ ne|RI* dx
(@)

1
<c / S2V2i 2 dx + — / (6e — ¢ + log — o dx
Bys(ONO 82 2 B

keK 65 (€)
[e—k| <48

(49)

Above the constant C only depends on d, m, A, A, and the domain O.

3.4. The Approximation of the Homogenized Operator by Periodic Representative
Volumes

In this section we outline the general strategy for the proof of the a priori
estimates for the RVE approximation of the effective material law Apom stated in
Theorem 14. It is inspired by [29], where the first optimal result for periodic RVEs
in a linear discrete setting has been established. In the following we focus on the
situation where the small-scale regularity assumption (R) is satisfied, since in that
case we can obtain better rates. The argument features additional subtleties (even
compared to the linear case of [29]). We start with the observation that the total
approximation error decomposes into a random and a systematic part

ARVEL () — Apom (§)
_ (ARVE,L(E) _E, [ARVE,L@)D n (EL I:ARVE,L(%.)] _ Ahom(S)).

The random error (the first term on the RHS) is a random variable with vanishing
expectation and corresponds to the fluctuations of the periodic RVE approximation
around its expected value. Theorem 14a asserts that this error decays with the same
rate as the fluctuations of a linear average of the random parameter field on scale L,

that is like (%)_%. The second term on the RHS is the systematic error. It captures
the error coming from approximating the whole-space law PP by the L-periodic law
Py. As in [29] we decompose the systematic error into different contributions. In
particular, we introduce the following notion of localized RVE approximation:
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Definition 37. (Localized RVE approximation). Let A satisfy (A1)-(A3). Let T >
262, let n be a non-negative weight 7 : RY — R with fRd ndx = 1, and let @ :
R¢ — HN B be a parameter field. We then define the localized RVE approximation
of size L with localization parameter 7' € [2¢2, L?] for the effective operator Apom
by the expression

1
ARVEDT G, g) - 8= /]R 2 (A(a, £+ V) B 7¢>§¢>§‘:§) v (50)

forany &, & € R"*? where ¢ST = qSST (@) and qb;g = ¢>g:£(5) denote the localized
corrector and the localized linearized adjoint corrector, that is 4’5T is the unique
solution in Hulloc (R?; R™) to the equation (11a) and ¢; ; is the unique solution in
HullOC (R4; R™) to the equation (17a) but with aST replaced by its transpose a&.T o,

If we choose in the previous definition a random field w, with some probability
distribution P subject to (P1)—(P2), the localized RVE approximation ARVE. T (£)
converges almost surely for 7 — 0o to the (still random) material law ARVE-7(&) .
8 = [pan(AE + V) - E)dx, whose expectation is given by the effective
material law Apom(§). To see this (and in particular that the contribution of the
term %cbg ¢§g vanishes in this limit), one may for example use ergodicity and
stationarity as well as the sublinear growth of correctors. However, in contrast
to the periodic RVE approximation ARVE-L to the effective material law or the
homogenized material law Apop, itself, the localized RVE can be defined for all
parameter fields @, since it only invokes the localized correctors. This allows to
couple parameter fields sampled with P and [Py, respectively. More precisely, with
the restriction map

o(x) ifx e B%,

(rL@)(x):= (5D

0 else,

we note that if P is an L-periodic approximation of IP in the sense of Definition 13
and if w, 1 and w, denote random fields distributed according to IP;, respectively
P, then the equality of laws

TLWe [ ™~ TTLWg

holds. Hence, if the weight 7 of the localized RVE is supported in B L and Py isa
L-periodic approximation of [P, then

EL [ ANENT (rpo0,8) | = E[ANE (o, 6) | (52)

This identity couples localized approximations for the homogenized material
law associated with P and IP; . Motivated by this we decompose the systematic error
as

EL [AVELE) ] — Anom(§) =B [AREL(©)] — B, [ARVEIT (6)]

+EL [AVEIT )] — By [AVEIT (rp00,1,6))
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+E[ARENT (1,0, £)] — E[ARVERT )]

+E[ARVEDT (6)] — Apom (©). (53)

The differences in the second and third row capture the error coming from replacing
e, 1 With T w,. As our next lemma shows, this error becomes small upon choosing
the localization parameter 7 suitably. At the heart of the proof of the lemma is
the exponential locality of the localized corrector equations (11a) and (17c), see
Lemma 45.

Lemma 38. (Estimate for the coupling error). Let A : R? x R"™*4 — R"*d pe
a monotone operator subject to conditions (Al)-(A2) and subject to the Lipschitz
estimate for 9 A as in (R). Let L 2 \/_ > 2¢ and let np denote a non-negative
weight supported in BL with |77L| C(d)L ~d and |Vn| £ C(d)L™4"". Then

there exist g = q(d, m, A A), y =yd,m,A, A), and C = C(d, m, A, A) such
that for all parameter fields @ and all £, E € R”'Xd we have

RVE, 5., T /1~ - RVE. ., T (. ~ -
|A i & -8—-A e (JTLw,é)‘d|

< cop (- L) (16181 + O+ EDIENE + Vel gl rr).

64 JT

where

o T
1€+ Ve clg.r.r

! 4 [ g - y lx —xoly . \7
= Z <ﬁ /Rd|a+V¢§E(w,x)|qexp< 5 i )d) i

X
LT X()EXLT

and where X1 7 C B% denotes an arbitrary finite set with cardinality #X 1 7 <
L
C(d)(ﬁ)d and Uxex, ;B /7(x0) D Br.

The differences in the first and last row of the right-hand side in (53) are the
systematic localization errors, which originate from the localization with parameter
T . The systematic localization error can be estimated as follows:

Proposition 39. (Systematic error of localized RVE). Ler A : H x Rmxd _, Rpmxd
satisfy (Al)-(A3). Let P be stationary in the sense of assumption (P1). Then the
following holds for all £ € R"*4:

(a) E [ARVE’”’T(E)] as defined in (50) is independent of the weight n.

(b) Suppose that P satisfies a spectral gap estimate in the sense of assumption (P2).

Assume furthermore that the small-scale regularity condition (R) holds. Then
forall T = 2¢* and all £, & € R™*¢ we have

|Anom(®) - & —E [ARERT ¢) . 5] |

dNd 2
~ & log(\/T /e ord =2andd = 4,
§C(1+|s|)c|s||a|<—> i | [oe /T /0" f
VT 1 ford=3,d=1, andd = 5

with a constant C = C(d, m, A, A, p, V).
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(¢) IfP concentrates on L-periodic parameter fields and satisfies a periodic spectral
gap estimate in the sense of Definition 7b as well as the regularity condition
(R), then we have for all T € [2&%, L*| and all &€, & € R™*4

E[ARE1) . 2] - E[ARWVERT ) 2]

e )dA4X {|log(ﬁ/8){2 ford =2 andd = 4,

<cd+gn° :(—
= EDTIENIE] JT 1 ford=3,d=1, andd = 5.

In order to prove this result, we need to quantify the systematic error on the level
of the correctors. Note that this estimate is slightly pessimistic (by the logarithmic
factor) for d = 2 and d = 4. Moreover, note that for d = 5 the estimate saturates,
an effect that is also observed in the stochastic homogenization of linear elliptic
PDEzs, see [33, Corollary 1].

Lemma 40. (Localization error in the corrector). Let A satisfy the assumptions
(Al)—(A3) and let P satisfy the assumptions (P1)—(P2). Then for all T = 2¢2 and
all xo € R? we have

1

2 1 2 ’
(J[Bﬁ(xo) (W%ZT - V¢ET| i ?|¢§T - ¢§T| >dx>

i)”’f llog(VT/e)|"* ford e (2.4},
VT 1 ford=3,d=1, andd = 5.

Here C denotes a random constant as in Proposition 20.

§C|E|(

With help of Meyers estimate we may upgrade the previous estimate to an L”
bound.

Corollary 41. Consider the setting of Lemma 40. Then there exists a Meyers expo-
nent p = p(d,m, ), A) > 2 such that for any p € [2, p] the estimate
1
drd

- CI&-‘I( e )z y |log(V/T/e)| ford e (2,4},

= JT 1 ford=3,d=1, andd 2 5
holds, where C = C(d, m, A, A, p, p).

We also require control of the localization error for the linearized corrector.

Lemma 42. (Localization error for linearized corrector). Consider the setting of
Lemma 40. Furthermore, assume that the small-scale regularity condition (R) holds.
Then

! 12
E |:|V¢§T,E - V¢§,Ts|2 + 7|¢5T,E - ¢§T: 2i|

¢ )"24 1102/ T/e)| ford e 2.4),
JT 1 ford=3,d=1, andd = 5,

where C = C(d, m, A, A, p, v).

§C(1+|s|>c|a|<
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4. Proof of the Main Results

4.1. Ingredients from Regularity Theory

Our estimates crucially rely on three basic regularity estimates for elliptic PDEs,
the first two being the Caccioppoli inequality and the hole-filling estimate for non-
linear elliptic equations (and systems) with monotone nonlinearity and the last one
being a weighted Meyers estimate for linear elliptic equations (and systems). We
first state the Caccioppoli inequality and the hole-filling estimate in the nonlinear
setting. The (standard) proofs are provided in “Appendix A”.

Lemma 43. (Caccioppoli inequality and hole-filling estimate for monotone sys-
tems). Let A(x, &) be a monotone operator subject to the assumptions (Al)—(A2).
Let 0 < T < 00 and let u be a solution to the system of PDEs

1 1
-V . (A, V —u=V. —
(A(x u))+Tu g+Tf

forsome f € L*(RY; R™) and some g € L>(RY; R"™*?). Then there exist constants
C > 0and § > 0 depending only on d, m, A, and A with the following property:
Forany R,r > O with R = r we have the Caccioppoli inequality

1
][ IVu|* + —|u|? dx
BRy2(x0) T

c c
<= |u—b|2dx+7|b|2+cf

1
g+ =If1Pdx  (54)
R? JBr(xo) Br(xo) T

for any b € R™ and the hole-filling estimate
1
/ \Vu|* + —|u|? dx
By (x0) r
r\’ 2 oo
<C|— [Vul” + —|u|” dx
R Br(xo) T

§
r 1
+C/ (—) 24 —|f1P) dx. (55)
oo ) (sl 1)

We next state a weighted Meyers-type estimate for linear uniformly elliptic
equations and systems. Its proof (which is provided in “Appendix C”) relies on the
usual Meyers estimate, along with a duality argument and a hole-filling estimate for
the adjoint operator. The details are provided in [13] for the case T = oo; however,
the proof applies verbatim to the case T > 0, as the only ingredients are the Meyers
estimate for the PDE and the hole-filling estimate for the adjoint PDE.

Lemma 44. (Weighted Meyers estimate for linear elliptic systems). Let a : R —
R™*d @ R"™*4 be q uniformly elliptic and bounded coefficient field with ellipticity
and boundedness constants A and A. Let r > 0 be arbitrary. Let v € H'(RY; R™)
and g € L*(RY; R™*4), £ e L2(R4; R™) be functions related through

1 1
V@V 4+ —v=V g+ ——F
(a v)+Tv g+ Tf

JT
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There exists a Meyers exponent p > 2 and a constant ¢ > 0, which both only
depend ond, m, A, and A, such that forall2 < p < p and all 0 < ag < ¢ we have

1
1 I\ .\ 7
(o G+ |70+ 5) )
K\ \7
§C(/ (Igl”+|f|”)(l+—> dx) , (56)
]Rd r

where the constant C depends only on d, m, A, A, p, and «y.

The localization ansatz for the correctors relies crucially on the following ele-
mentary deterministic energy estimate with exponential localization. As the proof
is short and elementary, we directly provide it here.

Lemma 45. (Exponential localization). Suppose that A : R? x R"*d — Rmxd js
a monotone operator satisfying (Al) and (A2). Let T > 0 and L 2 VT. Consider
ue H (R R™) and f € L2 (R4 R™), F € L% _(R?; R"™*9) related by

loc loc loc
V- (A(x,Vu)) + : V.- F+ lf
— . X, u —Uu = . J—
T T

in a distributional sense in RY. Suppose that u, f, and F have at most polynomial
growth in the sense that

1
2
JkeN: limsupR* (fB (|u|+|Vu|+|f|+|F|)2> =0.
R

R— o0

Then for 0 < y < c(d, m, A, A) we have
2 1 2
(176 + ) exp(—y x|/L) dx
R4 T
2 1 2
<c@dmor ) [ (IFP+ ZIf12) exp(=ylxl/L) d.
R

Proof. Set n(x):=exp(—y|x|/L). We test the equation with un (which can be
justified by approximation thanks to the polynomial growth assumption). By an
integration by parts, the ellipticity and Lipschitz continuity of A, and using |Vn| <

In < %n, we get
2 1 2
A |Vul"n + —|ul"ndx
R4 T

1 1 1
< A|Vu|—=|u| dx+/ |F|<|Vu|+ —|u|> dx+—/ | flu|ndx
< [ A pinass [ PRI fy,

The claim now follows for y < ¢ by absorbing the terms with u and Vu on the
right-hand side into the left-hand side with help of Young’s inequality. O



Optimal Homogenization Rates in Stochastic Homogenization 391

Remark 46. We frequently apply the exponential localization in the following
form: Suppose that A : R? x R”*¢ — R™*9 is a monotone operator satisfy-
ing (A1) and (A2). Let T > O and L = +/T. Consider u1, u> € H_. (R?; R™) and

f e L? (Rd; R™), F e L? (]Rd; Rde), all with at most polynomial growth and

loc loc

related by
1 1
—V - (A(x, Vuy) — A(x, Vup)) + ?(Ml —uz)=V-F+ 7f
in a distributional sense in R¥. Then, for 0 < y <c(d,m, &, A), we have
1
[ (1901 = ol 4 s = ) expl—y a1/ Ly s
R4 T
2, 1o
<c@ma ) [ (IFP+ ZIf1) exp(=ylxl/L) dv.
R

Indeed, witha(x):= fO] 0 A(x, E+(1—5)Vuy(x)+sVuz(x)) ds and Su:=uy —u,
we have —V - (a(x)Véu) + %BM =V.F+ %f. Since A is a monotone operator
satisfying (A1) and (A2), the derivative dg A(x, &) is a uniformly elliptic matrix
field; hence, a(x) is a uniformly elliptic coefficient field and the claimed estimate
follows from the linear version of Lemma 45.

4.2. The Convergence Rate of the Solutions

We first provide the proof of the error estimate for ||us — upoml|z2. It is based
on a two-scale expansion with a piecewise constant approximation for the slope of
the limiting solution upom, Whose approximation properties are stated in Lemma 34
and Proposition 36.

Proof of Lemma 34. Step 1. Construction of the partition of unity. The construc-
tion of the partition of unity in the case © = R? is elementary, see Remark 35. We
thus only discuss the case of a bounded domain. In the following C > 1 denotes a
constant that may vary from line to line, but that can be chosen only depending on
O and the dimension d. We fix the length scale § with 0 < § < % Thanks to the

assumptions on O (C'-boundary or Lipschitz boundary & convexity), for C > 0
large enough, we have that

Bgs(x) N O is connected for all x € O, 57

and we may cover O (enlarged by a layer of thickness §/2) by balls of radius B,
whose volume interesected with  is comparable with §¢; more precisely,

O + Bs)(0) C U Bs(k), K":={x €O : Byc(x) SO}

xeK”

Since the set on the left is compact, we can find a finite subset K’ C K” such that
the above inclusion holds with K” replaced by K’. Moreover, by the Vitali covering
lemma we can find a finite subset K € K’ such that the balls {Bs/3(k)}kek are
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disjointand O+ Bs/» € U rek Bs(k). With this covering athand, we may iteratively
define (measurable) functions xx : RY — {0, 1} such that

sty < xe S lgyy  and Y xp =100 0+ Bsp(0).  (58)
kek

Let ns/2 denote the standard mollifier with support in Bs/2(0). For k € K set
Nk:=Xk * 15,2. By construction {1 }xex is a smooth partition of unity for O satis-
fying (45a) and (45b) (the latter is a consequence of (58) and the fact that the balls
Ba/@(k), k € K, are disjoint and contained in O) as well as (45¢).

Step 2. Estimates. The arguments for (47a) and (47b) are standard. We prove
(47¢). We first note that for all k, k € K with |k — k| < 48 we have supp nx U
supp n; C Bes (12). Moreover, by (57) the set Bgs (12) N O is connected. Denote by

v e H'(ON Bss (I;)) the unique mean-free weak solution to the Neumann problem

e Ng
fo M dx fo ng dx
3v=0 ond(Bgk)NO).

—Av =

in B@;(%) nao,

The standard a priori estimate, Poincaré’s inequality and (45b) yield

/ |Vo|?dx < €827,
Bes (k)NO

for a constant C only depending on C. This implies (47c), since

fk—flgz/ (ﬂ—i>gdx:/ Vg - Vudx,
o\Jom Jomn ONBgs (k)

as can be seen by an integration by parts. O

Proof of Proposition 36. To shorten the notation, we implicitly assume that k, k e
K and we shall use the shorthand notation

k~k & k, k are nearby sites, that is |k — I€| < 46.

Note that supp nx N suppn; # ¥ implies k ~ k. We shall also use the notation
A < Bif A £ CB for a constant C that only depends on d, m, A, A, C and O.
First, we note that in the sense of distribution in O, we have

V- (As(x, Vitg))

—v. (AE <x, Vii + Xk:nkWﬁk))

+ V- (A (. Vi + Y mVe+ Y gV
k

keK

- A8<x, Vi+ Y nkvd)k)).
k
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Adding and subtracting intermediate terms and using the fact that the n; form a
partition of unity (thatis ), nx = 1), we get

V- (Ae(x, Viig))
= V- (Anom (V)

: (Z Mk (Anom (&) — Ahomwa)))
Z i (Ae (x, & + V) — Anom (5k))>

+V. A x, Vu+anV¢k>—anAs(x,Vﬁ+V¢k)>
k

+ V.

Bl

+V. (an (A (x, Vit + V) — 8(x,§k+V¢k)))
(+
(+

x, Vi + Z Vo + Zd’kvnk)
— A (x, Vu + Z nkV¢k)).
k

Using the equation for the flux corrector V- oy = Ag(x, & + Vi) — Anom (&) (see
(9)) and the skew-symmetry of o} (which implies V - (nV - ox) = —V - (64 V1)),
we obtain

V- (Ag(x, Vitg)) = V- (Apom(Vit)) + V- R,
with a residuum R:=1 + I1 + 111 where

I:= Z M (Anom (€x) — Anom(Vid))

+an e(x. Vit + Vi) — Ac(x. & + V)

and

== ZUkVnk
k
+ A%, Vit + Y mVee+ D¢V — Ac (v, Vi + Y Vo)
k k k

as well as

[11:=A, (x, Vi+y nkV¢k) " A (x, Vi + V).
k k

It is our goal to show that R can be estimated for all £ as
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/Onumzdx5/@m<|1|2+|11|2+|111|2)dx

_ 1
582/ V2l dx + = Z/ e — ¢il* + low — ox]* dx. (59)
By (N0 8 20 B0

For the argument we first argue that [ |/ |> may be bounded by the first term
on the right-hand side of (59). Indeed, by Lipschitz continuity of A, and Apom in
& (see (A2) and Theorem 11a, respectively), we have the pointwise bound |I]| <
> i k| Vit — &/, and thus (with help of (47b)),

/szdx,g Z/ Vi — &/ dx
O Bys (k)NO

k:k~¢

< 52 Z / |v2a|2dx§52/ V2| dx.
k ke~ Bas (k)NO Bgs (O)NO

Next, we show that [ n¢|/] |> dx may be bounded by the second term on the right-
hand side of (59). By the Lipschitz-continuity of A, in & and the factthat ), Vi, =
0 (as the n form a partition of unity), we have 11| < | Y, (0¢ — o) Vi | +
| (e — ¢k)V7lk|~ Since |Vni| < €571, we deduce that

/neIIIIZdXSS_Z Z/ e — i + o — ox|* dx.
(@] Bas (£)

kik~t

Finally, we estimate the third term /71. Since ) 'z n; = 1 we have

1=y "n; (As(x, Vi + ) mVer) — Ae(x, Vi + W’i))-
i k

Hence, the Lipschitz-continuity of A¢ in & yields [I11] < ) ¢, ngnk|Vér — V|
By the support property of n; and n; we get

/ nellI1Pdx < C Y
o k:k~e

/ Voo — Vil dx. (60)
Bys(£)

Thus, we need to bound the difference of the two corrector gradients V¢, and Vi
for nearby grid points k and £. To this aim, note that the corrector equation (4)
implies

=V (Ae(x, & + Vo) — Ae(x, & + Vi) = 0.

An energy estimate based on assumptions (A1) and (A2) thus yields

1
f o e-Vala e gl 5] le- el
Bas(0) 8% JBes ()

In conjunction with (47b) and (60), we see that f nell Il |2 dx may be bounded by
the right-hand side of (59). O
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Proof of Theorem 2, Theorem 4, and Theorem 7. We use the notation A < B if
A < CB for a constant C that only depends on d, m, A, A, C and O.

Step 1: Proof of Theorem 7 — the case of a bounded domain O. For the proof
we appeal to the two-scale expansion introduced in Proposition 36. Let § denote
a discretization scale that satisfies ¢ < § < é and that we fix later. According to
Proposition 36 we denote by {n; }xek the partition of unity of Lemma 34 and by u,
the two-scale expansion defined in (48) associated with u:=upom. Moreover, we
define the correctors ¢y, oy as in Proposition 36. Note that by the proposition and
the identity V - (A(wg, Vug)) = V - (Ahom(Vu)) in O, we have

V - (A(wg, Vug) — A(wg, Viig)) = V- R in a distributional sense in O,
(61)

with a residuum R € L2(O; R"*9).
Step 1.1: We claim that

/O RPdx < C Voo (574 (5) ma(2)) (62)

Here and below we denote by C a random constant that might change from line to
line, but that satisfies the stretched exponential moment bound

v

E[exp (%)] <2, (63)

with v only depending on d,m, A, A, p and with C > 0 depending only on
d,m, ), A, p, and O. Below, we shall tacitly use the calculus rules for random
constants with stretched exponential moments, see Lemma 47.

The starting point for the argument is the local residuum estimate (49), which
we post-process by appealing to the triangle inequality:

/Oum2 = Z/@rmmz

tek
562/ IV2unoml*dx +872% " ) / (Ipel* + low|?) do.
@ leK keK 366(8)
[k—£]<48
(64)

As we shall show in Step 3, from Corollary 21 we may obtain the corrector estimate

)
Y% [ e slarar<c [ Vil eu(3) 69
‘e Bes (£) @ 2

keK
lk—€|<45
where
s ford =1,
ma(s):= 4 |log(s)| ford =2,
1 ford 2 3.

Now, (62) follows by combining the previous two estimates.
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Step 1.2: To derive abound on the difference Vu, — Vii, from the above estimate
on the residuum, we would like to test the equation with u, — it.. Thus, we need to
modify i, close to the boundary to obtain an admissible test function. Let T = &.
Set (00);:={x € O : dist(x, d0) < t}. We denote by v a cut-off function with
¥ =1lin{x € O :dist(x, d0) > 7}, ¥ =00n 3O, and |[Vyr| < 77! We claim
that

/ Vite — Ve — V(1 — ¥ (i — )] dx
(@)

2

2 8 e 8
< C* VI T (5) maG) - ()
< C Vunomllyi o, (v 87+ (5) 1a(2) + Zma(2)). ©6)
Note that the terms with the factors T and % ud(g) are due to the cut-off close
to the boundary. For the argument, we test the equation (61) with the difference

(ueg — i + (1 — ) (1, — 1)) € HO1 (O). By the monotonicity property (A1) and
the Lipschitz continuity (A2) we get

/ AV — Viig)>dx < —/ R-V(uy — iig)dx
O O
+ A/(9 |Vue — Vit [V((1 = ) (e — )] dx
—/ R-V((1 — ) (@ — ) dx.
O
This entails the estimate

/|VuS—VﬁS—V((1—w)(ﬁ—ﬁg))lzdx 5/ |R|2dx+/ Vi, — Vi|* dx
o o BO);

+ r’z/ e — it|* dx.
B0,

By the definition of i, and the properties of the partition of unity (cf. (45a),(45b)), this
implies

/ |Vue = Vit — V((1 = ¥)(it — )| dx
o

< 2
N/O|R| de+

keK

/ ne(I V2 + 216 ) d.
(00),

We combine this estimate with the following estimate, the proof of which is
postponed to Step 3:

J

Thus, (66) follows from the previous two estimates and (62).

2, =214 2 < 2 € 8 2
> (19 + 72 dv < (€7 + 2 = pa(=)) IVutnom 31 -
O ek t €
(67)
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Step 1.3: From the definition of the two-scale expansion i, and the Poincaré
inequality we obtain

e — unomllz2(0) = [{ue = e + (1 = ¥) D mghi +|[ Y o
kek L2(0) kek L2(0)
:
< IVite — Vite — V(1= )@ — i) 20y + Z/ R
rek ¥ B ®)
Thus, with (66) and (65) we obtain
5 5 5 s (eN2 8\ & /8
lite = tthom|lF 2., = €2 IV atnomll 10, (7 + 82+ (5) wa(2) + —na(2))-
By setting 7:=8> and
el/3 ford =1,
8= 81/2|10g8|1/4 ford = 2,
gl/2 ford > 3,

this completes the proof of Theorem 7.

Step 2: Proof of Theorem 2 and Theorem 4 — the cases with O = R?. As
before we appeal to the two-scale expansion i, of Proposition 36 and thus recall
the definitions of {1 }xex , P&, ok and i, from Step 1. To improve the scaling of the
error, we will crucially use the improved estimate on the difference of correctors
@5, — ¢g, and og, — o, provided by Corollary 21; however, as these estimates grow
with a factor of (1 4 |&|€ + |&€), the L>-norm for the gradient Vipom appears
on the right-hand side of the estimate. As in Step 1 we deduce from Proposition 36
that

V- (A(wg, Vug) — A(wg, Viig)) = V - R, ford = 3, (68)
and

V- (A@e, Vite) = Awe, Viie)) = (s = ) = V- R+ ) iy ford = 1,2.

keK
(69)
Step 2.1: We claim that
. 5
[ 1RP < unony? (5 + ua(2)) (70)
R4 £

where

C(Vunom)*:=[|Vitrom 1 e, + (14 up | Vithom ) /R || V2unom|* dx.
R
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Here and below we denote by C a random constant that might change from line to
line, but that satisfies the stretched exponential moment bound

v

fon($)] =2

with v only depending on d, m, A, A, p, v and with C > 0 only depending on
d,m,\, A, p,vaswellas O.
Indeed, the local residuum estimate (49) yields

/|R|2dx 582/ V2unom 2 dx
R4 R4

+é ZZ Z / (I — del? + lox —oe[P)dx.  (71)

keK Bes (£)
\k 0148

We combine it with the improved corrector estimate

DY / (I — ¢el* + lox — ov]*) dx

tek  kek 7 Bes(O
lk—€|<48

8
< 1 sup Vo ([ 192unomar) ua(2). (72
Rd R4 &

The proof of the above estimate is postponed to Step 3. It exploits the regularity
assumption (R). The combination of the previous two estimates yields (70).
Step 2.2: We fix § as follows:

S 8|10g8|% d=2,
e d#2.

We first note that with this choice, we have for d = 3

Z Nk Pk

keK

+ CC(Vunom)e, (73)

lug — uhom”LZd/(d 2)(Rd)
L2d/(d—2)(Rd)

while for d = 1, 2 we have

Z Mk Pk

keK

(74)

lue — uhom“LZ(Rd) =

L2(Rd)

£ ford =1,

+ € C(Vunom) \
elloge|2 ford =2.

Indeed, for d = 3 the estimate follows from the energy energy estimate for the PDE
(68) combined with (70) and the Sobolev embedding. For d = 1, 2 the estimate
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can be directly obtained from the energy estimate for the PDE (69) in combination
with (70). As we shall prove in Step 3, we have

1

g2 ford =1and p =2,
~ 1
Z ke, < CC(Vupom) { €llogelz ford =2and p =2,
k LP @) 2d
=K 3 fordz3andp:ﬁ.

(75)
Combining the previous three estimates, we obtain the statements of Theorem 2
and Theorem 4.
Step 3: Proofs of the corrector estimates (65), (67), (72), and (75).
Step 3.1 - Proof of (65). We first claim that there exists a positive constant
C < land v > 0 only depending on d, m, A, A and p such that, for k, £ € K with
|k — €] < 48, we have

8
| e viatar s ([ VmmPar)eu(2). a0
Bgs (£) Bys (k)NO &

with a random constant Cy, satisfying

]E[exp (%’:)] <2 77)

For the argument, we first recall that ¢y (w,, x) = ¢g, (we, x) — fb,g ) g (e, ) dy.
Thus, by translation of w,, we may assume without loss of generality that k = 0
and |£| < 48. The claim then follows from Corollary 21 (applied with r = 108 and
xo = £ € Bys(0)) and the estimate of |&| via (47a).

Summation of (76) thus yields (65) with a random constant C given by the
expression

=

1

2
C:(/ |Viup |2dx) c? / |Vithom|* dx
O om Z k( Bys (k)nO om )

t.kek
[e—k|<48

Since 3 cxek [ 10 |Vithom|? dx < [ [ Vithom|? dx, we deduce with help
[e—k| <48

of the calculus rules for random variables with stretched exponential moments (see
Lemma 47) that C satisfies the claimed moments bounds.

Step 3.2 - Proof of (67). We first claim that there exists a positive constant
C < land v > 0only depending on d, m, A, A and p such that for k € K we have

T £\2 8
/ Vo P ar < 2146 (5w (2)) [ (9umom s
(Bas ())NIO). T &/ ) Jongss

(78)
with a random constant Cy satisfying (77). For the argument, we first note that
fBZr(y) [V |>dx < &>+ 172 fB4f () Pk |2 dx thanks to the Caccioppoli inequal-
ity. The remaining argument is similar to the one in Step 3.1, covering the set
(Bas(k) N 00), with balls of the form B4z (y).
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Thanks to the properties of the partition of unity (45b), we deduce from (78),

Z/ Uk(|v¢k| + 172 [?) dx

2 (e () ra)( [, Verent*ar)

keK
dist(k,02)<38

8
S5 <1+62( ) ))/ [Vithom | d,
8 € (80)ss

with a random constant given by

1
2
C=</ |Vuhom|2dx> > cz/ | Viuom|* dx
30)ss ONBzs (k)

keK
dist(k,0Q) <38

<

~

SRR

As in Step 3.1 we deduce that C satisfies the claimed moments bounds. To conclude
(67), it remains to prove the trace-type estimate

/@@ |Vithom!” dx < 7| VathomlI 310, (79)

for r = 54. In fact, the estimate holds for any v € H L(©) (instead of Viuhom)- To
see this it suffices to consider a smooth v : R?; — R with R?, :=R~! x (0, 00).
Then

.
/ |v|2dx=/ /|v(x’,s)|2dsdx’
RI=1x(0,r) R4-1

2
§2r/ [v(x’, 0)]? dx’ + 2
Rd-1

adv(x t)dt| dsdx’

Rd-1

§zr/ |v(x’,0)|2dx’+2r2/ /|8dv(x',t)|2dtdx’
]Rd—l ]Rd—l 0

2
gr”v”Hl(O)?

where the last line holds thanks to the trace estimate. The case of a general Lipschitz
or C'-domain can be reduced to R‘i by appealing to a partition of unity and a local
straightening of the boundary.

Step 3.3 - Proof of (72). With the regularity assumption (R) at hand, Corollary 21
in combination with (47¢) yields

52 Z/B (e — del? + lox — orf) dx

kek 65 (£)
k—e|<45

1)
< C20 4 sup Vo [ [Punan P dx a3
R4 Bss (0)NO €
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where C; denotes a random constant satisfying E[exp(%)] < 2 with C, v only
depend on d, m, A, A, p and v. A summation in £ € K and the calculus rules for
random variable with stretched exponential moments (see Lemma 47) yield (72).

Step 3.4 - Proof of (75). The estimate follows from Corollary 21 and (47a) by
an argument similar to the one in Step 3.1. O

Lemma 47. Let J denote a countable index set. For j € J letC; be a non-negative
random variable with stretched exponential moments of the form

cY
oo )] o2
Cj

with positive constants Cj and exponents 0 < v; < 2. Suppose that (a i)jesisa
summable sequence of non-negative numbers. Then the random variable

. aiCi D
C::£ satisfies E|:exp (CT):| <2,
Zje] aj c

A . ~ V/v;
where D:=inf jej vj and C:=C(vy, ..., vy)Sup ¢, Cj/ .

Proof. We first note that there exist universal constants 0 < ¢’ < C’ < 0o such
that for any non-negative random variable Z we have the chain of implications

1
E[exp(C’Z)] <2 = Vpzl1:E[2Z']P<p = E[exp(c’Z)] <2.

We now estimate
L
E[(Q)p]‘,, 1 E[((Z/eﬂjcj)ﬁ)z’]ﬁlﬁ 1 Zie/afE[(Cﬁ)p]w
C Zje]“j cim Zje]aj
1
1 ZjejajE[(C.‘;j)p]w 1 Zje]aj(pcj)#
cl/p Y ies aj SCU Yea)

A

’

A
—
q\
S
~—
<=

and thus the claimed estimate follows. O

4.3. Estimates on the Random Fluctuations of the RVE Approximation for the
Effective Material Law

We next establish the estimates on fluctuations of the representative volume
approximation for the effective material law stated in Theorem 14a.
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Proof of Theorem 14a. To ease the notation we drop the indices € and L and simply
write w instead of w, ;. Consider the random variable

F(0):=ANFl(w,§) 8= ]{o L Al@(x),§ + Vo (@, x)) - Edx.

Let §w denote a periodic infinitesimal perturbation in the sense of Definition 16b.
Then for all L-periodic parameter fields w we have

F(w+téw) — F(w)
t

§F (w):=lim
t—0
=][ IpA(@(x),§ + Vi (0, x))dw(x) - B
[0,L]¢
+ags(x)Véps (w, x) - Edx, (80)
where
ag(x) = 0: A(w(x), & + Ve (w, x)),
and where §¢¢ = d¢¢ (w, -) is the unique (L-periodic) solution with mean zero to
=V (agVéps) =V - (0pA(w(x), § + Ve (w, x))dw(X)). 81)
Introducing the unique L-periodic solution / with vanishing mean to the PDE
-V. (ag‘Vh) =V. (ag‘(x)E), (82)

we deduce by testing (82) with d¢b¢ and testing (81) with &
SF (w) =][ 0w A(w(x), & + Ve (w, x))dw(x) - Edx
[O,L]d
+ ][ 0w A(w(x), & + Ve (w, x))dw(x) - Vhdx.
[0,L]¢

This establishes by (A3)

=

< CL™E + Ve |(IE| + [Vh))
ow

which yields by the ¢-th moment version of the spectral gap inequality in Lemma 23

EL[|F B EL[F]|2q]1/2q

J 2 q1/2q
SanZL—"EL[(/ (][ |s+v¢s|(|s|+|w|>df) dx) } :
[0.L}4 B (x)

By Holder’s inequality, we infer for any p > 2

EL[|F _ EL[F]|2q]1/2q
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d
E\72 ~
<cq(+ JEL[(][ 7[ & + V| di
<L> (0,214 | J B (x) ¢
2q/p1/2q
X <][ (|E|+|Vh|)1’dx> } )
[0,L1

Bounding the last integral by C|E| by Meyers estimate for (82) (see Lemma 44)
and using the estimate (99), we obtain

p/(p=2) q(p=2)/p
o)

EL[’F _ IEL[F]|2q]1/211
<

d q(p—2)/p1/2q
& ~ d—s -2
ca(7) ez (£ Fevew]“ 7 Pa) ]
L [0,L1¢

Using stationarity of r, ;. ¢ and the moment bound of Lemma 26 (which we prove
explicitly for the probability distribution [P, but which may be established for Py,
analogously; furthermore, while the estimates of Lemma 26 are stated for finite
T < oo, they are uniformin T > &2 and therefore also hold in the limit T — 00),
we deduce for g large enough

d
2

172
" <cq(7) 811zl

IEL[|F—EL[F]|2q]

This is the assertion of Theorem 14a. O

4.4. Estimates for the Error Introduced by Localization

We next establish the estimates from Lemma 40, Corollary 41, and Lemma 42
for the error introduced in the correctors by the exponential localization on scale /T
via the massive term. We then prove Proposition 39, which estimates the systematic
error in the approximation for the effective coefficient E[ARVE-"-T] introduced by
the finite localization parameter 7 < 0.

Proof of Lemma 40. We will use the exponential weight n(x):=exp(—y|x|/ VT)
with 0 < y < 1. Note that

Y
Vil = —=n. (83)
U =1

By the localized corrector equation (11a) we have

1 1
—V (A €+ VO = Awe, &+ VED) + - @BF — o)) = 5701 -

Testing with (¢>§T — ¢>§T )n and using the monotonicity and Lipschitz continuity of
A (see (A1)-(A2)) as well as (83), we get
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1
[, (962" = Vol [+ a2 = o s

_ZT/ ol (2 —¢5T)ndx+y/RdA|V¢§T—V¢gT| 1927 — ¢ I dx.

1
JT
Choosing y < ¢(d, m, A, A), we may absorb the second term on the RHS into
the LHS to obtain

1
/Rd (|V¢§T_V¢’§T|2+7|¢s — 7" )ndx < —/ o @27 —pDIndx. (84)

In the following, we treat dimensions d < 2 and d = 3 separately. In the case
d < 2, by Young’s inequality and absorption the previous inequality yields

2 1 ) C
/Rd (1V92" VoI [* + 102" —9f [ )ndx < T/Rd 67 127 de.

Note that by Proposition 19 (in connection with a dyadic decomposition of R4
for d = 1,2 into the ball B /7(0) and the annuli {2'V/T < |x| < 2i70/T),
i=0,1,2,...) we obtain

1 - Cl&|%e ford =1,
— dx £
T /Rd 16 I"n dx = {C|(§|282‘10g*/77 ford = 2.

Since n = exp(—1) on B /7, the claimed estimate follows for d = 2.

In the case d = 3 we can use in (84) the representation ¢%.T =V. (GgT —b)

for any b € R"™*4 (see (18b)). We obtain by an integration by parts and by the
Cauchy-Schwarz inequality the estimate

1
7/Rd¢§<¢§T—¢§>ndx

1 T 2T T Y 2T T
g;/Rdwg = bI(IVg2" = Vol |+ 192" — ¢ 1)n dx

JT
With Young’s inequality we may absorb the second factor into the LHS of (84).
We thus obtain

2 1 5 C
/Rd (|V¢§T — V¢5T| + T|¢52T _ ¢§T’ )de < ﬁ |95£T — bP2ydx.

By appealing to Proposition 19 (in connection with a dyadic decomposition of RY),
and the fact that n = exp(—1) on B JT the claimed estimate follows for d = 3.
O

Proof of Corollary 41. Set u::(pgT —¢§.T and note that witha(¢):= fol 0 A(we, §+
(1 =9)Ve! + sV¢:") ds we have by (11a)

V@V + mu = g2
YT Th = or %
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405
Applying the Meyers estimate of Lemma 54 to this PDE — upon rewriting the

right-hand side using (18b) in case d = 3 — we obtain, for 0 < p — 2 « 1, that

1/p
(][ V@2 — o117 dx)
B /7 (x0)

| 2 \\2
§C(d,m,x,A,p)<f |Vu|2+)—u‘ dx)
B, /7 (x0) VT

l/p
P .
C(d,m, r, A, p)<f3m(x0) JLTq)gT dx> incased < 2,
+

1/p

P .
C(d,m,X,A,P)<fBzﬁ(x0) %(GgT—b)) dx) incased = 3.
This implies, by Proposition 19 and Lemma 40, that

1/p
(][ V(g - ¢§>|pdx>
B 7 (x0)

<C|s|<i)d€4 {|1og(ﬁ/g)| ford € {2, 4,
JT 1

ford =3, d=1, andd = 5.
Taking the p-th stochastic moment and using stationarity, we conclude.

O
Proof of Lemma 42. Again, we use the weight n(x):=exp(—y|x|/~/T) for 0 <

y < 1. We subtract the equations for ¢§TE and ¢§ z (see (17a)) to obtain
1 1
V- (aF" (2 + Vo) — al (B + Vel 2)) + =¥z — ¢l ) = 302k

d = 3, we get

By adding and subtracting agT (B + ¢§2) and by additionally appealing to the
representation V - (6§’Tg —b) = ¢§T: for any b € R™*4 (see (19b)) in the case

1
—V - (af (Voi's — Vel ) + — (85 — ¢ 2)

L 2T

s PE ford < 2,
= V- (@ —al) @+ Vi) + | T4 F 85
(af £ 92 V(57025 — b)) ford = 3. (83)
Testing the equation with ((])éTE - ¢£ =) (with 0 < y < 1) yields the expo-
nentially localized energy estimate

1
/Rd (V62— Vol P + 193 — 6LaP Jnds

1 27;2 dx
<[ - ol Piz + Ve Py s +c[T o 1951
R

ford <2,
o Jra 1025 —bPPndx ford = 3.
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By taking the expectation and exploiting stationarity of the LHS, we get
o o7 2, Lot 7 2
E|IV: e — Ve el + T|¢g,5 ¢ 5l

1
?E [|¢§,TE|2] ford <2,

[/ 16z —bldx} ford 2 3.

The second term on the RHS can be estimated with help of Proposition 20.

We estimate the first term on the RHS: Since 0g A is Lipschitz by assumption R)
and since a/ (x) = A(we(x), § + Vo), we have |az" —al| < C|VeF" — V!
Hence, with Holder’s inequality with exponents 0 < p — 1 < ¢(d, m, A, A) and
=55 the bound on E + Vqﬁ; g from (42) and Lemma 30, and Corollary 41, we get

< CE [|a§T —al Pl + v¢§fg|2] e

E [|a§T —al P12+ Vo]

p—1

1 P~
7 P
CE[IVg" - vl | E [ I i 1]

< clElPa+ ISI)CIEIZ( ° )

llog(VT /e)|* ford e (2,4},
NT

1 ford =3,d =1, andd = 5.
O

Proof of Proposition 39. Step 1: Proof of (a). This is a direct consequence of
stationarity of P (see assumption (P1)) and stationarity of the random field A(w,, £+
V¢ST )- B — T¢E ¢>2‘€ , the latter of which is a consequence of the former.

Step 2: Proof of (b). First note that it suffices to prove for any 7 > 2&? the
estimate

‘E [ARVE,an(g) . :] _E [ARVE’"’T(S) : E]

< 2 474 (|1og(VT /e)|* ford =2and d =4,
C+ED-IEIE]
«/T 1 ford =3,d =1, andd = 5.

(86)

Indeed, the claimed estimate then follows by rewriting the systematic localiza-
tion error as a telescopic sum,

Apom(§)-E — E I:ARVE”LT(‘;) . E]

o0

i=0

which holds, since

Jlim ]E[ARVE*”’T(é) : :] — Anom(€) - P-almost surely.
—00
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We present the argument for (86). In view of (a), we may assume without loss of
generality that the weight 7, satisfies

—d
suppn C B /7. /Rdndx:l, Inl+ VT |Vy| < CVT .

Let ¢;£ denote the localized, linearized, adjoint corrector (that is the T -localized
homogenization corrector associated with the linear elliptic PDE with coefficient
field (aéT )*). The localized corrector equation (11a) yields

- /Rd n(A(ws,S + Vo) — Alwe. & + qug)) VgL dx
= [, (A@e 5+ 982" — AGwr.5 +99D)) - @i Tv0
Rd

1 2T 1 T *, T
+ (5702 — ol )or L ax. (87)

Combined with the definition of the localized RVE approximation in Defini-
tion 37, we get

(ARVE,r;,ZT(S) _ ARVE,n,T(%.)) B
= /R n((A(ws,s FVGE) — Ak +V6D)) B~ gt oY
+ ol ¢§:£) dx
- /Rd n((A(wg,s + VPR — Alwe, & + v¢§>) (B + VoiL)
— oY+ el ot ax
+ /Rd (A(ws,g + V) — Awe, & + V¢§)) YA
(502" — ol )i d
-/, n((A(wg,é +VoET) - Awe, € +V9D) - (B + V47D
— 5ot - ¢§:£)) dx
+ /R (A& + Vo) = Awe. & + VD)) - @ E V) dx.

We subtract the linearized corrector equation (17a) in its form for the adjoint coef-
ficient field and the corresponding corrector

* = * 1 *
[ al @+ 982D) V@i — D)+ 1 [ neiZwd — el ax o,
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where aET’*::(E)gA(é + qug))*. We get
(ARVE,n,ZT(s) . ARVE,n,T(%.)> 5

= /R 1(Ae, &+ V2) — Awe. € + Vo)) — o (VoFT - VoD))
(B4 Vei L) dx
+ /]R (Ao, & + Vo) = Alwe, & + VD)) - 97 LV
—al (B+ Vi) - (¢ — ¢ H)Vndx
Loor w2t w1y, Vst o1 T
—/Rdn(ﬁ% @2F — o) + oL@ —¢])) dv. (88)

We take the expectation of this identity and note that the expectation of the second
integral on the right-hand side vanishes: Indeed, since it is of the form ]E[ fRd BVn]
where B is a stationary random field and 5 is compactly supported, we have
E[ [ga BYVn] = E[B] Jga V = 0. Moreover, for the first term on the RHS of
(88) we appeal to the uniform bound on 8§A from assumption (R) in form of

(recall that ag = 0t A(we, § + V¢%-T))

| A(we, € +V9ET) — Awp, & + VD) —al (Vo —VoD)| < €|V — Vol .
We thus get

‘E[<ARVE,17,2T(%.) _ ARVE,r;,T(g)) ) E]

< CE[ V2" — Vo[ Pl + Vo[ L]

Uoop o wor sy L owr or 7
* ’E[/Rd n(ﬁ% @z —%ez) + T¢$,E(¢§ o )) dx]‘
=L+ . (89)

To estimate /1 we first apply Holder’s inequality with exponents p and % with
0<p—1Zc(d,m,X, A) to obtain
2pqL - _p_p-l
I £ CE[|Ve:" — Vo [T]E[|E + Vo [ 7T] 7

We then appeal to Corollary 41 and the moment bound on the linearized corrector
from (42) as well as Lemma 30 to deduce

dnd 2
_ £ log(v/T/e)|” ford € {2, 4},
I §C|s|2(1+|5|>c|a|(—> | log/T/2) 2.4
JT 1 ford =3,d=1, andd = 5.

Regarding I, we distinguish the cases d < 2 and d = 3. In the case d = 2, we
apply Lemma 42, Lemma 40, as well as Proposition 19 and Proposition 20 to obtain

1 1 1 1
Loorol? a1 w2 wrp2]? Lowro|?wll or 12|
lzgaa[;w»g Pl E | erd —orlr| | plenie | B| et - ol
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2

< C+ EDCIENEIVT | log(WT /e)

and in case d = 1 we proceed similarly.
In the case d = 3 we appeal to the representation of qbgT and qb;é as V- QSZT
and V - 9;‘ ’éT by (18b) and (19b), respectively. To shorten the notation, in the
. > . . 2T _ *,T _
following we assume without loss of generality that fBﬁ b = fBﬁ sz =0.

An integration by parts thus yields

: 1
L= 'E[/Rd "(ﬁ 2T (vt — Vet + 79;’5 (VT — V¢5T)) d

1 2T ;. %,2T *,T 1 *T 2T T
+/RdV77'<2T & (¢g,g _¢‘§’E)+T0§’E(¢S _¢5)>dx .

With the properties of 7 (in particular, |Vy| < /T — and suppn C B /7), by
the Cauchy-Schwarz inequality, and by stationarity of the localized correctors, we
get

1

c 2 1 2
LS Bl 162 Pde| E|IVerE —VerLl+ e — o7zl
T B s s T s s
T
1 1
) |~ dx | ¢g - ¢g I~ + TW’S - ¢g | .

By appealing to Proposition 19 and Lemma 42 for the first term and to Proposition 20
and Lemma 40 for the second term, we obtain

e )‘“4{1 ford =3andd = 5,

< C 2 —
L= Ca+1ED™IE] |<\/T |1Og(ﬁ/g)|2 ford = 4.

Plugging in the estimates on /1 and I» into (89), this establishes the estimate
on the localization error for the representative volume element method for P.

Step 3: Proof of (c). For the periodized probability distribution P, one may pro-
ceed analogously to (b), deriving an error estimate on £y, [ARVEN.T]_|,; [ARVE.L],
]

4.5. Coupling Error for RVEs

Proof of Lemma 38. To shorten the presentation we set @:=m; @ and similarly
mark quantities that are associated with @, that s,

o) =¢l @), lo)r=¢[z@x). @) =A@ &+ V).
Moreover, we shall use the following notation for the differences:

Spl =l — b,  S¢lz=¢lc -z



410 JULIAN FISCHER & STEFAN NEUKAMM

(we use the symbol $to distinguish the quantity from the sensitivities considered
in Sects. 5 and 6). In the proof we make use of the exponential test-functions

n(x):=exp(—y |x|/VT),
where 0 < y <« 1 is chosen such that the exponential localization estimate

Lemma 45 applies.
Step 1. Estimate for 6/ . We claim that

~ 1 A
sup /R (198611 + 1861 1) n(x = x0) dx < VT exp(— 5L/ N DIg

X0€BL/s
(90)
Indeed, by subtracting the equations for ¢>§.T and ag, we find that

~ 14
—V - (a(x)Véep]) + 75¢§T =V.F, 1)
where
1
a(x)::/ %A@, £+ (1 —$)Vol +sVel)ds,
0
F:=A@@,& + V) — A@, £ + V).
By the exponentially localized energy estimate of Lemma 45, we have

A 1 4
/Rd (1986712 + 1897 12)nxr — xo) dr < C/Rd |FI?n(x = xo) dx.

Since |xo| < £, for all x with [x| = % the estimate |x — xo| = & + I|x — x|
applies. This yields, for such x, that

n(x —x0) < exp(— {5 L/VT) exp(—%|x —xol/v/T) (92)
As @(x) = @(x) holds for |x| < %, we see that I vanishes on By /4. We thus obtain
/Rd |FIPn(x = x0) dx < Cexp(~{gL/VT) /Rd 1§ + Vor|® exp(~1x — xol/v/T) dx
< Coxp(— 4 L/NTIVT 1,
where for the last estimate we appealed to the localized energy estimate for (Iﬂg,

see Lemma 45. We conclude that (90) holds. For further reference, we note that we
may similarly derive that

~ 1 x P d
sup / (V8L 1P +|—=8¢! | Yn(x —x0)dx < CNT" exp(—LL/NT)|E|P
XOEBL/S R4 ( 4 ‘ﬁ & ‘ ) 16
93)
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for some p = p(d,m, A, A) > 2 by applying the Meyers estimate of Lemma 54
to (91) with the dyadic decomposition RY =B Vi Y U,fil (B JT \ By ﬁ), the
estimate (90), and the bound

/Rd |FIPn(x — x0) dx < Cexp(— L5 L/VT) /Rd & + Vor|P exp(— 4 x — xol/VT) dx

< Cexp(—l”—()L/ﬁ)«/?dlélp-

Note that in the last step of of the last inequality we have again used the Meyers
estimate of Lemma 54 together with the localized energy estimate of Lemma 45
and a dyadic decomposition.

Step 2. Estimate for 3¢§ - We claim that there exists ¢ = g(d, m, A, A) such that
forall xo € B L we have

~ 1 4
/Rd (13072 + 1861 2P e — x0)

d
< CVT exp(—LL/NTYA+ EDIE+ VL 22 7, (94)

where

1

—d q
I8 + Vof gllg.7.x0:= (ﬁ /]R |E+ Vo 217 exp(—F|x — xo|/ﬁ)dx) :

Indeed, by subtracting the equations (17a) for ¢£ g and @E, we get

T o PN T
—V - @ Véplg) + ?54)53 =V ((al =@ (E+ V. ).

Note that
al —al = 0:A@. &+ Vol) — 0:A@.& + VL)
= (9:A@, & + V$]) — 9: A@, & + Vo))
+ (0 A@, & + Vo) — 0:A@, £ + V]))
=F1+F.

By exponential localization in form of Lemma 45, the Lipschitz continuity of d¢ A
(see (R)), the fact that F'; vanishes on B L by ® = @won B L, and the uniform bound

on d: A from (A2), we get
o 1 4
T 2, 13,7 |2 _
/Rd (19867 P + =186 2 2 )nxr — xo) dx
§C/ |F1|2|E+V¢§E|2n(x—xo)dx+C/ |F2l?|8 + Vol g *n(x — xo) dx
R4 ’ Rd ’

§C/ € + V¢! zIPn(x — x0) dx
{IxI>%} '

P

+c/ V86 P18 + Vol z*n(x — xo) dx. (95)
RRY ’
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We estimate the first term on the RHS by Holder’s inequality as
/ 1B+ Ve 5Pn(x - xo) da
{Ix[> 3}

d
SCd.m kA ONVT exp(— LL/NT)IE+ Vel gl2 1.

Next, we estimate the second term on the RHS in (95). Using Holder’s inequality
with exponents p/2 and ﬁ (with0 < p—2 K 1), setting q::%, and recalling
(93) from Step 1, we get

/Rd V86! P18 + Vol o Pn(x — xo) dx

;
<o (VI [ 9o ins — e )1z + Vol el
< VT exp(—SL/NTIERIE + VoL 2 1

This completes the argument for (94).
Step 3. Conclusion. Set

~ ~ ~ 1 ~ ~
¢ (@, x>:=(A<w(x>, £+ Vo[ @.0) B~ —f @ )67 5@, x)).
Since 7y, is supported in B% and n;, < L~¢, we have

I ‘(ARVE L T( E) ARVE L, T s)) =

<cCL ”’/B 1£(@, x)—¢ (@, x)| dx.

We cover B by balls of radius ~/7 < L and centers in By ; more precisely, there
8 8

exists aset X; 7 C B% with #X; 7 < C(d)(L/«/T)d and UxoeXL,TBﬁ(XO) D
B . Thus,
8

LscrL / |¢(@, x) — ¢ (@, x)|dx
xoeXy 7 * Byr(0)NBLys
SCoVT ( - / £@, x) = £@, )0 = x0) d).
LT voexp.p” Briso)nBrs

By the definition of ¢, the estimates in (90) and (94) from Step 1 and Step 2, and the
deterministic exponentially localized bounds on \Lﬁqbg and \/qub;g (which are a

consequence of Lemma 45), and the Lipschitz continuity of A with respect to the
second variable (see (A2)), we conclude for xo € X;.r C B L that

/ ¢ (@, x) — ¢(@, x)In(x — xo) dx
Bp/s(x0)NBL /s
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gc/Rl(}A@,sw«sg)—A(cb,s+V$§>||E|

1 T8 T | T >xT
+ B2 86521+ L 11652 )n(x — x0) dx

=C (/ |E7n(x — x0) dx)2 </ IVée! *n(x — x0) dx)2
R4 R4
1 3 1 i
+c (/R 107 Prtx = x0) dx) (/R L5z Pt — a0 dx>

1 1
s o S PO :
e (/R 186! Prx —xo)dx) (/R SIBLL PG — x0) da
1 1
d 5 1
< VT (exp(=HL/VD)) (18RIEF + (1 + 1€ PDIERIE + VoL 22 7.y,)
In total, we have shown the desired deterministic estimate

|ARVEIL.T (&5 ey ARVEILT (7, &5 5y
L

—=) (181181 + (1 + EDIENE + Vo] 2l )-

14
§Cexp(—6—4-ﬁ

4.6. Estimate on the Systematic Error of the RVE Method

We now estimate the systematic error of the RVE approximation for the effective
material law. We begin with the case in the presence of the regularity condition (R).

Proof of Theorem 14b — the case with (R). By rescaling we may assume without
loss of generality that ¢ = 1. In the following 7 : R? — R denotes a non-negative
weight supported in B L with ] £ C(d)L™¢ and fRd ndx = 1. Moreover, we
consider a localization parameter 7" according to

y L

I'= G loa(@/o?™® (%6)

for the y = y(d, m, A, A) from Lemma 38. Our starting point is the error decom-
position (53), which yields for any & € R”*¢

EL[AVELE)] &~ Anom(®) - E
=B, [ARELE) 8] - B, [AWEIT(6) 8 |
+ By [ARVEIT @) 8 |~ By [ARVEI (rpe 1, 6) - E |
+E[AVEI (0, 6) - 8 | - E[aAVEMT(6) - |

+E[AVEIT (§) . B | — Apom(©) - 8
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=l +hL+5+1. O7)

Note that in the above decomposition we already used the equality
EL[ANENT (rpo 1, 6) | = E[ANEM (0, 6)

which is valid since PPy, is assumed to be a L-periodic approximation of PP in the
sense of Definition 13 (recall also (51)). The terms /> and I3 are coupling errors
that can be estimated deterministically with help of Lemma 38. Combined with
the choice of T in (96) and the bound on high moments of V¢§ g obtained by
combining (42) and Lemma 30, we arrive at

1\ @A)
|12|+|13|§C(1+|§IC)IEIIEI<;> .

The terms /1 and I4 are systematic localization errors that can be estimated with
help of Proposition 39b,c. We obtain using again (96)

L —(dn4)
L]+ sl = C(1+ Isl)CISIIEI<;) |log(L/e)|*.

Having estimated all terms in (97), this establishes the first estimate in Theorem 14b
upon taking the supremum with respectto &, |E| < 1. 0O

We next establish the suboptimal estimate for the systematic error of the RVE
method in the case without the small-scale regularity condition (R).

Proof of Theorem 14b — the case without (R). As in the case with small scale reg-
ularity (R), we denote by  : R? — R a non-negative weight supported in B L with

In] £ C(d)L™¢ and fRd n = 1. Moreover, we consider a localization parameter

VT < L, whose relative scaling with respect to L will be specified below in Step 3.
For any parameter field @ we consider the localized RVE-approximation

ARVENLT (G5, 8):= /Rd A, § + Vg ) dx.

Note that it has a simpler form compared to the quantity introduced in Defini-
tion 37. In particular, the above expression does not invoke the linearized corrector
(for which we cannot derive suitable estimates without the small scale regular-
ity condition (R)). As in the case with small scale regularity, the starting point is
estimate (97), that is the decomposition of the systematic error

EL[ANEEE)] = Ahom() = 11 + L + I3 + 14
into the two coupling errors
bi=By [ARVENT )] By [ARVEIT Gy 1, 8)).

1i=E [AVENT (10, )|~ E[ARVENT (5)],
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and the two systematic localization errors
Ii=Ey [AVEL )| B, [ARVEIT )],
13:=E [ ARVEIT ()| = Apom (6),
Step 1. Estimate of the coupling errors. We claim that
|2l + 1131 £ Cexp (= S5 L/VT) gl

Indeed, this can be seen by an argument similar to the proof of Lemma 38. In
fact the argument is significantly simpler thanks to the absence of the linearized
corrector in the definition of the localized RVE-approximation. We only discuss
the argument for I3, since the one for 1> is analogous. We first note that, thanks to
the assumptions on 7 and the Lipschitz continuity of A (see (A2)) we have

ARVEIT (0o, ) — ARVENT (0, 8)| < ]ﬁ V8¢ 1dx,  (98)
L
8
where <§¢§T is defined by (91). As in Sect. 4.6 we consider a minimal cover of B L
by balls of radius ~/7'; more precisely, let X LT CB L denote a finite set of points
such that #X 1 7 < C(d)(L/~/T)? and Uyyex, B s7(x0) D B Then

— 1 A

[RHS of (98)] < VT * 3 / V8¢ |exp(—y Ix — xol/V/T) dx
#X1,1 B L (x0)

8

X0€X LT

A | A
SOVT P — X (/Rd|VS¢§|2exp<—y|x—xo|/ﬁ>dx)

1
2

x0€X.T
where 0 < y <« 1 is chosen such that the exponential localization estimate of
Lemma 45 applies. Combining the estimate with (90) thus yields

AREDT (o, ) — ARVENT (7,00, 6)|
1

—d/2 N 2
<cvT ™ swp (/Rd|va¢§|2exp(—y|x—xo|/ﬁ)dx>

xX0€B

B
< Cexp(— 4L/VT)E]
Step 2. Estimate of the systematic localization errors. We claim that
dpd 1
L) > |log/T|? ford € {2,4},
JT 1 ford =3 andd > 5.

We only discuss 14, since the argument for /7 is similar. The Lipschitz continuity
of A (see (A2)) and the localization error estimate for the corrector in form of
Lemma 40 yield

‘IE I:ARVE,r;,ZT(E) _ ARVE,n,T(E)] ‘

|11|+|14|§C|EI<
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< cB[ v — Vol )"

dnd 1
§C|g|(i) L |log(e/~/T)|? ford € {2,4},
- VT 1 ford =3andd > 5.

The claimed estimate now follows by a telescopic sum argument similar to Step 2
of the proof of Proposition 39.
Step 3. Conclusion. The combination of the previous steps yields

11| + | 2] + |13] + |14]
€]

dnd 1
L 2 b3
< Cexp ( _ l_) 4 <L> « |log(W/T/e)|? ford € (2,4},
32T vT 1 otherwise.

With /T = 4 L(log (L/e)%")) ™", the RHS turns into

dnd dnd 1
2 2 A 7
C<£> +C<3> (log(L/e) 2 |log L|? ford € {2,4},
L L 1 otherwise.

This establishes the result. O

5. Corrector Estimates for the Nonlinear Monotone PDE

5.1. Estimates on Linear Functionals of the Corrector and the Flux Corrector

We now turn to the first major step, the estimate on the localized homogenization
corrector ¢ST and the localized flux corrector UST . For the proof of the estimate on
linear functionals of the corrector and the flux corrector in Lemma 24, we need
the following auxiliary lemma, which follows by a combination of the Caccioppoli
inequality with hole-filling:

Lemma 48. Let the assumptions (Al )—(A2) be satisfied, let ¢ > 0 be arbitrary, let
@ be an arbitrary parameter field, let the correctors quT and qb; g be defined as
the unique solutions to the corrector equations (11a) and (17a) in Hulloc’ and let
7,7, and 14 1.¢ & be as in (35) and (39). Let the parameter Kqss in (35), (39)
be chosen as K u5s = C(d, m, A, A) for some C determined in the proof below
(independently of ¢). Then for any xo € R? the estimates

d—§
f & + Vol Pdx < asﬂ(—“‘“ (’“‘”) (99)
B: (x0) § N €

and

d—3§
r*,T,E,a(xO)> (100)
&

][ |8+ Vo gl dx < C|E|2<
Be (x0)
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hold true for some § = §(d, m, A, A), 0 < § < % Furthermore, we have
rers(x0) < CVT, (101)
rer62(0) < CVT. (102)

Note that ry 7 ¢ and ry 7.6 = as defined in (35) and (39) are well-defined, as by
considerations in the proof below the conditions in the definition of ry 7 ¢ are
satisfied for all r > C/T.

Proof. The estimates (101) and (102) are a simple consequence of the definitions
(35) and (39), the assumed lower bound on K5, and the bounds

1
—l¢f Pdx < Clg)?
][BR "¢

1
—lpl z1?dx S CIEP?
f, ot

valid forall R > /T which are a consequence of Lemma 45 applied to the corrector
equations (11a) (with u::qsg, F:=A(x, &+ Vqsg) — A(x, Vqsg), and f = 0) and
(17a).

To prove (99), we employ the hole-filling estimate (55) for the function u (x):=§-
(x —xg) + ¢§T , which by (11a) solves the PDE

1 1
-V (A(@, Vu)) + T4 =58 (¥ —x0).

In combination with the Caccioppoli inequality (54), this yields

][ & + Vol |* dx
Be(x0)
s T.& = . 1 T 2 1
<cC mfm 5 € - (x —x0) + ¢z —bI"dx + —|b]
& beR™ \ry 1¢ By, 1. (x0) T
1
+][ —|E~(X—XO)|2dX>
By oo) T

)
r & 1
+C<*”) ][ <—) & (x — x0))*dx.
¢ B, o) \E T ¥ — Xl

Splitting the last integral into the integrals [ . and [, (x0)\Bu (x)® WE S€€
I‘* T g €

(since ry 7,¢ = ¢) that the term in the last line is bounded by
dd Lo a1 0 dva-s V*Té -,
Ce r*,T,g?|$| e+ Ce ¢ ?|$| Ty T < C |$| TyT.&

Choosing b:= fBr* re G0) qbg dx and using the definition of ry 7¢ (35) as well as

the fact that ry 7 = C+/T therefore entails (99). To show (100), one argues
analogously. O
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The following estimate is a consequence of a straightforward application of
Holder’s inequality and Jensen’s inequality, but we state it to avoid repetition of
the same computations, as it is used several times in the proofs of Lemma 24 and
Lemma 28.

Lemma 49. Let ¢ > 0 and let b and B be stationary random fields with
f i< poo
Be(x)

Let h be a random field satisfying Vh € LP(R?) almost surely. Let 0 < ag < 1
and 0 < t < 1. Let p > 2 be close enough to 2 depending only on d and on (a
lower bound on) aq, but otherwise arbitrary. Then for any g = C(p, ag, T) and

for any r 2 &, the estimate
2 q1/2q
dx) ]

E[(/ ][ |b||Vh|dx
R4 | J B, (x)

< C(d, o, p, O)r*/ B[ B2/ (=017

|x| 7 2q/pt7T/2q
xE[(r_d/ |Vh|P<1+—) dx> ]
R4 r

Proof of Lemma 49. Several applications of Holder’s inequality yield, together
with the bound on b, that
2 q71/29
dx) i|

E[(/ ][ |b||Vh| d%
R | JB.(x)
q11/24
E[(/ f |b|? dx ][ |Vh|? dx dx) }
R4 J Bg(x) Be(x)
q11/2¢
§E[</ |B(x)|? ][ |Vh|? dx dx) }
R4 Be(x)
x| —2a0/(p—2) q(p=2)/p
§rd/2]E[<r_d / |B<x)|21’/<”‘2><1+—> dx)
R4 r

p/2 ) 2q/pq1/2q
—d 2 4~ | x|

x (r (VA2 di 1+ 20 dx .
R4 Be(x) r

This implies, using Holder’s inequality with exponents ﬁ and % and Jensen’s
inequality, that
2 q1/249
dx) :|

E[(/][ b||Vh| dF
R4 B (x)

x|\ "20/(=D N\ a(p=2/p(1-0)7(1-D)/2
§rd/2]E[<r_d/ |B(x)|21'/<P—2>(1+—> dx) ]
Rd r

holds true.

A
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|x| N 2q/pt7/29
XIE[(r_d/][ |Vh|"di<1+—) dx) ] )
R4 J B, (x) r

Assuming that g = p/(p — 2) and 2ap/(p — 2) = 2d, we obtain usin Jensen S
inequality in the first term (note that the integral r~¢ [, (1 + Ix‘)OlO/ ? dx is

r

bounded by C(d, g, p)) as well as the fact that the supremum and the infimum of
the function 1 + lf—‘ on an e-ball differ by at most a factor of 2 in the second term

2 q11/2q
E[(/ 7[ b||VA| dF dx)]
R4 | JBe(x)
2a0/(p—2) :|(1f)/2(1

;C(d,ao,p,r)rd/zE[r*/ B2/ (1= ’><1+'x'> dx

x| 2q/pTt/2q
XE[(r_d/ |Vh|l’(1+—) dx) } .
R4

By the stationarity of B, this yields the assertion of the lemma. O

We now prove the estimate in Lemma 24 for functionals of the localized correc-
tor ¢£~'T for the nonlinear elliptic PDE and the corresponding localized flux corrector

crsT . As the proof of Lemma 25 is very similar, we combine their proofs.

Proof of Lemma 24 and Lemma 25. Part a: Estimates for linear functionals of
the homogenization corrector ¢%.T . Taking the derivative of the corrector equation
(11a) with respect to a perturbation dw, of the random field w,, we see that the
change 6¢ET of the corrector under such an infinitesimal perturbation satisfies the
linear elliptic PDE

—V - (9 A(we. § + Vo[ ) Vo] ) + %&pg =V (0,A(we. & + V! )dwe).
(103)
Define the coefficient field ag (x):=0¢ A(a)g (x) £+ V¢T (x)). By our assumptions
(A1) and (A2), the coefficient field aS R — Rmxd ® R™*d exists and is uni-
formly elliptic and bounded in the sense as v-v = Alv/? and |a v| £ Alv| for any

v eRM ><d
Now, consider a functional of the form F:= fRfl g- Vqﬁg dx for a determinis-

tic compactly supported function g. Denoting by 4 € H'(R?; R™) the (unique)
solution to the dual equation
T,% 1
=V (ag"Vh) + ?h =V.g, (104)
we deduce

1
3F=/ g-Vopl dx 2 - /Rdachqug-Vh—i—Tqughdx

“23)/ 00 A (e, € + VL )sw, - Vhdx,
R4
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that is, we have

oF
dwg

= 0, A(we. & + V§!) - Vh. (105)

By the assumption (A3), this implies

/Rd ‘fBE (x)
<c/
= R

Using the version of the spectral gap inequality for the g-th moment (see Lemma 23),
we deduce, for any g = 1,

2 qq1/2q

dx) } |

IE[|F —E[F]|2q]1/2q < Cqsd/QE[(/Rd

As ¢T is a stationary vector field, we have E[F] = fR,, g- VE[d)E ]Jdx = 0. By
(99), we have

d—§
][ &+ Vol P di < asﬁ(”“j—(“)) —B(x)%.
Be(x)

An application of Lemma 49 therefore yields forany 0 < 7 < 1,any 0 < g < c,
any p € (2,2+c(d,m, A, A, ap)),andany g = C(d, m, A, A, T, ag, p) (note that
Vh € L? holds by Lemma 44 and our assumptions on g)

oF

0wg

2
dx| dx

2
dx.

][ & + V¢! ||Vh|di
Be(x)

Fle+voluvnias
Be(x)

B[P < C|5|qsd/2rd/2u«:[<_r*“
&

(w1270
xE|(r IVAP(1+ =) dx . (106)
R4

Applying the weighted Meyers estimate of Lemma 44 to the equation (104) and
using our assumption (JCBr o) |g|? dx)/? < r=4 the integral in the last term may
be estimated to yield

d/2 (d—8)q/(1-1)q(1—-1)/2q
1/2 & Vs, T,
E[|F[2]"/ gasm(;) E[( - 5) }

&

)(d—S)Q/(l—T)](l—T)/Zq

forany2 < p <2+c,any0 <t < l,andany g = C(d,m, A, A, p, 7). This is
the desired estimate for functionals of ¢$T in Lemma 24.

Next, we establish (37). To this end, we consider the random variable
F::fBR(XO) qb%.T dx for R = JT. By E[qﬁg] = 0 — which follows since ¢§T is
the divergence of a stationary random field — we see that we have E[F] = 0. We
may therefore repeat the previous computation to estimate the stochastic moments
of F, up to the following changes: The equation (104) is replaced by the equation
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with non-divergence form right-hand side —V - (aST *Vh) + %h = ﬁ XBg(x0)»
and the estimate for Vi deduced from Lemma 44 now reads as

|x| o 1/p
<Rd/ |Vh|p<1+?> dx)
Rd

14 1/p
< Cﬁ(Rd/ dx) .
]Rd

In total, we deduce

q1/q e \4/2 FeT.E (d=8)q/(1-1)7(1-1)/2q
o f el | 2 emn(z) E(2) ]
Br(x0) R e

This is precisely the desired estimate on the average of qbéT from (37).

1
@XBR(XO)

Part b: Estimates for linear functionals of the flux corrector og. Taking the
derivative of the flux corrector equation (11c) with respect to a perturbation dw,
of the random field w,, we see that the change SUET of the corrector under such an
infinitesimal perturbation satisfies the linear elliptic PDE

1
= A0y i+ =80¢ i =V - (DA e, § + Vg )0 - (e Dej —ej B en))

+ V- (A, £+ VO)VIP] - (ex ® ej —ej @ ).
(107)

For the sensitivity of the functional

F:= Vol . dx,
/]Rdg Gg,;k

we obtain by defining # € H'(R?; R"™*?) as the unique decaying solution to the
(system of) Poisson equation(s) with massive term

_ 1 -
—Ah+ —h=V g, (108)

and defining i € H'(R?; R"*9) as the unique decaying solution to the uniformly
elliptic PDE (with @/ (x):=0s A(we (x), § + Vo))

N 14 _ _
-V. (aé.T’*Vh) + Th =V. ((ajhek — Okhej) - 0s Aws, & + Vd)g)), (109)
that
. T (108) — T - 7
(107) - T
= /. Vh - (3 A(we, & + Vo Yowe - (ex @ ej — e ® ex)) dx
R

—i—/dVi_z (0 Awe. £ + VOV, - (ex ® ej —ej ®ep)) dx
R
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09 -
199 /d Vi - (00 A(we, § + Vi Yow: - (e @ ej —ej ® ¢p)) dx
R
- / 9 Awe, & + Vo )VSp! - Vi + i&pTﬁdx
Rd é 5 T -’3
(103) ~ T
= /d Vh - (00A(we, & + Vi )owe - (ex @ ej —ej ® ey)) dx
R
+/ o A(we, & + Vo[ )dw, - Vhdx.
R4

that is, we have

oF
dwg

= @jher — dkhe)) - doA(we.§ +V]) + Vh - 0o A@e. € + VL)
Using again the version of the spectral gap inequality for the g-th moment from

Lemma 23, the fact that E[F] = f 8" V]E[o £ ] dx = 0 by stationarity, and the
bound |9,A(w, £)| < A|&| (recall (A1)-(A2)), we obtain
2 qq1/2q
dx> i| .

E[|FP]* < cquﬂ]E[( /
R4

By (99), we have

d—§
foeveliais cmﬁ(w’gﬂ) B
Be(x)

Using Lemma 49 we deduce that for any o9 € (0, c(d, m, A, A)),any p € (2,2 +
c(d,m, x, A, ap)),any T € (0, 1), and any g = q(d, m, %, A, ag, p)

f & + V! |(IVA| + |VA|) dF
Be(x)

B[ F ] < C|s|qed/2rd/2E[<—’*”
&

| | 2q/pt T/2q
xE[(‘d/(WhV’ |Vh|”)<1+ > x) } }

By the weighted Meyers estimate of Lemma 44 and the defining equation (109)
for i as well as the uniform bound on 9¢ A inferred from (A2), we deduce for any
a2 € (ao, )

)(dé)q/(lt)] (1-1)/2q

B[P < C|§|q8d/2rd/2E|:<—r*’T’é
&

x|\ @72 2q/ptq7/2q
xE[(r_d/ |Vh|”<1+—> dx) } )

Applying Lemma 44 to the equation (108) and using (fBr(XO) 1g|P dx)!/P < p—d
the integral in the last term may be estimated to yield

d/2 (d—8)q/(1-1)7(1-71)/2q
E[|F[2]"/* < asm(f) E[(“““) ] .
-

)(dS)q/(lt)] (1-1)/2q

&
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This is the desired estimate on functionals of O‘ST in Lemma 24.

As in Part a, the estimate on the average of Ug from (37) follows upon re-
placing the equation for / by the PDE —Ah + %ﬁ = “311 XBg(xo) 1n the previous
computation.

Part c: Estimates on linear functionals of the potential 6%7 ;- We consider the
case

1
F=/ g(x) - =Vo (x) dx.
Rd r ’

In order to remain entirely rigorous, for the purpose of the present argument we
would in principle need to approximate 6, ; by quantities like 9; :S ; defined as the
solution to the PDE —A@; :S it %QST g =0 ¢£ - After obtaining our estimates,
we would let S — oo to conclude. However, as this step is analogous to our massive
regularization of the corrector equation which we perform in full detail, we omit
this additional technicality.

Taking the derivative of the equation (18a) with respect to a perturbation dw,
of the random field w,, we get

=
=,

=

A8, = 0i8] . (110)
Defining g € H'(R?; R™) as the unique decaying solution to the PDE
—Ag=V-g, (111)
we obtain

1 oy 1 _ T, (110 1 - T
(SF_;/Rdg-VSQ@-dx = —7/RdVg-V80§’idx = ;/Rdg(ei'v)‘sd’g dx.

r

In other words, we are back in the situation of Part a, the only difference being
that the function g has been replaced by the function } ge;. The function g now
no longer has compact support; rather, being the solution to the Poisson equation
(111) in d = 3 dimensions, for any 0 < «; < 1 and any p = 2 it satisfies the
weighted Calderon-Zygmund estimate

_ I/p 1/p
(][ |g|"(1+ v xo')m dx) <Cr(][ |g|f’dx> .
R4 r By (x0)

Now, we may follow the estimates from Part a leading to (106) line by line. In the
next step, we again employ Lemma 44, which by the previous estimate on g gives

a2
E[1F17]'7 < asm(f) E[(’*’”
p

&

)(d—c?)q/(l—f)] (I-1)/2¢

This is our desired estimate.
Part d: Proof of the estimate (36). Let w € H!(R?) be arbitrary. Assuming
for the moment R = 2V for some N € N, we may write

2 N

2

‘][ wdx — w dx :Z|(f,,,w)Lz|
Br(x0) By (x0) o
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with f;, :Wlnrl XBon, (x0) = m XB,u—1, (x0)» Where we have used the orthogonal-
ity of the functions f;. Solving the PDEs Av = f, on By, (xg) with Neumann

boundary conditions we see that g,:=VVxB,,(xj) solves V - g, = f, on R4 and
satisfies for any p = 2 the estimate (fan ) 1gnl? do)/P < c(2"r)!=. This

(xo
implies
2q1/q
][ wdx — ][ ] .
Bg(x0) By (x0)

| P o

Combining this estimate with the bounds on g, and the estimates from Lemma 24,
we deduce the estimate (36) if R is of the form R = 2Vr. If R is not of this form,
we need one additional step to estimate the difference of the averages on the radius

ollog 1 and R. O

5.2. Estimates on the Corrector for the Nonlinear PDE

We will need the following technical lemma.

Lemma 50. Let R > 0 and K € N. For any function v € HY([=R, R1%; R™) the
estimate

2

(nk i (i + R))

V¢! d

holds.

Proof. The proofis an elementary consequence of the Fourier series representation
ofv. O

Combining the estimates on linear functionals of the corrector from Lemma 24
with the estimate on the corrector gradient (99) and the technical Lemma 50, we
now derive stochastic moment bounds on the minimal radius r, 7.

Proof of Lemma 26. In order to obtain a bound for the minimal radius ry 7 ¢, we
derive an estimate on the probability of the event r 7. £ (x0) = R = 24 for a fixed
x0 € R? andany R = 2% > &.In the case of this event, we have by the Caccioppoli
inequality (54) applied to the function & - (x — x¢) + ¢>§T , which solves the PDE

1 1
=V (A, VE - (x = x0) + ) + = (E - (x —x0) + o) = —& - (x = x0),
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the definition of r, 7. (xo) in (35), and the fact that r, 7 < C~/T (see (101))
f o velPax < CleP, (112)
Bgr(x0)

Furthermore, in the event 7, 7. £ (xo) = R > & we also know by the definition (35)
that at least one of the inequalities

1 2
— ol — ][ ol dx| dx
R? )yt i—R RY § xo+[—R, R} §
= inf — lpl — b|? dx
beR™ R2 Jxo+[—R,R}? 4
1
> o(d) i ][ 6] — b dx
bERm (R/2)2 BR/2(x0) :
> c(d)|&|? (113)
or
— ¢f dx| > Kpass|§| (114)
\/T‘ ]iR/Z(XO) :

holds. We now distinguish these two cases.
Case 1: The estimate (113) holds. By Lemma 50, we have for any § > 0 for a
sufficiently large K = K (d, §), that

1 2

ol — ][ ol dx| dx
R? | o 4i—R.RY d xo+[—R,R1¥ §

= 6][ Vo | dx
xo+[—R,R]¢

+c Y ][ Hc (”“X'”))wgd

d
ke(0,... ke |0 HERRIG

2
(115)

Now let g, g be the family of all functions

d
—d mki((x0)i + R)
1x0+[7R,R]d (x)(2R) | |1 cos (# e Qe
1=

with1 <1 <m,1<j<d,andk € {0, ..., K}¢. Note thatall g,  are supported
in Byg(x0) and satisfy, for any p € [1, oo],

1/p
(f |gn,R|f’dx) <Cd, p)dRrR). (116)
Bag(x0)



426 JULIAN FISCHER & STEFAN NEUKAMM

Inserting both (113) and (112) in (115) and choosing § > 0 small enough (depend-
ing only on d and the constants ¢ and C from (113) and (112)), we obtain

d
1 ki(x; + R
jePsc 3| [ cos (2B g7 4
2 x0H-R.RI ) 2R

kefo,....K}4
This implies that for at least one of the N = N (d, K) functionals fRd 8n.R" V¢§T dx
we have

2

“/Rdgn,R -V(ﬁgdx' z C(d9m»)\‘1 AaK)|§|'

Fixing § and K depending only on d, m, A, and A, this entails, for any g = 1, by
Chebyshev’s inequality,

E[| fra gn.r - VoI dx|’]
ci|g|a

N
P[ry.7.6(x0) = R and (113) holds] < Z

with ¢ = ¢(d, m, A, A). Estimating the weighted averages of Vq&g by means of
Lemma 24 — note that by (116) and the support property of the g, r the lemma is
indeed applicable to the function C C d oy~ we obtain, for any 0 < 7 < 1 and any

qg=Cld,m,x, A, 1),

Plr..7.¢(x0) = R and (113) holds]

qd/2 (d—=8)q/2(1-1)7(1-71)
< quq<%> E|:<r*_T5> } ) (117)
&

Case 2: The estimate (114) holds. We first observe that as a consequence of
Lemma 45 and (11a) — rewritten in form of —V - (A(®, V¢5T)) + %(ﬁg =V.g
with $:=A(&, £ + ng) — A®, V¢g) — we have

172
‘][ ¢f dx| < (][ |¢>§|2dx) < CIEIVT.
B /7 (x0) B /7 (x0)

Upon choosing Kqss = C + 1, (114) is seen to imply

][ of dx —][ of dx| = |E|VT.
BRry2(x0) B /7 (x0)

In particular, we have for any ¢ = 1 that

P[ry 7,6 (x0) = R and (114) holds]

1
Tdx — —— ol dx

)
HI&I«/_ Brpto) EIVT JB 70

Inserting the estimate (36), we deduce

1
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Plry.7.£ (x0) = R and (114) holds]

lo ST
, (d—8)q/2(1—1)7(1—1) 22 "R 2R e d- q/2
< C1g9E| [ =14 Z =
e pars ﬁ 2IR
qd/2 (d—8)q/2(1-1)7(1-1)
s e T
e

Conclusion: Estimates on the minimal radius. Taking the sum of (117) and
(118) over all dyadic R = 2%¢ > ¢ and using the fact that reTf 2 € by its
definition (35), we deduce

S

&€

o0

<1+ Y @HIUIDRPr, 16 (xo) = 2Fe]
k=1

(117),(118)

dj2
< 1+t qz(zk)q(d 5/2>/2< £ )q E[(r*,r,s
k=1 &2k &

<1+ quqE[(M>
e

where C = C(d,m, A, A, p, 8, 7) and where g = C(d, m, A, A, §). Now, fixing
8 > 0 small enough (depending only on d, m, A, and A) and choosing T € (0, 1)
such that 1 — v = (d — §)/(d — §/2), the estimate buckles and yields a bound of
the form

)(d—S)Q/2(1—f)](1—f)

(dS)q/2(1T)i|(1f)

(d=8/2)q/2qT
E[(M) | sc@maapg
&

forall g = C(d, m, A, A). This may be rewritten as

(d—8/2)q/2q1/
E[(M) T < cdmnp6C
&

which establishes Lemma 26. O

We now derive the estimates on the corrector ¢ the flux corrector GST and

the potential field GET Note that the only required mgredlents for the proof are
the estimate for functionals of the corrector from Lemma 24, the estimate on the
corrector gradient given by (99), the moment bounds for the minimal radius from
Lemma 26, as well as the general technical results of Lemma 50 and Lemma 32.

Proof of Proposition 19. We insert the estimate on ry 7 ¢ from Lemma 26 into
Lemma 24. For any xo € R?, any r > ¢, and any g with supp g C B, (xo) and

1/p
(7[ |g|f’dx> <,
By (x0)
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this provides bounds of the form

gq1/4q e\4/2
EH /]R 18V dx } < C|5|qc<"’m’A*A>(;> (119)
and
qq1/4q e\4/2
EH/ g Vo j dx } §C|§|qc(d’m’)"[‘)(—> (120)
R4 r
as well as
q11/4 e\ 4/2
]EH/ g Vo! dx ] <cr|g|qc<dsm’kv1\)<-) (121)
R4 r

forany g = C(d, m, A, A).
Plugging in the estimates on ry 7 ¢ from Lemma 26 into (99), we deduce for

any xo € RY
Bl| £ weriar
B (xo0)

for any g = C(d, m, A, A). Plugging in this bound and (119) into the (spatially
rescaled) multiscale estimate for the L? norm from Lemma 32, we obtain

( ]{3, (x0)

as well as the corresponding estimate for the L” norm (with an additional fac-
tor |log £|1/ 2 in case d = 2). Combining these bounds with Lemma 25 (and
Lemma 26), this establishes the estimate on ¢>§T stated in (20) as well as the corre-
sponding L? norm bound.

The estimates on d’ST in (21a) and (21b) are shown by combining (20) with the

estimates from Lemma 25 and (122) as well as using in case d = 3 the relation

q/2q1/4
] < Clglg @i (122)

2 12 (r/e)'?  ford =1,
dx) < Co)éle { [log | ford =2,
1 ford = 3,

% - ]{ar(xm % (D

lim ¢f dx =0.

R—00 ./ Bg(x0)

In view of this use of Lemma 32, in order to obtain the estimates on O’g: ik and GST
stated in (20) and (22), we only need to establish estimates on st 0) |Va§Tl.j |2 dx

and fBg o) |V9ST |2 dx. The Caccioppoli inequality (54) for the defining equation
of the flux corrector (11c¢) yields, in conjunction with (A2),
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2
c
2 T T ~
|V0T~k| dx £— o 'k_][ o 4 dx| dx
~7£0+[—£,€]d 5/ &2 Jyori—2e2ep | ©7 Jaoric2ene ©

+c][ & + Vel dx
xo+[—2¢,2¢]¢

I
— O, ik X
T | Jeori2ene o7

Estimating the first term on the right-hand side by Lemma 50 and taking stochastic
moments, we deduce

EH ][ Vol . |?dx
xo+[—2¢,2¢]4 5.7k
C q/2q91/q
< —E[ ][ Vo ;i * dx ]
K xo+[—2¢,2¢]4 ’
N(d.K) a1/q
+ % ol [ ool

o q/2q91/q
+c1EH][ &+ VoI P }
xo+[—2¢,2¢]4

C qq1/q
+—E[f o d¥ } :
xo+[—2¢,2e)d

qﬂ}l/q

JT

Choosing K large enough and using stationarity, we may absorb the first term on
the right-hand side in the left-hand side. Estimating the linear functionals of Va

by (120), bounding the third term on the right-hand side by (122), and estlmatmg
the last term by (36) and (37) (where we may replace the average over the box
xo + [—2¢, 2¢)¢ by the average over the ball B, (xg) using (120)), we deduce

]EH][ Vo, i ]? dx
xo+[—e,eld '

Together with (120) and Lemma 32, we deduce the bound for o jk in (20).
The estimates on a in (21a) and (21b) are again shown by combining (20)

with the estimate from Lemma 25 and (122), as well as using, in case d = 3, the
relation,

q/291/q c
} = Cl¢lq™.

lim ol dx = 0.
R—00 J B (x0)

The estimate for the gradient of the potential field V6! is analogous but even
simpler (due to the lack of the massive regularization in (18a)). We obtain the bound

IEH ][ IVo! | dx
xo+[—¢,e]?

Using this estimate and (120) in Lemma 32, we obtain (22). O

q/2q1/q
} < CqCelt|.
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6. Corrector Estimates for the Linearized PDE

6.1. Estimates on Linear Functionals of the Corrector and the Flux Corrector for
the Linearized PDE

Proof of Lemma 28 and Lemma 29. Part a: Estimates for linear functionals of
the homogenization corrector ¢TE. Without loss of generality we may assume
in the followmg argument that xo = O, that is g is supported in B,(0), and that

( fBr lgl? 22 dx)?/ p? < 1 - otherwise replace in the following argument p by /2 p.
The argument is similar to the case of the corrector quT . We first observe that the
expectation [E[ F'] vanishes. Indeed, ¢£ g 1s easily seen to be a stationary random

field, which entails E[F] = fRd g- V]E[(]);E] dx = 0. By Lemma 23, to obtain
stochastic moment bounds for F it suffices to estimate the sensitivity of F with
respect to changes in the random field w,. Taking the derivative with respect to w,
in (17a), we obtain

1
— V- (0 Alwe (). £ + Vo) VS, o) + 73¢5T,a
=V (000 Alwe(x), § + Vo )ow: (E + Vo, 3))
+V - (A ). & +VED)(E+ Vol 5)Vagl).  (123)

Denoting by & the unique solution in H'(R¢; R™) to the auxiliary PDE
T, % 1
V@ Vi) +h =Yg (124)

(where we again used the abbreviation aS .—(8:5A(a)‘8 x), &+ V¢S ))*) and de-
noting by h e H' (RY; R™) the unique solution to the auxiliary PDE

~ 1~
—V~(ag’*Vh)+?h

3

d
=3 0 (07 A(@e(x). & + VOI)(E + Vel g)(e1 ®e)) - Vh)e,, (125)

j=1i=1
we deduce

(124) T T I 7

. )/ e A (5). & + Vo[ )30x (8 + Vol 5) - Vhdx

+/ B2 A(@e (), & + VI )(E + Vol )VogT - Vhdx
R4

(125) /d 00g A (e (¥), & + VoI )3, (E + V¢ 2) - Vhdx
R

A 1.
T,* T T
—/Rda§ Vh - Vig; +7h8¢gdx
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103 —
o /R 0 0c A(@: (1), € + V! )we(2 + Vo ) - Vhdx

+ /d o A(e (), & + Vo] )dw, - Vhdx.
R

In other words, we have the representation

oF

&£

= 000: A0 (x), £ + VO )E + V@l 2) - Vh + 0y A(we (x). £ + V§]) - Vh.
(126)

By (A3), this implies the sensitivity estimate

/l%d '7{35()‘7)
2

< C/ dx + C/

R4 R4

Plugging this bound into the version of the spectral gap inequality for the g-th
moment (see Lemma 23) and using E[F] = 0, we deduce for any ¢ = 1 that

12 2 q1/2q
el s cartie]( ] )]
R4
2 qq1/2q
+qud/2E|:</d dx) i| .
R

By Lemma 49 and (100) as well as (99), this entails for any 7, T € (0, 1), that

1/2q

E[[F‘Zq]

_\ d=8)q/(1-1)7(1-1)/2q
< ciagedyons] (2282) ]

2

oF
dx

dwyg

dx

2
dx.

][ |E + Vo || Vh|di
Bg(x)

][ & + Vol ||Vh| dF
B (x)

][ IS + Vo £I|Vh| di
Be(x)

7[ & + Vol ||Vh|di
Be(x)

&

XE[(r_d/R |vh|p(1+| |) X)Zq/pr}r/zq

424 Tt (d=8)q/(1-1)7(1-17)/2q
+C geptiEN | —=
lq [(72) }

(- Lwir(+2)"0) "]
xE|(r VAP (1 + dx (127)

withC = C(d, m, A, A, p, ag, p, T, T). By the weighted Meyers estimate in Lemma 44
— applied to (125) — and the uniform bound |8§A| < A from (R), we infer

x| 2q/pit/24q
]E[(r—d/ |Vh|”(1+ > dx) ]
R4
x| 2q/pt7/2q
gcz&[(r"/ |Vh|P|u+V¢$~|P(l+ > x) } (128)
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with C = C(d,m, A, A, p, g, p, T, T). Inserting the bound (42) into (128), we
get

R |x| o 2q/ptT/2q
E[(fff/ |Vh|1’<1+—) dx) ]
R4 r

< Cq“(1+1EDCIE

- (d—=8)p/2 o 2q/pTqT/24
xE[(/ r—dcfegE(x)(ir*“’“(x» |Vh\p(l+m) dx) } ,
R4 ’ & r

where C now additionally depends on v. To proceed further, we write the second
factor on the right-hand side in the form

2q/ptqT/2q
E[(/ R dx) i| ,
R4

d—8)p/2 oo
I, T.8,8 - |x|
v =C,’;g’§( * : ) ., wm=r d|Vh|”<1+T) )

with

By first smuggling in the weight

4 x| —(d+1)
o) =r~(1+ 2

via Holder’s inequality with exponents -5 and £ in space, and next by Holder’s
- p

inequality with exponents f—r_r/Z and ZTT in probability (here we need to assume

7> %), we get

2q/pt7/2q
(s
R4
) p=2 2 f—zt/Z STq 4L
= (T—1/2) q L p—2 T | %
(o) T (Lot
R4 R4

By Jensen’s inequality for the integral fRd f ¢ dx — using that ¢ has mass of order
unity and assuming also that ¢ = C(p, T, T) — and by exploiting the fact that v,
is a stationary random field, we deduce that the right-hand side is bounded from

above by
2 T—t/2 3 L
CE[vﬁ] . E[(/ vip~'T dx)”z’r.
R4

By combining the previous estimates and plugging in the definitions of v, v» and
¢, we thus arrive at
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E[(M/R |Vh|p(1+| |> x)zpr/zq

I'«,T.£,8
)

x|\ %0P/2+@+1(p=2)/2 8q/p*tT/4q
XEK/ r~4|Vh|P /2<1+ ) dx) ] }
Rd

Applying Holder’s inequality once more to the first expected value on the right-
hand side, choosing 7 € (1 — %, 1), and using the stretched exponential moment
bounds for C,.g ¢, we deduce

(= [ rwie (1 20) )T

c c FaT.£ 8 (d—8)q/(1-7)7(1-1)/2q
= Cq-(1+1§D |E|]E|:<%> ]

|x| aop/2+(d+1)(p—2)/2 8q/p*tT/4q
<] (L= (+5) o) ]
R4

(129)

) (d—8)q/(T—1/2)7(T—1/2)/2q
< Cq“(1+ |$|)C|E|E[|creg,s|2q/<f"/2>< ) }

Plugging in this estimate into (127) and estimating r, 7. ¢ in (127) via Lemma 26
yields

E[|F|2q]l/2q
N >(d—8)q/(1—r)i| (1-71)/2q

r g
S Cq(+ I$|)C|Elsd/zrd/zE[(—*’Tj’

x|\ @0P/2Hd+D(p=2)/2 8q/p*tT/4q
x]EK/ r=d|vn|P /2<1+ ) dx) } .
]Rd

Choosing p close enough to 2 and choosing «g small enough (all depending only on
d,m, X, and A), we may estimate the last factor by applying the weighted Meyers
estimate from Lemma 44 to the PDE (124). This yields by our assumed bound on

8
1/2¢ e\? T (rires
E||F[*] §ch(1+|s|>c|a|<;) E[(—Tj

forany g = C with C = C(d, m, A, A, p,v,7) and any 0 < t < 1, which is the
desired bound for functionals of qbg) z in Lemma 28.

)(dﬁ)q/(lf)] (I1-1)/2q

(130)

Partb: Estimates for linear functionals of the flux corrector agn Differentiating

the equation (17¢), we see that the infinitesimal perturbation (SUS = caused by an
infinitesimal perturbation dw, in the random field w, satisfies the PDE
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— ASUST’EJ,( + %30’;5’]](
=V (%A, & + VP IVop. 5 - (ex ® ej —ej @ er))
+ V(07 A0, & + VL) (E + Vol )Vog! - (e ®ej —ej @ er))
+ V- (00 A(@s, £ + Ve)8we (B + Ve z) - (e ® e — € ® ex)). (131)

Introducing the solution 7 € H'(R?; R™) to the equation
- 1-
A+ R =V g, (132)
the solution h, € H'(R?; R™) to the equation

1
— V- (@]*Vhy) + =h

=Y ) 0 A E+ VP @ ®e) (e ®ej—ej @ex) - Vhe
i=1I=1
(133)

(where af (x):=0; A(w (x), § + V¢/ (x))), and the solution h3 € H' (R?; R™) to
the equation

1

T,

-V. “Vh —h
((15 3)+T 3

3

=YY 00 Aws. £+ VO NE+ VS ) ®e) - (ex®ej —ej ®ex) Vher
i=11=1

+ YD 0 Al (x), & + V[ ) (B + Vol g) (e ® ei) - Vhoer, (134)

i=1 1=1

we may compute the sensitivity of linear functionals of the form

F:= -Volo . dx
Adg Gé,m,]k
Indeed, we have
_ T (132) . T Voo
5F—/Rdg~v50§y3’]kdx = —/IRd thao—g’g’]kdx— ?/R\{dhgoﬁgia’]kd.x
(131) _
= AdagA(ws,g+v¢§)va¢§E-(ek®e,»—e,-®ek).wdx
+/Rd ZA(we. £+ VL) (E+ V. ) V8¢, - (ex ®ej —ej ®ex) - Vhdx

+ /d 300 Awe, £ + Vo, )80 (B + Ve z) - (ex ® ej — ej ®ex) - Vhdx
R

133 1
(12 —/ 0c A(wr, € + VOIIVSGL o - Vi + —5¢T 2 hy dx
Rd ’ T ’
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+/sz O A(we. § + V. )(E + V. 9)VSp, - (ex ®ej—ej ®ex) - Vhdx
+ /Rd 300z Awe. £ + V)80 (B + Ve z) - (ex ® ej — ej ®ex) - Vhdx
(= /Rd 00e A (@5 (x), & + V)3, (E + VoL 5) - Vi dx
+/Rd 02 A(we(x). £ + VoI ) (B + Vol 5) Voo, - Vhydx
+/Rd 0F A(we, § + VO )(E + Vol 2)VE¢; - (ex ®ej —e; ® ) - Vhdx
+/Rd 000 Awe, £ + Vo[ V8w (B + Ve g) - (ex ®ej —ej ®ex) - Vhdax.
Inserting (134) and (103), we obtain
SF = /Rd 300 A, (x), & + V§. )0 (B + Vo ) - Vhy dx
+ /Rd doA(we, & + V! )dwe - Vhs dx

—i—/d 000 A(we, & +V¢$T)3w5 (E+ Ve ) (ek®ej—ej ®e) - Vhdx.
R

This identification of % together with assumption (A3) gives rise to the sensitivity

estimate
2 q1/2q
f o) |
Be(x)

F
AL
Rd
][ |2+ VoL sl(VAl + Vo) dF
Be(x)

BION

dx

ca ] sl |
+CE[(/Rd d>] |

Plugging in this bound into Lemma 23 and using E[ F ] = fRd g- VE[U»;T,E,jk] dx =

12 2 q1/2q
E[|F[*]"™ < cqe? R dx
Rd
2 q71/2q
+Cq£d/2E|:</d dx) i| .
R

By Lemma 49 and (100) as well as (99), we obtain, for 7, T € (0, 1) and for p close
enough to 2,

F e+ volivhalas
Be (x)

0 by stationarity of o,/ we infer

E,jk’

][ & + Vol sl(IVAl + |Vha) dF
B (x)

F g+ Vol ivhalas
B (x)
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E[\F|2q]l/2q
i ><da>q/<1r>} (1-1)/2

< CIEIC]s"/zrd/zE[(—r*’T’E’“
- &

Ix| 2q/pT7/2q
XE|:< / (|Vh|p+|Vh2|p)<1+ ) x) :I

42472 FeTg (d=8)q/(1-7)7(1-7)/2q
+C gt E | —=
g () ]

(w2 )]

By the weighted Meyers estimate in Lemma 44 applied to (134) and the uniform
bound on 8§A from (R), we infer for any «, that

<[] ™

< CIElqsd/zrdﬂE[(—r*’T’é’E
B &

2q/pT7/29
x E[(rd/ (IVh|? + |Vh2|P)<1 + U) dx) ]
Rd

a2 (Fee \ D900 0D/
+ Clelqstr 7] (4 ]

)(d—S)q/(l—T)](l—T)/Zq

&

—d s » » x| 2q/ptq7/29
xEl|r d(|Vh| + |Vhy|P)|E +V¢g~| 1+_ dx _
R

Arguing analogously to the derivation of (130) from (127) but using also the esti-
mate
x| agp/2+d+1)(p—2)/2
/ =4\ Vhy|P /2<1+ ) dx
R4

gc/ ‘d|Vh|p2/2<1+| ') dx
Rd

fora:=agp/24+(d+1)(p—2)/2 (which follows from (133), (A2), and Lemma 44),
we deduce

2a11/24 N e \4/2 FeT.E.8 (d=8)q/(1-1)7(1-1)/2¢
E[|F[*] §C<1+|s|)c|a|qc(;> B| (LS

forany 0 < 7 < 1 and any ¢ = C. This establishes the estimate on functionals of
ag g in Lemma 28.

Part c: Estimates for linear functionals of the potential field GT: We consider

1
F::/ g =V g, dx.
Rd r
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The argument is exactly the same as in part ¢ of the proof of Lemma 24, as the
relation between QST = and qbéT - 1s exactly the same as the one between Gg and ¢§ o
As in the proof of Lemma 24, we introduce g as the solution to the PDE

We then obtain an estimate for F' of the form (127), but with an addltlonal factor -
on the rlght -hand side, with & solving the PDE —V - (aT *Vh) + h =V. (ge,)
and with h solving the same PDE but with the new h Insemng the Calderon-
Zygmund bounds on g and the modified bound on Vh in the steps leading to (128)
and (130), we deduce the desired estimate

2¢711/24 _ e\? T T.£8
B[ |F 1] <C<1+|s|)c|a|qc(;) B| (=22

forany0) <t < landany g = C.
Part d: Proof of Lemma 29. The proof of the estimates (40) and (41) is
analogous to the proof of (36) and (37). O

) (d—3)q/(1—f):| (I-1)/2¢

6.2. Estimates on the Corrector

We first establish the moment bounds on 7 7.¢ =

Proof of Lemma 30. The proof is entirely analogous to the proof of Lemma 26: Re-
call that the only required ingredients for the proof of moment bounds for r, 7 ¢ in
Lemma 26 were the estimate for functionals of the corrector qﬁg from Lemma 24,
the estimate on corrector averages from Lemma 25, the estimate on the correc-
tor gradient given by (99), as well as the general technical results of Lemma 50
and Lemma 32. Lemma 28 provides bounds on the stochastic moments of linear
functionals of the corrector qﬁg g for the linearized PDE that are essentially anal-

ogous (up to the prefactor g€ (1 + |&[)€) to the bounds for functionals of ¢ET in
Lemma 24. Similarly, Lemma 29 provides estimates on averages of the linearized
corrector ¢£ g that are (again up to the prefactor g€ + |£))€) analogous to the

bounds on averages of ¢g from Lemma 25. Furthermore, the estimate (100) for the

gradient of ¢; g is completely analogous to the estimate (99) for the gradient of

¢’ST In conclusion, by the same arguments as the proof of Lemma 26 (up to replac-

ing ¢§ by ¢$ = & by B, re 16 by 1y 1.£ =, and including an additional prefactor
g€ (1 + |£))€ in the bounds), we obtain

r x0)\ (d—38/2)q/271/q
E[(#) |7 = c@oma A p g+ 1ED©

O

Proof of Proposition 20. By the same arguments as in the proof of Proposition 19,
we obtain the desired bounds on ¢>T - O’gTr- and 9T . Note that we simply need to
replace the use of Lemma 24 by Lemma 28, the use of Lemma 25 by Lemma 29,
the use of Lemma 26 by Lemma 30, and the use of (99) by (100). O



438 JULIAN FISCHER & STEFAN NEUKAMM

Proof of Corollary 21. To establish the estimate (26), we simply pass to the limit
T — oo in the L” version of the estimate (21a) for ¢§T and OET . By combining (20)
with Lemma 25 and Lemma 26, we deduce

2

2 172
F - ¢i@dr| + dx)

(4,14
B (x0) B.(0)

= Clglen((Ixol +1)/e),

T T =y 4=
or — os (X)dx
: ][Bs(o) ¢

with pu(s):=1ford > 3, u(s):=(log(24s))'/? ford = 2, and pu(s):=(1+s)'/2 for
d = 1. Passing to the limit 7 — o0, the quantities quT — fBg ©) ¢ST (x) dx converge
to a solution ¢ to the corrector equation with vanishing average in B, (0) subject
to the bound (27) (and similarly for o).

It remains to show that the limit o satisfies the PDE (9), as passing to the limit
in the equation (11c) yields only

—A0g jk = 0j(A(we, § + Vz) - er) — 0k (Alwe, § + V) - ¢j).

However, as we have V - (A(w;, § + V¢e)) = 0 by the equation for ¢, we deduce

—A ZSng,jk = —A(A(ws, § + V) - €).
k

By the sublinear growth of oz j, it follows that
V.o = A(we, § + Vo) — E[A(we, § + V)] = A(we, § + V) — Anom(£),

which is the flux corrector equation (9).
In order to derive (28), we first write

1
T T _ T
be, — P = /O Dl1—s)e) +562.5 98

with E:=&, — &. This entails in case d = 3, using Proposition 20,

1
q/277
E[(]i( )|¢§T2 _¢§T‘|2dx> ]q S Cq (1 + 161 + 182D 162 — Eile,
r (X0

and in case d < 2, using Proposition 20, Lemma 29, and Lemma 30,
1
T T T T
¢§2 B ¢§1 B ¢§2 B ¢§1 dx

2 q/2 7
#[( )|
By (xo0) B¢ (0)

< CqC(+ &1 + 16D 18 — &l len((r + Ix0l)/8).

We may then pass to the limit 7 — oo in these estimates to deduce (28). The
corresponding bound for o, — 0%, is derived analogously. O
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7. Structural Properties of the Effective Equation

We finally establish the structural properties of the effective (homogenized)
equation, as stated in Theorem 11.

Proof of Theorem 11. Part a. The fact that the homogenized material law Apom
inherits the monotonicity properties of the law of the random material A(w, -) has
already been established in [17,18] for Euler-Lagrange equations associated with
convex integral functionals. Nevertheless, we shall briefly recall the (standard)
proof of this result. The result Apom(0) = 0 is immediate from the definition
Anom(§):=E[A(w, § + V¢:)] and (A2), as ¢ = 0 is the (up to additive constants
unique) solution to the corrector equation for £ = 0. We next have

|Ahom(€2) — Ahom(5D)| = |E[A(we, & + Ve,)] — E[A(we, &1 + Vg ]|
(A2)
= AE[& + Vg, — &1 — Vg 1. (135)
Subtracting the corrector equations (4) for £; and &, from each other and testing

the resulting equation with (¢g, — ¢, yn?(x/r) for some cutoff n with suppn C B,
and n = 1 in By, we deduce

/ (A(a)s, &+ Vo) — Alwe, &1 + V¢S])) . (V¢Ez _ Vd)s])nz(f) dx
R4 r
1 5 (X
= /]Rd |A@e, & + Vi) — Alwe, §1 + Vo) | —Ie, — ¢ 11V |<7) de

This implies by (A1), (A2), and Young’s inequality that

/Rqusgz—wsm( )dx

)@ Iél & /
+73 [ 106 = b PIva) (;)dx

Dividing by fRd nz(f) dx, taking the expectation, using stationarity, and passing
to the limit 7 — oo (using the fact that the correctors ¢¢ grow sublinearly), we
deduce

II/\

E[|Vee, — Ve, |"] < C(d) Ié“l & (136)

Inserting this into (135), we deduce the Lipschitz estimate in Theorem 11a.
Concerning the monotonicity property, we deduce, by testing the corrector
equations (4) for &1 and & with (¢, — ¢, )n(x/r),



440 JULIAN FISCHER & STEFAN NEUKAMM

L n(3)(A0r. &2+ V05) — A1+ V) - 62 = 1)

= [, 1(5)(Ar 2+ Vo) = Atwn. b1+ 905) - €2+ e, — &1 = Vit ) s

X
r

1
+ ;/Rd(d)gz — ) (Vn)(5) - (Awe. £2 4 Vi) — Alwe. 1 + Vb)) dx
X
> A/Rd 1(Z)le2 + Ve, — 61 = Vg, [P dx
1 X
Ty /Rd(d)sz - ¢sl>(w>(;) (A(@s, &2+ Vo5 — A(ws, §1 + Veg)) dx,

which, after dividing by fRd 1(3) dx, taking the expectation and using stationarity,
and passing to the limit » — oo, yields by the sublinear growth of the ¢¢ that
(Ahom(&2) — Anom(€D) - (2 — &1)
=E[(A(w, & + V¢r,) — A(w, &1 + Vo)) - (52 — &1)]
> & — &l
It only remains to show that Apom € C!, provided that additionally the condition

(R) is satisfied by the coefficient field A(wg, &). Taking the derivative with respect
to £ in the relation AL (&):=E[A(w,, & + V(bg)], we obtain

hom
O Afom(§)E = E[0: A(we. £ + VO, )(E + V¢! 2)].
Passing to the limit 7 — oo using Lemma 40 and Lemma 42, we deduce
s Apom(§)E = E[d: A(we, £ + V) (B + Vo ).

The assertion Apom € C is then a consequence of (136) and the estimate E[| Ve, =
Vo, =21 < Cl&1 —&|°| 2| for some 6 > 0, which is derived analogously to (136)
using the equation

— V- (0 A(we, &1 + Ve, ) (Vo 2 — Vi, 8))
=V ((0cA@e. &1 + Vi) — d: A0, &2 + Vi) (B + Vi, 2))

as well as the higher integrability result E[| E4 V¢, z|?] < C|E|? forsome p > 2
(the latter being a consequence of Meyers).

Part b. We next show that frame-indifference of the material law — in the sense
that A(wg, O8) = OA(we, &) for all x € R4, almost every wg, all & € Rm>d
and all O € SO(m) — is preserved under homogenization. Indeed, if ¢¢ solves the
corrector equation V - (A(wg, § + Vé:)) = 0 andif O € SO(m), then O ¢z solves
the corrector equation V - (A(wg, 0§ + VO¢¢)) = 0. Using the uniqueness of the
corrector up to additive constants, we obtain VO¢g = V. This entails

Apom(0§) = E[A(we, O§ + Vor)]
= E[A(ws, 0§ + VO¢;)] = E[OA(we, § + V)]
= OAhom(S)-
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Part c. We next show that isotropy of the probability distribution of the material
law implies isotropy of the homogenized material law. Let V € SO(d). In this
case, if ¢¢ solves the corrector equation V - (A(wg (x), § + Ve (x))) = 0, then the
rotated function ¢¢ (V-) solves the corrector equation V - (A (a)g(Vx), gvv-l 4
V(g (Vx)) V‘l) V) = 0 for a rotated monotone operator, that is qgg v(x):=¢s(Vx)
is the corrector associated with the rotated operator

AY (x, E):=A(we(Vx), EVHV

and slope £V and we have V(?gv(x) = Vge(V)V. This entails, by the assumed
equality of the laws of A.(x, &):=A(w.(x), &) and AY, that

Anom(V) = E[As(x, £V + Ve (x))]
=E[A] (x. &V + Vey (x))]
=E[A) (x.§VV ™+ V(ge(VX)VHV]
= E[A (¢ (Vx), £ + Vo (VX)) V]
= Anom(&)V.
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Appendix A. Auxiliary Results from Regularity Theory

We now provide the (standard) proof of the Caccioppoli inequality and the hole-filling
estimate for nonlinear elliptic PDEs with monotone nonlinearity from Lemma 43.

Proof of Lemma 43. Let R > 0 and let n be a standard cutoff with n = 0 outside of Bp,
n=1in Bgs,and |[Vy| < CR™L Testing the equation with nz(u — b) for some b € R™
to be chosen, we obtain by (A1)—-(A2),

1
,\/ n2|w|2dx+—/ n%u)? dx
Rd T Jrd
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4D 2 1 2,12
< / A(x,Vu) -n Vudx—‘f-—/ n”|ul” dx
R4 T Jrd

1
g—/ 2n(A(x,W)+g)-(u—b)@Vndx+—/ nub dx
R4 T Jrd
+/ nz(—g-vwif(u—b))dx
R4 T
1 2
< — n(|Vul + |gDlu — bl dx + — n-ubdx
R JBr(x0)\Br/2(x0) T Jrd
1
2 —_— . — —
+/Rdn( g VM+T_f(u b))dx.

Young’s inequality and an absorption argument yields the Caccioppoli-type inequality

1
/ \Vul> + = |u|® dx
Brya(x0) T

c c 1
< — |u—b|2dx+—/ |b|2dx+C/ gl + — | f1% dx,
R“ J Br(x0)\Br2(x0) T JBr(xo) Br(x0) T

which directly implies (54).
An application of the Poincaré inequality on the annulus Bg (xo) \ Bg/2(x0) in the previous
estimate gives upon choosing b:= fBR(XO)\BR/Z(JCO) u dx, using also Jensen’s inequality and

the fact that | Bg (xo)| ~ |Br(x0) \ Bg/2(x0)| to estimate the second term on the right-hand
side,

2 L[ 2
[Vul“dx + — |u|* dx
Br2(x0) T JBgy2(x0)

C
gc/ [Vul? dx + — |u|? dx
Br(x0)\Br/2(x0) T Br(x0)\Br/2(x0)
2 1 0
+C Igl” + = f1°dx.
Bg(x0) T

This in turn yields, by the hole-filling argument,

2 1 2
[Vu|“dx + — lu|= dx
Bpg/2(x0) T Br/2(x0)

1 1
ge(/ |Vul? dx + — |u|2dx>+C/ lg)? + —| 1% dx
Bg(x0) T JBr(x0) Bg(x0) r

for 6 = CL-H Iterating this estimate with R replaced by 27k R, we deduce our desired

estimate (55) if r is of the form r = 27K R. For other values of r, we may simply use the
already-established inequality for the next bigger radius of the form r = 27K R and increase
the constant C if necessary. O

We next provide a small-scale Holder regularity result for the linearized corrector ¢ET =

Proposition 51. Let the assumptions (Al)—(A3) and (P1)—(P2) as well as (R) be in place.
Then there exists o > 0 such that for all €, & € R"*4 and all T > &2 the gradient of the
linearized corrector ¢§T g is subject to a Holder regularity estimate of the form
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(B + Vel 2)) — (E+ Ve, )|
- yN\* 1/2
§C§,T(xo)(l+|§|)c(u> <][ |E+V¢§T,5|2dx+|8|2)
€ B (x0)

forall x,y € Bga(xq), where Ce 7 = Cg 1(ws, X0) denotes a stationary random field

with stretched exponential moment bounds E[exp(%CEl/ TC )] < 2 for some constant C =
Cd,m, %, A, p,v).

Proof. The result is a straightforward consequence of classical Schauder theory (see for

example the proof of [27, Theorem 5.19]) applied to the equation

_V. I'yim T l 2. (x — T _i';:. _
V- @ Ar &+ VODE+ V6L o) + (B (= x0) + 9L g) = 28 (x —x0),

which is possible by the Holder continuity of the coefficient 9g A(ws, § + V(I)g ) on Bg(xq),

which in turn may be deduced from Proposition 52, our regularity assumptions on wg (see
(R)), and the Lipschitz dependence of dz A on both variables (see (A3) and (R)). O

Proposition 52. Let the assumptions (Al)—(A3) and (P1)—(P2) as well as (R) be in place.
Then there exists o > 0 such that for all ¢ € R"™*? and all T > &* the gradient of the
corrector ¢§T is subject to a Holder regularity estimate of the form

&

16 + V() = 6 + VoY) £ Ce (o) (1 + |g|)('x - yl)

forall x,y € Bgo(xg), where Ce 7 = Cg 1(x0) denotes a stationary random field with

stretched exponential moment bounds ]E[exp(écél/TC )] £ 2 for some constant
C=CWd,m, 1, A, p,v). '

Proof. We differentiate the equation —V - (A(ws, & + V¢€:T)) + %d)g = 0. This yields

1
—V - (O Awe, £ + Voe) Vo)) + ?Biqbg =V (90 Awe, § + V. )djwe). (137)

By (A1)—(A3), this is a linear elliptic system for the derivative 9; ¢§T with uniformly elliptic
and bounded coefficient field.

Case a: Two-dimensional systems with smooth coefficients. Meyers estimate for the PDE
(137) in the form of Lemma 54 with T:=o00 and the condition (A3) imply for some p =
p(d,m, A, A) > 2and any b € R™

I/p
(f Vol 17 dx)
Be2(x0)

12 1 » \UP
gc(]l |V3i¢§|2dx) +c(][ |va)g|P+‘—(¢§T—b)‘ d.x)
Be(x0) Be (x0) r

Using the Caccioppoli inequality (54) with T = oo for the PDE (137), choosing p —2 > 0
small enough, and using the Poincaré-Sobolev inequality, we get by T = &2

- 1/p
(7[ AET |”dx)
J Bg 2 (x0)
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1/2 1/p

c

§7<][ |v¢§|2dx> +c<][ IVa)slpdx> .
€ \J Bag(x0) Bae (x0)

By our estimate (99), Lemma 26, and the bound on Vw; in (R), the right-hand side may be
bounded by C el (|€]+ 1) for some random constant C with stretched exponential moments.
By Morrey’s embedding, we obtain the desired estimate.

Case b: Scalar equations and systems with Uhlenbeck structure with smooth coefficients.

In the case of a scalar equation, we infer the desired Holder continuity of Biq)ST from

De Giorgi-Nash-Moser theory: Applying [28, Theorem 8.24] to the equation (137), we
deduce
a—1

18;6¢ (x1) — 3 bf (x2)]
& sup

x1,%2€Bg2(x0) lxp — x|

1/2 1/2d
§C£_1<][ |3i¢§T|2dX> +C(][ Isz|2ddx) .
B¢ (x0) B¢ (x0)

Using our regularity assumption on w, from (R) and again (99) and Lemma 26, we conclude.
In the systems’ case, one replaces the De Giorgi-Nash-Moser theory by Uhlenbeck’s regu-
larity result [42]. O

‘We present the arguments for Remark 3 and Remark 5.

Proof of Remark 3. The existence of upgm is guaranteed (and only requires g € H L(R4,

R™*d)) since in view of Theorem 11, the effective material law Ahom inherits the monotone
structure from the heterogeneous material law A(w, -). A standard energy estimate yields

IVunomll 2ray = CligllL2ra)s

where here and below C only depends on d, m, A and A. By appealing to the difference
quotient technique of L. Nirenberg we may differentiate this equation with respect to the
spatial coordinate x; and we get the linear system

=V - (agVdjupom) =V - (3;8). (138)

where ag: =0 Ahom(Vthom) is a uniformly elliptic and bounded coefficient field by the
structure properties of Apony, stated in Theorem 11a. An energy estimate thus yields

||V3i”hom||H1(Rd) < C”g”HI(Rd).

We claim that with help of the small-scale regularity condition (R) we get the Lipschitz-
estimate,

||v”hom||LOC(]Rd) < C(||Vg||Lp(Rd) + ||Vuhom||L2(Rd))- (139)

For the argument note that condition (R) for d = 3 either assumes that we are in the scalar
case, that is m = 1, or that Ao has Uhlenbeck structure. In the scalar case, (139) follows
from a Moser iteration for (138) (cf. [28, Theorem 8.15]), while in the vector-valued case
we have to appeal to the Uhlenbeck structure of the limiting equation (and hence, in essence,
use the fact that |Vupom |2 is a subsolution to a suitable elliptic PDE, which allows one to
apply a Moser iteration again). In summary we get the claimed estimate on C(Vupom). O

Proof of Remark 5. The existence of upgm is guaranteed, since in view of Theorem 11, the
effective material law Apom inherits the monotone structure from the heterogeneous material
law A(w, -). The standard energy estimate yields

||”hom||Hl(Rd) < C||g||L2(Rd),
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where here and below C only depends on d, m, A and A. Differentiation with respect to x;
yields the linear system

dithom — V - (ag Vdjupom) = V - (3;8), (140)

where ag:=0z Ahom (Vithom). Meyers’ estimate implies that ||V3iuh0m||Lp’(Rd) <’
“Vg”Lp’(Rd) for some 2 < p’ < p only depending on d, m, A and A. By Sobolev embed-
ding (and an interpolation inequality used to estimate || Vg||, ,/ ®R) interms of |Vg|l ;2 pa)
and ”Vg”Lp(Rd)), we obtain

||vuh0m||Loo(Rd) < C(”g”Hl(]Rd) + ”Vg”LP(Rd))-

.~ C
Our claim C(Vupgom) < C(l + gl g1 ray + IIVgIILp(Rd)) gl g1 (ray thus follows.
O

Proof of Remark 8. The difference quotient technique of L. Nirenberg yields the desired
bound ||”hom||H2((9) < C(IIfIILz(@) + ||g||H1(O> + HMDir”HZ(O))- Note that in this
argument in fact no c! differentiability of Apgm is required: As the difference quotient
technique works with finite differences and not with the formally differentiated PDE —V-
(agVojunom) = 9; f + V - (9;g), there is no need to rigorously justify the formally differ-
entiated PDE. O

Appendix B. Qualitative Differentiability of Correctors

We now provide the proof of the qualitative differentiability results for the homogenization
correctors that we have used throughout the present work.

Proof of Lemma 27. Let h > 0. Subtracting the equations for qbsT hE and ¢€T , we obtain
- _ - 1
—V ((A@,& +hE+ VoL, ,5) — A@. & + Vo)) + ?(%TME —¢l)=0 (141)
which we may rewrite as
- - 1
=V ((A@. & + V] 2) =A@ &+ V) + = @i 1pz — ¢
=V (A@ & +hE+ Vel 4z) — A@,& + Vo, 4z))

Note that by (A2) we have |A(®, &€ + hE + v¢§T+hE) — A, & + v¢§+h3)| < ch|E|.
Lemma 45 yields

1
/]R (V98 nz = VI P+ 2100 4z — 0] 17) exp(—cl|/VT) dx
< c/d R2|2)2 exp(—clx|/VT) dx < ChR2|E2VTY
R

and Meyers estimate (see Lemma 54) with a dyadic decomposition of RY into B JT and
szﬁ \ B2k,1ﬁ for k € N upgrades this to

' d
/Rd IVl pz — VoL PP exp(—clx|/VT) dx < CH*P|EPPVT
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for some p > 1.
Subtracting a multiple of the PDE for the linearized corrector ¢§T g from (141), we deduce

— V- ((A@, E +hE+ VoL ) — A@, & + Vo) — hdz A@,§ + V) (E + V¢! )
o7 T T
+ ?(¢5+h3 - ¢,§ - h¢>g,g) =0.

Using Taylor expansion, the uniform bound |8§A| < A from (R), and the Lipschitz estimate
for A from (A2), we obtain for any 6 € (0, 1]

1
— V- (%A@ &+ VO )Vl g — VOl —hVel o) + — @l e — o] —hel2)
=V-R

with [R| < CR' PB4+ C|Vg],, o — V§[ |, Choosing 6 such that 1 48 < p and

applying Lemma 45, this finally yields the estimate
d
/Rd VoL ng — VoL — VL o> exp(—clx|/VT)dx < Ch*H2 g2 J/T".

The proof of the corresponding result for oz is even easier, as the equation for o is linear
ing! =A@.§+Vel). O

Appendix C. Meyers Estimate for Elliptic Equations with Massive Term

We recall Gehring’s lemma in the following form.

Lemma 53. (see for example [27, Theorem 6.38]). Let K > 0, m € (0,1), s > 1 and
B = Bpg(xqg) for some xo € RY and R > 0 be given. Suppose that f € LY(B) and
g € L5(B) are such that for every z € RY and r > 0 with B, (z) C B it holds that

1/m
][ IfIdX§K<][ Iflde> +][ Igldx.
Br2(2) Br(2) B (2)

Then there exist ¢ = q(K,m) € (1,s] and C = C(K,m) € [1,00) such that f €
L9(BR/2(x0)) and the estimate

1/q 1/q
(][ |f|qu> §C][ |f|dx+C(][ Iqudx> .
Bg/2(2) Br(2) Bg(z)

Lemma 54. (Meyers estimate for PDEs with massive term). Letrd, m € N, T > 0, and leta :
RY — (R™ xd g Rm ><d) be a uniformly elliptic and bounded coefficient field with ellipticity
and boundedness constants 0 < A < A < o0. Let f € L2RY; R™y N LP(RY; R™),
g € Lz(Rd; Rde) N LP(Rd; Ry and let v € HY(R; R™) be the (unique) weak
solution to the linear system

holds.

1 1
—V-(aVv)+?v:V~g+—Tf onRY,

JT
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Then there exists py = po(d, m, ., A) > 2 such that forall2 < p < pg, any x € R4, and
any R > 0 we have

1
[Vu|P + ’—v‘ dx
ﬁzR(xo) VT

= C(d,m,?»,l\,p)f |gl? + 1 £17 dx
JB

2R (X0)

) 1 2 p/2
+C(d,m,A,A,p)<][ Vo —I—‘—v‘ dx) .
Bag(x0) \/7

Proof. Since a is uniformly elliptic and bounded, we deduce by the Caccioppoli inequality
(54) forany b € R™ and r > 0, and any z € R that

1 1
/ |Vv|2+—|v|2dx§C(d,m,k,A)/ 2w —b? + —1b1> + Ig)* + | fI? dx.
Br () r By (2) T

Choosing b:= fBr vdx and using the Poincaré-Sobolev inequality as well as Jensen’s in-
equality, we deduce

1
]l IVu)? + —|v|? dx
B%(Z) T

1
< C(d,m,)»,A)(f |Vv|2d/(d+2) 4L
Br(Z) ‘ﬁ

2d/d+2) \@d+2/d
v‘ dx)

+c<d,m,x,A)f 18l + 112 dx.
Br(Z)

Lemma 53 now yields the desired estimate. O

Proof of Lemma 44. Let R > 0. We split v as v = vour + Z,fil Vin k» Where vi, €
H! (Rd ; R™) is the unique weak solution to the PDE

1
=V - (aVviux) + ?Uin,k =V (gXBszR(XO)\Bsz—IR(xo))

1
+ ﬁfXBz—kR(xo)\Bz—k—lR(XO)’ (142a)
and where vy, € H! (Rd; R™) is the unique weak solution to the PDE,
1 1
-V. (aV‘U(mt) + ?U(mt =V. (gXRd\BR/Z(XO)) + ﬁfXRd\BR/Z(XO)' (142b)

Passing to the limit R — oo in the hole-filling estimate (55) for v,,; and inserting 4R in
place of r in the resulting bound, we deduce, for any § > O with § < c,

1
/ IVvour|* + ;womzdx
Byg (x0)

R S
< C/ (7> 2100717 dx. 143
=€ o sy \E T 30 (I8 +1£1%) (143)
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This yields, by dividing by c(d) R4 and applying Holder’s inequality, that

g 1
f IV our > + ;|vom|2 dx
Byg(x0)

4 R 8p/2—y 2/p
S Cdd,m,x A, p, V)(/ R~ <R7> (1" + |f|”)dx)
R\ BR/2(x0) + [x — xol

for any y withd(p —2)/2 < y < 4. Plugging this bound into Lemma 54, we obtain

1 P
/ |Vv0Mt|p + ‘71)01,” dx
B (x0) JT
SCd,m,x A, p) 1g1? + 1 fIP dx
B4 (x0)\Br/2(x0)

( R
RI\Bg>(xo) \ R+ lx — xo]

Sp/2—y
(rrmew) (ar+irr)as as

Sp/2—y
+C(d,m, kA, p,y) ) (Ig1” +1£17) dx

< Cd,m.h A, p, y)/

RI\Bg 2 (xo) \ R +[x — xo]

‘We next estimate the contributions of v;, ;. We have

2
1 -
g Vo, + —=v; dx| ,
SUE/Rdg Vin,k ﬁvm,kf X

1
|vvin,k|2 + ?|Uin,k|2 dx £2
g.f

/B4R (x0)\Br/2(x0)

where the supremum runs over all functions § and f with supp g U supp f C Bagr(xo) \
BR2(x0) and [ga |g1> + | f1? dx < 1. Denoting by w € H'(RY; R™) the unique solution
to the dual PDE

1

1 -
—-V-@*Vw)+ —w=-V-g+ —Ff,
T st

we obtain

Y A
|vvm,k| +T|Uln,k| dx
B4g(x0)\Br/2(x0)
2
<2

1
sup/ aVi - Vw + =iy wdx
- = JRd ’ T ’
g.f
2

A

1
g-Vw— — fwdx
/szR(XO)\szlR(XO) VT

2 lgI? + 1 f1? dx
By—i p (x0)\ By—i—1 p (x0)

2 sup
g.f

A

1
xsup/ |Vw|2+*|U)|2dx,
3. f / Bo—k g0\ By—k—1 g (x0) T
By the hole-filling estimate for w in the form analogous to (143), we deduce

1
/ IVw|? + —|w|? dx
Byt g (x0)\By—k—1 g (x0) T
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SC/ (m)5(|g|2+|f|2)dx
= Jre \27KR + |x — x|

which entails, by the properties of g and f ,

1
/ ol + i ol d
Bag (x0)\Br/2(x0)

< C<2—k>5/ g1 + 1 /12 dx.
By—k g (x0)\ By—i—1 g (x0)
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An application of Lemma 54 to (142a) (with a covering argument for the annulus By g (xg) \

Bpr(xq)) yields by the preceding estimate and Jensen’s inequality that

py L p
IV0in 1P + o [vin k1P dx
Bag (x0)\Br(x0)

< C(sz)5p/2+d(17*2)/2/ lgl? + | £I? dx.

BszR(xo)\Bszfl R(x())

Taking the sum in k£ and adding (144), we deduce by requiring p to be close enough to 2 and

then choosing y > 0 small enough

1
/ |VU|P+(—v‘ dx
Bag (x0)\ Br (x0) JT

x — xo \ /3
éc/ ( ) Ig1? + | f17)dx
Br(x0) R ( )

R P83
C/ ( ) (1817 + 1 £17) dx
RI\Bg2(x0) \ X — X0l

Multiplying both sides by (g)ao’ taking the sum over all dyadic R = 2lr, 1 €N, and using

a standard Meyers estimate on the ball B, (x(), we obtain

/Rd<|Vv|p+’ o ) (1+ x_x0|)a0dx
<C i/ o ( ;rxo|)173/3(21)a0(|g|p + |f|p) dx
1=1" Byt (¥

ol \P8/3
( ’) @ (1g? + | £17) dx

|x — xol

+Z/

R7\B,;, (x0)

We may estimate the last sum as
(0.¢]

oy \PS/3
>/ ( ) @) (1gIP + | £17) dr
i JRIB,, (x0) \ X = ol

< C(«S)Z / @7 @h%0(1g1P 4| £17) dx

I=1 n= * Bon+1,(x0)\Ban, (x0)

o0
< C(3.ap. 1) Z/ @)% (g1 + |£17) dx

Bynt1,.(x0)\ Bany (x0)

If g > 0 is chosen small enough, the previous two estimates imply (56). O
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