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Abstract

We study the problem of recovering an unknown signal x given measurements obtained
from a generalized linear model with a Gaussian sensing matrix. Two popular solu-
tions are based on a linear estimator £ and a spectral estimator X°. The former is
a data-dependent linear combination of the columns of the measurement matrix, and
its analysis is quite simple. The latter is the principal eigenvector of a data-dependent
matrix, and a recent line of work has studied its performance. In this paper, we show
how to optimally combine £ and £°. At the heart of our analysis is the exact character-
ization of the empirical joint distribution of (x, ch, £%) in the high-dimensional limit.
This allows us to compute the Bayes-optimal combination of £ and £°, given the
limiting distribution of the signal x. When the distribution of the signal is Gaussian,
then the Bayes-optimal combination has the form 0z" + £ and we derive the optimal
combination coefficient. In order to establish the limiting distribution of (x, i‘L, %),
we design and analyze an approximate message passing algorithm whose iterates
give %L and approach x°. Numerical simulations demonstrate the improvement of the
proposed combination with respect to the two methods considered separately.
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Foundations of Computational Mathematics

1 Introduction

In a generalized linear model (GLM) [36,39], we want to recover a d-dimensional
signal x € R4 given n i.i.d. measurements y = (y1, ..., y,) of the form:

yi~pWyl(x.a)), iefl,....n} D

where (-, -) denotes the scalar product, {a;}1<j<, are known sensing vectors, and the
(stochastic) output function p(- | (x, @;)) is a known probability distribution. GLMs
arise in several problems in statistical inference and signal processing. Examples
include photon-limited imaging [53,58], compressed sensing [19], signal recovery
from quantized measurements [7,46], phase retrieval [21,49], and neural networks
with one hidden layer [30].

The problem of estimating x from y is, in general, non-convex, and semi-definite
programming relaxations have been proposed [9,11,52,56]. However, the computa-
tional complexity and memory requirement of these approaches quickly grow with
the dimension d. For this reason, several non-convex approaches have been developed,
e.g., alternating minimization [40], approximate message passing (AMP) [15,44,48],
Wirtinger Flow [10], Kaczmarz methods [57], and iterative convex-programming
relaxations [1,7,14,25]. The Bayes-optimal estimation and generalization error have
also been studied in [3]. When the output function p(- | (x, @;)) is unknown, (1) is
called the single-index model in the statistics literature, see e.g., [8,28,33]. The prob-
lem of recovering a structured signal (e.g., sparse, low-rank) from high-dimensional
single-index measurements has been an active research topic over the past few years
[22-24,41-43,51,52,59].

Throughout this paper, the performance of an estimator * will be measured by its
normalized correlation (or “overlap") with x:

[(x. %)]
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where || - || denotes the Euclidean norm of a vector.

Most of the existing techniques require an initial estimate of the signal, which can
then be refined via a local algorithm. Here, we focus on two popular methods: a linear
estimator and a spectral estimator. The linear estimator #" has the form:

1 n
- E T (ypa; , ©)
n

i=1

where 77, denotes a given preprocessing function. The performance analysis of this
estimator is quite simple, see e.g., Proposition 1 in [43] or Sect. 2.3 of this paper. The
spectral estimator consists in the principal eigenvector X° of a matrix of the form:

] n
=Y TOnaia] )
n i=1
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where 7 is another preprocessing function. The idea of a spectral method first appeared
in [32] and, for the special case of phase retrieval, a series of works has provided more
and more refined performance bounds [11,12,40]. Recently, an exact high-dimensional
analysis of the spectral method for generalized linear models with Gaussian sensing
vectors has been carried out in [34,37]. These works consider a regime where both n
and d grow large at a fixed proportional rate § = n/d > 0. The choice of 7; which
minimizes the value of § (and, consequently, the amount of data) necessary to achieve
a strictly positive scalar product (2) was obtained in [37]. Furthermore, the choice of 7§
which maximizes the correlation between x and X*° for any given value of the sampling
ratio § was obtained in [35]. The case in which the sensing vectors are obtained by
picking columns from a Haar matrix is tackled in [16].

In short, the performance of the linear estimate %M andthe spectral estimate £° is well
understood, and there is no clear winner between the two. In fact, the superiority of one
method over the other depends on the output function p(- | (x, a;)) and on the sampling
ratio §. For example, for phase retrieval (y; = |(x, a;)|), the spectral estimate provides
positive correlation with the ground-truth signal as long as § > 1/2 [37], while linear
estimators of the form (3) are not effective for any § > 0. On the contrary, for 1-
bit compressed sensing (y; = sign({x, a;))) the situation is the opposite: the spectral
estimator is uncorrelated with the signal for any § > 0, while the linear estimate works
well. For many cases of practical interest, e.g., neural networks with ReLU activation
function (y; = max({x, a;), 0)), both the linear and the spectral method give estimator
with non-zero correlation. Thus, a natural question is the following:

What is the optimal way to combine the linear estimator %L and the spectral
estimator X°?

This paper closes the gap and answers the question above for Gaussian sensing vec-
tors {a; }1<i<n. Our main technical contribution is to provide an exact high-dimensional
characterization of the joint empirical distribution of (x, J?L, %) inthelimitn, d — oo
with a fixed sampling ratio § = n/d (see Theorem 1). In particular, we prove that the
conditional distribution of (ch, £*) given x converges to the law of a bivariate Gaussian
whose mean vector and covariance matrix are specified in terms of the preprocessing
functions 7 and 7. As a consequence, we are able to compute the Bayes-optimal
combination of £- and £° for any given prior distribution on x (see Theorem 2). In the
special case in which the signal prior is Gaussian, the Bayes-optimal combination has
the form 6" + £°, with 6 € R, and we compute the optimal combination coefficient
0, that maximizes the normalized correlation in (2) (see Corollary 2).

The characterization of the joint empirical distribution of (x, &k, x%) is achieved
by designing and analyzing a suitable approximate message passing (AMP) algo-
rithm. AMP is a family of iterative algorithms that has been applied to several
high-dimensional statistical estimation problems including estimation in linear mod-
els [4,5,15,29], generalized linear models [44,48,50], and low-rank matrix estimation
[13,31,38,45]. An appealing feature of AMP algorithms is that under suitable con-
ditions on the model, the empirical joint distribution of the iterates can be exactly
characterized in the high-dimensional limit, in terms of a simple scalar recursion
called state evolution.
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Fig.1 a Performance comparison among the linear estimator, the spectral estimator and the proposed opti-
mal combination for a specific output function and ranging values of the sampling ratio §. The performance
is measured in terms of the normalized correlation (2). b Optimal combination coefficient 65 as a function
of § for the same output function as in a. ¢ Percentage performance gain of the combined estimator for
different output functions and sampling ratios

In this paper, we design an AMP algorithm that is equivalent to a power method
computing the principal eigenvector of the matrix (4). Then, the state evolution analysis
leads to the desired joint empirical distribution of (x, ", £°). Using the limiting
distribution, we reduce the vector problem of estimating x € R? given two (correlated)
observations £, £° € R to the scalar problem of estimating the random variable
X e R given two (correlated) observations X, Xy € R. We emphasize that the focus
of this work is not on using the AMP algorithm as an estimator for the generalized linear
model. Rather, we use AMP as a proof technique to characterize the joint empirical
distribution of (x, =t %%), and thereby understand how to optimally combine the two
simple estimators.

Our proposed combination of the linear and spectral estimators can significantly
boost the correlation with the ground-truth signal (2). As an illustration, in Fig. 1a we
compare against each other the correlations py, ps and p, of the linear, spectral and
optimal combined estimators, respectively, for a range of values of the sampling ratio
8 = n/d and measurements of the form y; = 0.3 (x, a;) + (x, a;)>+z;. Here, x is uni-
formly distributed on the d-dimensional sphere of radius Jd,a; ~i;4q N 0g4,14/d),
zi ~i.id. N(0,0.2), and the preprocessing functions are chosen as follows: 77 (y) = y
and 7;(y) = min{y, 3.5}. The solid lines correspond to analytically derived asymp-
totic formulae, and they are compared against numerical simulations (cf. markers of
the corresponding color) computed for d = 2000. Specifically, the red line corre-
sponds to the optimal combined estimator 0,2 + £° (in this example, the empirical
distribution of x is Gaussian). The optimal combination coefficient 6, is plotted in
Fig. 1b as a function of §. Note that for values of § for which the spectral estimator
achieves strictly positive correlation with x, the combined estimator provides a signif-
icant performance improvement. The performance gain depends on: (i) the sampling
ratio 6 (it can be as large as ~ 30% for § ~ 8), and (ii) the output function that defines
the measurement. To better visualize this dependence, we plotin Fig. 1c the percentage
gain (px — Pmax)/Pmax X 100 for various values of é and for different output-function
parameterizations. Specifically, the x-axis in Fig. 1c represents the value of the coef-
ficient H; of an output function of the form y; = 0.5+ H; (x, a;) 4+ 0.5 (x, ai)2 +zi,
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with z; ~;;4. N(0,0.2). Above, p, denotes the correlation achieved by our pro-
posed estimator, and pmax is the maximum correlation among the linear and spectral
estimators.

The rest of the paper is organized as follows. In Sect. 2, we describe the setting and
review existing results on the linear and the spectral estimator. In Sect. 3, we present our
contributions. The main technical result, Theorem 1, gives an exact characterization of
the joint empirical distribution of (x, ,%L, %%). Using this, we derive the Bayes-optimal
combination of the estimators £ and £°. In the special case in which the signal prior
is Gaussian, the Bayes-optimal combination is linear in %% and £°, and we derive the
optimal coefficient. In Sect. 4, we demonstrate the effectiveness of our method via
numerical simulation. In Sect. 5, we describe the generalized AMP algorithm and use
it to prove Theorem 1.

2 Preliminaries
2.1 Notation and Definitions

Given n € N, we use the shorthand [n] = {1, ..., n}. Given a vector x, we denote by
llx |2 its Euclidean norm. Given a matrix A, we denote by ||A||op its operator norm.

The empirical distribution of a vector x = (x1, ..., xd)T is given by 5 Z?:l 8y,
where 8y, denotes a Dirac delta mass on x;. Similarly, the empirical joint distribution
of vectors x, x’ € R? is % Zle 8(xixl)-

Given two probability measures i (é)n aspace X') and v (on a space )), a coupling p
of 1 and v is a probability distribution on X x ) whose marginals coincide with p and
v, respectively. For k > 1, the Wasserstein-k (W) distance between two probability
measures u, v on R” is defined by

Wi(u, v) = ing<x,y>~p{||X — Y5k, )

where the infimum is over all the couplings of © and v. A sequence of probability

. . . W, .
distributions v, on R” converges in Wy to v, written v, =% v, if Wi (v, v) — 0 as
n— oo.

2.2 Generalized Linear Model

Let x € R? be the signal of interest. We assume that ||x||% = d. The signal is
observed via inner products with n sensing vectors (a;);c[s], With each a; € R4
having independent Gaussian entries with mean zero and variance 1/d. That is,

(@;) ~iia. NOg,14/d). (6)

Given g; = (x, a;), the measurement vector y € R”" is obtained by drawing each
component independently according to a conditional distribution py |

EOE';W
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yi ~ pyic(yilg), ie€lnl @)

We stack the measurement vectors as rows to define the n x d sensing matrix A. That
is,

=la1,....a". ®)
We write 8, = % for the sampling ratio and assume that §, — & € (0, 00). Since the
entries of the sensing matrix are ~; ; 4. N(0, 1/d), each row of A has norm close to 1.

2.3 Linear Estimator

Given the measurements (y;);e[n] and a preprocessing function 77 : R — R, define
the n x 1 vector
= [T - TL ] ©9)

Consider the following linear estimator that averages the data as follows:

b= ﬁATzL = vd PV ACHITE (10)
n ‘:

n

The following lemma characterizes the asymptotic performance of this simple
estimator. The proof is rather straightforward, and we include it in Appendix A for
completeness.

Lemma Let x be such that |x||5 = d, {ai}i<i<n ~iia. N0, I4/d), and y be
distributed according to (7). Let n/d — 8, G ~ N(0, 1) and define Z; = Ty (Y) for
Y ~ pyi(-|G) such that E{|GZ|} < oo. Let %% be the linear estimator defined as
in (10). Then, as n — o0,

11 2 B (GzZ, )2 + AL L} and
AL
; 8. IE GZ
A(Lx x) asy { L) (11)
1E502 15l JE(GZL)? +E (23} /s
2.4 Spectral Estimator
Given the measurements (y;);e[n], consider the n x n diagonal matrix
ZS zdiag(,]'\‘(yl)a "'77;())11))7 (12)
where 7y : R — R is a preprocessing function. Consider the d x d matrix
D,=ATZA. (13)

Let G ~ N@©,1),Y ~ p(- | G), and Z; = T4(Y). We will make the following
assumptions on Zj.

Fol:'ﬂ
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ADP(Z; =0) < 1.
(A2) Z; has bounded support and 7 is the supremum of this support, i.e.,

T =inf{z: P(Z; < z) = 1}. (14)

(A3) As A approaches t from the right, we have

. Zs , Zs - G?
Iim E{ ———{ = lim E = 0. (15)
A—tt (A — ZS)Z A—>Tt A—Z

Let us comment on these assumptions. First, the condition (A1) simply avoids the
degenerate case in which the measurement vector, after passing through the prepro-
cessing function, is 0 with high probability. Second, the condition (A2) requires that the
support of Z; is bounded both from above and below. This assumption appears in the
papers that have recently analyzed the performance of spectral estimators [34,35,37],
and it is also required for Lemma 2. Requiring that the support of Z; is bounded from
above is rather natural, since the argument relies on the matrix D,, having a spectral
gap. It is not clear whether having the support of Z; bounded from both sides (rather
than only from above) is necessary, and investigating this aspect is an interesting
avenue for future research. Let us also point out that the condition (A2) is purely tech-
nical and rather mild. In fact, if the desired preprocessing function is not bounded,’
then one can construct a sequence of bounded approximations that approach its per-
formance, as done, e.g., in [35]. Finally, the condition (A3) essentially requires that
Z, has sufficient probability mass near the supremum of the support 7. One sufficient
condition is that the law of Z; has a point mass at t. If this is not the case, the argument
in (115)—(118) of [37] shows how to modify the preprocessing function 7 so that (i)
condition (A3) holds, and (ii) the spectral estimator suffers no performance loss.

For A € (t,00) and § € (0, 00), define

Z, - G2
W):”E{x—zs}’ (16)
and
,\)—A<1+1E{ Zs }) (17)
Ys(A) = 5 —z|)

Note that ¢ (1) is a monotone non-increasing function and that 5(1) is a convex
function. Let A5 be the point at which s attains its minimum, i.e.,

As = argmin ¥5(X). (18)
A>T
For A € (1, 00), define also
¢s(2) = Ys(max(d, As)). (19)
1 This is the case, e.g., in noiseless phase retrieval, where y; = (x, ai)2 and the optimal preprocessing
function is 7;*(y) =1 —1/y.
EOE';W
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The spectrum of D, exhibits a phase transition as § increases. The most basic
phenomenon of this kind was unveiled for low-rank perturbations of a Wigner matrix:
the well-known BBAP phase transition, first discovered in the physics literature [26],
and named after the authors of [2]. Here, the model for the random matrix D, is quite
different from that considered in [2,26], and the phase transition is formalized by the
following result.

Lemma2 Let x be such that ||x||% =d, {a;}1<i<n ~iid. NOg,14/d), and 'y be
distributed according to (7). Let n/d — 8, G ~ N (0, 1) and define Z; = T4(Y) for
Y ~ pyic(-|G). Assume that Z; satisfies the assumptions (A1)-(A2)—(A3). Let x°
be the principal eigenvector of the matrix D,,, defined as in (13). Then, the following
results hold:

1. The equation
()=o) (20)

admits a unique solution, call it 1}, for A > 1.
2. Asn — 090,

0, if ;00 <0,

YA} s 2h
m’ ifys(A3) > 0,

|(-’Afs,x>|2 a.s.

EXETE

where g and @' denote the derivatives of these two functions.
3. Let )\f)" > )\g" denote the two largest eigenvalues of D,,. Then, as n — 00,

D,
)Ll

A 2 5 es(hs).

25 5850, .

The proof immediately follows from Lemma 2 of [37]. In that statement, it is
assumed that x is uniformly distributed on the d-dimensional sphere, but this assump-
tion is actually never used. In fact, since the sensing vectors {a; }1 <; <, arei.i.d. standard
Gaussian, to prove the result above, without loss of generality we can assume that
x = \/Eel, where e; is the first element of the canonical basis of RY. We also note
that the signal x and the measurement matrix A differ from Lemma 2 in [37] for a
scaling factor. This accounts for an extra term § in the expression of the eigenvalues
of D,,.

3 Main Results

Throughout this section, we will make the following additional assumptions on the
signal x, the output function of the GLM, and the preprocessing functions 77, and 7
used for the linear and spectral estimators, respectively.
(B1) Let Py 4 denote the empirical distribution of x € R?, with | x| = d. Asd —
00, ﬁx,d converges weakly to a distribution Px such that, for some k > 2, the following
Elol:;ﬂ
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hold: (i) Epy {|X*7?) < oo, and (ii) limg—e B, {IX[*77) = Ep {IX[*77).

Furthermore, E{|Y|*~2} < oo, with ¥ ~ py|G(-|G) and G ~ N(0, 1).

(B2) The function 77 : R — R is Lipschitz and |E{7.(Y)G}| > 0; the function
75 : R — R is bounded and Lipschitz.

The assumption (B2) is mainly technical and rather mild, since one can construct
a sequence of approximations of the desired 77, 7; that satisfy (B2).

Lemmas 1 and 2 in the previous sections derive formulae for the asymptotic corre-
lation of x with the linear estimator " and the spectral estimator x°. For convenience,
let us denote these as follows:

E V4 G / )‘.*
pPL = (2.6} , and p; = - Ifa( 5)/ . 23)
JEZLG) +E(Z3) /s VG5 = ¢/

We also denote by ny, the high-dimensional limit of ||fcL 2,

n = B(GZL)? +E (22} /s, @0
and we define
]E{ ZLl-G }

Wé()\«j;) ] l_gzs (25)

VD =900 gz, 6y + Bl

3.1 Joint Distribution of Linear and Spectral Estimators

The key technical challenge is to compute the limiting joint empirical distribution of
the signal x, the linear estimator %%, and the spectral estimator X°. This result is stated
in terms of pseudo-Lipschitz test functions.

Definition 1 (Pseudo-Lipschit test function) We say that a function ¢ : R™ — Ris
pseudo-Lipschitz of order £ > 1, denoted ¥ € PL(k), if there is a constant C > 0
such that

1) =Ml < CA+ x5+ 115 Ix =yl (26)
forallx, y € R™.

Examples of test functions in PL.(2) withm = 2 include ¥ (a, b) = (a—b)?, Y(a,b) =
ab, and ¥ (a,b) = |a — b|. We note that if s € PL(k), then ¥ (x) < C'(1 + ||x||§)
for some constant C’ > 0. Also note that if ¢ € PL(k) for k > 2, then ¥ € PL(k')
forl <k' <(k—1).

Theorem 1 (Joint distribution) Ler x be such that ||x||% = d, {aiti<i<n ~iid.
N4, 1,/d), and y be distributed according to (7). Let n/d — §, G ~ N(0, 1),
Zy =T1.(Y), and Zg = T (Y) for Y ~ pyc(-|G). Assume that (A1)—(A2)—(A3)
EOE';W
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and (B1)—~(B2) hold. Assume further that Yg(Ay) > 0, and let x° be the principal
eigenvector of D, defined as in (13) with preprocessing function T, with the sign of
x° chosen so that (£°, x) > 0. Let £ be the linear estimator defined as in (10) with
preprocessing function Ty .

Consider the rescalings x° = ~/d%* and x* = /d&"/ny. Then, the following
holds almost surely for any PL(k) function ¥ : R3 — R:

d
. 1
lim — > . xf ) = By (X, p X + Wi, psX + Wy} @27
d—oo d i=1

Here, X ~ Px, and (Wp, Wy) are independent of X and jointly Gaussian with zero
mean and covariance given by IE{WZ} =1- pz, E{Wf} =1- ,os2 and E{W; W} =
q — PLPs-

Note that the order k of the pseudo-Lipschitz test function appearing in (27) is
the same as the integer k appearing in assumption (B1). In particular, the order of
pseudo-Lipschitz functions for which (27) holds is only constrained by the fact that
the random variables X and Y should have finite moments of order 2k — 2. The proof
of the theorem is given in Sect. 5.

Remark 1 (What happens if either linear or spectral are ineffective?) From Lemma 1,
the assumption |E{77 (Y)G}| > O contained in (B2) implies that |p; | > 0. Similarly,
from Lemma 2, the assumption 1//(§ (A§) > 0 implies that p; > 0. Thus, Theorem 1
assumes that both the linear and the spectral estimators are effective. We note that a
similar result also holds when only one of the two estimators achieves strictly positive
correlation. In that case, i : R> — R takes as input the components of the signal x
and of the estimator that is effective (as well as the corresponding random variables),
and a formula analogous to (27) holds. The proof of this claim is easily deduced from
the argument of Theorem 1. A simpler proof using a rotational invariance argument
along the lines of (144)-(151) also leads to the same result.

Remark 2 (Convergence in W) The resultin Eq. (27) is equivalent to the statement that
the empirical joint distribution of (x, x, x¥) converges almost surely in W distance
to the joint law of

(X, pr X + Wi, ps X + Wy). (28)

This follows from the fact that a sequence of distributions P, with finite k-th moment
converges in Wy to P if and only if P, converges weakly to P and f lall*dP,(a) —
[ llall* dP(a), see [55, Definition 6.7, Theorem 6.8].

3.2 Optimal Combination

Equipped with the result of Theorem 1, we now reduce the vector problem of estimating

x given (itL, x%) to an estimation problem over scalar random variables, i.e., how to

optimally estimate X from observations X;, := pr X + Wy and X := p; X + W,

where Wy and W are jointly Gaussian. The Bayes-optimal estimator for this scalar
Elol:;ﬂ
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problem is given by
Fo(xp,xs) = E{X | XL =x1, X5 = x,}. (29)
This is formalized in the following result.
Lemma3 Let (X, X1, Xy) be jointly distributed random variables such that
Xp=prX+Wr and X;=pX+ W, (30)
where (Wy,, Wy) are jointly Gaussian independent of X with zero mean and covariance

given by E{W%} =1- p%, ]E{Wf} =1- ,03 and E{\Wy W} = q — prps. Assume
that p;, # 0 or ps #= 0. Let

Vo= [f(XL,XS) 0 < B{f2(X1, Xy)) < oo], G1)

and consider the following optimal estimation problem of X given X[ and X; over
all measurable estimators f : R> — R in V:

|]E {X . f(XL’ Xs)} | .
fev \/IE{XZ} -k {fz(XL, Xs)}

(32)

Then, for any ¢ # 0, X = cFy (X1, Xy) attains the maximum in (32), where Fy is
defined in (29).

Proof By the tower property of conditional expectation, for any f € V we have

IELX - f(Xp, X} JEAELX | Xp, X5} - f(X2, X))
VE{f (XL, X5)?} VE{f(XL, X5)?} (33)

< JE(EX| XL, X,12).

where we have used the Cauchy—Schwarz inequality. Moreover, the inequality in (33)
becomes an equality if and only if f(Xr, Xs) = cE{X | X1, X,}, for some ¢ # O,
which proves the result.

At this point, we are ready to show how to optimally combine the linear estimator
#% and the spectral estimator £°.

Theorem 2 (Optimal combination) Consider the setting of Theorem 1. Let Fy be
defined in (29) and assume that F, € PL(1k/2]). Then, as n — 00,

[(Fa b, x), x)as JE(X - Fa(Xp, X)) |

34
IE G x5 lxl E{F2(Xp. Xy)) -

FolCT
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where Fy acts component-wise on xL and x5, ie., F,(x", x5 = (F*(le, x1), ...,
F, (x}i, x3)). Furthermore, for any f € PL(|k/2]) acting component-wise on x% and
x5, almost surely,

[(f (b, x%), x)]

n=o0 || f(xb, x%)|l2llx[l2 ~

(35)

Proof If f(b,c) € PL(Lk/2]), then one can immediately verify that (i) ¥ (a, b, c) =
af (b, ¢) € PL(k), and (ii) ¥ (a, b, ¢) = (f (b, ¢))? € PL(k). Thus, by applying Theo-
rem 1, we have that, for any f (b, ¢) € PL(|k/2]), as n — oo,

(Fael xS, x) as. E{XF(orX + Wi, psX + Wy)}
H

) 36
If (e, x)[12llx 12 VE{f2(pr X + Wi, ps X + W)} (36)

By taking f = F,, the result (34) immediately follows. By applying Lemma 3, (35)
also follows and the proof is complete.

The integer k appearing in assumption (B1) is the same one defining the order | k/2 |
of the pseudo-Lipschitz functions F, and f in (34)—(35).

Remark 3 (What happens if either linear or spectral are ineffective?) Theorem 2 con-
siders the same setting of Theorem 1, and therefore it assumes that p; # 0 and
ps # 0. The results in (34)—(35) still hold if either p;, = 0 or p; = 0 (and even in the
case p; = ps = 0). For the sake of simplicity, suppose that p; = 0 (the argument
for p; = 0 is analogous). Then, X; = Wy is independent of X and therefore the
conditional expectation in (29) does not depend on x,. Recall from Remark 1 that if
pr. = 0, then a formula analogous to (27) holds where ¥ : R?> — R takes as input the
components of x and x® on the LHS, and the corresponding random variables on the
RHS. Hence, (34)—(35) are obtained by following the same argument in the proof of
Theorem 2.

We highlight that, even if one of the two estimators is ineffective, the proposed
optimal combination can still improve on the performance of the other one. This is
due to the fact that the function F, takes advantage of the knowledge of the signal
prior. We showcase an example of this behavior for a binary prior in Fig. 5 discussed
in Sect. 4.2. We also note that if the signal prior is Gaussian, then no improvement
is possible when one of the two estimators has vanishing correlation with the signal,
see Figs. 2, 3 and 4 in Sect. 4.1. In fact, as detailed in Sect. 3.3, in the Gaussian case
F,(x", x*) is a linear combination of x and x*. Thus, if p; = 0 (resp. p; = 0), then
Fy(x", x*) is aligned with x* (resp. x").

Remark 4 (Sign of x°) The spectral estimator £° is defined up to a change of sign,
since it is the principal eigenvector of a suitable matrix. In Theorem 1 and 2, we pick
the sign of x° such that (£°, x) > 0. In practice, there is a simple way to resolve the
sign ambiguity: one can match the sign of ¢ as defined in (25) with the sign of the
scalar product (®5 %) (see also (41)).

Remark 5 (Sufficient condition for pseudo-Lipschitz F,) The assumption that the

Bayes-optimal estimator Fy in (29) is pseudo-Lipschitz is fairly mild. In fact, F,
Elol:;ﬂ
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Fig.2 Monte Carlo simulations and theoretical predictions for an i.i.d. Gaussian signal and measurements
model y; = f({a;, x)) +02z;,2; ~iiq N(O,1). Here, f(x) = max{x, —0.4x} (cf. a)

is Lipschitz if either of the following two conditions on X hold [20, Lemma 3.8]: (i) X
has a log-concave distribution, or (ii) there exist independent random variables U, V

such that U is Gaussian, V is compactly supported and X Ly + V.

Remark 6 (Non-separable combinations) The optimality of F in Theorem 2 can be
extended to a class of combined estimators of the form fy (x, x%), where fa: R? x
R4 — R4 may not act component-wise on (xL, x%). Given fy, we define the function
Sp (el x%) = Tl faGet x9))2. Let f; : R? — R? be any sequence of functions
(indexed by d) such that Sy, : RY x R? — R is uniformly pseudo-Lipschitz of order
FoCT
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Fig.3 Monte Carlo simulations and theoretical predictions for an i.i.d. Gaussian signal and measurements
model y; = f((a;, x)) + 0z, 2 ~ijq. N(0,1). Here, f(x) = |x]- L{yj=1.5) + X - L{jx|<1.5) (cf. @)

k. That s, for each d, the property (26) holds for Sy, with a pseudo-Lipschitz constant
C that does not depend on d. Then, the state evolution result in [6, Theorem 1] for
non-separable test functions implies that

I 37
P G7

( |(fa(x", x%), x)|

Il fa (L, x%) 1|21l 12

50*) =1
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Fig.4 Monte Carlo simulations and theoretical predictions for an i.i.d. Gaussian signal and measurements
model y; = f({a;, x)) +0zi,z; ~iidq N(,1). Here, f(x) = 0.3x + x2 (cf. a)

The result above is in terms of convergence in probability, while the limiting statement
in (35) holds almost surely. This is because the state evolution result for AMP with non-
separable functions [6, Theorem 1] is obtained in terms of convergence in probability.

3.3 A Special Case: Optimal Linear Combination

Theorem 2 shows that the optimal way to combine £ and £° is via the Bayes-optimal
estimator F for the corresponding scalar problem. If the signal prior X is standard
EOE';W
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Gaussian, then F (xL, x%) is a linear combination of x and x%. In this section, we
provide closed-form expressions for the performance of such optimal linear combi-
nation.

For convenience, let us denote the normalized linear estimator as x -, i.e., =
s / I2%]2. (Recall that the spectral estimator X° is already normalized, i.e., |£*|| =
1.) We consider an estimator £°(9) of x, parameterized by 8 € R U {400}, defined as
follows:

L

#0) :=0x" +2°, 6 e RU{+o0}, (38)

where we use the convention, ¥°(8) = +xL for 6 = +o0.
Let us now compute the asymptotic performance of the proposed estimator X°(6)
in (38). Specifically, using Lemmas 1 and 2, it follows immediately that

a.s

<2°(9), L> 2% 9. op + ps . (39)
llx 1l

In order to conclude with the limit of the normalized correlation I (£ (6).x) , 1t still

_ _ _ @, lxl
remains to compute the magnitude of the new estimator:

|%¢©@) ||§ =0%x"3 + ||£S||§ +20(xY, 2% = 6% + 1 +20(x", &%), (40)

This is possible thanks to the following result, which gives the correlation between
the linear and the spectral estimator as well as the asymptotic performance of the linear
combination x€(8).

Corollary 1 (Performance of linear combination) Consider the setting of Theorem 1.
Then, as n — 00,
~L as
X, x
—<L z = q. (41)
15102 £,

where q is given by (25). Furthermore, let X°(0) be the estimator defined in (38)
parameterized by 0 € R. Then, as n — 00,

(-’ec(e)y x) a.s. Opr + ps

[F@,0xl,  Ji+0%+20q

=: F(0). (42)

Proof The limit of the correlation (41) follows by applying Theorem 1 with the PL(2)
function v (a, b, ¢) = bc and using that ||5:L Il 250 1. The result (42) then follows

sL »s
from (40) and (41), recalling that (x*, %) = W and ||#°]2 = 1.
2 2
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Using (23), the parameter ¢ can be alternatively expressed in terms of py, and ps in
the following compact form:

Z1G
g=pr-p-BE{ 1 E(Z,GY. 3)
1- Lz,

Observe also that F'(0) = p; and F(00) := limg_, 4+~ F () = +pp.
Using the characterization of Corollary 1, we can compute the combination coeffi-
cient 6, that leads to the asymptotically optimal linear combination of the form (38).

Corollary 2 (Optimal linear combination) Recall the notation in Corollary 1 and define

PL — Psq
Ps — PLY

Oy = € RU {#£o0c}. (44)

Assume |q| < 1. Then, for all € R U {£o0}, it holds that

P2 + p7 —2qpLps

— (45)

|F(O)| = F(6:) = \/

The proof of Corollary 1 is deferred to Appendix B. Let us now comment on the
assumption |g| < 1.If &l and £° are perfectly correlated (i.e., |¢| = 1), then it is clear
that the combined estimator £°(#) cannot improve the performance for any value of 6.
On the contrary, when |g| < 1, Corollary 2 characterizes when the linear combination
x€ strictly improves upon the performance of the individual estimators & and 2%
Specifically, by denoting

, if > Ps,
pmas = max{lprl, o) and  pa= {P/PL HloLl= A (46)
oL/ps, else,
such that the right-hand side of (45) becomes
(p —q)?
F(6) = prmaxy| 1+ ——2, (47)

1—q2
it can be readily checked that F'(6x) > pmax provided that |¢| < 1 and g # p.

Remark 7 (Optimization of preprocessing functions) The linear estimator #L and the
spectral estimator x° use the preprocessing functions 77, (cf. (3)) and 7; (cf. (4)),
respectively. The choice of these functions naturally affects the performance of the
two estimators, as well as, that of the combined estimator F. (xL, x%). Lemmas 1-2,
Theorem 2 and Corollary 2 derive sharp asymptotics on the estimation performance
that hold for any choice of the preprocessing functions 77, and 7 satisfying our tech-
nical assumptions (A1), (A2), (A3), (B2). In Appendix C, we briefly discuss how these
EOE';W
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results can be used to yield optimal such choices. Specifically, the optimal preprocess-
ing function that maximizes the normalized correlation of the spectral estimator is
derived in [35], see Appendix C.2. The optimal choice for the linear estimator is much
easier to obtain and we outline the process in Appendix C.1. In Appendix C.3, we
combine these two results to derive a precise characterization of the sampling regimes
in which the linear estimator surpasses the spectral estimator, and vice-versa. Finally,
in Appendix C.4, we use Corollary 2 to cast the problem of optimally choosing 77 and
7, to maximize the correlation of the combined estimator x°(6,) as a function opti-
mization problem. Solving the latter is beyond the scope of this paper, and it represents
an intriguing future research direction.

4 Numerical Simulations

This section validates our theory via numerical experiments and provides further
insights on the benefits of the proposed combined estimator.

First, we consider a setting in which the signal x is uniformly distributed on the
d-dimensional sphere. In this case, the limiting empirical distribution Py is Gaussian.
Thus, the Bayes-optimal estimator F, (xL, x%) in (29) is linear and is given by £(6,),
where 6, is determined in Corollary 2. For this scenario, we study in Figs. 2, 3 and 4
the performance gain of £°(6,.) for three different measurement models and for various
noise levels.

Second, in Fig. 5 we consider a setting in which the the entries of x are binary,
drawn i.i.d. from the set {1, —1}, such that the empirical distribution is of the form
Px (1) =1—Px(—1) = p, forsome p € (0, 1). For this case, we compute the Bayes-
optimal estimator Fy(x,Xxs) and compare it with the optimal linear combination
x€(0) for various choices of output functions.

4.1 Optimal Linear Combination

In Fig. 2, we fix the input—output relation as y; = f({(ai, x)) + oz;, with z; ~; ;4.
N(0, 1) and f(x) = max{x, —0.4x} (cf. Fig. 2a), and we investigate the performance
gain of the proposed combined estimator for different values of the noise variance
o2. Here, x is generated via a standard Gaussian vector which is normalized such
that || x|, = Jd. Also, a; ~iiqa N(0g4,1;/d) and the pre-processing functions are
chosen: 77 (y) = y and Z;(y) = min{y, 3.5}. Note that the empirical distribution of x
tends to a standard Gaussian distribution in the high-dimensional limit. Thus, following
Sect. 3.3, the optimal combined estimator is (asymptotically) linear and is given by
(38) for 6 = 6, chosen as in (44). In Fig. 2b, we plot the percentage improvement
Px—pP

pma‘;‘a* x 100 as a function of the sampling ratio §, for three values of the noise variance

02 = 0,0.4 and 0.8. Here, px = F(6,) defined in (45) and pmax = max{|pr|, ps}-
We observe that, as o2 increases, larger values of the sampling ratio § are needed for
the combined estimator to improve upon the linear and spectral estimators. However,
for sufficiently large 8, the benefit of the combined estimator is more pronounced for
larger values of the noise variance. For instance, for o2 =0.8and large values of 4, the
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percentage gain is larger than 10%. In Fig. 2c, we fix 0> = 0.4 and plot the correlations
oL, ps and p,. The solid lines correspond to the theoretical predictions obtained by
Lemma 1, Lemma 2 and Corollary 2, respectively. The theoretical predictions are
compared against the results of Monte Carlo simulations. For the simulations, we
used d = 1000 and averaged over 15 independent problem realizations. In Fig. 2c

(Middle), we also plot the limit g (cf. (25)) of the cross-correlation “ﬁf‘lﬁ and the
ratio p in (46). The corresponding values of the optimal combination coefficient 8, are
plotted in Fig. 2c (Right). For values of § smaller than the threshold for weak-recovery
of the spectral method (where p; = 0), we observe that p, = pr and 6, = oo.
However, for larger values of §, the value of the optimal coefficient 6, is non-trivial.
Finally, Fig. 2d shows the same plots as in Fig. 2c, but for 02 = 0.8.

The setting of Fig. 3 is the same as in Fig. 2, only now the input—output function is
chosenas f(x) = |x|-1{x>1.5) + X - 1{jx|<1.5). Comparing Fig. 3b to Fig. 2b, note that
the benefit of the combined estimator is more significant for the link function studied
here. Moreover, in contrast to Fig. 2b, here, the percentage gain of the combined
estimator takes its maximum value in the noiseless case: o> = 0.

In Fig. 4, we repeat the experiments of Figs. 2 and 3, but for f(x) = 1+ 0.3x +
(x2 —1). Compared to the two functions studied in Figs. 2 and 3, in Fig. 4 we observe
that the performance gain is significantly larger and reaches values up to 30%. This
can be argued by considering the expansion of the input—output functions on the basis
of the Hermite polynomials, i.e., f(x) = Z?io H;h;(x), where h; (x) is the ith-order
Hermite polynomial with leading coefficient 1 and H; = %EGN No.D{f(Ghi(G)}.
Specifically, recall that the first three Hermite polynomials are as follows: hg(x) = 1,
hi(x) = x and ha(x) = x% — 1. Thus, for f(x) =1+4+03x + =1, only the
first three coefficients {H;},i = 0, 1, 2, are non-zero. To see the relevance of these
coefficients to the linear and spectral estimators, note that for identity pre-processing
functions it holds that E{G Z; } = E{GY} = E{Gf(G)} = H; and E{(G* — 1) Z,} =
E{(G* — 1) f(G)} = 2H>. Thus, it follows directly from Lemma 1 that p; = 0 if the
first Hermite coefficient H; is zero. Similarly, it can be shown using Lemma 2 that
ps = 0 if the second Hermite coefficient H, is zero; in fact, the threshold of weak
recovery of the spectral method is infinity in this case (see (167) in Appendix C).
Intuitively, the linear and spectral estimators exploit the energy of the output function
corresponding to the Hermite polynomials of first- and second-order, respectively;
see also [17,52]. In this example, we have chosen f(x) such that all of its energy is
concentrated on the Hermite polynomials of order up to two.

As a final note, from the numerical results in Figs. 2, 3 and 4, we observe that the
proposed optimal combination leads to a performance improvement only if both the
linear and the spectral estimators are asymptotically correlated with the signal. This
is because the signal prior is Gaussian (see Remark 3). In contrast, as we will see in
the next section, when the signal prior is binary, the combined estimator provides an
improvement even when only the linear estimator is effective.
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4.2 Bayes-Optimal Combination

In Figs. 5a—d, we consider the same setting as in Figs. 3 and 4, respectively. However,
here each entry of x takes value either 4+1 or —1. Each entry is chosen independently
according to the distribution Px (1) = 1 — Px(—1) = p, for p € (0, 1). Thus, the
Bayes optimal combination £™™*° = F,(x", x*) is not necessarily linear as in the
Gaussian case. In Appendix D, we compute the Bayes-optimal estimator F(xr, xy)
(cf. (29)) for the setting considered here. Then, we use the prediction of Theorem 2 to
plot in solid black lines the normalized correlation of £™™ with x (i.e., p"™€ = p,
in (34)). The theoretical predictions (solid lines) are compared against the results of
Monte Carlo simulations (markers). Moreover, we compare the optimal performance
against those of the linear estimator (cf. pr ), the spectral estimator (cf. p5) and the
optimal linear combination X°(6;) (cf. p}kinear). We have chosen p = 0.3 in Fig. Sa,
cand p = 0.5 in Fig. 5b, d. Note that the optimal /inear combination provides a
performance improvement only for the values of § s.t. o > 0 and p; > 0. On the

contrary, pj"™€ is strictly larger than p;, even when p; = 0.

1 : 1
3
0.8} 5
06}
0-4‘ —/PL
— o, —
0.2} — plnear | 0.0k e
e -
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2 4 6 8 10 12 2 4 6 8 10 12
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Fig.5 Bayes-optimal combination vs optimal linear combination for a binary prior Py (1) = 1—Px(—1) =
p-Ina, b (resp. ¢, d) the setting is otherwise the same as in Fig. 3 (resp. Fig. 4)
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Fig. 6 Normalized correlation of gradient descgnt iterates for different initializations: (i) linear ,\?L, (ii)
spectral #°, (iii) optimal linear combination "% (Bayes-optimal for Gaussian signal prior), and (iv)
Bayes-optimal combination £™™¢, Depicted are means (solid lines) and standard errors (shaded regions)
over 10 Monte Carlo realizations. In all cases, y; = f({(a;, x)) +z;,i € [n],z; ~ N(0,0.2) and d = 250.
a f(x)=03x+ ().5(x2 — 1), § = 3, Gaussian prior. b f(x) = 0.3x + O.5x2, 8 =5, Gaussian prior. ¢, d
f(x)=0.3x + 0.5x2,8 =5, prior over {+1, —1} with Py (1) = p = 0.3 for cand Py (1) = p = 0.1 for
d

4.3 The Combined Estimator as Initialization for Local Algorithms

As mentioned in the introduction, the initial estimates of the signal obtained by either
the linear/spectral methods or our proposed combined estimator can then be refined via
local algorithms such as gradient descent (GD). The theory and numerical simulations
in the previous sections showed the superiority of our proposed combined estimator
MM = F,(x", x%) over x" and x*® in terms of correlation with the true signal. In
Fig. 6, by plotting the correlation of GD iterates x;, t > 1 for different initializations,
we show numerically how this improvement translates to improved performance of
gradient descent refinements. Specifically, we ran GD on squared error loss with step
size 1/2, that is x;41 = x; — Zie[n] f'Ua;i, x)) (yi — f({a;, x;))). Here, f is the
output function described in the caption of the figure.
In Fig. 6a, b, the true signal has i.i.d. Gaussian entries, thus the linear combined
estimator X° is the optimal combination in terms of correlation performance. We
EOE;”
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observe that for two different choices of output function and sampling ratio (see
caption), GD with linear or spectral initialization requires hundreds of iterations to
reach the performance of the combined estimator. In Fig. 6¢, d, the true signal has
entries in {41, —1}, chosen independently with Px(1) = p = 0.3 and Px(—1) =
p = 0.1, respectively. Here, the linear combined estimator is sub-optimal (but still
improves upon linear/spectral), thus we also compute and study the Bayes-optimal
estimator. Interestingly, while for both priors, GD converges to the same correlation
as t increases, for p = 0.1, GD achieves higher correlation if stopped early. It is a
fascinating, albeit challenging, question to better understand the evolution of the GD
trajectory as a function of the initialization, signal prior and output function.

5 Proof of Theorem 1
5.1 Proof Sketch

The proof of Theorem 1 is based on the design and analysis of a generalized approx-
imate message passing (GAMP) algorithm. GAMP is a class of iterative algorithms
proposed by Rangan [44] for estimation in generalized linear models. A GAMP algo-
rithm is defined in terms of a sequence of Lipschitz functions f; : R — R and
gt 'R xR — R, fort > 0. Fort > 0, the GAMP iteration computes:

u' = %A.ft("t) —bigi—1 (' y),
(48)

1
- —ATg;(ut; y) — i fi(v).

NG

Here, the functions f; and g; are understood to be applied component-wise, i.e.,

[0 = (i), ..., fi(v)) and g (w'; y) = (& Wi; y1), ..., & ul; ya)). The
scalars by, ¢; are defined as

d n
1 , 1
by = - E W), o= - E g i vi), (49)
i=1 i=1

where g;(-, -) denotes the derivative with respect to the first argument. The iteration
(48) is initialized with

1
W=cl,, v'=—ATgu’y), (50)

NG

for some constant ¢ > 0. Here, 1,, € R” denotes the all-ones vector.

A key feature of the GAMP algorithm (48) is that the asymptotic empirical distribu-
tion of its iterates can be succinctly characterized via a deterministic recursion, called
state evolution. Hence, the performance of the high-dimensional problem involving
the iterates u’, v’ is captured by a scalar recursion. Specifically, this result gives that

Elol:;ﬂ
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for ¢ > 1, the empirical distributions of #’ and v converge in W, distance to the laws
of the random variables U; and V;, respectively, with

U =pu,G+oy Wy, (5D
Vi=uyv X +ov Wy, (52)

where (G, Wy ;) ~iid. N(0, 1). Similarly, X ~ Px and Wy ; ~ N(0O, 1) are inde-
pendent. The deterministic parameters (Ly s, Ou ¢, UV.r, Oy ) are computed via the
recursion (56) detailed in Sect. 5.2, and the formal statement of the state evolution
result is contained in Proposition 1 (again in Sect. 5.2).

Next, in Sect. 5.3, we show that a suitable choice of the functions f;, g; leads to
a GAMP algorithm such that (i) v! = Vd 2", and (ii) v' is aligned with v/d £* as ¢
grows large. Specifically, choosing go(u; y) = 77.(y)/~/8 in (50) immediately gives
vl = ﬁ £ In order to approach the spectral estimator as t — oo, we pick f;, g; to
be linear functions; see (68). The idea is that, with this choice of f; and g;, the GAMP
iteration is effectively a power method. Let us now briefly discuss why this is the case.
With the choice of f;, g; in (68), the GAMP iteration can be expressed as

t

\/3113[ [Av' — Zu’_l],
NG}

vt = AT Zu' — 5 E{Z} v,
t

(53)

where Z = diag(7 (y1), ..., 7 (yn)), Z = E{T (Y)}, and the function 7 : R — R is
defined later in terms of the spectral preprocessing function Zg; see (82). Then, Lemma
4 analyzes the fixed points of the state evolution of the GAMP algorithm (53), and
Lemma 6 proves that in the high-dimensional limit, the vector v’ tends to align with
the principal eigenvector of the matrix M, = ATZ(Z + SE{Z(G* — D},)"'A as
t — oo. Here, we provide a heuristic sanity check for this last claim. Assume that
the iterates v’ and u’ converge to the limits v™° and u®, respectively, in the sense
that lim; o 1[[v" — v*°||% = 0 and lim,, o + [lu’ — u*°||?> = 0. Then, from (53), the
limits v*° and u®° satisfy

1

u>® = T [Av°° — Zuoo],
/s (54)
v>®° = AT Zu™ — b E{Z} v®°.

Furthermore, from the analysis of the fixed points of state evolution of Lemma 4, we
obtain that S, = \/EE{Z (G? — 1)}. Thus, after some manipulations, (54) can be
rewritten as

u® = (Z +SE(Z(G? — D},)~' Av™
ﬂ o0 _ 42T 2 o (55)
<1 E{Z(Gz—n})" = A" Z(Z + SE(Z(G" — D} ,) ™ Av™.
EOE';W
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Hence, v*° is an eigenvector of the matrix AT Z(Z + SE{Z(G?* — 1)}I,,)"'A, and
the GAMP algorithm is effectively performing a power method. Finally, we choose
T (and consequently Z) so that Z(Z + SE{Z(G?> — }I,)~! = Z,, with Z, given
by (12). In this way, the matrix ATZ(Z + (SIE{Z(G2 — 1)}1,,)_1A coincides with
the spectral matrix D,,, as defined in (13), and therefore v’ approaches the spectral
estimator £°.

In conclusion, as v! = +/d%" and v’ tends to be aligned with +/d&® for large 1,
we can use the state evolution result of Proposition 1 to analyze the joint empirical
distribution of (x, \/Efcl‘, \/E.i's). At this point, the proof of Theorem 1 becomes a
straightforward application of Lemma 6 and is presented at the end of Sect. 5.3. The
proof of Lemma 6 is quite long, so it is provided separately in Sect. 5.4.

5.2 State Evolution for Generalized Approximate Message Passing (GAMP)

For ¢+ > 1, let us define the following deterministic recursion for the parameters
(WUt 0U 1> v 15 Ov,¢) appearing in (51)—(52):

1
MUt = %
2 1 2 1 J5 2
o, = sE{ (V) = XEQA0N?} = SE{ (V) = Voo X)) (56)
1.1 = VE{Gg (U Y)} — Elg,(Us; V)YE{Xf:(Vi)),
o2 1 = Elg(Us; V).

E{X /i (VD},

Recalling from (50) that u® = c1,, the state evolution recursion is initialized with
uv.i = V8E{go(c: Y)G}, o}, =E{go(c; ¥)*}. (57)
Furthermore, for + > 0, let the sequences of random variables (W ;);>0 and

(Wy 1)r>0 be each jointly Gaussian with zero mean and covariance defined as follows
[6,47]. First, we have:

E{Wy, 1 Wy} = E{go(c; ¥) g—1(mv,i—1G + oWy —1; Y}, t=2. (58)

Ooy,10V.t
Then, for r, t > 1, we iteratively compute:

E{Wy., Wy .}
1 1

= : 7]E{(fr(uv,rx +oyv,Wy,)— X\/gliU,r)(fr(MV,tX +ov:Wy,:)
ourou: 9

*X*/SMUJ})}, (59)

1
E{(Wy 1 Wy 41} = ————E{g-(uv.+G + ou Wy i V) g (v G + oy Wy s )} . (60)
OV r+10V 141
Note that for r = 7, by (56) we have E{Wj, ,} = E{W} ,} = L.
Elol:;ﬂ
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Atthis point, we are ready to present the state evolution result [27,44] for the GAMP
algorithm (48)-(49).

Proposition 1 (State Evolution) Consider the GAMP iteration in Egs. (48)—(49), with
initialization uy = cl, € R", for any constant ¢ > 0. Assume that for t > 0, the
functions g; : R x R — Rand f; : R — R are Lipschitz, and that Assumption (BI)
on p.6 holds for some k > 2.

Then, the following holds almost surely for any PL(k) function ¥ : R"t1 — R, for
t>1:

RS _
lim = > "y (g ubul"' . u)) =E{Y(G, U, Uy, ....UD}, (6]
n—-oon P
1 &
. -1 1
dlggogz;wi,v;,v; WD) =B Vi Ve VD) (62)
1=
where the distributions of the random vectors (G, Uy, ..., Uy) and (X, V¢, ..., V1)

are given by the state evolution recursion in Egs. (51)—(60).

Remark 8 Suppose that we have a sequence of PL(k) functions ¥, : Rt — R
(indexed by ¢) such that

lim ]E{I//l(Ga Utv Ut—lv "'7U1)} =Cyu,
t—00

. (63)
tl_l)ngoIE{l/ff(X9 Vl’ Vl*l’ 7V1)} =Cv,

for some constants ¢y, cy € R. Then, since the statements (61) and (62) hold with
probability 1 for each fixed r > 1, we have that, almost surely,

: . 1 - t 1

tlggonlggozii_l V(g uj, ..., u;) =cy, (64)
d

. .1 1

[grgodgrgogiz_lI/f(xi,vf,..-,v,»)=cv- (65)

5.3 GAMP as a Power Method to Compute the Spectral Estimator

Consider the GAMP iteration in (48) initialized with u® = éln, and the function
g0 : R x R — R chosen as
TL(y)

u; y) = , 66)
go(u; y) NG (
so that
1 1 7
v ZEA T.(y). (67)
FolCTM
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(The function fj is assumed to be zero.) From (10), we note that v = NZE =
For ¢t > 1, let the functions g; : R x R — R and f; : R — R be chosen as

v

g y) =vsuT(y), fi(v)= R
t

(68)

where the function 7 : R — Ris bounded and Lipschitz, and ; is a constant, defined
iteratively for ¢+ > 1 via the state evolution equations below (Eqs. (72)—(74)). To prove
Theorem 1, we will choose 7 as a suitable function of 7; (see (82)). Note that the
functions g, and f; are required to be Lipschitz for # > 0, and this will be ensured
choosing 7 to be bounded and Lipschitz (see Lemma 6).

With this choice of f;, g, for ¢ > 1, the scalars in (49) are given by

1 1 ¢
b= a=vE=3 T (69)
i=1

In the GAMP iteration below, we will replace the parameter ¢, by its almost sure limit
¢ = /8 E{Z}, where Z £ T(Y). The state evolution result in Proposition 1 still
holds when ¢, is replaced with ¢; in the GAMP iteration [27,44]. This can be shown
using the pseudo-Lipschitz property of the test functions i in Egs. (61)—(62) and the
fact that lim;,— o0 % Yo'y T (yi) = E{Z} almost surely, due to the strong law of large
numbers.

With these choices, the GAMP iteration in (48) is as follows. Initializing with

1 1
u’ = s v =54TT), (70)
we have fort > 1:
1 —1
. fa_;s,[Avt — Z.ut ] fort =1,

[Av' — Zu'"'],  fort > 1,

1)
v = AT Zu' — ﬁiE{Z} v,
7

1
3B (71)

where Z; = diag(7z(y1), ..., 7 (yy)) and Z = diag(7 (y1), ..., 7 (y,)). The state
evolution equations in (56) become:

2

KVt 2 V.1
= N = 5 72
KUt N ol 552 (72)
1
vis = “ﬂv L[E{ZGY ~E{Z)].  of = E[uzv,tE{Zsz} +oy E{Z%)]. (73)
1 t
Brr1 = V “%/,H—l + C7\2/,z+1~ (74)
FolT
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Here, we recall that G ~ N(0, 1) and Z = 7(Y), for Y ~ py|g(- | G). From (57),
the state evolution iteration is initialized with the following:

1
pva =EITLINGY,  op =BT, pi=/ui,+op, (79

We will show in Lemma 6 that in the high-dimensional limit, the vector v’ in (71)
tends to align with the principal eigenvector of the matrix M,, = AT Z(Z+8E{Z(G*—
HiI n)_lA as t — oo. In other words, the GAMP iteration is equivalent to a power
iteration for M,. This equivalence, together with Proposition 1, allows us to precisely
characterize the limiting empirical distribution of the eigenvector of M, in Lemma 6.

We begin with a result characterizing the fixed points of the state evolution recursion
in (72)—(73).

Lemma4 Assume that E{Z(G? — 1)} > 0 and that § > % Then, the
state evolution recursion (72)—(73) has three fixed points: one is FPy = (ly =
0, av = E{Z2)}), and the other two are FP| = (fLy, &‘2,) and FPy, = (—fiy, 6‘%),

where

. \/ BB — E(22) o PEZGY 76
"IV B +Ez265 —E(z2) VT B2+ E(22G?) - E(z%)

with

B> =8 (B{ZG?} — B{Z})*. (77)

Furthermore, if the initialization (75) is such that vy 1 > 0, then the recursion
converges to FP1. If wy 1 < O, the recursion converges to F P».

The lemma is proved in Appendix E. We note that Lemma 4 (and the subsequent

Lemmas 5-6 as well) assumes that E{Z(G2—1)} > Oand § > (E{Z(;F;{}%. These
conditions concern the auxiliary random variable Z (or, equivalently, the auxiliary
function 7). In the proof of Theorem 1, which appears at the end of this section, we

will provide a choice of Z (depending on Z;) that fulfills these requirements; see (82).

2
Let us also point out that the condition § > (E{ZG]EZ{}% follows from y5(1}) > 0,
which in turn ensures that pg; > 0. For a discussion of the case p; = 0, see Remark 1.
The next lemma shows that the mean-squared difference between successive AMP

iterates vanishes as t — oo in the high-dimensional limit.

2
Lemma5 Assume that E{Z(G*—1)} > 0,8 > (E{ZGEZ{}% and |E{T.(Y)G}| >
0. Consider the GAMP iteration in (71) initialized with u® = %1,,. Then, the following
limits hold almost surely:

1
lim lim —||u P =0, lim lim - =o' |2 =0. (78)
t— 00 n— 00 t—o0od—soo d

FoE'ﬂ
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The proof of the lemma is given in Appendix F. The next result is the main technical
lemma needed to prove Theorem 1. It shows that, as  grows large, v’ tends to be aligned
with the principal eigenvector of the matrix M,, defined in (79). Theorem 1 is then
obtained from Lemma 6 by using a suitable choice for 7 (-) in the GAMP iteration
(71), which ensures that M, is a scaled version of D,, in (13).

Lemma6 Let x be such that ||x||2 =d, {a;}1<i<n ~iid. NOg,14/d), and 'y be

distributed according to (7). Let n/d — 6, G ~ N(0,1) and Z = T(Y) for Y ~

py|G(-| G). Assume that the conditions (B1)—~(B2) on p.6 hold (with T;(-) replaced

by T (-) in (B2)). Assume also that Z is bounded, P(Z > —1) = 1, E{Z(G* - 1)} > 0
2

and 8 > %. Define Z' = m and assume that Z' satisfies the

assumptions (Al), (A2), (A3) on p.5. Define the matrix
M, = ATZ(Z + SE{Z(G* — )} ,)"'A, (79)

where Z = diag(T (y1), ..., 7 (yn)). Let @ be the principal eigenvector of M, let
its sign be chosen so that (¢, x) > 0, and consider the rescaling (b(l) = \/c_i(ﬁl Also,
let ¥& = /d&", where 2" is the linear estimator defined in (10).

Then, the following holds almost surely for any PL(k) function  : RxRxR — R:

d
.1 L~ s 1, -
lim — Y w3 6 = By (X, pvaX +ovaWya, B Ay X + v Wy o). (80)
oo d (=

Here X ~ Px, fiy, 6v, B are given by (16)~(77), and Wy .1, 0‘2, | are given by (75).
The random variables (Wy .1, Wy ) are independent of X, and jointly Gaussian with
zero mean and covariance:

wy BE{T. (Y)YZG
E(W2 ) =E(W2 )= 1. E(Wy Wy o) = VI ZC)

Boy/E{TL(Y)?}

We first show how Theorem 1 is obtained from Lemma 6, and then prove the lemma
in the following subsection.

Proof of Theorem 1 Recall that 1§ is the unique solution of (20) for A > 7, where T is
the supremum of the support of Z;. Define

z, T

= =
A—Ze A -T(Y)

(82)

We now verify that Z satisfies the assumptions of Lemma 6. As A§ > 7 and Z; has
bounded support with supremum 7, we have that Z is bounded. Furthermore, Z is a
Lipschitz function of Y, since Z; is a Lipschitz function of Y and Z; is bounded away
from A§. Thus, Z satisfies the condition (B2) (with 7 (-) replaced by 7 (-)).

Next, note that 7 > 0 (since Zj satisfies assumption (A3)). AsP(A5 — Z; > 0) =1,
we have that P(Z > —1) = 1.

Elol:;ﬂ
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As Y5 (A}) > 0, we have that A} > A5, where A5 denotes the point at which s
attains its minimum (see Eq. (18)). Consequently, since A§ solves (20), we have that

Ys(h3) = ¢ (A5). (83)

As Zj; satisfies assumption (A3), we have that t > 0, which implies that Ag‘ > 0.
Thus, by using the definitions (16)—(17), (83) can be rewritten as

Z,(G* -1 1
E {%} =-. (84)
As — Zs 8
By combining (82) and (84), we obtain that
1
E{Z(G* - 1)} = 5> 0. (85)

Finally, we compute the derivative of ¥/s(1) at A}, noting that the derivative and the
expectation in (17) can be interchanged due to bounded convergence. We thus obtain
that the condition 1§(A%) > 0 is equivalent to

1 z; >
S ) D =E{z}, (86)
) ()"zsk - Zs)z
where the last equality follows from (82). From (85) and (86), we have § >
E{Z?}
(B{ZG?} —E{Z})*"
We also have
A z z Zy
7' = (87)

Z+OE(ZGP—1)) Z+1 i

where in the first equality we use (85) and in the second equality we use (82). Thus,
Z' satisfies the assumptions (A1)—(A2)—(A3) (with t/A§ being the supremum of its
support), and we can apply Lemma 6.

Using (87)in (79), we see that M, = % AT Z A. Therefore, the principal eigenvec-
tor of M, is equal to %°. Furthermore, from (76)—(77), we can compute the coefficients
fy,ov, B as

> = 5 (B(2G?) —E(2))? = %

-2l )
iy :\/7 ﬂ2(ﬁ22 iE{Zz}) 2 5 <5 E{zgk(aczi))z '
B +E{22G?) — E(Z?%) %+]E{(ig—zs)2}
ov = /52 n 15{22{62} —}E{ZZ} T i4E E%}
5 =72

FolCT
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By using also (75), one can easily verify that

nv,1 =nrpL, oy,1 =N[4/ 1 - ,0%, ,3_111\/ = Ps>

S~ [ — Ps iy BE{7.(Y)ZG}
ﬂ 10_ — l_psz, q PsPL — /fV ,
' (1= p2)(1 —p2)  BoVVE(TL(Y)?)

which yields the desired result.

5.4 Proof of Lemma 6
Fix ¢ > 0, and let Z=cZandZ =cZ. Then,

Z(Z + SE{Z(G?> — D} ,,)"' = Z(Z + SE{Z(G* — D} ,,)~". (88)

Thus, by inspecting the definition (79), one immediately obtains that ¢(1) does not
change if we rescale Z and Z by the multiplicative factor c. Furthermore, by using the
definitions (76)—(77), we have that

B—1~ _\/ 5 (B{ZG?*}—E{Z})2—E{Z?}
KV =\ 5E(ZGP—E(Z))+E(Z2G2—E(Z7)

_ § (E{ZGY)-E(Z)2-E(Z?} _ (89)
8 (B{ZG?}—E{Z})2+E{Z2G?}-E{Z2}’

51~ E{Z2G?)
B~ ov _\/8(]E{ZGZ}—IE{Z})2+]E{Z2G2}—IE{ZZ}

_ \/ E(72G%) (90)

8 (B{ZG2)—-E{Z})2+E(Z2G?}—-E(Z2}’

and that
pv E{TL(Y)ZG} E{7T.(Y)ZG} \/S(E{ZGZ} — E{Z})? - E{Z?}
BovJEITL(Y)?2)  S(E{ZG?} — E{Z}) E{Z2G?)E(TL(Y)?}

_ ETi("ZG) \/ME{ZGZ} —E{Z))? - E(Z?)
~ VO(E{ZG?) - E(Z)) E{Z2G)E{T,(Y)?}

Consequently, both the LHS and the RHS of (80) are unchanged when we rescale Z
and Z by the multiplicative factor c.

The argument above proves that, without loss of generality, we can rescale Z and Z
by any multiplicative factor ¢ > 0. To simplify the rest of the argument, it is convenient
to assume the normalization condition

E{Z(G*-1)} = % 92)
Elol:;ﬂ
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under which M, = AT Z(Z + 1,)7'A.

Consider the iteration (71) with the initialization in (70). Since by hypothesis,
/JL%,’I = (E{T7(Y)G})? > 0, Lemma 4 guarantees that the state evolution recursion
(73) converges to either fixed point F' Py or F P, ast — oo. That is,

~ 1
. 2 ~2 . 2 ~2 : 2 ~2 ~2 2
Jim py =iy, limoy, =6y, lm 7=y +oy=p"=- O3
The last equality above follows by combining (77) and (92).
By substituting the expression for #’ in (71) in the v'*! update, the iteration can be
rewritten as follows, for ¢ > 2:

1
u' = Av' — Zu'71], (94)
V8 By [ ]
1
piH = [ ATZA — SE(Z) I)v' — ATz2uH]. (95)
NEY ( )
In the remainder of the proof, we will assume that t > 2. Define
el =u' —u"! (96)
eh =o' ol 97)

By combining (96) with (94), we have that
u' ™l = (Z+ VB I,) T AV — VSB(Z + VB I, e, (98)

By substituting the expression for ' ~! obtained in (98) into (95), we have

v = (ATZ(Z + V8B A - —ﬁim 1d> o' + AT ZX(Z +Vop1,) e
t

- (ATZ(Z +1,)"'A - S5E(Z) Id> o
+ (0 =8BNATZ(Z + 1,)" N (Z + VsB,1,) " AV’

+ 8E{Z)} <1 - )u’ + AT Z2(Z + V8B 1,)7 el
’ (99)
Let
¢ = (ATZ(Z +1,)'A— SE{Z) + 1) 1,1) v (100)
From (97) and (99), we obtain
et =eb— (1 —V3B)ATZ(Z + 1,)"(Z +Vsp,1,) "' Av'
1 (101)
—SE{Z} (1 - " ATZXZ + VB I, e
{}< \/Sﬁ[)v (Z+ V3B I,y) e
EOE';W
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Let us decompose v’ into a component in the direction of @, plus an orthogonal
component r’:
v =& +r, (102)

where & = (v/, ).

At this point, the idea is to show that, when ¢ is large, r’ is small, thus v’ tends to
be aligned with @,. To do so, we prove that, as n — 00, the largest eigenvalue of the
matrix M, defined in (79) converges almost surely to SEE{Z} + 1. Furthermore, we
prove that the matrix M, exhibits a spectral gap, in the sense that the second largest
eigenvalue of M,, converges almost surely to a value strictly smaller than IE{Z} + 1.
Since r' is orthogonal to ¢ and M, has a spectral gap, the norm of €4 in (100) can
be lower bounded by a strictly positive constant times the norm of r’. Next, using the
expression in (101), we show that the norm of €4 can be made arbitrarily small by
taking n and ¢ sufficiently large. From this, we conclude that r’ must be small.

We begin by proving that M, has a spectral gap.

Lemma 7 (Spectral gap for M) The following holds almost surely:

lim AMr =1+ 5E(Z}, (103)
n—oo
lim sup A)"" < 1+ SE{Z} — ¢, (104)
n—>oo

for a numerical constant ¢1 > 0 that does not depend on n.

Proof of Lemma 7 By hypothesis, Z' = Z/(Z + 1) satisfies the assumptions (A1)-
(A2)-(A3). Thus, we can use Lemma 2 to compute the almost sure limit of the two
largest eigenvalues of M, call them )Lllw” > A]ZW".

Let t denote the supremum of the support of Z’. As P(Z > —1) = 1 and Z has

bounded support, we have that 7 < 1. For A € (7, 00), define

7' G? Z - G?
qb(A):/\-]E{)L_Z/}:A-E{m}, (105)

and

1 z' 1 Z
(ol 2 ol

Note that {
o()=E{Z-G*, () = 5 HE(Z). (107)

Thus, by using (92), we have that

d(1) = Ps(1). (108)
Elol:;ﬂ
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Furthermore,
) = 1 E Z ’ _ | E —Z ’ 109
V=5 - <A—Z’> s ((,\—1)2+,\) ' (109)

Y1) = é —~E{Z%} > 0, (110)

Thus,

E{Z?%}

E(ZG2) —E(Z))? with the nor-

where in the last step we combine the hypothesis § >

malization condition (92).

Let A5 be the point at which ¥ attains its minimum, as defined in (18), define {5 as
in (19) and_let Xj; be the unique solution of (20). Since V5 is convex, (109) and (110)
imply that As < 1. Furthermore, (108) implies that A} = 1. By Lemma 2, we obtain
that, as n — o0,

A 25 s 51,

Mo as ~ (111)
Ay "= 8 Ls(hs).
Note that
8¢s(1) =8¢ (1) =38E{Z - Gz} =1+ §E{Z}, (112)

where the first equality comes from the fact that A5 = 1 is the unique solution of (20),
while the second and third equalities follow from (107) and (108). By combining (112)

and (111), we obtain )\jlu" 21+ 8E{Z}. Furthermore, 5(ks) = Ws(rs). As As < 1
and 5 is Lipschitz continuous (from (109)), there exists a numerical constant ¢y > 0
such that

8¥s(hs) < 1+ 8E(Z} — cy. (113)

Hence, Ay 2% 5 ys(hs) < 1 + SE{Z} — c1.

Let us now go back to (100) and combine it with (102). Then,
(ATZ(Z + 1) A - GE{Z) + 1) Id> rf= el +5CE(Z) +1-2M%,. (114)

We now prove that, almost surely, for all sufficiently large n, the following lower
bound on the norm of the LHS of (114) holds:

|(A7zz+ 1) A - GE(ZY+ ) 1a) 7'

,Z cllr' 12, (115)

where ¢ > 0 is a numerical constant independent of n, t.

Asthe matrix ATZ(Z+1,)"'A— SE{Z}+ 1) 1, is symmetric, it can be written
in the form QA Q, with Q orthogonal and A diagonal. Furthermore, the columns
of Q are the eigenvectors of ATZ(Z +1,)"'A — (SE{Z} + 1) I; and the diagonal
entries of A are the corresponding eigenvalues. As r’ is orthogonal to ¢, we can write

(ATZ(Z+I,,)—1A — (SE{Z} + 1)1d> r= QA QTr, (116)
EOE';W
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where A’ is obtained from A by changing the entry corresponding to Ai”" —(SE{Z}+1)
to any other value. For our purposes, it suffices to substitute )»i"” — (BE{Z}+ 1) with
2" — (SE{Z} + 1). Note that

I QA" QT3 = IIF'I5 min | QA Q513
= I3 min (5. @ (A)° Q") (117)
= 1" 13 Amin (€ (A)* @D,
where Amin(Q (A’)2 07) denotes the smallest eigenvalue of Q (A/ )2 07 and the last

equality follows from the variational characterization of the smallest eigenvalue of a
symmetric matrix. Note that

. N2 ATy _ . n2\ . M2
Pin( @ (A') @7 = 2nin (A7) = _min | ((GE(Z)+ 1) —21")) . (118)
By using (104), we obtain that, almost surely, for all sufficiently large n,

By combining (116), (117), (118) and (119), we conclude that (115) holds.
Recalling that r’ satisfies (114), we will next show that, almost surely,

. . 1 t M\ A
tl_l)rgodll)néo ﬁ es +&CGE{Z}+1 -1, )2 =0. (120)
Combined with (114) and (115), this implies that lim;_, »; limg_, o ”t}gz = 0 almost

surely.
By using the triangle inequality, we have

Heg +ECE(Z) +1 -2,

|, = lesl, + 16l - BEZ) + 1= 211 o],

< [les]l, + 110" ll2 - 18B(ZY + 1 = 2},
(121)
where the second inequality uses | @, ”2 = 1 and that |&| = (v', @) < ||v']>.
We can bound the second term on the RHS of (121) using the result in Proposition
1, applied with the PL(2) test function ¥ (v) = v2. Then, almost surely,

o1
lim —|v'|3 = E{V}?) = B> (122)
d—oo d

Here we used the definitions of V; and ﬂ,z from (52) and (74). Recalling from (93)
that lim;_, o ﬂlz = %, the limit in (122) combined with Remark 8 and the continuous
mapping theorem implies that, almost surely,
FolCT
i
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1 1
tl_l)nolodllm T”v ||2 = % (123)

Thus, by using (103), we conclude that, almost surely,
I—>o0on—

lim lim_ —||v la-18E{Z} + 1 — 21" = 0. (124)
f

We now bound the first term on the RHS of (121). Recalling the definition of eg in
(101), an application of the triangle inequality gives

lesl, < lesl, + 11 = Vogil - |ATZZ + 1)~ 2 +Vop,10 " Av!

+8|IE{Z}|~’1— .||v’|]2+HATZZ(Z+~/3ﬁfIn)‘1eﬁ

1
VB
< llebll, +11 = Vol [4T2z + 1) @ + VoI 4| 'l

op

1 t T 72 —1 t
T Wl [T 22 o el
(125)

where the second inequality follows from the fact that, given a matrix M and a vector
v, [Mvl2 < [[M]opllv]2.

Let us bound the operator norm of the two matrices appearing in the RHS of (125).
As the operator norm is sub-multiplicative, we have

+ 8|E{Z}| - ’1 -

[aTzz+ 1)z + JE@IWAH

<1 Zllop

@+ H(Z+fﬂt A IV
HATZ2(Z+J§;3,1,1)—1 (120

op

<121, |z +Vapan™'| 1Al

As Z is bounded, the operator norm of Z is upper bounded by a numerical constant
(independent of n, t). The operator norm of (Z + I,,)~" and (Z + V/88:1,)"" is
also upper bounded by a numerical constant (independent of n, ¢). Indeed, from (93)
B: — 1/+/8 ast — 00, and the support of Z does not contain points arbitrarily close
to —1. We also have that, almost surely, for all sufficiently large n, the operator norm
of A is upper bounded by a constant (independent of n, ¢). As a result, we deduce that,
almost surely, for all sufficiently large n, ¢,

<C,
p (127)
|72z +Vapa | =c
op

HATZ(Z T+ 1) (Z + 8B

FoE'ﬂ
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where C is a numerical constant (independent of n, t). Furthermore, by Lemma 5, the
following limits hold almost surely:

1
lim lim — [e}], =0
t— —
00 n— 00 «/lﬁ (128)
. . t _
Jim, Jim, = lexl, =0
By combining (93), (123), (127) and (128), we obtain that, almost surely, each of the
terms in the RHS of (125) vanishes when scaled by the factor 1/4/n, as t,n — 0.
As a result, almost surely,

. . 1 [

Jim, Jim_ 7 151, =0 129

By combining (121), (124) and (129), we conclude that, almost surely, (120) holds.
Recall that r’ satisfies (114). Thus, by combining the lower bound in (115) with

the almost sure limit in (120), we obtain that, almost surely,

1
lim lim — |r'|, = 130
Jim, Jim = 7'l (130)
Recalling from (102) that r is the component of v’ orthogonal to @, the result in
(130) implies that v tends to be aligned with @, in the high-dimensional limit. In
formulas, by combining (102) with (130), we have that, almost surely,

lim lim L ”v —&¢,

t—>oon—>oo\/_ H2 (131)
Note that ) s
[o =&y = o'l - & (132)
Thus, by using (123), we obtain that, almost surely,
lim i ! 133
t—1>rgonl>ngo \/_|€:t o % ( )
To obtain the sign of &;, we first observe that, by Proposition 1, almost surely,
1 t
lim = (v',x) = py ;. (134)

d—oo d

Asuy,o=oa > 0and E{Z(G* — 1)} = 1/8, the state evolution iteration (73) implies
that wy ; > O for all # > 0. Using (102), we can write

& (9. x) (rt,X)‘

== 135
=t (135)

Fo C 'ﬂ
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Recall that by hypothesis, (¢, x) > 0. Moreover, using (130) and Cauchy—Schwarz,
we have that, almost surely,

lim 1im X o
im lim =0.
1—00 d—00 ﬁ
Thus we deduce that, almost surely,
lim i b !
im lim ——
t—>00d%oo«/— f
Therefore,
1
lim i —H 5‘—~<1>H —0 as., 136
fim, fim, 77 Vo =90, =0 as (130

with 1V = V/d,.
At this point, we are ready to prove (80). For any PL(k) function ¢ : R? — R, we
have that

d
ZW(x,, X ,(pll)) Zlﬁ(xn)?g“,\/gvf)
45

1

= o2 | st o) - v i

—_

(k=1)/2
[”((@5”)2%%)2“?) + (0D + @2+ 5D Wz]

b - k_l - k71 _ k
|:1—|—3 p <‘<p;1)‘ + &+ 1+‘«/¢§vf

-1 _
TR ]

- - 1/2
_ C/ ”(P(l) _ \/ngHZ - Z |(p(1)|2(k 1) + |)CL‘2(k 1) + |X |2(k 1 + |fv |2(k 1)
= «/3 4 s

- (137)
where C, C’ are universal constants (which may depend on k but not on d, n). The
inequality in the second line above uses ¥ € PL(k), and the third and fourth lines are
obtained via the Holder and Cauchy—Schwarz inequalities. We now claim that, almost
surely,

<C, (138)

d ~(1 _ - _ _ _
<|(pi()|2(k 1)+|xiL|2(k D 4y 2 1)+|\/§vl{|2(k 1))
d

FoE'ﬂ
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where, from now on, we will use C to denote a generic positive constant that does not
depend on d, n. If (138) holds, then by using (136) and (137), we deduce that, almost
surely,

t—00 d—00

d d
. . 1 L~ 1 .
lim lim EZ‘/’(X” W) EZ¢(xi,x;“,\/gvf) =0. (139)
i=1 i=l1
Let us now prove (138). First, by assumption (B1), we have that

d—00

.1 _
lim ZZ'X”M b <c. (140)
l

Next, the main technical lemma [27, Lemma 2] leading to the state evolution result in
Proposition 1 implies that, almost surely, for r > 1,

lim sup — Z|v 26D < ¢, (141)

d— o0

In particular, this follows from [27, Lemma 2(e)] (see also [4, Lemma 1(e)]). Since

= v!, we also have that, almost surely,

lim sup — Z| L2G=D < ¢, (142)

d— o0

It remains to show that, almost surely,

lim sup — 2(4”)2“‘—1) <C. (143)

d— o0

To do so, we use a rotational invariance argument. Let R € R?*? be an orthogonal
matrix such that Rx = x. Then,

(x,a;) = (Rx, Ra;) = (x, Ra;). (144)
Consequently, we have that
RATZ(Z+1,)""ART £ AT 7z + 1,)"'A, (145)
which immediately implies that

R(Y)(l) g @(1)' (146)
FoE'ﬂ
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Then, we can decompose ¢(1) as

(Z(l) =agX + 1-— aﬁ (pl, (147)

where ¢ is uniformly distributed over the set of vectors orthogonal to x with norm

Vd and

LA
E(x,(p ) =dq. (148)
Relating the uniform distribution on the sphere to the normal distribution [54,

Sec. 3.3.3], we can express (pJ- as follows:

(149)

where u ~ N (04, I,;) and independent of x. By the law of large numbers, we have
the almost sure limits

1 1 1 2
lim = (u, x) =0, li —H S H=1. 150
dgrolod<u x) =0 dgr;od “ d<u x)x 2 (150)
Thus, by combining (147) and (149), we conclude that
oV = cix + cou, (151)

where the coefficients c1 and ¢, can be bounded by universal constants (independent
of n, d) using (150). As a result,

1 1

- ~(1)\2(k—1) 2(k—1) 2(k—1) *

] E (@; ") <2 el p
l

. _ -l _
lei|2(k 1) +22(k 1)|C2|2(k I)E Z |ui|2(k l). (152)
1 1

Note that, almost surely,

.1 . _
lim g;mﬂk D =Eu*- <, (153)

d— o0

where U ~ N (0, 1). By combining (140), (152) and (153), (143) immediately follows.
Finally, by combining (140), (141), (142) and (143), we deduce that (138) holds.
We now use Proposition 1 which guarantees that, almost surely,

d
1 ~

lim — > ., 5 Vv — By (X, pyaX +ovaWyi. Vo(uy X +ov Wy )} =0, 1> 1.

d—>oodi=1
(154)
FolCTM
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To conclude the proof of (80), we take the limit # — oo and use Remark 8. For this,
we will show that

lim E{y (X, uy.1X +oviWy.i, V(v X + oy, Wy.))}

=E{y(X, py X +oviWy.1, V(v X + &y Wy oo))}

where (Wy 1, Wy ) are zero mean jointly Gaussian random variables with covari-
ance given by (81). Using (58) and the formulas for gg and g, from (66) and (68), we
have

E{(Wy 1Wy,} = —E{T. (N Z(uy 1-1G + oy, -1 Wy 1-1)}
oy 10V ¢t
=MVl mer (n)zG).

VéBi—10v 10V,

(156)

In the second equality above, we used (72). Using the expression for oy | from (75)
and letting + — oo, we have

pvE{TL(Y)ZG}

Bov/E{TL(Y)?}

Therefore, the sequence of zero mean jointly Gaussian pairs (Wy 1, Wy ;);>1 con-
verges in distribution to the jointly Gaussian pair (Wy 1, Wy ), whose covariance is
given by (81).

To show (155), we use Lemma 9 in Appendix G. We apply this result taking Q; to
be the distribution of

lim E{Wy Wy ;} = =E{Wy1Wy ). (157)
11—

X, pv X +ov Wy 1, pyv X +ov Wy,).

Since uy ; — fv, oy — ov, the sequence (Q,),>2 converges weakly to Q, which
is the distribution of

(X, uvaX +oviWy 1, ivX +6v Wy o).

In our case, ¥ : R® — R is PL(k), and therefore ¥ (a,b,c) < C'(1 + lal* +
bk + |c|%), for all (a,b,c¢) € R3 for some constant C’. Choosing h(a,b,c) =
lal* + [b]* + |c|F, we have % < C’. Furthermore, fth, is a linear combination
of {1y, /,L%/’t, e, ,u’{,’l, ov.1, a‘z,yl, A a‘lj’t}, with coefficients that do not depend
on 7. The integral [ h dQ has the same form, except that uy ;, oy, are replaced by
fLy, 6y, respectively. Since uy ; — fiy and oy ; — Gy, we have that

—0o0

lim | AdQ; :/th,
FoC'T
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Therefore, by applying Lemma 9 in Appendix G, we have that

tim [ a0, = [vao.
—00
which is equivalent to (155). This completes the proof of the lemma.
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A Proof of Lemma 1

By rotational invariance of the Gaussian measure, we can assume without loss of
generality thatx = \/— de| = [\/_ d,0,. O]T Letus also denote the first column of the
matrix A by u € R" and the remaining n x (d — 1) sub-matrix by Aie, A= [u A] .
In this notation, each measurement y;,i € [n] depends only on the corresponding
element u; of the vector u. In partlcular the random variables z =T (y),i € [n]

are independent of the sub-matrix A. Furthermore, we may express #L as follows:

= ~T
n |A -

L Nd|uTZt
L=

We are now ready to prove (11). First, we compute the correlation (JTCL , ‘;—”2):

ST ||x|| f(“TzL)_ Zﬁuiz%gE{GzL}, (158)
ie[n]

iid
where we have that «/du; = N (0, 1) and the almost sure convergence follows from
the law of large numbers.
Second, we compute the norm of the estimator ||fcL Il2:

d [~T 112
~L2 L2 L
113 = (u P2+ 5 AT
n 2
FoE'ﬂ
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a 1 2 2 s -
£ (T ) g a2 e oz + L
i€[n]

(159)

where we have used the following: (i) vdA~ z& < [Iz5|lah with h ~ A(0, T4—1); (ii)
-3 /n 2N E {2} and |h|3/n 2% 1/6, by the law of large numbers.
Combining the above displays completes the proof of the lemma.

B Proof of Corollary 2

Consider F(0) = %. It can be checked that
q
—g0.) —0(0. —
F'(6) = (oL —qps) —O(ps —qpL) (160)

(14602 +20¢)%?

We consider three cases.

Case 1: ps = prq.Here, F is either strictly increasing or strictly decreasing depend-
ing on the sign of p;, —qps. But,g € (—1, 1), thus, p; < |pr| = sign(pr —qps) =
sign(pr). Thus, F is maximized at 0 — sign(py) - oo and approaches the value |pr |.
Moreover, F(0) < |pr|. To conclude with the desired, notice thatif p; = pr g, then 6,
and F(0,) defined in the lemma take the values 6, = sign(pr) - oo and F(0) = |pL|,
respectively.

Case 2: p; > prq. Here, it can be readily checked from (160) that F' is maximized
atf ;= %. Also, a bit of algebra shows that

2 2
~ Py + 01 —29pLp
F(0) =\/ : 1L_ 2 S = F(6,).

Thus, | F(9)| is maximized either at & or as 6 approaches £oo. But, F 0% — p% =

% > 0 = F() > |pr|. Hence, |F(0)| is indeed maximized at & = 6, and

attains the value F(0) = F(0,).

Case 3: ps < pLq. Here, it can be checked from (160) that F is minimized at

0= % and the minimum value is F(6) = —F(6,). Moreover, similar to Case
s

2 above, F(0,) = |F(0)| > |pL|. Thus, again, | F(0)| is maximized at 6, and taking
the value F(6,).
This completes the proof of the result.
FolCT
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C Optimization of Preprocessing Functions

In order to state the results in this section, let us define the following functions for
y€Rand G ~ N (0, 1),

mwo(y) =Eglpric(y | G)I, (161a)
u1(y) = EglG - pyic(y | G)I, (161b)
12(y) = EGIG? - pyic(y | G)1. (161c)

Note that the functions g, ;1 and @> only depend on the conditional distribution
py|G (- | G). Furthermore, let S denote the support of the probability measure Y (i.e.,
the support of wo(y)).

C.1 Linear Estimator

In terms of the notation in (161), for a preprocessing function 77 (y), we can write

E(GZy) = /S T mdy and E(Z2) = /S T2 () o()dy.

Thus, it follows from (11) in Lemma 1 that

1 T? d 172
ol (1+g [s T2 o (y) y2> ’ (162)
(fs TL(y)p1(y)dy)

provided fS Tr(pu1(y)dy #0and E{|GZ|} < oo.
Assume, henceforth, that

2
</ MO 4~ oo (163)
S o(y)

Then, we will show in this section that the optimal preprocessing function for the
linear estimator is

w1 (y)
(= , (164)

k 1o(y)

and the achieved (optimal) normalized correlation is
—1/2
. 1

=11+ — 2o . (165)

8 fS ué(;)d

To see this, note from (162) that ,o% is maximized for the choice of 7},

that minimizes the ratio fSTf(y)uo(y)dy/(fS TL(y)m(y)dy)z, while ensuring
Fol:rﬂ
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/. s ZL(y)n1(y)dy # 0. Furthermore, by using the Cauchy—Schwarz inequality, we
obtain:

2 2

w1 (y) )
T d = T d
(/S L1 () y) (/S L) oy) sy

2
< ( / Tf(ymo(y)dy) / Mg (166)
S S ro(y)

Rearranging the above and substituting in the expression for |py | from (162) yields

,0% =< (,02)2, with equality achieved if and only if 77, (y) = c- Z:)_E}vg’ Vy e R and some

constant ¢ > 0. Clearly, the correlation performance of #L is insensitive to scaling 7y,
by a constant. Thus, we can choose ¢ = 1 to arrive at (164). To complete the proof of
the claim, note that for the choice in (164):

2
/Tik(y)m(y)dy =/ Ml(y)dy >0,
S s Mo(y)

and

12 2 172
E{IGZ.|} < VE{G?} (/S(TL*(y))zMo(y)dy) = VE{G?} (L Ml(y)dy) < 00,

mo(y)

where the last inequalities in the above lines follow from (163).
As a final note, observe that the optimal 7;* does not depends on the sampling
ratio §.

C.2 Spectral Estimator

The optimal preprocessing function for the spectral estimator is derived in [35]. For
ease of reference, we present here their result in the special case where inf, Z 32; ; > 0.
If this condition does not hold, the idea is to construct a sequence of approximations
of the optimal preprocessing function (we refer the reader to [35] for the details).

Assume § > §*, where

—1

_ 2
5 ::( (12(y) — o () dy) (167)
S

wo(y)

is the threshold for weak recovery of the spectral estimator [37]. For a preprocessing
function 7Z(y), we have from Lemma 2 that

.0 2 —1/2
Js (52805 ) mady

2
1 T ()

ps =1+

FoC'T
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where A is the unique solution to the following equation for A > 7:

f LW (m2(y) — no(y))dy = ! (168)
s h—T(y) 0 5

and also (cf. ¥5(A3) > 0),

/ (ﬂ)zuo(y)dy < ! (169)
s\ A5 — Zo(y) BEE

Using this characterization, [35] shows that the optimal preprocessing function for
the spectral estimator is

~ Ho(y)

() =1—-——, (170)
‘ w2 (y)
and the achieved (optimal) normalized correlation is
2
- 1
/0: =1+ ,36)_1/2 . where (12(y) — no() dy = - (171)

s mo(y) +m2(»/Bs ~ 8

As for the linear estimator, the optimal function 7;* does not depend on the sampling
ratio 4.

C.3 Spectral Versus Linear

As mentioned in the introduction, there is no clear winner between the linear and the
spectral estimator: the superiority of one method over the other depends on the mea-
surement model and on the sampling ratio. Here, we fix the measurement model (i.e.,
the stochastic output function py|G(-| (x, @;))) and we present an analytic condition
that determines which method is superior for any given § > 0 after optimizing both
in terms of the preprocessing function.

Lemma 8 Assume that inf Z 38 i > 0 and (163) hold. Consider the function h :
R_;,_ —> RJ,_,

_ 2
h(t) = (12(y) — no(») dy, (172)

S mo(y) + m2(y)/t

—1
20y
and let ys = <8 /S Zégidy> . Then, the following holds:

§-h(ys) S1 = pf s pp, (173)

where p}'j and p; are defined in (165) and (171), and denote the optimal normalized
correlation for the linear and the spectral estimator, respectively.

FoL g
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Proof It can be checked by direct differentiation and the fact that ,(y) > 0, that A (-)
is strictly increasing. Thus, from (171), we find that A(y5) < 1/§ = Bs 2 vs.
To conclude the proof, note from (165) and (171) that pj = u(ys) and p; = u(pBs),
respectively, where we define u(¢) = (1 + Y2 and u(-) is strictly decreasing.

C.4 Combined Estimator

In the previous sections of Appendix C, we have discussed how to optimally choose
71 and 7; to maximize the correlation of the linear and spectral estimators. This was
possible thanks to the asymptotic characterizations in Lemmas 1 and 2. Theorem 2
opens up the possibility to optimally choose 77 and 7; to maximize the correlation
achieved by the Bayes-optimal combination F(x", x®). Here, we focus on the special
case in which the signal prior is Gaussian and, hence, F (xL, x®) isalinear combination
of xI and x5, see Corollary 2. In the rest of this section, we formalize the problem of
(optimally) choosing the functions 77 and 7.
To begin, note from (43) that g = pr, - ps - s, where we define

TL M ()
Is 17,009
5

R N— 174
ST ST ()dy (a7

Furthermore, by using (174) in (45), we can express the achieved correlation F(6,)
of (0, as follows

1 1
2 2 2.2 -+ = —2s
F2(0,) = Py + o1 — 205018 _n (175)
1 — p3pjs? _pzlp% — s

1 JsTpmo Is (%)2‘;2
8 (fs Tomr) Ly (lsw)

5§ Js

= s (176)

7\ '
1+ l f.SITLZ'uO 1+ fS (tﬁ) m2 _s2
? Us TLm)? 5=Is (i)zuo
1-Ty

where we have denoted 7 (y) = AL*T (y) and all integrals are over y (not explicitly
8

2—25+

written for brevity). Thus, the problem of choosing 77 and 7 can be reformulated as
follows:

max_ y
v, 7.7

st (176) > y

() 1
—_— - d = -
/31—7}(y) (u2(y) — po(y))dy 5

FoC'T
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~ 2
() !
—_— d < —
/s(l—%(y)) Ho(y)dy = <

/STL(y)m(y)dy >0.

The second and the third constraints above follow from (168) and (169), respectively.
These further guarantee that p; > 0 (so division in (175) is allowed). Similarly, the
last constraint on 7 ensures that pi > 0.

Though concrete, the formulation above is a difficult function optimization problem.
Solving this goes beyond the scope of this paper, but it may be an interesting future
direction. Another related question is whether the solution to this problem coincides
(or not) with the “individually" optimal choices in (164) and (170), respectively.

D Example: Bayes-Optimal Combination for Binary Prior

In this section, we evaluate explicitly the Bayes-optimal estimator Fy(xp, xs;) =
E{X| X, = x1, Xy = x5} in (29) for the case where X € {1, —1} with Px(1) = p
and Px(—1)=1—p.

Using this prior, we obtain

Fo(xp, xg) = B{X | X = x1, Xy = x5} = E{X | po X + W, = xp, ps X + Wy = x;}
2P(X =1]pL X + WL =xp, 05X + Wy =x5) — 1
2
= |4+ =2 Pwpws CLEPLXsHp5) L, 77
J’_ L o - -
P pwp Wg(XL—PL.Xs—ps)

where the last line follows by Bayes rule and simple algebra. Here, pw, w, denotes
the joint density of (Wy, W;) as predicted by Theorem 1, i.e.,

1 1 1 lw
pww, wi,wy) = Zexp (= [wg w,] =" [wﬂ ): (178)

1—p7 q-— . o
where ¥ = [ PL 4 pLéo *1, and C is a constant that is irrelevant for our
q—pLps 1—p;

purpose as it cancels in (177). Using (178) in (177) gives an explicit expression for
Fi(xL, xg).

In Sect. 4.2, we numerically implement the optimal combined estimator for various
measurement models. Specifically, we use the linear and spectral estimators x™ and
x5 to form the combined estimator

j\jmmse — F*(xL, xS),

where F, acts element-wise on the entries of its arguments as specified in (177).

The asymptotic correlation of the estimator ™™ is given by Theorem 2 as follows:
FoCT
u o
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— IE{X-F (X, X5))

P = VE{F2(XL. X))

in (177), we can compute p, using Monte Carlo averaging over realizations of the
triplet (X, X, Xs).

(see (34)). Equipped with the explicit expression for Fy. (X1, X;)

E Proof of Lemma 4

Taket — coin(73),andletuy = lim/ o0 uv 1, 0% = limy o007 ,, B2 = o +13.
Then, by solving these equations, we obtain two solutions for the pair (u%,, 0‘2,): one
solution gives the fixed point F'Po; and the other solution gives F' P and F'P,. Note
that the fixed points F P and F P, exist only when > > E{Z?}. From (77), this
E{Z?}

®Z63) “EZ)° which is the condition in the statement of the

is equivalent to § >
lemma.

Let us define

2
2 My,
)/, = 2

Oyt

Using this definition, the two equations in (73) can be combined to obtain the following
recursion in y2:

, _ S(E{ZG* —E{z})?
T T B(Z2GY) 1 B2 a7

Note that E{Z?} > 0. In fact, if E{Z2} = 0, then P(Z = 0) = 1 and the condition

E{Z(G* — 1)} > 0 cannot hold. Thus, the two fixed points of this recursion are
2, =0,and

YFP, > an

» _ S(B{ZGH -R(Z)? -E(Z%) _ B -E(Z%) _ iy (180)
YFpP, = E{Z2G2} - ]E{Zsz} - &‘2/'
As discussed above, the fixed point y,% Piy exists when § > %. The

recursion can be written as ny =f (y,z), where

S(E{ZG?} — E{Z})?

IO = p2ey Rz )x

The derivative of f is given by

. 8(EB{ZG?} — E(Z)*E{Z?)
FO = =gy ¥ xE267)

(181)
Elo [y
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2
2 MV,I . . I . 2 _
We now argue that, whenever y; = e is strictly positive, the recursion y,% | =

f (ytz) converges to y,% Py We will separately consider the two cases y12 < y% Piy and
2 2
Yi > yFP]z'

We consider first the case )/12 < y,% Pia Since f’(x) > 0, the function f(x) is
strictly increasing for x > 0. Therefore, if for any # > 0 we have y,z < y% Py then
yt2+1 = f(ytz) < f(y%,,n) = V%Plz' Next, we argue that f(x) > x for 0 < x <

E(Z?}
(E{ZG?} —E{z})*"
Thus, f(x) > x for x sufficiently close to 0. If f(y’) <y’ forsome 0 < y’ < y%P]Z,
then there exists a fixed point between 0 and y’, as f(x) is continuous. However, this
is not possible since y’ < y% p,, and y% p,, is the unique fixed point > 0. As a result,

y]% P 1O show this claim, we first note that f/(0) > 1 since § >

f(x) >xfor0 <x < y}%Pn. Hence, if y12 < y%},lz, then the sequence (ytz),21 is
strictly increasing and bounded above by y]% p,,- Furthermore, by using the uniqueness
of the fixed point, one obtains that its supremum is y% Pi Therefore, the sequence
(y,z)t21 converges to V%Puz'

Next, consider the case 7/12 > 7/% P We observe that

E{Z?} .
5(E(ZG2} — E(Z})?

[ Wip,y) = (182)

E{Z?)}
(E{ZG?) —-E{zZ})?*"
x > 0,hence f'(x) < 1forx > yf- P Therefore, by the Banach fixed point theorem,

since § > From (181), we see that f/(x) is strictly decreasing for

the iteration (179) converges to y% Piy whenever y12 > y% Piy
Finally, we observe from (73) that:

2
W 4 = 8(E{Z(G? - 1)})2%,

Vi
2
0% 1 = —SE[Z°G?) + S E(Z7). (183)
' 1+ 1 +y
Thus, for any initialization such that ylz > 0,
Vip
lim py g = S(E(Z(G - 1)}%% = iy,
FPp»
(184)
2
- YFp 2.2 1 20 =2
lim of ,,, = ——2—E(Z>G*} + ——— E{Z%} =5,
=00 Vit 1+ )/1,%},12 )/1.%1[,12

where we have used the expression for y,% p,, from (180). Note that both fixed points
F P and F P correspond to the same (ﬂ%/, 6‘2,). The assumption that E{Z(G*>—1)} >
FoCT
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0 ensures that the sign of iy ;41 in (73) remains unchanged and hence the iteration
converges to either F' P or F' P, depending on the sign of uy j.

F Proof of Lemma 5

We first consider a fixed t > 2 and write

1 ul1? w12 ut’ ut—1
Lt gt = WO WU 185,

Applying Proposition 1 with the PL(2) functions v (a) = a? (for the first two terms)
and ¥ (a, b) = ab (for the last term), we obtain

1 Ly as
lim =’ =~ P 2 B (10,6 + ou.Wu.?)

n—oon

+ B (10,416 + ov,-1 Woi-)?
(186)
- 2]E{(MU,;G +ou:Wu,)(wy,—1G + oy -1 WU,t—l)}
2 2 2 2
=Uy; T Oy T Ry -1 T Oy

= 2uu,pmui—1 — 20y 0u 1 E{Wy -1 Wy .}

Similarly, we have for any r > 1

1 2 4 2
t+ _vt”

1 s
lim —|v = +02
d—)ood” Wy 141 T 0V 141

-Hi%/,t + 0\2/,1 =2y oy 41 — 20v 410v E{Wy 1 Wy i} (187)

Since |[E{7.(Y)G}| > O, the initialization py ; of the state evolution recursion
in (75) is strictly non-zero. Therefore, Lemma 4 guarantees that the state evolution
recursion (72)—(73) converges to either the fixed point F P or to F P, depending on
the sign of vy 1. Without loss of generality assume that 1y, 1 > 0, so that the recursion
converges to F'P. (The argument for pty 1 < 0 is identical.)

~ ~2
. - . 2 ~2 . nv . 2 Oy
At uva =py. Ny, =0y, i uve= 7z W0 ou. =15
(188)

Hence, the desired result immediately follows from (186), (187) and Remark 8, if we
show that E{Wy ;41 Wy ;} — land E{Wy ;1 Wy ;} — last — oo.
Taking r = (¢ — 1) in (60) and using the formula for g, (-, -) from (68), we obtain

E{Wy 11 Wy Yoy is10v,: = SE{Z*(uu. G + ou  Wu ) (v 1-1G + ou -1 Wu 1)}
=8 (E(Z°G* )y ipv i1 + BAZVE(Wy, Wy —1}ou,i00,4-1) -
(189)
FolCT
LI o
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Next, taking r = (# — 1) in (59) and using the formula for f;(-) from (68), we get

E{Wu, Wy —1}ou 10U -1

1 X +oy W 1 X 4oy Wy,
_ *E{(HV’I VWt _X\/gMU,r> (Hv,t 1 Vit—1Wv -1 _X\/SPLU,I71>}
) B Bi—1

loy:ov -1
= ————E{Wy Wy 1}

5 BB e

(190)
Here, the last equality is obtained by noting from (72) that v/8u U= %, hence the
coefficients on X cancel. Combining (189) and (190), we obtain

SE{Z2G* vt hu i1 n E{Z*)ov 0V -1

E{Wy (1 Wy ;) =
OV 1+10V 1 Bt Bi—10v 1410V

E{(Wy Wy :-1}.

(191)
For brevity, we write this iteration as w,+; = a; + b,w;, where

SE{Z2G? _ E{Z%)oy ;0v ;-

wr = E(Wy Wy o1} ar = { Mo, ko Loy — {(Z%}ov oV, L
OV 110V s Bt Bi—10v y10v

(192

The iteration is initialized with w; = E{Wy Wy o} = 0. Note that, as t — oo, the
sequences «a; and b; converge to well-defined limits determined by (188). By using
the sub-additivity of lim sup, we have that

lim sup wy41 = limsup (a; + byw;) < lim a; + lim b; lim sup wy. (193)
1—00 1—00 i—>oo t—>00 1—>00

Rearranging and using the limits from (188), we obtain

E22G2 ~2
lim supw, < A2 G Ay (194)

oo (B2 —E(z?) 62

where the last equality follows from (76). By using the super-additivity of lim inf, we
also have that

lim inf w,4; = liminf (a; + byw;) > lim a; + lim b, liminf w;, (195)
t—00 t—00 t—00 —00 —00

which leads to
E{Z?G?} {3

liminf w; > ——F— = 1. 196
t>oo & ('32 —E{ZZ}) 5‘2/ ( )
By combining (194) and (196), we conclude that
lim E{Wy_ o1 Wy,} = 1.
—00
By using (190) and (188), we also have that
lim E{Wy ;1 Wy} =1,
11— 00
FoCT
u o
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which completes the proof.

G An Auxiliary Lemma

Lemma9 (Lemma4.5in [18]) Let (Q;);>1 be a sequence of distributions converging
weakly to some distribution Q, and let h be a non-negative continuous function such
that

lim | hdQ; =/th. (197)

—>00

Then, for any continuous function  such that || /(1 + h) is bounded,
lim /1//th =/1//dQ. (198)
—00
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