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Abstract

We investigate the Frohlich polaron model on a three-dimensional torus, and
give a proof of the second-order quantum corrections to its ground-state energy
in the strong-coupling limit. Compared to previous work in the confined case, the
translational symmetry (and its breaking in the Pekar approximation) makes the
analysis substantially more challenging.

1. Introduction

The underlying physical system we are interested in studying is that of a charged
particle (e.g., an electron) interacting with the quantized optical modes of a polar
crystal (called phonons). In this situation, the electron excites the phonons by in-
ducing a polarization field, which, in turn, interacts with the electron. In the case
of a ‘large polaron’ (i.e., when the De Broglie wave-length of the electron is much
larger than the lattice spacing in the medium), this system is described by the
Frohlich Hamiltonian [10], which represents a simple and well-studied model of
non-relativistic quantum field theory (see [1,8,11,20,27,28] for properties, results
and further references).

A key parameter that appears in the problem is the coupling constant, usually
denoted by «. We study the strong coupling regime of the model, i.e., its asymptotic
behavior as @« — oo. In this limit, the ground state energy of the Frohlich Hamil-
tonian agrees to leading order with the prediction of the Pekar approximation [24],
which assumes a classical behavior for the phonon field. This was first proved in
[4], using a path integral approach (see also [21,22], for recent work on the Pekar
process [28]). Later, the result was improved in [18], by providing explicit bounds
on the leading order correction term.

The object of our study is, precisely, the main correction to the classical (Pekar)
approximation of the polaron model, i.e., the leading error term in the aforemen-
tioned asymptotics for the ground state energy. Such correction is expected to be
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of order O (a~2) smaller than the leading term, and arises from the quantum fluc-
tuations about the classical limit [2]. This claim was first verified rigorously in [9],
where both the electron and the phonon field are confined to a bounded domain
(of linear size adjusted to the natural length scale set by the Pekar ansatz) with
Dirichlet boundary conditions. Such restriction breaks translation invariance and
simplifies the structure of the Pekar problem in comparison with the unconfined
case, guaranteeing, at least in the case of the domain being a ball [6], uniqueness
up to phase of the Pekar minimizers and non-degeneracy of the Hessian of the
Pekar functional. We build upon the strategy developed in [9] to treat the ultravi-
olet singularity of the model, which in turn relies on multiple application of the
Lieb—Yamazaki commutator method [19] and a subsequent use of Nelson’s Gross
transformation [13,23].

The key novelty of the present work is to deal with a translation invariant
setting. We investigate the quantum correction to the Pekar approximation of the
polaron model on a torus, and prove the validity of the predictions in [2] also
in this setting. As a first step, we analyze the structure of the set of minimizers
of the corresponding Pekar functional, proving uniqueness of minimizers up to
symmetries, which was so far known to hold only in the unconfined case [15,16]
and on balls with Dirichlet boundary conditions [6]. The translation invariance
leads to a degeneracy of the Hessian of the Pekar functional and corresponding zero
modes, substantially complicating the analysis of the quantum fluctuations. In order
to ‘flatten’ the surface of minimizers, we introduce a convenient diffeomorphism
inspired by formal computations in [14], which effectively allows us to decouple
the zero modes.

2. Setting and Main Results

2.1. The Model

We consider a 3-dimensional flat torus of side length L > 0. We denote by
Ay the Laplacian on T*z and by (—A ) Y, y) the integral kernel of its ‘inverse’,
which we define by

—AL[(=ADT L] =8y

2.1.1
Jrr (<AL (x, y) dx = 0. .
L
An explicit formula for (—A 7)™ (x, y) is given by
- 1 eik=y
CanTen = 3 (2.12)

2:
O#ke 273

which, for any x € T3, yields an L? function of v, its Fourier coefficients being in
£2. Analogously we define (—A7)~* for any s > 0. In the following, we identify
']I‘% with the box [—L/2, L/2]3 ¢ R3, and the Laplacian with the corresponding
one on [—L/2, L/2]? with periodic boundary conditions.
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Let
1 e—ik~y

v (y) = (A 20, )= Y TR

2:
0#ke 2273

, (2.1.3)

and vj (y) := vp(y — x). The Frohlich Hamiltonian [10] for the polaron is given
by

Hy = (-Ap) @1+ 1 @N—a(v}) —a'(v})

¥ 1 1 ik ik
=(—AD)RIT+1® Z a]iak —m Z m(akelkx_‘_alie lkx>’
keZr 73 0s£ke 2273

(2.1.4)

actingon L2(T3 ) ® F(L?(T3 )), where F(L?(T3 )) denotes the bosonic Fock space
over LZ(T ). The number operator, denoted by N, accounts for the field energy,
whereas — A accounts for the electron kinetic energy. The creation and annihilation
operators for a plane wave of momentum k are denoted by aZ and ay, respectively,
and they are assumed to satisfy the rescaled canonical commutation relations

[@ﬂﬂ:adﬁ¢ (2.1.5)

In light of (2.1.5), N has spectrum o (N) = «~2{0,1,2,...}. We note that the
definition (2.1.4) is somewhat formal, since v; & L? (']I‘i). Itis nevertheless possible
to define H via the associated quadratic form, and to find a suitable domain on
whichitis self-adjoint and bounded from below (see [12], or Remark 4.4 in Section 4
below).

We shall investigate the ground state energy of Hy , for fixed L and @ — o0.

Remark 2.1. By rescaling all lengths by o, Hy, is unitarily equivalent to the operator
o 2H L, where H can be written compactly as

B = (= Apr) ® 1= Ve [a(v),) +3" (0) [+ 108 @16

with the creation and annihilation operators a' and @ now satisfying the (un-scaled)
canonical commutation relations [a(f), a (g)] = (flg), and N the corresponding
number operator. Large o hence corresponds to the strong-coupling limit of a po-
laron confined to a torus of side length Lo, We find it more convenient to work
in the variables defined in (2.1.4), however.

Remark 2.2. The Frohlich polaron model is typically considered without confine-
ment, i.e., as a model on L?(R?) ® F(L?(R3)) with electron—phonon coupling
function given by (—AR3)_1/2(x, y) = (2n2)_1|x — y|_2. In the confined case
studied in [9], R3 was replaced by a bounded domain €2, and thus the electron—
phonon coupling function was given by (—Aq)~/2(x, y), where Ag denotes the
Dirichlet Laplacian on 2. The latter setting, similarly to ours, has the advantage of
guaranteeing compactness for the corresponding inverse Laplacian, which is a key
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technical ingredient both for [9] and our main results. In addition, for generic do-
mains €2 the Pekar functional has a unique minimizer up to phase (which is proved
in [6] for €2 a ball, and enters the analysis in [9] for general €2 as an assumption).
Compared with [9], setting the problem on the torus (or on R?) introduces the extra
difficulty of having to deal with translation invariance and a whole continuum of
Pekar minimizers. Hence the present work can be seen as a first step in the direction
of generalizing the results of [9] to the case of R>.

2.2. Pekar Functional(s)

For ¢ € H](?I‘?‘), ¥l = 1,and ¢ € Lﬁ(Ti), we introduce the classical
energy functional corresponding to (2.1.4) as

GL(, @) = (Ylhyl¥) + llgll3, 2.2.1)

where A, is the Schrodinger operator
hy = —AL+Vy, Vyi=—2(—=A1)" V. (2.2.2)
We define the Pekar energy as
el = Ify“(? GL(Y¥, @). (2.2.3)

In the case of R3, it was shown in [4, 18] that the infimum of the spectrum of the
Frohlich Hamiltonian converges to the minimum of the corresponding classical
energy functional as @ — oo. In [9], it was shown that the same holds for the
model confined to a bounded domain with Dirichlet boundary conditions and the
subleading correction in this asymptotics was computed. Our goal is to extend the
results of [9] to the case of "JI‘3L.

We define the two functionals

EL) = minGL(V. @), Fi(p) = minGr (. 9). (224)
and their respective sets of minimizers
ME =y e VT vl =1, &) = e, (2.2.5)
M =g e LE(T3) | Frlp) = er). (2.2.6)

Clearly, &7, is invariant under translations and changes of phase and 7, is invariant
under translations. It is thus useful to introduce the notation

OL@) = (Y () ="y (- =y 16 €l0,27), yeT}},  (227)
Qrip) ={¢” |y e T1}, (22.8)

for € H'(T3) and ¢ € L% (T3), respectively.

Our first result, Theorem 2.3 (or, more precisely, Corollary 2.4) is a fundamental
ingredient to prove our main result, Theorem 2.5. It concerns the uniqueness of
minimizers of £ up to symmetries and shows the validity of a quadratic lower
bound for &;, in terms of the H!-distance from the surface of minimizers. We shall
prove these properties for sufficiently large L.



The Strongly Coupled Polaron on the Torus 1839

Theorem 2.3. (Uniqueness of Minimizers and Coercivity for £1) There exist L >
0 and a positive constant k1 independent of L, such that for L > L there exists
0 < ¥ € C*(T3) such that

er <0, M§{=0rp). (2.2.9)

Moreover wz # Y forany(Q # y € T3L and, for any L*-normalized f € Hl(']I‘3L),
EL(f) — e = K dist2,, (Mf , f). (2.2.10)

These properties of £ translate easily to analogous properties for the functional
FL, as stated in the following corollary:

Corollary 2.4. (Uniqueness of Minimizers and Coercivity for F1) For L > L
(where L is the same as in Theorem 2.3) there exists ¢, € C* (T%) such that

M =Qr(pr). (2.2.11)
Moreover, with ¥, as in Theorem 2.3, we have
QL =0y, = (—AL)71/2|1#L|2, Y1 = unique positive g.s. of hy, . (2.2.12)
Finally, there exists k' > 0 independent of L such that, for all ¢ € LZ('H‘%),

2
Ful) —er = min {p—gj |1 = (1 +6'(=80)") [ = 0}) + L_M/ o .
yeT; T}
(2.2.13)
and this implies
Frlp) — e = 7 dist, (Mf , w) (2.2.14)

«'(2m/L)?

with T, = m

In the case of R3, similar results are known to hold. In particular, the analogue
of (2.2.9) was shown in [16] and the analogue of (2.2.10) follows from the results
in [15]. In the case of a bounded domain with Dirichlet boundary conditions, an
equivalent formulation of Theorem 2.3 was taken as working assumption in [9].
In the case of a ball in R3 with Dirichlet boundary conditions, the analogue of
Theorem 2.3 was proved in [6]. In both the case of R3 and of balls, rotational
symmetry plays a key role in the proof of these results. Rotational symmetry is not
present in our setting, hence a different approach is required. Our method of proof
of Theorem 2.3 relies on a comparison of the models on Ti and R3, for large L.
As a consequence, our analysis does not easily yield quantitative estimates on L.

To state our main result, which also holds in the case L > L, we need to intro-
duce the Hessian of the functional 7, at its unique (up to translations) minimizer

oL,

1
lim — (FL(pr +e9) —er) =t (BIH; M) Vo € LE(T7).  (22.15)
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An explicit computation gives (see Proposition 3.15)

Qv

hy, —inf spec hy,

HJb =1 —4(=a) " Py Vi(=AD~V2 (2.2.16)

where h, is defined in (2.2.2), ¥, is interpreted as a multiplication operator and
Qy, = 1 — |y) (Y| Clearly, by minimality of ¢y, H(ZZL 2> 0, and it is also
easy to see that HgZL < 1. We shall show that HJZL has a three-dimensional kernel,
given by span{d;¢, }3:1 , corresponding to the invariance under translations of the

functional. Note that we could define the Hessian of F}, at any other minimizer gD{,

obtaining a unitarily equivalent operator H(Z;L.
L

2.3. Main Result

Recall the definition (2.2.3) for the Pekar energy e as well as (2.2.16) for the
Hessian of F; at its minimizers, for L > L. Our main result is as follows:

Theorem 2.5. Forany L > L1, as ¢« — o0

L (11 - \/H(/,ILL) +o(a™?d). 2.3.1)

inf specH; = ¢ — 72
More precisely, the bounds

1
—Cra™ V7 < o?inf spec H; — a’er + zTr (]] — 4/ Hg}) < Cpra™?M
(2.3.2)

hold for some C > 0 and o sufficiently large.

The trace appearing in (2.3.1) and (2.3.2) is over LZ(T%). Note that, since

H(ZZL < 1, the coefficient of @2 in (2.3.1) is negative.

In the case of bounded domains with Dirichlet boundary conditions, an analogue
of Theorem 2.5 was proven in [9] (where logarithmic corrections appear in the
bounds that correspond to (2.3.2) as a consequence of technical complications due
to the boundary). Showing the validity of an analogous result on R? still remains
an open problem, however. Indeed, the constant C;, appearing in the lower bound
in (2.3.2) diverges as L — oo. This is mainly due to the lack of compactness of
the resolvent of the full-space Laplacian (which leads, for instance, to a zero lower
bound in (2.2.14) and, in particular, a divergence of the effective number of modes
in (4.3.2)). On the other hand, our method of proof used in Section 4.1 to show the
upper bound in (2.3.2) does apply, with little modifications, to the full space case.
In any case, both the upper and lower bound are expected to hold in the case of R3
as well [2,9,14,27].

Compared to the results obtained in [9], Theorem 2.5 deals with the additional
complication of the invariance under translations of the problem, which implies
that the set of minimizers of F is a three-dimensional manifold. This substantially
complicates the proof of the lower bound in (2.3.2), as we shall see in Section 4.3.
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In particular, we need to perform a precise local study around the manifold of
minimizers 27 (¢ ), which we carry out by introducing a suitable diffeomorphism
(inspired by Gross [14]).

Remark 2.6. (Small L Regime) As we show in Lemma 3.2, there exists Lo > 0
such that the analogue of Theorem 2.3 for L < L can be proven with a few-line-
argument. In this case, &1 is simply non-negative and is therefore minimized by
the constant function. In particular, e; = 0 and ¢; = 0.

Also an analogue of Theorem 2.5 can be proven in the regime L < Lo, i.e., it
is possible to show that for L < L there exists C; > 0 such that

1 4
_CLO[_I/7 g az inf SpCCHL + 5 Z <1 - 1-— m) é CLO[_2/11
0+£ke 273

(2.3.3)

for large «. In this case (unlike the regime L > L where the set of minimizers M{:
is a three-dimensional manifold) ./\/l{ only consists of the 0 function, and this allows
to follow essentially the same arguments of [9] (with only small modifications,
which are also needed in the regime L > L and hence are discussed in this paper).
We shall therefore not carry out the details of this analysis here.

Whether uniqueness of Pekar minimizers up to symmetries holds for all L > 0
(i.e., also in the regime Lo < L < L;) remains an open problem.

Throughout the paper, we use the word universal to describe any constant
(which is generally denoted by C) or property that is independent of all the pa-
rameters involved and in particular independent of L, for L = Lg (for some fixed
Lo > 0). Also, we write a < b whenever a < Cb for some universal and positive
C. We write C;, whenever a constant depends on L but is otherwise universal with
respect to all other parameters. Finally, we write a <; b whenever a < Cpb for
some positive Cp..

2.4. Proof Strategy and Structure of the Paper

In Section 3 we study the properties of the Pekar functionals £, and F, defined
in (2.2.4). We start by recalling the relevant properties of the Pekar functionals on R3
in Section 3.1. In the long Section 3.2 we give the proof of Theorem 2.3. Our method
of proof relies on showing the convergence, as L — oo, of &£ to its full-space
counterpart £. Proposition 3.5 in Section 3.2.1 formalizes the precise meaning of
this convergence. Then, in Section 3.2.2, we prove a stronger notion of convergence,
namely that the Hessian of £ at any minimizer converges to the Hessian of £ at
a corresponding minimizer (in the sense of Proposition 3.7); in particular, it is
strictly positive above its trivial zero modes for large L. By combining the results
obtained in Sections 3.2.1 and 3.2.2, we conclude the proof of Theorem 2.3 in
Section 3.2.3. Section 3.3 is dedicated to the investigation of the properties of
JF. First, in Section 3.3.1, we show the validity of Corollary 2.4. Subsequently we
compute the Hessian of 7 (in Proposition 3.15 in Section 3.3.2) and characterize its
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kernel (in Proposition 3.18 in Section 3.3.3). Finally, in Section 3.3.3 we introduce
a family of weighted norms (see (3.3.46)) which is of key importance in Section 4
and we show, in Lemma 3.17, that the surface of minimizers of F locally admits
a unique projection w.r.t. any of these norms.

In Section 4 we prove Theorem 2.5. First of all, in Section 4.1 we construct a trial
state and use it to obtain an upper bound to the ground state energy of Hy . This is
carried out using the Q-space representation of the bosonic Fock space F(L? (T%))
(see [25]) and follows ideas contained in [9], with only small modifications. The
remaining sections are devoted to the lower bound. In Section 4.2, we show that it
is possible to apply an ultraviolet cutoff on momenta of size larger than some A to
H; at an expense of order A~/ (see Proposition 4.5). This is proven following
closely the approach used in [9]: as a first step we apply a triple Lieb—Yamazaki
bound [19] (in Section 4.2.1) and then make use of a Gross transformation [13,23]
(in Section 4.2.2). In Section 4.3 we show the validity of the lower bound in (2.3.2),
thus completing the proof of Theorem 2.5. With Proposition 4.5 at hand, we have
good estimates on the cost of applying an ultraviolet cutoff to H; and this allows
to reduce the problem to a finite dimensional one (with dimension N diverging as
o — 00). We adopt a similar strategy to [9], using IMS localization to split the
space into an inner region close to the surface of minimizers of F; and an outer
region far away from it. The goal is to extract the relevant quantum correction to the
ground state energy from the inner region and to show, using the bound (2.2.14), that
the outer region contributes only as an error term. Compared to [9], the translation
invariance substantially complicates the analysis. In contrast to the case considered
in [9], the set of minimizers of F is a three-dimensional manifold and does not
only consist of a single function. Hence, in order to treat the inner region and
decouple the zero-modes of the Hessian of F7, we have to introduce a suitable
diffeomorphism (see Definition 4.7 in Section 4.3.1) that ‘flattens’ the manifold of
minimizers and the region close to it. It is here where we make use Lemma 3.17,
which allows us to understand the local structure of the tubular neighborhood of the
surface of minimizers of F; . Another technical complication relates to the metric
used to distinguish between the inner and outer region, as simply considering the L-
norm is not sufficient for our purposes, and we need the weighted norms defined in
(3.3.46) (in particular we apply the IMS localization with respect to a metric which
depends with «).

3. Properties of the Pekar Functionals

In this section we derive important properties of the functionals £;, and F,
introduced in Section 2.2 and defined in (2.2.4). In Section 3.2, we show the validity
of Theorem 2.3, relying on the comparison of the models on T3L and R for large
L. In Section 3.3, we study the functional 7 . In particular, we prove Corollary 2.4
and compute the Hessian of F, at its minimizers.
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Given a function f € Lz(Ti) and k € ZT”Z3, we denote by fj the k-th Fourier
coefficient of f. We also denote

f=f-L3| ¥ (3.0.1)
T}

We shall use the following definition of fractional Sobolev semi-norms for functions
feL*T}),0#sek:

1 sy = SR 1Y = 30 WPIAE. (02)
0#ke 22 73
Before moving on with the discussion, we recall in the following subsection the

definition and relevant properties of the full-space Pekar functional.

3.1. The Full-Space Pekar Functional

Let ¥ € H'(R?) be an L2(R3)-normalized function and ¢ € L%R(IR3). Then

G o) = (Wi 1) + lloll} (3.1.1)

3. T
where hg is the Schrodinger operator

WY = —Aps 4V, V= —2(=Ap) V0. (3.1.2)

Comparing with (2.2.1) and (2.2.2), we note the analogy between the definitions
and observe that we are slightly abusing notation by denoting both potentials with
the same symbol (we do this for simplicity and since ambiguity does not arise).
Analogously to (2.2.4), we define

EW) = igf G, ), Flp) = igf G, 9. (3.1.3)
In analogy with (2.2.3), we denote

exo = Inf G(, ¢) = inf E() = inf F(¢p). (3.1.4)
V. ¥ ¥

For our purposes, in the case of R, it is sufficient to focus our discussion on the
functional £, of which we now recall the main properties. As shownin [16], £ admits
a unique positive and radially decreasing minimizer ¥ which is also smooth, the
set of minimizers of £ coincides with

OW) = (WY |6 €10,27), y e R}, (3.1.5)
and ¥ satisfies the Euler—Lagrange equation

(—Ags + Vioy — ) & =0, (3.1.6)
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with

ou = (=Ap) TP Vo, = 2(=Ap) T HWIE e =TW) —2W (W),
(3.1.7)

where T and W defined in (3.2.1) below

Furthermore, as was shown in [15], the Hessian of £ at its minimizers is strictly
positive above the trivial zero modes resulting from the invariance under translations
and changes of phase. This implies the validity of the following Theorem, which
is not stated explicitly in [15] but can be obtained by standard arguments (see, e.g.,
[5, Appendix A] or [7]) as a consequence of the results therein contained.

Theorem A. There exists a constant C > 0, such that, for any L*-normalized
feH'®)

E(f) —exo = Cdist?_ll W), f). (3.1.8)
Our strategy to prove Proposition 3.5 relies on Theorem A and in comparing
T3L with R3 for large L.
3.2. Study of Erand Proof of Theorem 2.3

To compare £, and £, we prefer to write both of them in the following form,
which can be obtained from (2.2.4) and (3.1.3), respectively, by a simple completion
of the square,

f:(z/f):/RJw(x)Fdx—/w /R Py () (=Ag5) " (x. )Py () dx dy

— T - W), (32.1)
EL(0) = / V()2 dx — / / Py (=AD" (x. ¥)py () dx dy
™ w Jn
— T — WL ). (32.2)

The next ingredient, needed for the comparison of £ and £, is the following lemma:

Lemma 3.1. There exists a universal constant C such that

_ _ . -1 C
sup |(—Ap) 1()c, y) — (4m) 1(d1strﬂ-3 (x, y)) ’ < —. 3.2.3)

3 L L

x,yeTy
Proof. We define Fy (x) := —Azl(x,O) and F(x) = (471)_1|x|_1 and observe
that our statement is equivalent to showing that
< C

||FL - F||L°°([7L/2,L/2]3) = Z (324)

By definition, we have Fr (x) = %F 1 (7). Hence, (3.2.4) is equivalent to

IF1 = Fllpooq—1/2,1/2p = C. (3.2.5)
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Again by definition, F; — F is harmonic (distributionally and hence also classically)
on (R¥\{Z3}) U {0} (when Fy, and only Fy, is extended to the whole space by
periodicity). Thus we conclude that F; — F isin C* ((—1, 1)3) and, in particular,
bounded on [—1/2, 1/2]3. O

The analogy between (3.2.2) and (3.2.1), combined with Lemma 3.1, clearly
suggests that £, formally converges to £ as L — oo. Hence, we set out to show
that this convergence can be made rigorous and allows to infer properties of £, by
comparing it to £, in the large L regime.

In Section 3.2.1 we derive an important preliminary result, namely Proposi-
tion 3.5. It formalizes in a mathematical useful way the concept of £y, converging
to £. In Section 3.2.2, we study the Hessian of &7, showing that it converges (in
the sense of Proposition 3.7) to the Hessian of £ and therefore is strictly positive
above its trivial zero modes for large L. Finally, in Section 3.2.3 we use the results
obtained in Sections 3.2.1 and 3.2.2 to show the validity of Theorem 2.3.

We remark that our approach differs from the one used on R3 and on balls to
show, for the related £-functional, uniqueness of minimizers and strict positivity of
the Hessian (see [15,16] for the case of R and [6] for the case of balls). In those
cases, rotational symmetry allows to first show uniqueness of minimizers and then
helps to derive the positivity of the Hessian at the minimizers. We take somewhat
the opposite road: comparing &y, to £, we first show that minimizers (even if not
unique) all localize around the full-space minimizers (see Proposition 3.5) and that
the Hessian at each minimizer is universally strictly positive (see Proposition 3.7)
for large L. We then use these two properties to derive, as a final step, uniqueness
of minimizers.

3.2.1. Preliminary Results The next Lemma proves the existence of minimizers
for any L > 0. Moreover, it shows that there exists Ly > 0 such that, for L <
Lo, & is strictly positive on any non-constant L?-normalized function, as already
mentioned in Remark 2.6.

Lemma 3.2. For any L > 0, ey, in (2.2.3) is attained, and there exists a universal
constant C > 0 such that ey > —C. Moreover, there exists Ly > 0 such that, for
L < Lo, &L () > 0 for any non-constant L%-normalized v,

Proof. We consider any L2-normalized v € H' (’H‘%) and begin by observing that
in terms of the Fourier coefficients we have

2
WL () = Z %, (3.2.6)
0ke 2273
(o= 3 VU (g Yk Vol (3.2.7)

jexEz
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By Parseval’s identity |g| < 1 and thus, using the Cauchy—Schwarz inequality,
we can deduce that

-3

2 o , 3.2.8
[Py ] _{3|(,01@)k|2+%(|1/fk|2+|1ﬂ—k|2)~ o

Therefore

(0 )kl 6 |2

w <3 —_— — _—

L(l/f) = 22 |k|2 + L3 Z |k|2
0£ke £ 73 0#ke 273

<3WL() + (3.2.9)

6 22
m”‘ﬂ“Lz(Ti)-

We can bound both terms on the r.h.s. in two different ways, one which is good for
small L and one which is good for all the other L. Indeed, by applying estimate
(3.2.8) and using the Poincaré—Sobolev inequality (see [17], chapter 8) on the zero-
mean function 1@, we get

1/2 172

. (o xl? e
AR B i D ol
0ke 2273 0ke 2273

S L20Cop el 19 174
S LI gy S LIV oy, S LTL(W) = LTL(Y). (3.2.10)
Moreover,
LN 2y S LT = LTL(). (3.2.11)
Therefore, we can conclude that

W) SLTL(Y) = &) 2 (1 —CLTL{). (3.2.12)

Thus, for L < Lg := C~!, either » = const.and &, () = 0orEL (Y) > T (V) >
0. Moreover, this also implies

2m)? o 1 1
EL) 2T 2 %nwn% #5102 disty (00 (13 ) 0 ).

(3.2.13)

which is the analogue of (2.2.10) from Theorem 2.3 in the case L < Ly.
We now proceed to study the more interesting regime L = Lg. By Lemma 3.1,
splitting dist1;31 (x,-) into an L3/ part and the remaining L part (whose norms
L
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can be chosen to be proportional to & and e ~!, respectively, for any ¢ > 0), and by
applying again the Poincaré-Sobolev inequality, we obtain

. ACI W) c .
W) < T dxdy + = < 2 |
Lw)_fqﬁxﬁ iy (e, O L S Wy T
T,
< Lé¢)+c (3.2.14)

Moreover, since L = Ly, trivially L™ 1||1b|| < 1 and we can conclude that
for any L?-normalized Ve H! (’JI‘ )

TL(W)

LX(T3)

T (¥)
2

W) L ——2+C = &)= ——2—C. (3.2.15)

From this we can infer that e;, = — C for any L. To show existence of minimizers,
we observe that by (3.2.15) any minimizing sequence ¥, on T must be bounded
in H' (’]I‘ ). Therefore, there exists a subsequence (which we still denote by v, for
simplicity) that converges weakly in H'! (T ) and strongly in L” (T ), forany 1 <
p < 6 to some ¥ (by the Banach—Alaoglu Theorem and the Rellich—-Kondrachov
embedding Theorem). The limit function v is L2-normalized and

Tr(¥) < liminf 77, () (3.2.16)

by weak lower semicontinuity of the norm. Using the L*-convergence of v, to v/
and the fact that || - ”I—°I*1(Ti) <L|- ||L2(11‘3L)’ we finally obtain

(WL () — WL ()]

= (Iow o + 1wl ) [ 1wy = Dol

S Llpy, = pyllg-1a3y S L2ow, = purllp2rs,

< Lz”‘/fn - 1/,”L4(Ti) (”d’n”ﬁ(’ﬂ‘i) + ||W||L4(']1‘i)) — 0. (3.2.17)
This implies that
EL() = liminf L (Yn) = er, (3.2.18)
n—00

and thus that v is a minimizer. Note that, since £ (V) — er = EL(Y¥) by
definition of ¥, and, as shown, Wy (¥,,) — W (), it also holds

Te(Yn) = EL(Wn) + WL(¥m) = EL(Y) + WL (¥) = TL(Y) (3.2.19)
which implies that v, actually converges to ¥ strongly in H' (T%). O

Once we have shown existence of minimizers, we need to investigate more
carefully their properties. Some of them are derived in the following Lemma. Recall
that

Vy = =2=A)7"2y, oy = (APl (3.2.20)

and that, as stated above, we call any property universal which does not depend on
L > L.
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Lemma 3.3. Let € M‘E (as defined in (2.2.5)). Then  satisfies the following
Euler—Lagrange equation

(= AL+ Vo, —uh)¥ =0, with puj =Tp(p) —2WL(). (3.2.21)

Moreover, € C”(T%), is universally bounded in H 2(Ti) (and therefore in
Loo(Tz) ), has constant phase and never vanishes. Finally, any L*-normalized
sequence f, € H 1(’]I‘i”) such that £, (fn) is universally bounded, is universally

bounded in H' (T3L,, ).

Proof. The fact that sequences f,, € H 1(']I“in) of L%-normalized functions for

which £, is universally bounded are universally bounded in H'(T} ) follows
trivially from estimate (3.2.15). This immediately yields a universal bound on the
H'-norm of minimizers.

The Euler-Lagrange equation (3.2.21) for the problem is derived by standard
computations omitted here. By Lemma 3.1 and by splitting (distTi 0, - )~ inits

L3/% and L parts, we have

Vi ()] < 2 / _
o i) dlSthL (x,y)

STy +1). (3.2.22)

C
2 < 2
WPy + 7 € (W0, +1)

Therefore, by the universal H!-boundedness of minimizers, ng is universally
bounded in LOO(']I‘i), forany ¥ € M‘z This immediately allows to conclude uni-
versal H2 (and hence H?2) bounds for functions in M‘E, using the Euler-Lagrange
equation (3.2.21), Lemma 3.2 and the universal H I_boundedness of minimizers,
which guarantee that

02 py =28() — To(¥) = —C.

Since L = L, universal H 2_boundedness also implies universal L°°-boundedness
of minimizers by the Sobolev inequality.

Forany L > 0, any ¢ € Mf satisfies (3.2.21), is in H!(T3) and is such that
Vo, € Lm(Ti). Therefore r also satisfies, for any A > 0

V= (AL + 17 (= Vo + 1 +2)v. (3.2.23)

In particular, by a bootstrap argument we can conclude that ¢ € C* (']I‘i). More-
over, picking A > —,u@ + Vo, ”LOO(T%) and using that (—A, + A)~! is positivity
improving, we can also conclude that if 1 = 0 then ¢ > 0. By the convexity prop-
erties of the kinetic energy (see [17], Theorem 7.8), we have that Tz (|v]) < T ()
which implies that if ¢ € M‘z then Ty (vv) = T (|Y¥|) and also || € ./\/l‘z: Hence
both ¥ and || are eigenfunctions of the least and simple (by positivity of one of the
eigenfunctions) eigenvalue ,ufb = “|Lx//| of the Schrodinger operator —Af, + Vg, ,
which allows us to infer that ¢ has constant phase and never vanishes. O
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We now proceed to develop the tools that will allow to show the validity of
Theorem 2.3. We begin with a simple Lemma.

Lemma 3.4. For € H'(T3),
2
oyl gus ey S 1 W s - (3.2.24)
Proof. We have
2 —7/8
oy s ra ) = (Voy IV ((=A) B py))|

_ (py)i €™
=2 /T*Z W@IVIY @D Ve | Y LN dx

2;
0ke 273

ik-x

: ki (py)k
= ;Azwu)wmwxn) > xpi on &

2
0#ke 73

(3.2.25)

We define

. ki (py )i €
gix):== > PENEE (3.2.26)
0#ke 22 73

and observe that (g;)o = 0 and |(g)| = 'ﬁ,ﬁf;ﬁj” < 'T,f;g)ﬁ' for k # 0. These
estimates on the Fourier coefficients of g; imply that, fori =1, 2, 3,

lgilseeray = 2o KPP = 30 1000kl S IV NG -
0#ke 22 73 0#£ke 273
(3.2.27)

Moreover, using the fractional Sobolev embeddings (see, for example, [3]) and that
gi has zero mean, we have

lgillscrs) < 1ill garmeryy S 1V, (3.2.28)

Applying these results to (3.2.25) and using Holder’s inequality two times, the
Poincaré—Sobolev inequality and the convexity properties of the kinetic energy
(see [17], Theorem 7.8), we conclude that

1/8
100 sy S I scas s Neagasyy IV QWD oty S 10 191

3/4 9/4
<Y g 1 s 19 Doy S 0 1 (3.2.29)

O
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Our next goal is to show that e;, — e, as L — oo, and that in the large L
regime the states that are relevant for the minimization of £; are necessarily close
to the full space minimizer (or any of its translates). This is a key ingredient for
the discussion carried out in the following sections, and is stated in a precise way
in the next proposition. The coercivity results obtained in [15] are of fundamental
importance here as they guarantee that, at least for the full space model, low energy
states are close to minimizers.

We recall that the full-space Pekar functional, defined in (3.2.1), admits a unique
positive and radial minimizer ¥ which is also smooth (see (3.1.5)), and we introduce
the notation

WL = le[—L/2,L/2]3' (3230)
Note that ¥; € H'! (T%), by radiality and regularity of ¥.
Proposition 3.5. We have

lim e = eno. (3.2.31)

L—o0
Moreover, for any € > 0 there exist L, and 5, such that for any L > L. and any
L?-normalized € Hl(Ti) with & (V) —ep, < 8,
disty1 (OL(Y). ) S &, |uh — pwl Se, (3.2.32)

where O (), ¥p, ui and py are defined in (2.2.7), (3.2.30), (3.2.21) and (3.1.7),
respectively.

Proof. We first show that limsup; _, ., €1 < e by using ¥ as a trial state for
&r. Observe that ||lI/L||L2<T3L) — land Ty (¥) — T(¥) as L — oo. To estimate

the difference of the interaction terms we note that ¥; (¥ — ¥ ) = 0 and therefore
(WL (W) — W) = (W (W) — W)+ W —¥p)
+ z((w - wL)Z‘AEg wL2>. (3.2.33)

By dominated convergence, the last two terms converge to zero as L — 00. On the
other hand, by Lemma 3.1 and since ¥ is normalized

(WL (L) — W) =

-+ — V()" WL(y)
L 47‘[ [—L/2,L/2]6

dx dy.

distys (x, y) - |x =yl
(3.2.34)

Moreover, since distTi (x,y) = |x — y| for x,y € [-L/4, L/4]® and using the
symmetry and the positivity of the integral kernel and the fact that disthL (x,y) £
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|x — y|, we get

f Wy (020 (y)? dx dy
L/2,L/2]6

dlStjﬁL (x,y) |x—yl

U — Wy n)?
<2 / w2 (x) / WL =YD 4 ) d4r. (3235
[—L/2,L/2) [—L/2,L/2] dlStqu (x,y)

Finally, by splitting distq};1 (x,-)inits L> and L' parts and using that ¥ is normal-
L
ized, we canbound ther.h.s. of (3.2.35) by (C1 ¥, — W10l + C2ll¥r — W1 211%).

which vanishes as L — oo, since ¥ (x) it 0. Putting the pieces together, we
conclude that

(W (W) — W) =or (). (3.2.36)

This shows our first claim, since

1 1
er SELWL/IWLIR) = ——= | TL(¥L) — — = WL (¥L) | > ex. (3.2.37)
1YL l3 [EZA

We now proceed to show that

liminf e 2 ex (3.2.38)
L—o0

and the validity of (3.2.32) using IMS localization. We shall show that for any
L?-normalized sequence ¥, € H' (Tin) with L,, — oo such that

&L, (Yn) —er, = 0, (3.2.39)

n

we have
liminf EL, (W) 2 eco, lim dist 1 (@L,1 W), lIILn) =0,
— 00

lim |M¢ — pw| =0, (3.2.40)
n—o00
which implies the claim of the proposition.

Pick n € C®(R3) with supp(n) C Bj and ||n]l2 = 1. We denote by ng the
rescaled copy of 1 supported on B with L?-norm equal to 1. As longas R < L/2,
ng € C oo(']1“%) and we then consider the translates ’ﬁe forany y € ']I‘i. Given
Ve HI(T%), we also define

Vi =Yg/ Ilvngll. (3.241)

By standard properties of IMS localization, for any R < L/2, we have

2
/T3 n(w,ﬁ)nwnﬁnidy:A TL(wR)dy—Tw/fo' LER o)

L
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Moreover, by using that |y|> = fT3L [ynpl?dy = ngL [ 2 l¥nk 1> dy and com-
pleting the square

2
WL(w)=/T3 [WL(w,ye)—le,{,P—WHﬁ i|||w’ﬁe”§dy- (3.243)

113

Combining (3.2.42) and (3.2.43), we therefore obtain

C ) 2
e+ = [ [+ il - il er

(3.2.44)

- 3
1 (TL

Since the integrand on the r.h.s. is equal to the L.h.s. on average (indeed || wn% ||%d y
is a probability measure) there exists y € T% such that

5 5 2 C
& (v H 2 2” <¢ —. 3.2.45
L)+ Vel WP S8+ 5 (3.245)
This fact has several consequences and it is particularly useful if we apply it to our
sequence ¥, with a radius R = R, < L,/2 (we take for simplicity R = L, /4).
Indeed, by the above discussion and (3.2.39), we obtain that there exists y, € T%n
such that the L2-normalized functions

- wnn{’;/;;

= - (3.2.46)
” Vn ”L’;/zx ”2

are competitors both for the minimization of £, and £ (indeed, 1,5,1 can then be
thought of as a function in C2° (R3), supported on By, /4) and satisfy

_ C
Er, (W) = &, (Yn) + 7 Sep, +or, (1),

n

C
10z, = Poulr0y ) = 15 (3.247)
n n

In other words, we can localize any element of our sequence 1, to a ball of
radius R = L, /4 with an energy expense of order L, 2 and the localized function
is close (in the sense of the second line of (3.2.47)) to ¥, itself, up to an error again
of order L, 2.

Moreover Ty, (1/_/,1) = T(&n) and, using Lemma 3.1 and the fact that
diStT{n (x,y) =|x —y|forall x,y € By, /4, we have

WL, (Un) = W(@)| < (3.2.48)

1
L,
Therefore, using (3.2.47)

oo S EW) S €, W) + L£ Sep, +or,(D), (3.2.49)

n
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which shows the first claim in (3.2.40). By Theorem A and (3.2.49), it also follows
that

n—o00

dist1 (O(W), ¥,) —— 0. (3.2.50)

Hence, up to an n-dependent translation and change of phase (which we can both

_ 1 R3
assume to be zero without loss of generality by suitably redefining v,,), ¥, H &)

¥, and the convergence also holds in LP?(R?) for any 2 < p < 6. From this and
the second line of (3.2.47), we would like to deduce that also v, and ¥, are close.
We first note that, by a simple application of Holder’s inequality, it follows that for
any f € LQ(T%) with zero mean

8/9 1/9
ey S| 20 WVAAP > KTAP
0#ke 2273 0#ke 2 73
_ 16/9 2/9
= ||f||,_n,./g(TS [t Siny) (3.2.51)

We combine this with (3.2.47) and apply it to the zero mean function (o, — Py, ),
obtaining

8/9

) ”’Ow’l”Hl/S('[[G )+ ”pl[/n”Hl/g(Tg )

”p‘h - an”LZ(’[[‘z ) ’S 1/4 . (3.2.52)
" Ly

Applying Lemma 3.4 to v, and v, (which are uniformly bounded in H' by

2
Lemma 3.3) we conclude that (py, — plzn) L—> 0.

As a consequence, since ¥, and v, have the same phase, ¥, and 1, are arbi-
trarily close in L*. Indeed,

- 4 n—0oo
W =Pl = /Tz [AAl dxé/Ti (py — 03, )7 dx 2= 0,
(3.2.53)

By the identification of T} with [—L, /2, L, /2], we finally get ||y, —¥ | 143y —

0, if i, is set to be 0 outside [—L, /2, L, /2]3 . Moreover, v, converges to ¥ in
4

LP(R3) forany 2 < p < 6, since || ¥, ll2 = 1, ¥, Lo, 1¥ll2 =1and ||yl is

uniformly bounded for any 2 < p < 6.

To show the second claim in (3.2.40), we need to show that the convergence
actually holds in H! (’H‘%n), ie., that |y, — ¥, ||H1(T3L y = 0. First, we show

convergence in H L(Bp) for fixed R. Note that
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since

|TLn (1/fn) - TL,1 (&n)l = |5L,, (wn) + WL,, (Wn) - ELH (I/_’n) + WLn (an)|
< 1EL, W) — EL, W) + WL, W) — WL, ()| — 0,
(3.2.55)

and 77, (gﬁ,,) =T (1/_fn) — T(W)by H 1 convergence. Moreover, given that v,
is uniformly bounded in H'(Bg) and Y, = ¥in L?(Bg), we have Y, — ¥ in
HY(Bpg) for any R and this, together with (3.2.54) and weak lower semicontinuity
of the norms, implies ¥, — ¥ in HI(BR) for any R.

Finally, for any ¢ > 0 there exists R = R(¢) such that ||W||H1(B;) < ¢ and,

using strong H'-convergence on balls and again (3.2.54), we obtain
1n =Y, lgiery ) S 1 = Plat e + 10 = Yla (=L /2.L020\BR)

S ¥ = Yl + Wl g (= L,/2,L,20\8)
H I bt (=L, /2,1, /23\ BR)
§ "an _ "II”H](BR) +2¢ + On(l) — 28, (3256)

which concludes the proof of the second claim in (3.2.40).

Finally, we show the third claim in (3.2.40). This simply follows from the
previous bounds, which guarantee that &7, (¥,) — ex and Tp, (¢,) — T'(¥) and
hence

wh =Ty, () = 2We, (Yn) = 261, (Yn) — Tp, () = 2e00 — T (W) = pry.
(3.2.57)

i
We conclude this section with a simple corollary of Proposition 3.5.

Corollary 3.6. There exists L* such that for L > L* and any ¥ € ./\/li we have
¥ # Y for0 #y €T3,

Proof. It is clearly sufficient to show the claim for ¢ € /\/lf such that
disty1 (OL(V), Y1) = 1Y — Vil 3 (3.2.58)

andfory € ']I‘i such that |y| = L/4 (indeed, if the claim fails for some y’ such that
|v'| < L/4 it also fails for some y such that |y| = L/4). For any such v and y,
Proposition 3.5 and the fact that W % WY for any y € R guarantee the existence
of L* such that for any L > L* we have

19 = ¥ ) 2 195 = Yol =200 = el 2 € > 0 (3.2.59)

and this completes the proof. O
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3.2.2. Study of the Hessian of £; In this section we study the Hessian of £, at
its minimizers, showing that it is strictly positive, universally, for L big enough.
Positivity is of course understood up to the trivial zero modes resulting from the
symmetries of the problem (translations and changes of phase). This is obtained by
comparing &, with £ and exploiting Theorem A.

For any minimizer ¢ € ME | the Hessian of £, at ¥ is defined by

— vtef N\ _pe Ty
lim — <5L(W+8f”2) eL>_HW (f) VfeHY(T}). (3.2:60)

An explicit computation gives

H;/fL(f) = (Im f|Ly|Im f) + (Re f|Qy (L} —4X})QyRe f). (3.2.61)
with Qy = 1l — |¢)(y| and

Lj = =Ap+ Vo, — g, Xy, ) =y @A 0, DY (). (32.62)

(We use the same notation for the operator X 5/ and its integral kernel for sim-

plicity.) We recall that u@ = Tr(¥) — 2Wr(¥) (see (3.2.21)) and that Vo, =

—2(—AL)_1,0¢ (see (3.2.20)) and we note that Lilﬁ = 0 is exactly the Euler—
Lagrange equation derived in Lemma 3.3.

By minimality of i, we know that inf spec L = inf spec Q(L —4X)Q =0,
since both operators are clearly nonnegative and v is in the kernel of both of them.
Moreover, ker L@ = span{y}, since it is a Schrodinger operator of least (simple)

eigenvalue 0. The situation is more complicated for QW(L@ —4X I/L/)Q,p, whose
kernel contains at least ¢ and 9;1 (by the translation invariance of the problem).
Since both Li and Qw(L{; —4X VI;)QIp have compact resolvents (they are given
by bounded perturbations of —A[ ), they both have discrete spectrum. Our aim is
two-fold: first we need to show that the kernel of Q,/,(L@ —4X @)Ql/, is exactly
spanned by ¢ and its partial derivatives, secondly we want to show that the spectral
gap (above the trivial zero modes) of both operators is bounded by a universal
positive constant.

Before stating the main result of this section, we introduce the relevant full-
space objects: let again ¥ be the unique positive and radial full-space minimizer
of the Pekar functional (3.2.1) and, analogously to (3.2.62), define

Ly = =Aps + Voy — o, Xu(x,3) := ¥ (@)(=Aps) ™ (x, NP ().

(3.2.63)
We introduce
ho = inf (fILwlf),
JeHL @), /l=1
fespan{whL
hl, = inf (fILy —4Xy|f). (3.2.64)

JeHL ®3), [ flp=1
fe(span{w,d) w0, W, 039 )L
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We emphasize that the results contained in [15] imply that min{h,_, A%} > 0.
Moreover, it is easy to see, using that Vg, (x) < —|x|_1 for large x, that Ly
has infinitely many eigenvalues between 0, its least and simple eigenvalue with
eigenfunction given by ¥, and — .y, the bottom of its continuous spectrum. Since
furthermore Xy is positive, this implies, in particular, that

hlo, by < —pw, (3.2.65)
which we shall use later.

Proposition 3.7. For any L > 0, we define

L= inf inf (FILLIf). (3.2.66)
yeMS ferhm)lsip=1
fe(span{yh)-
B} == inf inf (fIL], —4X51f). (3.2.67)

yeME  reHk @)=
fe(span(y, 0y v, dr v, 03 -

Then

liminf A, > k', liminfh} > h'_. (3.2.68)

L—o00 L—o00

It is not difficult to show that

limsuph; < hl,, limsuph] < hZ, (3.2.69)

L—o0 L—o0

simply by considering localizations of the full-space optimizers and using Propo-
sition 3.5. Hence there is actually equality in (3.2.68).
To prove Proposition 3.7 we need the next two Lemmas.

Lemma 3.8. For ¥ € ME, the operator Yx/& with integral kernel va (x,y) =
(=AD" (x, Y)W (y) is universally bounded from LZ(T%) to LOO(Ti). This in par-
ticular implies that the operators X I/L/’ defined in (3.2.62), are universally bounded
from L*(T3) to L*(T3).

Proof. Using Lemma 3.1 and the normalization of v/, we have

W0
< ||f||2+/Ti e distgy (e )
W)

§||f||2+/ d.idyé(1+C||1/f||oo)||f||2§||f||2-
By (x) distys3 (x, )

(3.2.70)

(ARG ‘fT (=A™ @ VYO F 0)dy
L

To conclude, we also made use of the fact that the minimizers are universally
bounded in L*° by Lemma 3.3. O

Recall the definition of ¥} in (3.2.30).
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Lemma 3.9. For any e > 0, there exists R, and L, (with R}, < L!,/2) such that for
any L > L, anynormalized f in LZ(T‘Z)supportedon B¢, :=[—L/2, L/2]3\BRé,

and any ¥ € ./\/l‘z such that
19 = Wl = dist (OL (W), ¥) (3.2.71)
we have
(fILy —4Xy1f) 2 —pw — . (3.2.72)

Proof. By definition of L@ and X i, we have

(FILG —4X51f) = To(f) — ul + (F Ve, Lf) =4 (FIXG1)

2~y + (Vo L) = 4(FIXG1S) (3.2.73)

By Proposition 3.5, taking L, sufficiently large guarantees that
|\l — | < /2. (3.2.74)

Thus we only need to show that (f|Ve, |f) and (f|X @ | f) can be made arbitrary

small by taking L/, and R sufficiently large. Since f is normalized and supported
on B¢
R,’

Vo LS Vo (3.2.75)
.

£

Moreover, using Lemma 3.1, splitting the integral over B;(x) and Bf (x) (for some
t > 0), and assuming x € B;'e,, we find
Iy ()12

C C
v, <—+c| /22 Ay < — +Ctlyv)? 1/t.
| Uw(-x)| =T + /1;‘2 diStrﬂ-i(X,y) y = I + ||w||L6(BC ) + /

/
RL—t

(3.2.76)

On the other hand, by Lemma 3.8,
|<f|X§,|f) | = CllfllzfT3 vIfIdy = CIIXB;, Yl (3.2.77)
7 £

Therefore, by applying Proposition 3.5, we can conclude that there exists L, and

R} such that, for any L > L/ and any L?-normalized f supported on B/, we have

(FIVoy If) =4 (fIXGIf) 2 —e/2, (3.2.78)

which concludes our proof. O
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Proof of Proposition 3.7. We only show the second inequality in (3.2.68), as its
proof can easily be modified to also show the first. Moreover, we observe that the
second inequality in (3.2.68) is equivalent to the statement that for any sequence
Y € MLn with L, — oo,

lim inf inf (FILg —4Xy" | f) 2 B, (3.2.79)
n FeH (T} ).Ifl2=1 " "
fespan{yn, ) Ym0y ¥n, 93 ¥m ) -

which we shall prove in the following.
We consider v, € My, , L, — oo, and define

h, = inf (fILy" —4X,"(f). (3.2.80)
FeHl (T ). f 2= ! "
fespan{yin 91 ¥n.d2vn 03 ¥n )L

By translation invariance of £, and by Proposition 3.5, we can also restrict to
sequences ¥, converging to ¥ in L?(R?) and such that ¥ — L, | ) — 0,

where ¥y, is defined in (3.2.30).

Letnow g, be anormalized function in L2 (’]I‘3L ), orthogonal to v, and its partial
derivatives, realizing h, (which exists by compzfctness, and can be taken to be a
real-valued function). We define the following partition of unity 0 < nk, n% < 1,
with %, € C®(R?), n',(x) = 1;(x/R) and

1 X € By,
nx) = ¢ m=41- [71]2. (3.2.81)
0 xeB;

We define T)Z = niL,,/S and

H! (T{n

gh = nlgn/Ilnignll2- (3.2.82)

Standard properties of IMS localization imply that

hn = (gulLy" —4X" gn)
= 2 el {gh|Lhr —4xir |ei)
i=1,2
= 3 (Ceall Vi Plgn) + 2 aullnh [ Xy ]llgn) ). (3.283)
i=1,2

Clearly, the first summand in the second sum is of order O (L, 2), by the scaling of
n},. For the second summand, we observe that

. . . . 2
[ ks X 11 9) = 0 @) (=A™ 6 0 ) (@) = b))
(3.2.84)
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and proceed to bound the Hilbert—Schmidt norm of both operators (i = 1, 2), which
will then bound the last line of (3.2.83). We make use of Lemma 3.1 to obtain

. 4
/;T A e P M 0 (nF ) = () dxdy

Ln * 'Ly

1 (1, (x) = 0} (») 1 ,
<= +f e ()Y (v) dxdy £ — 4+ VL2
Ly J13oxm d%i oy " L2 e

(3.2.85)

Therefore, also the second summand in the error terms is order L;z, which allows
us to conclude that

> leal3 (g

i=1,2

Lll Ln
Ly, —4Xy,

gi) = hy+ OLD). (3.2.86)

By Lemma 3.9 applied to g,2l (which is supported on an /4) and (3.2.65), we find

(et

Since the L.h.s. of (3.2.86) is a convex combination and (Lsz — 4X$Z) is uniformly
bounded from below, (3.2.87) allows to restrict to sequences v, such that

— 4xkn

> 2 —py +on(1) > hloy +o0,(1). (3.2.87)

Vi Yn

Inagnll2 = C (3.2.88)

uniformly in n and

—4xkn

(ol

since our claim holds on any sequence for which (3.2.88) and (3.2.89) are not
simultaneously satisfied. Using (3.2.88) it is easy to see that g,i is almost orthogonal
to Yy, in the sense that

(!

gn> < hy +o0n(1), (3.2.89)

Vi Yn

—— fencr
= ——— (&, — D
lignnblla N2

( - nn> Vnl,

Here we used the L?-convergence of 1, to ¥. Clearly, the same computation (to-
gether with the H!-convergence of ,, to ¥) shows that g,l is also almost orthogonal
to the partial derivatives of ;.

To conclude, we wish to modify g,ll in order to obtain a function g, which
satisfies the constraints (i.e., is a competitor) of the full-space variational problem
introduced in (3.2.64). We also wish to have

Vi) Vi

A

Unlla —=3 0. (3.2.90)

c _”XB‘

Ln/8

(@nlLo —4Xu13) = (sh|LGr — 4x7

gn> +on(1). (3.2.91)

Vi Yn
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Indeed, (3.2.91) together with (3.2.89) and the fact that g, is a competitor on R3,
would imply that

hp 2 <gn —4xy

Jen) = on(D) = (@ulLu = 4X w122 — 0 (1) 2 h, = 0,(1),
(3.2.92)

which finally yields the proof of the Proposition also for sequences v, satisfying
(3.2.88) and (3.2.89).
We have a natural candidate for g,, which is simply

N (1 —P)g)
ni=———— (3.2.93
= A= Pgl )

with P(g)) == ¥ (¥|g})+ Dim103 % <% g},) Clearly g, is a competitor
for the full space minimization and we are only left with the task of proving that
gn satisfies (3.2.91).

We observe that, since g,ll is almost orthogonal to ¥, and its partial derivatives,

and using Proposition 3.5,

(#]ea)] = 19 = vllizgsy, 0+ |(v]es)] = a0,
(000 |a)| = 19 = vl 0 + {002 = (3.294)
Therefore
|P(g)], — 0 and (1 —P)gllla — 1. (3.2.95)

Hence, the normalization factor does not play any role in the proof of (3.2.91).
Moreover

(1 = Prgl|Lw — 4xu)| 1 = Prg))
= (st]cto =430 |st) + (PleD] L — ax00|P(e))
—2(gh| (Lu —4x0) |P(g})). (3-2.96)

and thus we can conclude that also P(g,ll) does not play any role in the proof of
(3.2.91), since (Ly —4 Xy )P is abounded operator (P has finite dimensional range
contained in the domain of (Ly — 4Xy)), P is a projection and ||P(g,{)||z — 0.
With this discussion, we reduced our problem to showing that

<gi g}'1l> = <g}’ll ( Y 4X¢ )

Clearly the kinetic energy terms coincide for every n and ,u@: — W, by Proposi-
tion 3.5. Therefore we only need to prove that
g~

(e el [ (e

(Ly —4Xy)

gi) + on(1). (3.2.97)

Xt _ Xy — 0. (3.2.98)

’

VU'// n - VUW

Vi
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For the first term, using that g,l is supported on By, /4, we have

‘ <gi gi)

If we define ¥g 1= xp,¥ and (V) g := XBr¥n We have V,, = Vou, + Vo —up
and Voy, = Vo We consider R = R(n) = L,/8 and observe
that

Vf’wn —Vou

= | Voy — Voy, lL By, 4)- (3.2.99)

Wn)R + Vﬁ[wn—(wnm :

Vg gy (0] =2 fR (A W v dy
SN — WRllZ + 1w — wg|3 — 0. (3.2.100)

Similar computations, together with Lemma 3.1, yield similar estimates for
|V0[wn—<wn>RJ(x)|' Moreover, since dISth” (x,y) = |x —y|forx,y € Br,/3, we

have, for any x € By, /3

’(VUWR - fo(Wm) (x)‘

<

~

1 1
/ @) =N ) + ¥ (y)dy| + —
BLn/4 |x - )’| L

n

1
S I+ Ynlloc ¥ = Ynlle + 1Y = Yull2 ¥ + Yl + 7. 0. 32101

n

Here we used again Lemma 3.1, the convergence of v, to ¥ and the universal
L°-boundedness of minimizers. Putting the pieces together we obtain

”Vmp - Vo"/,n ”LOO(BLn/a,) § ”VU[.[/_WR] ”OO + ”Va[‘//n*(‘//n)le] ”OO
+ ”ValpR - Vg(llfn)R ”LOC(BR(n)) — 0, (3.2.102)

as desired. The study is similar for (g,ll |X i: - Xy | g,ll>, hence we shall not write it
down explicitly.

We conclude that (3.2.97) holds and, by the discussion above, the proof is
complete. O

3.2.3. Proof of Theorem 2.3 In this section we first prove universal local bounds
for £ around minimizers. These are a direct consequence of the results on the
Hessian in the previous subsection, the proof follows along the lines of [7], [9,
Appendix A] and [5, Appendix A]. Such universal local bounds yield universal
local uniqueness of minimizers, i.e., the statement that minimizers that are not
equivalent (i.e., not obtained one from the other by translations and changes of
phase) must be universally apart (in H' (']I‘3L)). Together with Proposition 3.5, this
clearly implies uniqueness of minimizers for L big enough, which is the first part
of Theorem 2.3. A little extra effort will then complete the proof of Theorem 2.3.

In this section, for any ¥ € Mf and any f € LZ(T%), we write ¢!y =
Péz(w)(f), respectively /%4y = Pg;(w)(f), to mean that ¢/ realizes the
L2-distance, respectively the H'-distance, between f and Oy (¥). Note that by

compactness these always exist, but they might not be unique. The possible lack of
uniqueness is not a concern for our analysis, however.
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Proposition 3.10. (Universal local bounds) There exist universal constants K1 > 0
and Ky > 0 and L** > 0 such that, for any L > L**, any ¢ € Mi and any L?-
normalized f € Hl(’]I‘i) with

dist;1(©L (), f) < Ky, (3.2.103)

we have

EL(P) = er Z K2 | P, 4y (f) = Fll s Z Kadist OL(). f).
(3.2.104)

Proof. We can restrict to positive { € M‘z and normalized f such that

PE (D =, (3.2.105)
which clearly implies
(Wlf) 20, (Refloy)=0. (3.2.106)

Under this assumption, we prove that if (3.2.103) holds then
EL(p) —eL Z Kally — [l ga, 2 Kadisth, (OL(), f). (3.2.107)
HI(T3)

The general result follows immediately by invariance of £;, under translations and
changes of phase.
We denote § := f — ¢ and proceed to expand £y, around r:

EL() = EL(Y +8) = er + HL" (8) + Erry, (3). (3.2.108)

We recall that HSL is simply the quadratic form associated to the Hessian of £ at
Y and it is defined in (3.2.61). We denote Py, := |) (¥|. The last term, which we
see as an error contribution, is explicitly given by
Erry (8) = — 8 (Red| X} | Py Red) + 4Py Re 8| X} | Py Re 5)
—4<|8|2‘(—AL)’1 ¥ Re 8) + WL(S). (3.2.109)

Our first goal is to estimate | Erry, (§)|. By (3.2.106) and the normalization of both
Y and f, we find

1813 =2 —2(ylf). (3.2.110)

Therefore, also using the positivity of ¢, we have

1
Px/fRe5=W(<1ﬂ|f)—1)=—§W||5||§- (3.2.111)
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We now apply Lemma 3.8 to obtain
|(Red| X5 [Py Red)| < I Re Izl Py Redl2 S 11313,
‘ (Py Res|XL| Py Reé)‘ < 1Py Re 8|2 < 1514,
(1821~ "1y Re )| S 10151 Re 812 < 1813 (3:2.112)
Finally, by (3.2.15),

) 1 )
WL () = ||a||2WL(”5” )< B ||2(— L(w >+c) < 181318131
(3.2.113)

Recalling (3.2.103), we can estimate
18112 = dist;2(f, OL(Y)) = disty1 (f, OL(W)) = K7, (3.2.114)
and this implies, combined with (3.2.112) and (3.2.113), that

| Erry 8)] S 118113 (3.2.115)

HY(T3)"

We now want to bound HfL (8). We fix 0 < © < min{h, hl2,}, where h/ and

h’ are defined in (3.2.64). Proposition 3.7 implies that there exists L** such that
for L > L** and ¢ € M¢, we have

LL 210y 0y (L@ - 4X5/) 0y 270, (3.2.116)
where we define Qy = 1 — Py and Q) =1 — Py — 3,y 5 3 Poy/jo,),- We

note that, by (3.2.106) and since v is orthogonal in L? to its partial derivatives, we
have

OyRe f—y) = QyRe f— ). (3.2.117)

Therefore, recalling the definition of H given in (3.2.61),

H8) = (Im fILE Im f) + (Re f — y[Qy (L] — 4X5)QyIRe f —v)
2 t(1Qy Im F15 +11Q) Re f = ¥)13) = Th QS 1) (G2118)

Moreover, applying (3.2.110),
1 1
1081172y, = 1813 — (¥18)* = 8113 (1 - Znan%) 2 SI813,  32.119)

and we can thus conclude that

T
HiH ) Z S 1815, (3.2.120)
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On the other hand, by the universal boundedness of Vo, in L™ (T%) and the universal
boundedness of ,u@ (see Proposition 3.5), we have, for some universal C; > 0,

LjZz-AL—Ci. (3.2.121)
Similarly, also using Lemma 3.8, for some universal C > 0,
0 (Lg — 4X§,) 0> —AL—Cs. (3.2.122)

If we then define C := (max{Cj, C»} + 1), we can conclude the validity of the
universal bound

HyE @) Z 18115, = 31720 (3.2.123)
By interpolating between (3.2.120) and (3.2.123), we obtain
Hy @) 2 —— 1801 (32.124)

Using (3.2.115) and (3.2.124) in (3.2.108), we can conclude that there exists a
universal constant C such that for any L > L**, any 0 < ¢ € /\/lf and any
normalized f satisfying (3.2.105),

EL(f)—eL 2 IISIIHI(W C||6||H1(Tx (3.2.125)

In particular, for K> sufficiently small, we can find a universal constant ¢ such that
(3.2.107) holds, as long as

L2
180 13y = |P&, () — f ||H1(Tz) <c (3.2.126)

To conclude the proof, it only remains to show that there exists a universal
K1 such that (3.2.126) holds as long as (3.2. 103) holds. This can be achieved

as follows. We have, using that both i and P o W)( f) are in Mf and thus are
universally bounded in H 2(T 7 ) (by Lemma 3.3) and recalling (see (3.2.105)) that

Y= P(SZ(,/,)(fL
[ = P&y Dz < 19 = P8y D oy | A0 = P8y D) oy

Sl = POl o

; 172
< (disth ©L). H+ | f = P& D 2 ))
< disty)? (OLW). f). (3.2.127)

Therefore, for some universal C

If =Vl S distgn L), £)+ Cdist,T OL@W), f),  (3.2.128)

2
and it suffices to take K| < [(—C +4/C? + 4c)/2] to conclude our discussion.
]
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We are ready to prove Theorem 2.3.

Proof of Theorem 2.3. Fix K as in Proposition 3.10. Using Proposition 3.5, we
know that there exists L, > such that, for any L > Lk, 2 and any ¢ € MS, we
have

dist;n (Or(¥), ¥r) < Ky1/2. (3.2.129)

We claim that (2.2.9) holds with L1 := max{Lg, >, L*, L**}, where L* is the same
as in Corollary 3.6 and L** is the same as in Proposition 3.10.

Let L > L and ¢ € M‘E Since L > Ly 2 L*, we have ¥¥ # ¢ for any
0#£ye ’]I‘3L. Moreover, since L > L 2 Lk, ;> and using the triangle inequality,
for any other /| € M‘E we have

disty1 (OL(Y), ¥1) = K. (3.2.130)
Since L > L| = L**, we can apply Proposition 3.10, finding

Ky dist}, (O (¥), ¥1) < EL(Y1) — e =0, (3.2.131)

ie., ¥ € Or(y), and (2.2.9) holds for L > L.

For ¢ € M‘E = Op(), and L > Li, we now show the quadratic lower
bound (2.2.10), independently of L. Lemma 3.3, which guarantees universal H!-
boundedness of minimizers, and estimate (3.2.15) ensure, by straightforward com-
putations, that there exists 0 < «* < 1/2 such that, if f € LZ(T%) is normalized
and satisfies

EL(f) —er < ™ disth, (OLW). f) (3.2.132)

then f is universally bounded in H' ('[Fi) and must satisfy
EL(f) —er <8k, (3.2.133)
where 8, is the 8, from Proposition 3.5 with ¢ = K. On the other hand, Proposi-
tion 3.5 and Proposition 3.10 combined with the fact that we have taken L1 = Lk, 2

(and that trivially Lk, » 2 Lg,), guarantee that any L?-normalized f satisfying
(3.2.133) must satisfy

EL(f) — e Z Kadisty, (OL(), /). (3.2.134)

Therefore the bound (2.2.10) from Theorem 2.3 holds with the universal constant
k1 := min{«™*, K3} and our proof is complete. O

This concludes our study of £7. We now move on to the study of the functional
Fr.
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3.3. Study of F1,

This section is structured as follows. In Section 3.3.1 we prove Corollary 2.4.
In Section 3.3.2, we compute the Hessian of F7 at its minimizers, showing the
validity of (2.2.16). This allows to obtain a more precise lower bound for Fp,
(compared to the bounds (2.2.13) and (2.2.14) from Corollary 2.4), which holds
locally around the 3-dimensional surface of minimizers M{ = Qr (¢r). Finally,
in Section 3.3.3, we investigate closer the surface of minimizers 27 (¢r) and the
behavior of the functional F7, close to it. In particular, we show that the Hessian
of F at its minimizers is strictly positive above its trivial zero modes and derive
some key technical tools, which we exploit in Section 4.

3.3.1. Proof of Corollary 2.4 In this section, we show the validity of Corol-
lary 2.4. We need the following Lemma. Recall that in our discussion constants are
universal if they are independent of L for L = Lo > 0.

Lemma 3.11. For r, ¢ € H'(T3), [y ]2 = llgll> = 1,
(oy — po| (=L 0y — pg) < I — |¢|||21(Ti)- (3.3.1)

Proof. We define f(x) := [ (x)| + |¢(x)| and g(x) := |¥ (x)| — |¢(x)]. By the
Hardy-Littlewood-Sobolev and the Sobolev inequality (see for example [3] for a
comprehensive overview of such results on the torus), and using the normalization
of ¢ and ¥ we have

(oy = ps|(=AL) 2| py — ps) = I(=AL)*(fDI5 < Cllfel3)
< CIFI3IgNE = Cllglz ) = CIIWT = 101151 g9
(3.3.2)

which proves the Lemma. O

Proof of Corollary 2.4. With v, as in Theorem 2.3, let ¢y := oy, € C °°(’JI’3L).
Observing that

GL(h.9) = EL) + lloy — ¢ll3, (33.3)
and using Theorem 2.3 we can immediately conclude that in the regime L > L
MT =Q(pr). (3.3.4)

It is also immediate, recalling the definition of Gy in (2.2.1) and that ¥;, > 0 (as
proven in Theorem 2.3), to conclude that 1/; must be the unique positive ground
state of iy, .

To prove (2.2.13), we first of all observe that if ¢ € L2(']I‘%), we have

Fr(p) = 1(@)ol* + FL($). (3.3.5)
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Therefore, it is sufficient to restrict to ¢ with zero-average and show that in this
case

Fi(g) —ew = min (p—op|l — (M +k'(—AD" e —97).  (33.6)
yely

Using Theorem 2.3, we obtain
GL(, @) —eL =EL(W) —er + o —oyl3 2 ELVD) —er + llg — oy |3

> ey dist, (1Y), W) + llg — oy 3
= kUl =V W, + e = oy 13, (3.3.7)

for some y € T%. We now apply Lemma 3.11 and use that (p{ =0y (see (3.3.3)),
obtaining with a simple completion of the square

GL(, ) —eL 2 K/<Pw — Py (—AL)_I/Q‘PV/ - pwg> +llp — oy 3
= |F'(oy —¢}) + F (0] — )|
+{p—o |t — F o —g¢), (33.8)

where F = 1l +«’(—A7)"/?. Dropping the first term and minimizing over v yields
our claim. Finally, (2.2.14) immediately follows from (2.2.13) and the spectral gap
of the Laplacian, using the fact that ¢ and all its translates have zero average since

oL = GlﬂL' O
3.3.2. The Hessian of 7; Forany ¢ € Lﬁ(’ﬂ‘%), we introduce the notation
e(p) :=inf spec hy, (3.3.9)
and observe that F7 , defined in (2.2.4), can equivalently be written as
F@) = lel3 +e(@). ¢ e LE(T}). (3.3.10)

We compute the Hessian of Fj, at its minimizers using standard arguments
in perturbation theory, showing the validity of expression (2.2.16). We need the
following two Lemmas.

Lemma 3.12. For L 2 Lo > 0, any ¢ € L2(']I‘3L) andany T > 0

I=AL+ D)7 ol = le(=AL + 1) < Crllel oy ys oy, G311

for some constant Ct > 0 with lim7_,~, Ct = 0. Here ¢ is understood as a
multiplication operator, || - || denotes the operator norm on LZ(T3L), and
||¢||L2(Tz)+Loo(’]1‘3L) = w|-1¢-1g=w (”(01 ||L2(’]1‘~Z) + ||‘P2||L00(’]1‘z)> . (3.3.12)

0l eLZ('JI‘%), qzzeLoo(’JI‘Z)
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Note that

3/2 3/2
lell 2y S L0l 2ery sy S L M0l 23 s (3.3.13)

which clearly makes the two norms equivalent. Nevertheless, we find it more natural
to work with a bound of the form (3.3.11), where C7 is independent of L.

Lemma 3.12 implies that, forany ¢ € L? (’]I‘% )+L® (T%), the multiplication op-
erator associated with g is infinitesimally relatively bounded with respectto —Ap.
More precisely, for any § > 0, there exists C (3 , Nell L2(T3)+Lo(T3 )) depending
on ¢ only through HQD”LZ(TiHLOO(T?D’ such that for any f € Dom(—Ap)

lesI S SIALLI+C (810l 2e s sy ) I (3.3.14)

Whenever infinitesimal relative boundedness holds with a constant C(8) uniform
over a class of operators, we will say that the class is uniformly infinitesimally
relatively bounded. In this case, Lemma 3.12 ensures that multiplication operators
associated to functions in (L? + L°°)-balls are uniformly infinitesimally relatively
bounded with respect to —Ay..

Proof. We first observe that, by self-adjointness of (—Af + T)_l, it is sufficient to
show that the claimed bound holds for ||¢(—A; + T)~!|. For any f, ¢ € Lz(Ti)
and any decomposition of the form ¢ = ¢; + ¢ with ¢; € Lz(Tz) and ¢y €
LOO(Ti) we have

lo(=AL +T) 7 flla S gl ll(=AL + T) 7 flloo + lg2llco (AL + T) 7 £l
Sletlall(=AL + )7 Fllso + T @2 llooll £1I2-

(3.3.15)
Moreover,
I=AL+ 1) [l
1/2
<y LIPS JLU S If
= DPkE+1) " = | 3 (k> +T)? ?
keZE73 keZE73
1 1/2 U
<cC —_— =CT~ . 3.3.16
< (/R (W”)z) e 1£12 (3.3.16)
Therefore, picking Cr := max {T_l, CT‘I/Z} yields
lp(—=AL+T)7" fll2 £ Cr (lgill2 + lg2lloo) I1f 112, (3.3.17)
optimizing over ¢ and ¢> completes the proof. O

Lemma 3.13. For ¢ € L*(T3)

=A™ 20l ety rr2my) S HAL+ D7 200 20 (3.3.18)
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Proof. We write f1 = x[0,1) and f2 = x[1,+oc) and
o= fi[ a0 e o= p=a0 . (3:3.19)
Clearly (—AL)’I/Z(p = @1 + 2. Moreover

I(=AL) ol 12 < letllo + @212

172 172 172
- I 2 |k
= Z K2 Z x| + Z 2
~ LIk |k|
0£ke 2273 0ke 27 73 ke22 73
Ik <1 lel<1 k121
12 1/2
|k
S|OX wmP| o+ X *E
0ke 22 73 ke QL z3
k<1 k=1
1/2
1 —
< 2 e ol | =ClAL+ DT el (3320)
ke 73
This concludes the proof. O

Lemmas 3.12 and 3.13 together yield the following Corollary, whose proof is
omitted as it is now straightforward.

Corollary 3.14. Forany ¢ such that ||(— Ap +1)"12¢||, is finite, the multiplication
operator V,, (defined in (2.2.2)) is infinitesimally relatively bounded with respect
to (—ApL). Moreover, for T > 0 there exists Ct such that

I(=AL+T) WVl S Crl(—=AL + 1) gll, and Cr\0 as T — oc.
(3.3.21)

In particular, Corollary 3.14 implies that the family of multiplication opera-
tors associated to {V, | [|[(=Ar + 1)"2¢|l, £ M} is uniformly infinitesimally
relatively bounded with respect to —A, for any M.

With these tools at hand we now investigate F, close to its minimum and, in
particular, compute the Hessian of F, at its minimizers. We follow very closely
the analogous analysis carried out in [9]. By translation invariance of the problem,
it is clearly sufficient to perform the computation with respect to ¢;,, where ¢y, is
the same as in Corollary 2.4.

Proposition 3.15. For L > Ly let ¢ € L(T3) be such that

AL+ D720 =)l 2 < €1 (3.322)
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for some e > 0 small enough. Then

|FL(p) —eL — (¢ — LIl — Kr|p — ¢L)]

<L =AL + D720 — o)l (¢ — orlLle — o1, (3.3.23)
where
Kp = 4(—AL)—1/2mLm(—mr”z,
hy, — e(pL)
JL=4(=A0) " 2y (=AL + D) (AT, (3.3.24)

and 1, which we recall (see (2.2.12)) is the (positive) ground state of hy,, is
understood, in the expressions for K, and J1, as a multiplication operator.

Note that this implies that H(ZZL = 11 — K1, asclaimed in (2.2.16). In particular,
K; < 1 by minimality of ¢, . It is also clear, by definition, that K; = 0. We
emphasize that J; is trace class, being the square of 2 (— A +1) "1/ 2yr; (—AL)~1/2,
which is Hilbert-Schmidt since ¥ is in L?, as a function of x, and fk) =
(|k|> 4+ 1)~Y2)k|~Visin L?, as a function of k. From the trace class property of Jy ,

together with the boundedness of (—Ap + 1)1/2%(—AL + 1)1/2 (which
L

follows from Corollary 3.14), we immediately infer the trace class property of K .
We even show in Lemma 3.16 that J;, K <y (—Ar + 1)_2.

We shall in the following denote by K7, respectively J; , the unitary equivalent
operators obtained from K; and Jr by a translation by y. Note that K z and J g
appear if one expands F;, with respect to <pz instead of ¢; . Moreover, the invariance
under translations of F; implies that

span{d;¢. )}, C ker(ll — K1), (3.3.25)

We show in Section 3.3.3 that these two sets coincide. Finally, even though both ¢/,
and the estimate (3.3.23) in Proposition 3.15 depend on L, with a little extra work
one can show that the bound is actually uniform in L (for large L). For simplicity
we opt for the current version of Proposition 3.15, as it is sufficient for the purpose
of our investigation, which is set on a torus of fixed linear size L > L.

Proof. We shalldenote i := hy, . By assumption (3.3.22) and since ¢, € LQ(T3L),
we can apply Corollary 3.14 to ¢, and to (¢ — ¢ ). This way we see that V,_, is
uniformly infinitesimally relatively bounded with respect to &g for any ¢ satisfying
(3.3.22).

It is clear that k¢ admits a simple and isolated least eigenvalue e(¢y ). Standard
results in perturbation theory then imply that there exist &7, > 0 and a contour y
around e(¢y ) such that for any ¢ satisfying (3.3.22) e(¢) is the only eigenvalue of
hy = ho + Vy—y, inside y. (For fixed ¢, the statement above is a standard result
in perturbation theory, see [26, Theorem XII.8]; moreover it is also possible to
get a p-independent y encircling e(¢) (see [26, Theorem XII.11]) since Vi, is
uniformly infinitesimally relatively bounded with respect to z.) We can thus write

z dz
=T —. 3.3.26
¢) r/y 7 — (ho + Vy_y,) 27i ( )
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Moreover, by the uniform infinitesimal relative boundedness of V,,_,, with respect
to hg, we have

sup | Vip—y, (z —ho) ' < 1 (3.3.27)

z€y

for g7, sufficiently small. For any z € y, we can thus use the resolvent identity in
the form

—1

(1 2y} 2
= 9—oL

2—ho— Vy—qg, z—ho z—ho

Q. Py, 1!
1 - Vo 1-Vy_p —— .
+< 2 — g P T~ ho L —

(3.3.28)

The first term is analytic inside the contour y and hence it gives zero after integration
when inserted in (3.3.26). Inserting the second term of (3.3.28), which is rank one,
in (3.3.26) and using Fubini’s Theorem to interchange the trace and the integral,

we obtain

I TR
=) e \" YT ho 2—hy VTV L i
(3.3.29)

For simplicity, we introduce the notation

1 Oy,

A=V, p, —, B= Vo—o; - 3.3.30
(p(ﬂLZ_hO Z_hOWWL ( )

Because of (3.3.27), both A and B are smaller than 1 in norm, uniformly in z € y.
We shall use the identity

1 1 B
——— =1+A+A(A+B R ——
I—Al—& +A+AA+ )+11—B

+ A° + A B+ 4 B
I-A 1-A I1—-All-B

(3.3.31)

We insert the various terms in (3.3.29) and do the contour integration. The term 1l
gives e(¢r). The term A, recalling (see (2.2.12)) that (A1) Y2 py, = ¢, yields

(WLIVp—g I¥L) = =2{¢ — oLlpL) - (3.3.32)

A standard calculation shows that the term A(A + B) gives

(o

Qy,

= V,_
e(pr) —ho %

V‘P—WL

¢L> =—(¢p—oLlKLlp —oL). (3.3.33)
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Furthermore, since Qy, ¥, = 0, the term B(1l — B)~! yields zero. Recalling that
Fr.(@) = |l¢ll* + e(p) we obtain from (3.3.29)

Fr(p) — FrlpL) — (¢ — oLl — Krlp — L)

z A3 A 1 B dz

Z/—<I/’L—+A< + )B‘WL>_
yZ—e(QDL)

1-A 1-A 1-Al-B 2mi’

(3.3.34)
We observe that, since y is uniformly bounded and uniformly bounded away from
e(¢r), we can get rid of the integration, i.e., it suffices to bound

A3
(I) :==su <WL ‘ wL> ,
ey 1—A
(II):=s v |A 4 + ! B By (3.3.35)
‘= su , 3.
bl Rl R I S Iy L
with the r.h.s. of (3.3.23) to conclude the proof. We note that

2

(¢ —pLlJLle — L) = H(—AL + D2V, 1 H2 : (3.3.36)

and that, by infinitesimal relative boundedness of V,,, with respect to (—A) and
since y is uniformly bounded away from e(¢py ), there exists some constant C;, > 0
such that

sup H (—AL + D2z = ho) K (=Ap + D2 H <cp fork=1,2. (3337

z€y

Therefore,

() = sup |(z — e(@r)) ™ (Vg Wi |(z — ho) AL — A) 7 |Vip—g, ¥i)|
€Y

A
Sesup [(=AL + DYz —ho) ' —(=AL + D2 (¢ —orlLlp — o1)
z€y 1-A
A
Spsup (AL + DTV (AL + D2 (9 —rlle —o1), (3.3.38)
ZEY ]1 —A
(I1) < sup A, LB (WLl AAT Y)Y (Y| BB |y )2
T l-A 1-Al-B
A 1 B
< — J — 3.33
SLsup ]1—A+11—A11—BH<¢ erlJLle — L) (3.3.39)
Since
Al = A =Vyp, 2 —hy) !, (3.3.40)

it follows that

A
(—AL + 1)"/2m(—AL +1l/?

S I=AL+ D72V, (=AY (—AD 2z — hy) TN (=AY
<L I=AL+ D7 e — o, (3.3.41)
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where we used the relative boundedness of iy, w.r.t to —Ay and Corollary 3.14.
This yields the right bound for (7). Similar estimates yield the right bounds for
A — A)~Y and ||(I — A)~'B — B)~!| < ||B||, concluding the proof. O

As a final result of this subsection, we prove the following Lemma about the
operators Ky, and J:

Lemma 3.16. Let K and Ji, be the operators defined in (3.3.24). We have
Kp,Jp So(=Ap+ D72 (3.3.42)

Proof. We prove the result for J; . By the relative boundedness of &, with respect
to — Ay the same proof applies to Ky . We shall show that (—Ap + D(=Ag)" 12
Vr(—Ar + 1)~Y2 is bounded as an operator on Lz(T%). In fact, for f € L2(T%),

(AL + D(=AD)  Pyr—ar+ D72 f3

B k2 4+ 1\ fe
> < k] ) Z(m)k‘susﬁﬂ)l/z

0#ke 373 gz’

k1?2 + 1\ 2
SN=AL+D¥2yd Y (' - ) > |

k k—EP2+D3ER + 1
opiemp ~ M S, (k=R DR+
) |fel? (kP + 1) )
St <cIfI. (3.3.43)
— lE2+1 22: k12(k — €12+ 1)3 2
be T T 0£ke 20 73

2 2
where we used that {7, € COO(T%) and that Zo#kez%m % N E12+ 1.
Therefore

Jo S|(=A+ DA YA+ D)2 P (—ar+ 172
Se(=AL+ D72 (3.3.44)

as claimed. m]

3.3.3. Local Properties of M{: and 7; For L > L; we introduce the notation

H% = L2-projecti0n onto span{8j<pL}§=1, (3.3.45)

which is going to be used throughout this section and Section 4. According to
Theorem 2.3, the condition L > L; guarantees that wz # Y for any {p € Mf
and any y # 0, which implies that ran H% is three dimensional (i.e that the partial
derivatives of ¢y, are linearly independent); if not, there would exist v € S? such
that 9,%,. = 0 and this would imply ¥, = v; for any y parallel to v.

For technical reasons, we also introduce a family of weighted norms which will
be needed in Section 4. For T = 0, we define

lellw, == (oIWrlp)/?, (3.3.46)
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where W7 acts in k-space as multiplication by

k| =T

MrO=VYwe 11 kT

(3.3.47)

Note that Ilfpll%vo = (pl(=AL + D7 p) and [[@]lw., = @2

For the purpose of this section we could formulate the following Lemma only
withrespect to || - [l2 = || - [lw,,, but we opt for this more general version since we
shall need it in Section 4:

Lemma 3.17. Forany L > Ly, there exists €} (independent of T ) such that for any
@ € L%&(T%) with distw, (¢, QL (¢r)) < €] there exist a unique couple (yy, vy),
depending on T, with y, € ']I‘i and vy € (span;_; 5 3{Wr 3oL )T, such that

¢ =0 + ) and |vllw, < e (3.3.48)

As Proposition 3.15 above, we opt for an L-dependent version of Lemma 3.17
for simplicity, as it is sufficient for our purposes. We nevertheless believe it is possi-
ble to prove a corresponding statement that is uniform in L. Note that Lemma 3.17
is equivalent to the statement that there exists a T-independent &} such that the
Wr-projection onto 27, (¢ ) is uniquely defined in an &/, -neighborhood of €1 (¢1)
with respect to the Wr-norm, and that, for any ¢ therein, (p{"’ characterizes the
Wr-projection of ¢ onto Q27 (¢r), so that

distw, (¢, 21(er) = o — @1  llwy = Vg lwy - (3.3.49)

Proof. We begin by observing that the Lemma is equivalent to showing that for any
Il - lw,-normalized v € (spani:1’2,3{W78,-<pL})i, anye < g7 andany 0 # y € Ti
we have

e < llor+ev—up|y, - (3.3.50)

Indeed, if the Lemma holds then ¢ = ¢, + v does not admit other decompositions
of the form (3.3.48), which implies that, for any y # 0, (3.3.50) holds (otherwise
there would exist y # 0 minimizing the Wr-distance of ¢ from 27 (¢1) and such
y would necessarily yield a second decomposition of the form (3.3.48)). On the
other hand, if the statement (3.3.50) holds and the Lemma does not, then there
exists ¢ such that distw, (¢, Q7(¢r)) < &) and also such that (y, v1) and (y2, v2)
yield two different decompositions of the form (3.3.48) for ¢ (note that at least one
decomposition of the form (3.3.48) always exist, as there exist at least one element
of Q1 (¢r) realizing the Wr-distance of ¢ from Q7 (¢r)). By considering ¢~
(respectively ¢ 2) we find |vllw, > [[vallw, (respectively [vallw, > llvillw ),
which is clearly a contradiction. We shall hence proceed to prove the statement
(3.3.50).

Taylor’s formula and the regularity of ¢, imply the existence of a T'-independent
constant C i such that

0] =¢L+y- (Vo) + gy, with [gllw, < llgyll £ CLIyI>.  (33.51)
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As remarked after (3.3.45), the kernel of 1'[% is three-dimensional, hence there
exists a constant C% independent of 7" such that

min [|v - Vi lw, = min ||v- Ver|lw, 2 Cz. (3.3.52)
ves? ves?

Therefore, using that v Ly, Vg, in combination with (3.3.51) and (3.3.52), we
find, for

1/2

Iyl < (€7 —2¢Ch) " (cH™, (3.3.53)

that
lor +ev—op ]y, = lev =y (Vor) =gy,
> (82 T |y|2c§)l/2 —ClyP > e (3.3.54)

i.e., that (3.3.50) holds for y satisfying (3.3.53). Furthermore, we have

low+ev =01 L, 2 + lor =0l (low = o1, —2¢). 3359
and this implies that (3.3.50) holds for any y such that
||(pL — (pz || wy > 2¢. (3.3.56)

Using again (3.3.52) and (3.3.51), there exist Cc3, clL, ci > 0 independent of T
such that

oz — @) lwy = Iy - (Vor) + gyllwy = Cilyl — CLIyI* 2 Cilyl, for |y| e},

lew —eplly, > i for Iyl > el (3.3.57)

where the second line simply follows from | - |w, = || - [lw,, the fact that ¢, # (p,{
for any 0 # y € [—L/2, L/2]° and the continuity of ¢; . Combining (3.3.56) and
(3.3.57), we conclude that (3.3.50) holds if either |y| > clL or

Iyl > 2¢(C3)~ " (3.3.58)

Picking ¢/ sufficiently small, the fact that (3.3.50) holds both under the conditions
(3.3.53) and (3.3.58) shows that it holds for any y € T3, and this completes the
proof. O

We conclude our study of the Pekar functional F; by showing that ker(ll —
K;) = span{ajq)L};:l = ran H%. Since clearly ran H% C ker(ll — K;), thisis a
consequence of the following Proposition:

Proposition 3.18. Recalling the definition of ty, from Corollary 2.4, we have

I — Ky >t (I —TIk). (3.3.59)
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Proof. We need to show that for all normalized v € ran(1ll — 1'[%) the bound
(Il = Krlv) 2 7L (3.3.60)

holds. Using Lemma 3.17 in the case T = oo, for any such v and ¢ small enough,
denoting ¢ = ¢, + €v, we obtain

dist?, (¢, 21 (pr)) = &, (3.3.61)

Moreover, since ||[(—Az + )7 — ¢1)|| < €||lv]l2 = &, for & small enough we
can expand F (¢) with respect to ¢, using Proposition 3.15. Combining this with
(2.2.14), we arrive at

1262 < Frlpr +ev) —er <& (|l — Kz |v) + & (v|JL|v). (3.3.62)

Since ¢ can be taken arbitrarily small, the proof is complete. O

4. Proof of Main Results

In this Section we give the proof of Theorem 2.5. In Section 4.1 we prove
the upper bound in (2.3.2). In Section 4.2 we estimate the cost of substituting the
full Hamiltonian Hl; with a cut-off Hamiltonian depending only on finitely many
phonon modes, a key step in providing a lower bound for inf spec H . Finally, in
Section 4.3, we show the validity of the lower bound in (2.3.2).

The approach used in Sections 4.1 and 4.2 follows closely the one used in
[9], even if, in our setting, minor complications arise in the proof of the upper
bound due the presence of the zero modes of the Hessian. For the lower bound in
Section 4.3, however, a substantial amount of additional work is needed to deal
with the translation invariance, which complicates the proof significantly.

4.1. Upper Bound

In this section we construct a trial state, which will be used to obtain an upper
bound on the ground state energy of H, for fixed L > L. This is carried out using
the Q-space representation of the bosonic Fock space F (L2(T3L)) (see [25]). Even
though the estimates contained in this section are L-dependent, we believe it is
possible, with little modifications to the proof, to obtain the same upper bound with
the same error estimates uniformly in L.

Our trial state depends non-trivially only on finitely many phonon variables,
and we proceed to describe it more in detail. If one picks IT to be a real finite rank
projection on Lz(T%), then

F(L*(T})) = F(ML*(T})) ® F((I — ML*(T3)). 4.1.1)
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The first factor 7 (ITL?(T3 )) can isomorphically be identified with L?(R"), where
N is the complex dimension of ran I1. In particular, there is a one-to-one corre-

spondence between any real ¢ € ranIl and A = (A1,...,Ay) € R, explicitly
given by
N
9= higi = (... hy) = A, (4.1.2)
i=1

where {go,-}lN= , denotes an orthonormal basis of ranII consisting of real-valued
functions. The trial state we use corresponds to the vacuum in the second factor
F((I —T)L? (’]I‘i)) and shall hence be written only as a function of x (the electron
variable) and X (the finitely many phonon variables selected by IT). We begin by
specifying some properties we wish IT to satisfy. Consider ¢; from Corollary 2.4
and define IT to be a projection of the form IT = IT' + 15, where H% is defined in
(3.3.45) and I1’ is an (N — 3)-dimensional projection onto (span{8j<pL}§=l)l =
ran(ll — H%) that will be further specified later but will always be taken so that
¢r € ran I1. Our trial state is of the form

Y (x, 9) = Glen(p) Yy (x), (4.1.3)

where

e x € ’]I‘i and ¢ is a real element of ran IT (identified with A € R" as in (4.1.2)),
e G(p) is a Gaussian factor explicitly given by

G(p) =exp(—a? (p = oLl = KN lp — 1)), (414)

e 7 is a ‘localization factor’ given by
1) = x (7 N=AL + D720 = o)l 2y ) (4.1.5)

for some 0 < & < g1 (with &7 as in Proposition 3.15), where 0 < x < lisa
smooth cut-off function such that x (t) = 1fort < 1/2and x(¢t) = Ofort 2 1,
e Y, is the unique positive ground state of 1y, = —Ap + V.

‘We note that our state actually depends on two parameters (N and ¢) and, of course,
on the specific choice of IT". We choose {¢;}i=1,... n to be a real orthonormal basis
of eigenfunctions of [IT(Il — K )IT] corresponding to eigenvalues u; = 0 for
i = 1,2,3and u; = 7, > Ofori = 4,..., N. Recalling Proposition 3.18,
this amounts to choosing {¢;};=1 2.3 to be a real orthonormal basis of ran Hé and
{¢i}i=a,.. N to be areal orthonormal basis of eigenfunctions of [IT'(Il — K )IT'].
With this choice, we have (with a slight abuse of notation)

N
1/2 2
G(@) = GOy ... hy) = exp(—a2 Zu/ (hi —2F) ) (4.1.6)
i=4
where ¢; = A = (0, 0,0, AL ,)Lk), since ¢ € ran Il by construction, and

. . 1L
the first three coordinates are O since ¢y, € (ran Hé) .
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We first show that even if G does not have finite LZ(R™)-norm, ¥ does due to
the presence of . We define

T = {ll(—AL + D) (@ —pp)l S e} c RY 4.1.7)
and
yr = inf (p|[(—AL + D7) > 0. (4.1.8)
(peranﬂé
llell=1

Then, on 7, noting that IT5¢; = 0, we have

1/2 1/2 _
v 23403+ =y, P Inkel S 1=a+ D7V20E (e — el
SI=AL+ D72 — )l +e S 1T (0 — )l + ¢

1/2

N
= (Z(Ai - xiL)2> +e (4.1.9)

i=4

and this implies, using the normalization of v, that
v = /N G(ha. ... ;) n(G)?dAr ... dhy
R

g/ GOy ) g, (WdAg .. diy
RN
3

N 172
4 —-3/2
< — GO )y P D (i = ab?
=73 Jans (Aq N) YL -:4(1 i) + &

x dAg...dAy < 00. (4.1.10)

We spend a few words to motivate our choice of W. The absolute value squared
of W has to be interpreted as a probability density over the couples (¢, x), with
¢ being a classical state for the phonon field and x the position of the electron.
In the electron coordinate, our W corresponds to the ground state of 4, for any
value of ¢. This implies, by straightforward computations, that the expectation
value of the Frohlich Hamiltonian in W equals the one of e(¢) + N, e(¢) being
the ground state energy of i, and N the number operator. Moreover, because of
the factor 1, we are localizing our state to the regime where the Hessian expansion
of e(¢p) from Proposition 3.15 holds. To leading order, this effectively makes our
system formally correspond to a system of infinitely many harmonic oscillators
with frequencies given by the eigenvalues of (I — K1)!/?, with a Gaussian ground
state. To carry out this analysis out rigorously, we need to choose a suitable finite
rank projection I1, as detailed in the remainder of this section.

We are now ready to delve into the details of the proof. It is easy to see that
the interaction term appearing in the Frohlich Hamiltonian acts in the Q-space
representation as the multiplication by V,,(x). Therefore, since ¥ corresponds to
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the vacuum on (1l — H)Lz('ﬂ‘z) and only depends on x through the factor v, (x),
the g.s. of hy, it follows that

(WIHL|W) = (W]e(p) + N|W¥) 4.1.11)
where ¢ = ITg = A € RY and the inner product on the r.h.s. is naturally interpreted

as the one on L2 (']I‘i YQL2(RN). Inthe Q-space representation, the number operator
takes the form

N 1 1 1 N
N = 3 42— — )= —(=A AP— —.  @4.1.12
r; < 48 Y TP 2012) 4a4( 2+ I 202 ( )

Using the fact that 7 is supported on the set T, defined in (4.1.7), we can use the
Hessian expansion from Proposition 3.15 to obtain bounds on e(}). Consequently,
for a suitable positive constant Cp,

(WIHLIW) = (Wlep + (¢ — oLl — K +eCLJLle — @) |¥)

+lw|t (—Ay) N |y
4ot M 002
1
— (e — —Tr(I) ) |W|>+ A + B, (4.1.13)
202
with
1 N
A=<\IJ W(—Ak)+zm(/\,~ —k)? \y>, (4.1.14)
i=4
B =¢CL(V|{p— oLl Llg —oL)IV). (4.1.15)

We shall now proceed to first show that B only contributes as an error term and
then to rewrite A as the sum of a leading order energy correction term and an error
term. We recall that by Lemma 3.16
Jo <t (=AL + 172 (4.1.16)
Therefore, since n is supported on T, we have
B <; &3|v|>. (4.1.17)
To treat A a bit more work is required. A direct calculation shows that
1 ul 2 1
(= (. — L _ _ 1/2
[4044( M)+ wi(hi = AF) } G= 20[zTr( [T1(1 — K)I]Y?)G.

i=4
(4.1.18)
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The previous identity, together with straightforward manipulations involving inte-
gration by parts, shows that

1
ﬁ

1
f G* 2|V, | +f G*Vinl* 1y,
T2t T3 xRV T3 xRN

1 1/2
=i 5z Tr(IA = KT JIWI? + A + A, (4.1.19)

(%Gmw( AG) + /

TLXR
ZM,A AL \1/>

r([TT(1 — K )IT2) w2

GZIVA(UW)IZ)
N

=

where the first term is clearly a leading order energy correction whereas A1 and
A3 have to be interpreted as error terms, as we now proceed to show. By standard
first order perturbation theory (using that the phase of v/, is chosen so that it is the
unique positive minimizer of /,) we have

_ 9%
O,V = —m‘/w Yo, (4.1.20)

where we recall that Qy, = 1l — |,) (¥, |. This implies that, for fixed ¢,

wa V@n
hy — ()

N
/Ti IVt (0)Pdx =

n=1

¢ 3
LX(T3)

2
(nl (=AY, (%) Vo(—AL) 2|0

[l
1=

2
= Te(T(—AL) "y, <h?—w€“’(¢)> V(AT @121
¢

where v, is interpreted as a multiplication operator in the last two expressions.

Since (—A; + 1)1/2( vy

2
h(p—e((p)) (—Ar + 12 is uniformly bounded over the

support of 7 (the potential V,, being uniformly infinitesimally relatively bounded
with respect to —Ay by Corollary 3.14) and recalling that ¥, is normalized by
definition, we get

2
Tr(M(=AL) ™y, (h?—‘”e((p)) V(=AM
¥

<p Tr(M(=AL) 2, (AL + D' (A2 < 1. (41.22)
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In summary, we conclude that
1 2
A1 <L FH\IJH . (4.1.23)

Finally, we proceed to bound A;. Recalling the definition of 1 and 7,, we see
that

2
1V = |V [x (e = + D720 = o)l 2 ) ||

-2 —1/2 2
27,0 [Vl =AL + D70 = o0l 2y,
AL+ Do —enl?
I=AL+D7V2@ — ) =

where we used that 1 is supported on 7, and that x is smooth and compactly
supported. Therefore, using also the normalization of v, we obtain

e 1. () Iz ()2, (4.1.24)

A2 S #unrﬁuiz(ﬂw (4.125)
We now need to bound [|117, G||;2gny in terms of [|W| = 7G| 2wy, We define
Sy = {p eranTT| |TT'(p — @r)l2 = v} (4.1.26)
and observe that on S, N T, we have, by the triangle inequality,
I(—AL +D721Epl S e +v, (4.1.27)
and that on S}
G < exp(—azrz/zvz), (4.1.28)

where we used that [[T1(1 — K7)I1]'/? > rLl/zl'[’ (with 7, being the constant
appearing in Proposition 3.18). We then have, using (4.1.27), that

117, Gl3 = I17,ns,GlI3 + 17,05 GI3

g/ sz)q...d)w—i—/ G*diy...day.
{Il(=AL+D)~ 1215 g2 Se+v)NS, T:NSS

(4.1.29)

We now perform the change of variables (11, A2, 13) = 3(1/, A5, 15) in the first
integral and the change of variables A — Ay = 2(1’ — Ap) in the second integral
and fix v = ¢/8, obtaining

17, G3 §27/

G*dr + 2V f GOHdan
{I(=AL+D"12NE s S(e+v)/3)NS,

Tep2NSy )
< (27 4oV exp(—6a2tl/2 2/4)) / G2da
Tep2
< (27 42N exp(—6a2 L1/2v2/4)> w2, (4.1.30)



1882 DARIO FELICIANGELI & ROBERT SEIRINGER

where in the second step we usedthat{||(—AL+1)_1/21'[ég0||2 < (e+v)/3}INS, C
T /> by the triangle inequality if v = £/8, and (4.1.28) to estimate the Gaussian
factor on S 2 Therefore, as long as v/N < Cl{ae for a sufficiently small C}‘, we
conclude that

1
Ay < WII\PIIQ. (4.1.31)

Plugging estimates (4.1.17), (4.1.19), (4.1.23), and (4.1.31) into (4.1.13), we infer,
for /N < C ioee, that for a sufficiently large C%

(WIHL W) 1 4 _
W <ep— Za—zTr(l'I — [Tl — K)TY?) + C3 (3 + a4 72).
(4.1.32)

We now proceed to choose a real orthonormal basis for ran IT which is conve-
nient to bound the r.h.s. of (4.1.32). Let {g;} jen be an orthonormal basis of eigen-
functions of K; with corresponding eigenvalue k;, ordered such that k1 = k;.
By Proposition 3.18 we have k; = 1 for j = 1,2,3 and k; < 1 for j > 3.
Moreover, l'[é coincides with the projection onto span{gi, g2, g3}. We pick IT'
to be the projection onto span{ga, ..., gy} if ¢r is spanned by {g1, ..., gy} and
onto span{gs, ..., gn—1, ¢r} otherwise. With this choice the eigenvalues u; of
IT(l — K1 )IT appearing in the Gaussian factor G are equal to

wj=1—kj, j=1,...,N—1,

1 —ky if o € span{gy, ..., gn},

4.1.33
(@r|1 — Kr|¢r) otherwise, ( )

UN =

o=V (g lor)
ler =024 g7 (gjleL) 2

with ¢ := . In any case

Tr(IT — [T1(1 — K)I1]'/?)

N—1 o0
2y (1= =k =Te(1 — (1= K)' ) = Y (1= (1 —kp'/?).
j=I j=N
(4.1.34)

In order to estimate Z?iN(l - (1= kj)l/z), we note that Lemma 3.16 implies

that k; <r (I; + 1)72, where [; denotes the ordered eigenvalues of —A . Since
lj ~ j*/3 for j > 1, we have

]

D= —kp'?) L N (4.1.35)
j=N

This allows us to conclude that

(W[HL W) 1 1/2 3(.3 ) —2a7—1/3
WéeL—ﬁTr(ﬂ—(ﬂ—KL) )+CL(8 +a e +a °N ),
(4.1.36)
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as long as /N < C}‘ozs. The error term is minimized, under this constraint, for
e~a 3N and N ~ ¢2e? ~ o1 which yields
(WIHL|W) _

1
<e; — —Tr(ll — (I — K1)'/?) + Cra™2¥/11, 4.1.37
W) SeL— 53 (1l — ( D)+ Cra ( )

as claimed in (2.3.2).

4.2. The Cutoff Hamiltonian

As a first step to derive the lower bound in (2.3.2), we show that it is possible
to apply an ultraviolet cutoff of size A to H at an expense of order A ~>/? (this is
proven in Proposition 4.5 in Section 4.2.3). Our approach follows closely the one
in [9]. It relies on an application of a triple Lieb—Yamazaki bound (extending the
method of [19]) which we carry out in Section 4.2.1, and on a consequent use (in
Section 4.2.2) of a Gross transformation [13,23].

We shall in the following, for any real-valued f € Lz(Ti), denote

O(f):=a'(f) +a(f), (4.2.1)
[(f) == ®(if) = i@ (f) —a(f)). (4.2.2)

We recall that (see (2.1.4)) the interaction term in the Frohlich Hamiltonian is given
by

—a'(}) —a(}) = —®(v}), (4.2.3)

where v; was defined in (2.1.3) and @ and af satisfy the rescaled commutation
relations (2.1.5). We shall apply an ultraviolet cutoff of size A in k-space, which
amounts to substituting the interaction term with

—a'(vi x) —a(vi ) = —®(v} A): 4.2.4)
where
1 eiky
v A () = XZ: TRERS (4.2.5)
0¢keT”z3
k|<A

To quantify the expense of such a cutoff we clearly need to bound
—a'(w] ,) —a(w] ,) = —@(w] ,). (4.2.6)

where

1 e—ik~y

w A =ve(y) —ve A = ) TRER (4.2.7)

27 73
ke 7
k= A
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4.2.1. Triple Lieb-Yamazaki Bounds Let us introduce the notation p = (py,
P2, p3) = —iVy for the electron momentum operator. Note that on any function
of the form f(x,y) = f(y —x), such as w)L“’ A for example, the operator p simply
acts as multiplication by k in k-space and agrees, up to a sign, with —i V.

The purpose of this section is to prove the following Proposition.

Proposition 4.1. Let wy, 5 be defined as in (4.2.7) and A > 1. Then

a%(wi’A) +a(w] ,) =®(wj ,) S (Ipl* + N+ 1)2(A75/2 + oFlA73/2),
4.2.8)

as quadratic forms on LZ(T%) ® }'(L2(']I‘i)).
We first need the following Lemma.

Lemma 4.2. Let wy_a be defined as in (4.2.7) and A > 1. Then for any j,l,m €
{19 27 3}

al [(a,-alam<—AL)*3wL,A)X] a [(a,-azam(—Am*wL,A)X] < AN, (42.9)
108 (= A we Al o) S A7, (4.2.10)

a' [@o=a0 2w |a [ @A w07
SAT(pP+ L7 ATHN, 4.2.11)

as quadratic forms on LZ(Ti) ® }"(L2(']I‘3L)).

Proof. For any j,I,m € {1,2,3}, (4.2.9) follows from aT(g)a(g) < ||g||%N for
g€ Lz(']I‘i), and then proceeding along the same lines of the proof of (4.2.10). To
prove (4.2.10) we estimate

1 kk} 1 47
-2 2 _ j _ -3
1901 (=AL) " wr aloma) = 73 > %[0 S /C Wdf =340
= A Ba
ke2E 73

(4.2.12)

If we denote f;{l = (—8j81(—AL)_2wL,A)x, in order to show (4.2.11) it suffices
to prove that

X X
VRYACOR

where the bracket notation refers to the second factor in the tensor product, i.e., the
left side is a rank-one projection on the second factor parametrized by x, which acts

SAT? (Ipl2 + A’l) on L*(T})® L*(T3), (4.2.13)
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via multiplication on the first factor. For any W € L>(T3) ® L*(T?) with Fourier
coefficients W, x, we have

(s 9= [ o

2
— kik
/dy.fjx.l(y)\l’(x,y)‘ = Z Z L3/T|k|5\l}qik’k

2 73 21 3
quZ kETZ

[kK|ZA
1 2 2 |‘I/0,q|2
é Z Z L3|k|6\q—k|2 Z |q—k| Nj‘l*k*kl + Z L3|q|6
qe¥ 73 | ke’ keZ 73 qe 73
[KIZ A, k#q lglZA
-3
< | wiprie) + LAt
< sup e | Wil + |
x| S WFla—
K2 A, kg
S (WA (pP + L7 ATHIW), (4.2.14)

which shows our claim. We only need to justify the last step, i.e., that the supremum
appearing in (4.2.14) is bounded by CA™>. We have

L3 1 s 1
Z k1|6 kZS/C 6|, Zd =A /C 6A—1g — x|2
k|®lg — kI B 1XI°1g — x| B [X[°1AT g — x|

o;ﬁke%’z?
KIZA, kg
1 16
§ A_S / A1, 2 +/ |)C|_6 é —JTA_S.
Bi(a—1g) IAT'q — x| ¢ 3
(4.2.15)
This concludes the proof. O

We are now able to prove Proposition 4.1.

Proof of Proposition 4.1. Following the approach by Lieb and Yamazaki in [19],
we have

3
ij, a(pjlpIwi ,)] = —a(w] ,). (4.2.16)

Applying this three times, we obtain

3
> [pi Lo [pa(pipepilpl ™ wi )] = —a(wi s).  @2.17)
ok l=1
Similarly,
3
Z [P, aT(pJPkPl|P| wL,A)]]] ZaT(wi,A)- (4.2.18)
J.k, =1
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Therefore, if we define

By = GT(PijPl|P|_6wi,A) - a(Pjpkszp|_6wi,A)
=a [(000m(~A0 P wea) | = a[ (500 (-A0wea)' ],

4.2.19)
we have
3
a'(wj ) +a(wi ) = Z pi- Lo [P Biud]]] - 42:20)
J.k,=1
Using that B;kl = —Bjy; and that By is invariant under exchange of indices, we
arrive at
3
wL A Z (P]Pk pi, ]kl] + [B;,d, Pl]Pij)
Jok,=1
~2 Z (pipeBiapi+ piBp;pe) - (“221)
k=1
By the Cauchy—Schwarz inequality, we have for any A > 0
—pjpkBjkpr — PlBka,Pij < AP?P;% + l_lplBjle,klpl- (4.2.22)

Moreover, using (4.2.9) and the rescaled commutation relations (2.1.5) satisfied by
a and a’, we have

BiyBj < C (4N + 201_2) AS, (4.2.23)
Using (4.2.22) and (4.2.23) and picking A = C/2A=3/2 we conclude that
3
=2 3" (pipeBuupi+ piBjypipe) S A7 (1p1* +31pP(AN+207") ).

Jik,1=1
(4.2.24)

‘We now define

Mm

Cit =) |[p.Bju]= T(19;'101<|1?9|_4lvf A) +a(Pij|P|_4wi A)

l

”*II

=da

1
[a]ak( AL) wr, A) ]+a[(8]8k( AL) wy, A) ]:C;:k.
(4.2.25)

Using (4.2.10), (4.2.11) and the Cauchy-Schwarz inequality, we have for any A > 0

pipkCik + Cjkpjpk = )Lp2pk + A7 Cjzk. (4.2.26)
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Moreover,

Ch < 4a’(pjpulpl ™ wi z)a(pjplpl ™ w] o) + 20 2lppelpl*wi 413
SAT(pP+ A )N+ o273 (4.2.27)

Picking A = A2 + =L A=3/2 we therefore conclude that

3
Z (Pjpk[Ph Bju] + [B;kl, Pz]Pij)
k=1

SAD2 4o AT IpF + N(IpP + LAY + 1] (4.2.28)
Applying (4.2.24) and (4.2.28) in (4.2.21), we finally obtain
q)(w)LC,A) < (A—s/z +oz_1A_3/2) [|p|4 —|—N(|p|2 + L—3A—1) i 1]
+ A7 (1pl* + 3pP (4N + 22 7"))
S(IpP+N+1) (A2 a7 '), (4.2.29)

as claimed. m]

4.2.2. Gross Transformation The bound (4.2.8), derived in Proposition 4.1, is
not immediately useful as it stands. In order to relate the r.h.s. of (4.2.8) to the square
of the Frohlich Hamiltonian Hy, in (2.1.4), we shall apply a Gross transformation
[13,23].

For a real-valued f € H' (T3L), recalling that f*(-) = f(- — x), we consider
the following unitary transformation on Lz(']I‘i) F

U = @' f") _ il ) (4.2.30)

where U is understood to act as a ‘multiplication’ with respect to the x variable.
For any g € Lz(']I‘i), we have

Ua(@)U" =a(g) +(g|f*) and Ua'(9)U" =a'(g) +(f|g), (4231
and therefore
UNUT =N+ o(f%) + || fI5- (4.2.32)
Moreover,
UpUT = p+a>®(pf*) = p + > ®[(V )] (4.2.33)
This implies that
Up*UT = p* + (@G V 1)) + 227 p - al iV )]
+20%a" [V )] p+a?PU(=ALf)]. (4.2.34)
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Therefore, we also have

UH U = |pl* + " (@[GV ) D + 202 p - al(iV )]+ 222" [V )] p
FO[(—o2ALf+ f— o) T+ N+ [ FI3=2(Llf).  (4.235)

‘We denote
g=—a*ALf+ f—vp, (4.2.36)

and we shall pick

F) =28+ 07 =A™ g (=AD | 0.9

> L 423
= (4.2.37)
21k 2 3
izx @IkIF+ DIkl L
ke22 73
for some K > 0. Recalling (4.2.5), this implies that
1 etk
g =—vukM=- Y TRE (4.2.38)
0ke 22 73
|k|<K

For simplicity we suppress the dependence on K in the notation for f and g, but
we will keep track of the parameter K by denoting the operator U related to this
choice of f (depending on & and K) via (4.2.30) by UX . We shall need the following
estimates for norms involving f and g. We have

1
lelz = > p S K (4.2.39)

0#ke 2173
k<K

1 1
2 _ —4 —4 -3
IfE=" > R ECE e Sa / Wdr SaTPKTY, (4.2.40)
Oke 22 73 B
lkI=K

1 1
(Ll f) = < g2 / L <a?k-, @241
Z LIkP @2k + 1) 5 1P
\kéK

1 1
V=Y 55— Sa / Lar<akl. (4242
? Z L32[k + 1) g, I11*

keTZ

[kIZK

We now state and prove the main result of this subsection, the proof of which
follows the approach used in [12] for the analogous statement on R>, and in [9] for
the analogous statement on a domain with Dirichlet boundary conditions.
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Proposition 4.3. For any ¢ > 0 there exist K. > 0 and C; > 0 such that, for all
a2z landany ¥ € Lz(Ti) ® F in the domain of | p|> + N

(1 =ol(pP+NV| — Co ¥ < |UEH (UL |
S A+ a)l(pl? +N)W| + Co ¥ (4.2.43)

Proof. We shall use the following standard (given the rescaled commutation rela-
tions satisfied by a and a™) properties, which hold for any W € F,any f € LZ(T%)
and any function 4 : [0, c0) — R

la(HWN S N FILIVNE], fa"(HEN S 1FIIVN +a 2], (4.2.44)
h(N+a2)a=ahN), h(Na" =a"h(N+a7?). (4.2.45)

It is then straightforward, with the aid of the estimates (4.2.39), (4.2.40), (4.2.41)
and (4.2.42), to show, for any ¥ € L2(Ti) ® F,any § > 0 and any K > O, that

@GV DY S o IVARPIN + o D)W S KN+ a 2w,

(4.2.46)
1) < K2 IVN+a 20| SSIN+a )W) + 87K ¥,
(4.2.47)
Ala’ [V H* T p¥l < K2 VN + a2/ |pl2Y||
<K V2(pP? + N+ad)w|. (4.2.48)

It remains to bound the term

le?p - alGV 1) < Ne2aliV ¥ pWI + lal(—a* A f)* 1]

=: (I) + (II). (4.2.49)
As in (4.2.48), we can easily bound
M <K 2IUpP +N+a v, (4.2.50)
By (4.2.36) and (4.2.38) and recalling (4.2.5) and (4.2.7), we have
al(—e*AL )1 =al(g — f +v)' 1= —a(f) +a(w] x).  (4.2.51)

With the same arguments used in the proof of Lemma 4.2 we obtain

la(w] Ol < K2 N(p2+ K-Hw

and therefore, using (4.2.40) to bound ||a( f*)¥| , we arrive at

M) S a 2K 3 2IVNE | 4+ K V2 /N(pl2 + K-Hy||

Sa 2K 2N+ o DY)+ 1) + K 2(pl* + N+ K- Hw.
(4.2.53)

, (4.2.52)



1890 DARIO FELICIANGELI & ROBERT SEIRINGER

Combining (4.2.46)—(4.2.48), (4.2.50), (4.2.53), (4.2.40) and (4.2.41) with (4.2.35),
we obtain, for any K = 1

IUKH, U <11+ K2+ 0)11UpP* + N ||

+CO7'K + 322K YW, (4.2.54)
IUEH, UKW = 11— (k™2 +9)1I(pP + N)w|
—COG'K +3a 2K Y|, (4.2.55)

which allows us to conclude the proof by picking K, ~ 72,8 ~ g and C, ~ £73.

O

Remark 4.4. Proposition 4.3 has as an important consequence the fact that the
ground state energy of H is uniformly bounded for « 2 1.

4.2.3. Final Estimates for Cut-off Hamiltonian With Propositions 4.1 and 4.3
at hand, we are finally ready to prove the main result of this section. Note that all
the estimates performed in this section are actually independent of L.

Proposition 4.5. Let
Hf = —Ap — ®(v] ) +N, (4.2.56)
where vy, A is defined in (4.2.5). Then, forany A 2 land o 2 1,
inf spec H; — inf spec HY > —(A™/2 + o 'A% +a2A7"). (42,57

Note that for the error term introduced in (4.2.57) to be negligible compared to
a2 it suffices to pick A > a*/>.

Proof. We begin by recalling that Proposition 4.1 implies that

a(wj ) +a' (W] z) =@w] \) S A2+ AT (p + N+ D%
(4.2.58)

Applying the unitary Gross transformation Uf introduced in the previous subsec-
tion (with f defined in (4.2.37) and K large enough for Proposition 4.3 to hold for
some 0 < ¢ < 1) to both sides of the previous inequality and recalling (4.2.31), we
obtain

UK @ (wi A )UK = ®(w] ) +2(f|wL.a)

S (A2 4o AT (UE) (plP + N+ D2UK.
(4.2.59)

Proposition 4.3 implies that

U (1pl? + N+ D2UX < (HL + 02, (4.2.60)
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where C is a positive constant (independent of « for @ 2 1). Recalling the defini-
tions of f and wz A we also have

1 o,
7 lee.) 2 22: L3(a?[k|? + DIk SaTAh (@260
0#ke 73
|k|>A

and this allows us to conclude, in combination with (4.2.59) and (4.2.60), that
d(w] 4) S (A 4o AT oA (H + 0)2 (4.2.62)
Hence

(WIHL W) = (P[H W) — (A2 4o 'AT2 o 2A7 1) (W(HL + C)?|W).
(4.2.63)

By Remark 4.4, to compute the ground state energy of Hy it is clearly sufficient to
restrict to the spectral subspace relative to |Hy| < C for some suitable C, which
then yields (4.2.57). This concludes the proof and the section. O

4.3. Final Lower Bound

In this section we show the validity of the lower bound in (2.3.2), thus complet-
ing the proof of Theorem 2.5. With Proposition 4.5 at hand, we have good estimates
on the cost of substituting H; with Hf and, in particular, we know that the differ-
ence between the ground state energies of the two is negligible for A > «*/>. We
are thus left with the task of giving a lower bound on inf spec Hi‘.

While the previous steps in the lower bound follow closely the analogous strat-
egy in [9], the translation invariance of our model leads to substantial complications
in the subsequent steps, and the analysis given in this subsection is the main novel
part of our proof. In contrast to the case considered in [9], the set of minimizers
M{: = Qr(¢r) is a three-dimensional manifold, and in order to decouple the
resulting zero-modes of the Hessian of the Pekar functional we find it necessary
introduce a suitable diffeomorphism that *flattens’ the manifold of minimizers and
the region close to it. Special attention also has to be paid on the metric in which
this closeness is measured, necessitating the introduction of the family of norms in
(3.3.47).

We emphasize that the non-uniformity in L also results from the subsequent
analysis, where the compactness of resolvent of —A enters in an essential way.

Let IT denote the projection

. 2
ran [T = span {L_3/zelk'x, k e %23, k| < A} , N =dimcranIl. (4.3.1)
For later use we note that

L 3
N ~ (-) A as A - . (4.3.2)
2
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The Fock space F (Lz(TI‘%)) naturally factorizes into the tensor product
F(MLA(T3)) ® F((I — M)LX(T3)) and H2 is of the fom A ® I + I ® N>,
with A acting on L2(Ti) QR F (HLZ(Ti)) and N~ being the number operator on
F((1 — H)Lz(']I‘i)). In particular, inf spec H® = inf spec A.

Asin Section 4.1, we can, for any L2-orthonormal basis of real-valued functions
{ fu} of ran I, identify F (l'[Lz('H‘i)) with L2(RY) through the Q-space represen-
tation (see [25]). In particular, any real-valued ¢ € ranII corresponds to a point
» e RN via

N
e=Tp = dufa=(i.....hn) = A (4.3.3)
n=1

Note that, compared to Section 4.1, we are using a different choice of IT here for
the decomposition LZ(T%) =ran 1 @ (ran IT)*.
In the representation given by (4.3.3), the operator A is given by

N
A= _AL+V¢(X)+,;<_W3AH +)‘n — m) 4.3.4)

on L2(’]I‘3L) ® L2(RM). For a lower bound, we can replace hy, = —Ap + V, with
the infimum of its spectrum e(¢), obtaining

inf spec HY > inf spec K, (4.3.5)

where K is the operator on L?(R") defined as

N

1 N 1 N
Ke—— 52 - N )= (LA — L F ). (436
4ot ,; T a2 T L(®) 4a4( ») 22 " L), @30

where F,, which is understood as a multiplication operator in (4.3.6), can be seen
as a function of ¢ € spang{ f; };V:l or & € RY through the identification (4.3.3).

Using IMS localization we shall split R" into two regions, one localized around
the surface of minimizers of F7 ,i.e., /\/l{ = Q1.(¢1), and the other localized away
from it. On each of these regions we can bound F7, from below with the estimates
contained in Proposition 3.15 and in Corollary 2.4, respectively. Because of the
prefactor % in front of —A;, the outer region turns out to be negligible compared
to the inner one (at least if we define the inner and outer region with respect to an
appropriate norm). At the same time, employing an appropriate diffeomorphism,
the inner region can be treated as if €27 (¢7) was a a flat torus, leading to a system
of harmonic oscillators whose ground state energy can be calculated explicitly.

We start by specifying the norm with respect to which we measure closeness
to 27 (pr). Recall the definition of the Wr-norms given in (3.3.47). Note that
for T = A the L?-norm coincides with the Wr-norm on ran I1, which makes
0 < T < A the relevant regime for our discussion. In fact, we shall pick

1< T <A, o'’ <A, (4.3.7)
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where T >> 1 is needed for the inner region to yield the right contribution, and
T <« A?/3 ensures that the outer region contribution is negligible.

We proceed by introducing an IMS type localization with respect to || - ||w; .
Let x : Ry — [0, 1] be a smooth function such that x(r) = 1 for ¢ < 1/2 and
x(@) =0fort = 1.Lete > 0 and let j; and j, denote the multiplication operators

on L2(RN)
1= (" distwr (0. Q1)) p=y1-7 @38

Then
K= jiKji + pKj2 - E, (4.3.9)

where [ is the IMS localization error given by

N
1 12 .2
b= W};("%m + 105, 72| ) (4.3.10)

which is estimated in the following lemma.
Lemma 4.6.
E<a 42 (4.3.11)

Proof. To bound E we apply Lemma 3.17, which states that for ¢ sufficiently small,
for any ¢ € supp, there exists a unique y, € "JT% such that

distly, (0. (1)) = (¢ — 0} |Wr|o - 0}"). (43.12)

Likewise, forany n € {1, ..., N} and any £ sufficiently small there exists a unique
Yn.h € ']I‘3L such that

distyy, (¢ + hfn. QrpL)) = <<ﬂ +hfy ="

Wr‘w + hfy — wi”’h>-
(4.3.13)

It is easy to see, using again Lemma 3.17, that lim,_,o y»" = y? for any n. There-

fore, using thatdistw, (p+hfy, 21 (9r) < lo—¢, Ilw, anddistw, (¢, 1 (p1)) <

Yh, .
llo — @7 " llwy, we arrive at

200l Wr o= o1 = fim 2.l Wr fo = 07")
< lim ™! (distly, (9 + hfa, Q1)) - distly, (@, 2(01))
=2{ful Wr ""_“’{w>’ (4.3.14)

which shows that

0y, distiy, (¢, Q1(p1)) = 2(fuWr (¢ — ¢")). (4.3.15)
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I [ = X2)1/2]/‘ < 1121, for k = 1,2 we obtain

2
[, k] @F S &7 [o5, disth, (0. 2L @) Wais, 20 000e)
Se M faWr(e - (pzw)>|2n{distwr (9. Q1 (@) Ss) (4.3.16)

Summing over n, using that | W7 || < 1 and that { f,,} is an orthonormal system, we
arrive at (4.3.11). O

Thus, the localization error is negligible as long as & >> a~'. Hence, we are left
with the task of providing lower bounds for j;Kj; and j»K j, under the constraint
e > a~'. We carry out these estimates in the next two Sections 4.3.1 and 4.3.2.
Finally, in Section 4.3.3, we combine these bounds to prove the lower bound in
(2.3.2).

4.3.1. Boundson j{Kj; Letuslookcloserattheintersection of the e-neighborhood
of Q1 (¢r) with respect to the Wr-norm with ran I1, i.e., the set

(MQL(pL)]e 7 = (¢ €ranIl| ¢ = ¢, distw, (¢, QL(pL)) = €}
= supp,j1 NranII. (4.3.17)
In the following we shall show that this set is, for & small enough, a tubular neigh-
borhood of I1€27 (¢r ), which can be mapped via a suitable diffeomorphism (given
in Definition 4.7) to a tubular neighborhood of a flat torus.

Since ¢ € ranIT and IT commutes both with W7 and with the transformation
g+ g¥ forany y € T3, we have

distyy, (9. Qr(pr)) = [|(1 — gL |3y, + disty, (0, Q(gr)).  (4.3.18)

This implies that [[127 (¢1 )], 7 is non-empty if and only if

rre =62 = 101 = MLl > (43.19)
Since ¢y, € COO(Ti), rr.e > 0 as long as
e>r A" (4.3.20)

for some i > 0 and A sufficiently large. In particular, (4.3.20) is satisfied with
h = 5/4 for « large enough since, as discussed above, we need to pick & > a~!
and A > a3 for the IMS and the cutoff errors to be negligible.

Lemma 3.17 implies that any ¢ € [T1Q7 (¢1)], 7, for ¢ = ¢} (independently

of T and N), admits a unique Wr-projection <pi"” onto 21 (¢r) and
0= (p Y+ (vy), with v, € (span {HWTBﬂpL}j:l)J'L?_ (4.3.21)

Since W7 and IT commute, Q27 (¢r) is ‘parallel’ to ran IT with respect to - lwys
i.e., disty, (ran I1, ¢ L) is independent of y and the Wz-projection of ¢) 7 onto IT1is
simply H((pL) = (ITgr)”. Therefore, for ¢ < &}, any ¢ € [[1QL(¢r)], 7 admits
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a unique Wr-projection (ITpz)Y¢ onto Q7 (ITpr) and (4.3.21) induces a unique
decomposition of the form

) . 3 1
¢ = (TpL)" + (ny), with 1, € (span {TIWrdjpL} )72 lInglw, < rr.e,
(4.3.22)

where n, = ITv, (note that (I — IM)v, = — (I — IM)¢y). This allows to intro-
duce the following diffeomorphism, which is a central object in our discussion. It
maps [[1€2, (¢1 )], 7 onto a tubular neighborhood of a flat torus. We shall call this
diffeomorphism Gross coordinates, as it is inspired by an approach introduced in
[14].

Definition 4.7. (Gross coordinates) For

3 \L
BST’A = {77 € (span{l'[WTGj(pL}jzl) 2 Nranll | Inllw, = rT,E} C ranII,

(4.3.23)
we define the Gross coordinates map u as
w: [MQLp))er — Tp x B,
o = (Yo, Np)s (4.3.24)

where y, and 7, are defined through the decomposition (4.3.22).

By the discussion above it is clear that u is well-defined and invertible, for
e < ¢} (defined in Lemma 3.17), with inverse u~! given by

W T x BTN - [MQp(en)]er
(v, m = (Mgr)* +n’. (4.3.25)

We emphasize that the whole aim of the discussion above is to show that « is well-
defined, since once that has been shown the invertibility of # and the form of u-!
are obvious. In other words, the map u~! as defined in (4.3.25) is trivially-well
defined, but it is injective and surjective with inverse « only thanks to the existence
and uniqueness of the decomposition (4.3.22).

To show that u is a smooth diffeomorphism, we prefer to work with its inverse
u~!, which we proceed to write down more explicitly. For this purpose, we pick a
real L2-orthonormal basis { fi },’{V= j of ran TT, such that f1, f> and f3 are an orthonor-
mal basis ofspan{l'IWTBﬂpL}?:1 and f1 = ”1.?%”2. Note that span{I"IWT8]-<pL}§:1
is three dimensional, as remarked after (3.3.45), at least for N and T large enough,
and that f4 is indeed orthogonal to fi, f> and f3 since in k-space Wr and IT are
even multiplication operators while the partial derivatives are odd multiplication
operators. We denote the projection onto span{ITW79; (pL}?: | by

3
G 7 =Y 1fi) (fil (4.3.26)

k=1
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Having fixed a real orthonormal L>-basis, we can identify any real-valued function
in ran IT (and hence also any function in [T1€2, (¢ )], 7) with apoint (A1, ..., An)
via (4.3.3). In these coordinates, the orthogonal transformation that acts on functions
in ran IT as the translation by y, i.e., ¢ > ¢, reads

N
R = Y|kl (4.3.27)

k=1

and we can write BET'A in (4.3.23) as

érT,a

N
D ki
k=4

BN = 0= (e, o) € spang(fa, . fu) |
Wr
(4.3.28)

In this basis, we can write u~! explicitly as

u”'(y, ) = (M) +n” = R(Y)(0,0,0, [TleLll2 + 04, 05, - - -, NN
(4.3.29)

The following Lemma uses this explicit expression for ! and shows that it is
a smooth diffeomorphism (therefore showing that the Gross coordinates map u is
as well).

Lemma 4.8. Let u™' be the map defined in (4.3.29). There exists elL < &) (in-
dependent of T and N) and N; > O such that for any ¢ < €}, any T > 0
and any N > Ny the map u~" is a C*®-diffeomorphism from T% X B,ST*A onto
[T12, (¢1)]; 7- Moreover, for ¢ < si, | det Du_1| and all its derivatives are uni-

formly bounded independently of T and N.

Proof. We introduce the notation J(y,n) = Du‘l(y, n) and d(y,n) :=
| det J(y, n)|. Note that R(y) in (4.3.27) satisfies R(—y) = R(y)_1 = R(y)!
since {ij}ﬁ,\’:1 is an orthonormal basis of ran IT for any y. Hence, for j = 1,..., N
we have

N
@™ H,v.m = <fj ML+ rnﬁ>. (4.3.30)

I=4

u(y.m) = <R(—y)fj

This yields the smoothness of x~! in # and in y (noting that { f j}?/:] C ranIl
is a set of smooth functions for any N). We proceed to compute J. We have, for
4<k<N,

I ™) = (R=) f5] fi) = (i |RO) i), (4.3.31)
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and

Ay (™ (v, m) = <fj

N
Ay R(y) (Hw +y mfz>>

=4
Y

N
R(y)ok (nm +y mfz)> (43.32)
3

1=4
Tom) =RO) | D o) (fil + Y 1fe) (il

k=1 k§4

for 1 < k < 3. Therefore

3
= R(y) (11 —rh s+ ) ) <fk|) — RMJo),  (4333)

k=1

where v () := —3u"1(0, n) = — (l'[(pL + Z,N:4 mﬁ). Since R(y) is orthog-
onal, we see that d = |det Jy| (implying, in particular, that d is independent of

).
Observe that

_(Ag O

where Ag is the 3 x 3 matrix given by

(Ao) jik =(fj|vk)=<fj

N
— 0k (HgoL + Zmﬁ>>, J.ke{l,2,3}, (4.3.35)

=4

and Aj is the (N — 3) x 3 matrix defined by

N
— (H¢L+anﬁ)> jell,...,N=3}, ke{l,23)}

=4

(A jk = <fj+3
(4.3.36)

Since Jy is the identity in the bottom-right (N — 3) x (N — 3) corner and 0 in
the top-right 3 x (N — 3) corner, d = |det Ap|. On ran H%,T the operators dy

with k = 1,2,3 and W, ! are uniformly bounded in N and T. Recall also that
Inllw, < e} . Hence, for some constant C;, independent of N and T', and for any
J. ke {1,2,3}, we have

|(A0)jk] = N0k fi 2T gL ll2 + W 0 £ llwy Inllwy < Cr. (4.3.37)

Moreover, for any j, k € {1,2,3}and any /, [,l> € {4, ..., N}, we also have

Oy (A0)jk = (O f7]f1) Oy, Oy, (A0) jx = 0. (4.3.38)
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Clearly, (4.3.37) and (4.3.38) together with the fact that d = | det Ag| show that d
and all its derivatives are uniformly bounded in N and 7. To show that there exists
ei and Ny suchthatd = C;, > Oforalle < si, T > 0and N > Ny, we show that
the image of the 3-dimensional unit sphere under A is uniformly bounded away
from 0, which clearly yields our claim. For this purpose, we observe that the k-th

column of Ay is given by Hé’T [—3k (I'IgoL + Zf\’:4 N ﬁ)] and therefore, for any

unit vector a = (ai, az, az) € R3,

3 N
Aoa = Zakng] [—ak <H(pL + Zrnﬁ)] = —T1§ 79au™"(0, 1), (4.3.39)

k=1 =4

where we denote 22=] axdr = 0,. To bound the norm of Aga from below, it is
then sufficient to test d,u =" (0, n) against one normalized element of ran l'[% 7> 83y

W70u9L e obtain
N
5 <1'I<0L iy mfz>>

MW7 8a0L 12
=4

2
OWrdaer

lAoall3 = [IT15 78,u™" O, I3 2 |{ =
2 M 2 ITWr 3.1 |12

2
1/2
1wy 0,3 - (Mo2ee|n)

T

= |TW7da0L 5>

172

2
> e lly” (1MW *augL 15 = 1030w, I, ) |

1/2

> 1002152 (ITWs *0001 13 = l1020112) (4.3.40)

2

L
where we used that [n|lw, < &,0 < Wy < 1 and IT < 1, and (- )4 denotes
the positive part. As remarked after (3.3.45), 9,01 = (—=Az)~/?8, |y |> # 0 and
since g € C*, 9,91 and 8a2<pL are uniformly bounded in a. We can thus find
Np > 0 and ak such that the r.h.s. of (4.3.40) is bounded from below by some
constant C; > 0 uniformly for 7 > 0, N > Ny and ¢ < ei. This shows that A
(and hence J) is invertible at every point and thatd = C; > O uniformly in T > 0,
N > Npande S ¢ i, as claimed. This concludes the proof. O

Since u is a diffeomorphism, we can introduce a unitary operator that lifts u !
to L2, defined by

U: LT} x BI'") — L*(INQL(e)]e 1)
U®) := | det (Du) |y o u. (4.3.41)

Recall that j; is supported in [T1€2; (¢)], 7, hence we can apply U to jiKjj,
obtaining an operator that acts on functions on Ti x RN=3 that are supported in
T3 x BI**.In particular,

AKji = jfinf spec (TistA)[U*KU], (4.3.42)
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where the subscript indicates that the operator has to be understood as the corre-

sponding quadratic form with form domain HJ (T3 x BI*“) (i.e., with Dirichlet

boundary conditions on the boundary of BST M), We are hence left with the task of

giving a lower bound on inf spec /5 7.\ [U*KU], which will be done in the
HY (T3 xBI)

remainder of this subsection.

Recalling the definition of K given in (4.3.6), we proceed to find a convenient
lower bound for U*F U. Any (ITgp)* + (wy)* = ¢ € [[1Q(¢L)], 7 satis-
fies (3.3.22) with (plyf” in place of ¢, and we can therefore expand Fz (¢) using
Proposition 3.15, obtaining

Fr(p) —epr
> ((wy)’ — (1 — M) |1 — K;* — eCLJ;*|(we)? — (1 — gr)**)
= (pr|(1 =T — Ky —eCpJp)(1 — ID)|er)

—2(( = M| I — K —eCLL |wy) + (wy|l — K —eCLJL|wy).
(4.3.43)

Since K and Jy, are trace class operators,
(I =TIl — Ky —eCrJp)(I1 —TI) >0 (4.3.44)

holds for A sufficiently large and & sufficiently small. Moreover, since ¢ €
C>(T}),

(I — M| | — K — eCLJL |wy)]
< IWy P = Ky — eCrJ) (1 — gy o lwyllw, = O(A™")  (43.45)

for arbitrary 4 > 0 and uniformly in 7. This implies that, for any ¢ = (ITgz)Y* +
(wy) € [MLL(pL)], 7, any A sufficiently large, any ¢ sufficiently small and an
arbitrary h

Frle) = FL((Mpr)* + (wy)**) Z e, — O(eA™") + (wy |1l — K — eCLJL|wy).

(4.3.46)
Therefore, if we define the [(N — 3) x (N — 3)]-matrix M with coefficients
My j = (fisl 1 = K —eCrJr | fi43), (4.3.47)
then, by (4.3.46), the multiplication operator U*F U satisfies
(U*FLU)(y. 1) Z e + (n|Mn) — O(eA™"). (4.3.48)

It is easy to see that M is a positive matrix, at least for ¢ sufficiently small and T
and A sufficiently large. Indeed, the positivity of M is equivalent to the positivity of
(1 —K;—eCyJr)onran(IT— H%,T) and, by Proposition 3.18, (Il — K —eCyp J1)
is positive on any vector space with trivial intersection with ran H%. Clearly, since
n§ ; — M§as T — oo, the bound

MZc, >0 (4.3.49)

holds, uniformly in 7', A and for ¢ sufficiently small.
We now proceed to bound —U*A; U from below.
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Lemma 4.9. Let U be the unitary transformation defined in (4.3.41). There exists
Cp > 0, independent of N, T and ¢, such that, for ¢ < ei, T >0and N > Ny,

U* (=AU = —A, — Cp. (4.3.50)

Proof. Since (4.3.33) shows that J(y, n) = R(y)Jo(n) with R(y) orthogonal, we
have

U* (=AU = —d~\2v . g1/? [J—I(J—l)’] d'2va=12

= —d7v a2 g gy ] d v (4.3.51)

with d(y, n) = |det J(y, n)| and V denoting the gradient with respect to (y, n) €
RV . Recalling the expression (4.3.34) for Jo, we find

_ Al 0 0 0 A7l 0
Jl= 0 = 0 = (1-T1k% D.
’ <—A1Aal 11) (0 ﬂ)+<—A1Aal 0) A=l

(4.3.52)
Since D(Il — T§ ) = (I — M ;) D' =0, we have
I Y =@ =1g p) + DD = 1 — T 4. (4.3.53)
With (4.3.51) and (4.3.53), we thus obtain
U* (—A)U = —d~'2v . g/ (11 - ng,T) d\2va=12
=—A, — Qd)7|Vd|* + 2d) "' Ad. (4.3.54)

Lemma 4.8 guarantees that d and all its derivatives are bounded, and d is bounded
away from O uniformly in N > Ny, T > Oand e < si, leading to (4.3.50). O

In combination, (4.3.48), (4.3.50) and the positivity of M imply that

jiKji = jfinf spec )(U*KU) (4.3.55)

1 3 T.A
Hg (T3 % B!

> j? N 0eA™ — 0@ +int LA M
Zii\er =53~ (eA™") — O(a™™) + inf spec 2 gy i n+ (mlMiln)

= Jji (eL - ﬁ(N —Tr(M'%)) — O(eA™") — O(a—4)) : (4.3.56)

Note that since we are taking A > a*3, ¢ <« 1 and h > 0 was arbitrary, picking

h = 5 allows to absorb the error term O (¢ A~") in the error term O (@ ~*). Recalling
the definition of M given in (4.3.47), we have

Tr(M'?) =Tr [\/(n —Té ) (I = K —eCpJp) (M — ng,r)} . (4357)
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With {7 ]} 3 an orthonormal basis of ran(IT — 14 v ) of eigenfunctions of (IT —
Mg 7)1 — KL — £CJp)(T — T ), we can write

N-3
(]V[l/2 = Z t]‘]l — Ky —SCLJL’IJ>
j=1
= 12 eCL
= |:(tj‘ﬂ - Ki|t) %17 <IJ}JL‘tJ>j| (4.3.58)
j=1 J
for some {& /} satlsfylng
S|t —Kp —eCJp|t;) S & < (15|01 — Ki|t;) £ 1 (4.3.59)

for T and A large enough and ¢ small enough, where we used (4.3.49) for the lower
bound. Using the concavity of the square root and the trace class property of Jy,
we conclude that

N-3
Te(M'72) = > (1|1 = KL |tj) — eCLTr(J1)
j=l1
Tr [(n . | (2 W KL] —Cy. (4.3.60)

Since ¢ € C* and recalling (4.3.7), for an arbitrary 4 > 0 we can bound
InE — 14 41l g min{A, Ty =170, (4.3.61)

which also implies the same estimate for the trace-norm of the difference of I'IL and

V 7 both operators being of rank 3. Recalling that nk v projects onto ker (1 — K ),
we ﬁnally obtain

Te(M'/?) = e[/ — K] — O(e) — O(T ™). (4.3.62)

The error term O(T ") forces T — oo as o — oo, but allows 7' to grow with an
arbitrarily small power of «. By picking & to be sufficiently large we can absorb it
in the error term O (g).

We obtain the final lower bound

1
=5 [eL — 5T = @ = Kp)P)] = Oea™) — 0(a4)]

= [eL - ﬁrﬁ[(ﬂ - (I - KL)I/Z)] — O(sa™?) — 0(0(_4)i| .
(4.3.63)
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4.3.2. Bounds on j;Kj, We recall Corollary 2.4, which implies that, for any
¢ € LE(T3),

Fr(@) Z e+ inf (o —¢)|Blp — 7). (4.3.64)
yE']l'3L

where B acts in k-space as the multiplication by

1 for k =0,

BO =01 e for k # 0.

(4.3.65)

Note that B — nW7 > 0 for n > 0 small enough (independently of 7'). Moreover,
for any ¢ in the support of j» and any y € T3,

(0 — ol |Wrlo — 7)) 2 e%/4. (4.3.66)
Therefore, on the support of j,, we have

Fr(p) = ep + inﬂf3 (o — @) |B—nWr|p — )+ ne /4. (4.3.67)
yely

By the Cauchy—Schwarz inequality, using that all the operators involved commute,
we have

(o — @] |B—nWrlp —¢)) Z (pl(l — W,/*)(B — nWr)le)
+ (oLl (1 = W, V2 (B —nWr)lpr)  (4.3.68)

for any y > 0. Note that the right hand side is independent of y. Since ¢; €
C °°(T3L), the Fourier coefficients of ¢ satisfy

(L + k2 (@r)r* £ Cry™ for |kl 2y (4.3.69)
for any ¢ > 0. Using the positivity of B — nWr we can bound

(oLl (I — W, 2B — nWr)leL)
Z— Y (Bk)— W)+ k)Ll

ke%’ﬁ
|k|>y
(B(k) —nWr (k)

== X e GHED e

/(EZT”Z3

|k]>y

1
>_Cp,y ! S— L 4.3.70
= L,ly k%:z:; (l + |k|2)2 ~L V ( )
ST

[k|>y
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Therefore we conclude, using the positivity of 1 — W)}ﬁ/ % and of B — nWr, that
J2Kj2

N  pe? 1
2 o v ae —t=1y _ _ 1/2 _
Z j inf spec [eL 22 T 1 oy~ e Ay + {ol(1 = W,/")(B nWr)|<p>]

2(er+" — 06— e (1= Ja—wiPe - gwn (4.3.71)
J2 L 2 Y 20{2 Y nwr . .

We need to estimate the behaviorin N = rank[I, T and y of the trace appearing
in the last equation, which equals

Tr [n (11 ~Ja-wa - nWT))}

= Z <1 — \/(1 - W, (k)!/2)(B(k) — nWT(k))> . (4.3.72)

(e 2 73
ke 7, Z
[kI=A

The contribution to the sum from |k| < max{y, T} can be bounded by
C(Lmax{y, T}). For |k| > max{y, T}, W, (k) = Wr(k) = (1 + |k|*>)~, and
the coefficient under the square root in the last line of (4.3.72) behaves asymp-
totically for large momenta as 1 — |k|~!. Hence, recalling (4.3.2), we conclude
that

Tr [n (11 - \/(11 — W,/%)(B - nWT)ﬂ <0 (max{y, T}3) + O(AY).
(4.3.73)
Because of (4.3.7), the first term on the right hand side is negligible compared to

the second if we choose y to equal « to some small enough power. Because ¢ was
arbitrary, we thus arrive at

2
Kjr = j2 <eL + % - O(a_zAz)) . (4.3.74)
Therefore, if
e>Cra A (4.3.75)

for a sufficiently large constant C; , we conclude that for sufficiently large o and A

Kj = jier. (4.3.76)
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4.3.3. Proof of Theorem 2.5, lower bound By combining the results (4.3.63)
and (4.3.76) of the previous two subsections with (4.3.9) and (4.3.11), we obtain

K 2 jiKji + pKj + O(a_4s_2)
1
= |:6’L = 5Tl (1 = = K)'2)] + 0(ea™?) + 0(a_4):|
+ jPer + O(a_4s_2)

> o — (1 (1= K]+ 0(ca) + 0(a™) + 0 ?)
(4.3.77)

under the constraint (4.3.75). With Proposition 4.5 we can thus conclude that

inf spec Hy, = inf spec Hp + O(A™?) + 0(a 'A™?) + O(a A7)
2 inf spec K + 0(A75/2) + 0(a71A73/2) + O(aszfl)

>ep - lelzTr[(ll — (1= K)'?)]+ 0(za™?) + 0(«™)

+0(@ e )+ 0(A7) + 0 AT+ 0(a A7),
(4.3.78)

To minimize the error terms under the constraint (4.3.75), we pick ¢ ~ a7 and
A ~ a®7, which yields the claimed estimate

1
inf specH 2 er — —Te[ (I — (Il KD+ 0@ P7). 4379
o
This concludes the proof of the lower bound, and hence the proof of Theorem 2.5.
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